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"Beware the Jabberwock, my son!

The jaws that bite, the claws that catch!
Beware the Jubjub bird, and shun

The frumious Bandersnatch!"

He took his vorpal sword in hand;
Long time the manxome foe he sought--
One, two! One, two! And through and through
The vorpel blade went snicker-snacki
He left it dead, and with its head
He went galumphing back.,
‘Twas brillig, and the slithy toves
Did gyre and gimble in the wabe;
All mimsy were the borogoves,
And the mome raths outgrabe,

Jabberwocky
(Lewis Carroll)
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INTRODUCTION

A fairly general statement of Wald's decision problem
['5_7 1, for two stages may be expressed as follows. Let X be

& random variable with frequency function, fo(x), vhere © may

be a real or vector valued parameter in some subset, s , of the
real line or of a finite dimensional euclidian space. Suppose we

are given a sequence of independent observations, xl,xe,..., on

X. On the basis of these observations we are to select one of a

finite number of possible alternative courses of action, Ao,Al,
""Ak’ which comprise a set /A of possible alternatives, by using

the following decision rule.

We are given numbers, Q> ®=1,2,...; functions, pv(zh),
defined for all points X in m-space, and for m=1,2,...,

v=0,1,2,...; and functions,§m+V(A defined for all Aielﬂ s

1’§m+v)’

all points x

_m+v in (HH‘V)-Bpace, and fOI' m=l,2,...,v=0,l,2,...;

such that always

(0.1) > Pv(ﬁm): amv(Ai;ﬁmV) 20 ,

1. Numbers in square brackets refer to bibliography.



and
Tq = I p(x) ( )
(0.2) z = L p(x)= L 5  .(A,,x = 1.
m=lqm v=0 V=m Aieﬂ m+vY 1l=m+v
Rule

1. Take m observations, with probability q,-
2. If the observed sample is X take & second sample of Vv
observations, with probability pv(gm).

3, If the total observed sample is X +y? accept alternative

(A, ).

A, with probability 8m+v 1%y

i
The problem is to find sequences q, p, and b, subject to
the indicated restrictions, which are optimum in some sense. In

particular, suppose we are given a loss function, W(O,Ai),

defined for all @c sl , and all Aiefl , non-negative and bounded,

representing the loss incurred by accepting alternative Ai when

@ is the true parsmeter; a c.d.f., A(Q), defined over n; and
suppose the cost per observation to be a constant, ¢, We may
then seek those sequences, q, p, &, for which the average
expected loss is minimum, i.e. a Bayes solution.

Using the above rule, the expected number of observations

required, given © as the true parameter, is
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0o oo
(0.3) Ep= % q [m+ = vBp (x) 7],
m=1 v=0

vhere EO denotes the expectation of a function of the observations

on X, when O i8 the true parameter value. The probability, given
0, that the rule will accept A1 is

00 00

(0.k4) mil n vio £ Epv(i‘m)smv(Ai’%W) 1.

Hence, the risk or expected loss incurred by use of the rule,

given 9, is

(o]0} 00 ==
(0:5) &gy jear Z5[ lew B (0,800, (050, I, (ay) ]S

v=0 = ‘= AieA

and the average risk over N is, after making the permissible

indicated interchange of integration and summation operations s

& 00 0o
(0. cm+ & / p.(x )
e v=0 v-o
x*

mtv

.—cv [fg(l(mw)d)‘
NS
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MR WOV CHP S0 ,[W(Q’Ai)fo(fmv)d" ] CLey 2
Aieﬂ n
where X . stands for the (m+v)-dimensional observation space, and

where by fo(§m+v)’ we denote the Jjoint frequency function of the

first m+v observation on X. The existance of a sequence, 8, which

for any fixed sequences, q, p, and fixed point, Xy 1D (m+v)-

space, will minimize (0.6), is immediately apperent. Let.

1) aylx,,) = [W(0,8)200x, o,
S

and suppose min(al,ae,...) is unique, then such a sequence is

1, 8y = min(al,ae,...)
(0.8) &

Ly ) = 3=1,2,... .

j’§m+v

Modifications of (0.8) for which the restriction of a unique
minimum may be removed are easily made.

To complete our Bayes solution, we need sequences, q and
p which will minimize (0.6) when the sequence & is as defined

by (0.8) or a suitable modification. Let

(0.9) Rv(Ai’Em) = {(xm+l,...,x ):

m+v ) = 1) ] v=1,2,000,

CHACHPS S0



then the average risk may be written

00 Q0
(0.10) Zq fem+ f Zp(x) & (x)ex ),
m=1 x V=0

m

where, for m=1,2,...,

J’{-‘+ z W(G A, )Bo(R y A%, ))]*;(x Yan,vel,2,....
(o.u),&v(l;m) -

e R
ZWOA)SA,) f.(x )an sv=0 ,
/[Aeﬂ( ult1 } ¢ ’
Ju

and PO(RV(Ai,Em)) represents the conditional probability of
accepting Ai’ given that the first sample is X and that v

observations are taken in the second. Now

min

o(l‘m)d"] i

(0.12)

max
- /A eR
n i

so that,%?v(gm) is non-negative and has at least one absolute

minimum with respect to v, for



Jen
p, Ay ke A '__W(O,Ai)-W(G,AJ) '_[fo(zm)dx

(0.13) v< .
¢ /.fo(ﬁm)dk
A

It cannot have an absolute minimum w.r.t. v, for v greater than

this number. For each £ let v(gm) be a value of v for which
‘éiv(ﬁm) is absolutely minimum. One minimizing sequence, p, is
then seen to be

1, vs= V(Em)

- V=o,l,2,o¢o
(o'lh) pV(-’Em) - ! m=1,2,'0 '

If we use this sequence, the average risk may, by (0.10), be

written
00
m=1
where

p
(0.16) N_ =cm+ (x)dx , m=1,2,... .
¥!-g7v(§m) ~m’ “=m

m



xi

Suppose there exists a positive integer m = m*, say, such that

(0.17) N =20 N,

m*

then a sequence, q, for which the average risk is minimum is

(0.18)

s m=l,2,...,

g°

and this in a formal sense would complete the Bayes solution.

Using this solution to our decision rule, gives us, by

(0.3),

(0.19) Eon = m* + Egv(ﬁm*) .

By (0.k), the probability, given @, that the rule will accept

Ai is

(0.20) E.5 (a,, x )
(=] m*+v(§m*) i’ —m*+v(§m*)

The minimum average risk over JSLamong all such rules is
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N C T

m*

Consider now that the size of the first sample, m, is
given and suppose the set R contains only the two alternatives,

Ao, Al. The above rule may then be simplified as follows.

Given functions, pv(§m)’ ¢ (x ), defined for v=0,1,...

m+y “-m+v

and, respectively for all points X in m-space and all points

X4y 0 (m+v)-space, such that always
oo
(0-22)  05p()s puylipey) S35 Eonle) =1,

1, Take m observations
2. If the observed sample is X0 take a second sample of v

observations, with probability pv(gm).
3. If the total observed sample is Xy accept Al with

probability Om*v(zm*v). Accept Ao with one minus this

probebility.
The sequence, ¢, is obviously related to the sequence, 8, of the
more general rule. Again, suppose we are given the non-negative

loss functions, wi(o) = W(O,Ai), defined for i=0,1, and for all

Q¢ 1 , representing the loss incurred by accepting Ai when 0 is
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the true parameter; a c.d.f., A(Q), defined over 2 , and suppose
the cost per observation to be a constant, c.
The average risk, over . , involved in the use of this

rule is

00 _
(023) em+ z [ px) 3 [Lewiyo) Trolx,,,) o
V=O n

*m-fv

* °m+v(’—‘m+v) ftwl(o)'wo(o)lfc(-’smw)d}‘ d’-‘wv
o

A sequence, ¢, which minimizes this, for any fixed sequence, p,

is clearly seen to be

1, fﬂl(Q)fO(lcm+v)dA< fWO(O)fO(_ng_v)d}s
g 4£$

(0-214') ‘m"v(_)_(m_"v) =

0,

v

Let
(0025) Rv(ém) = {(xm+1’-.n,xm+v):°m+v(-}£m_‘.v) = 1} ’ V-"—O,l,...,

where ¢ is as defined by (0.24), and the relation of this set

to (0.9) is obvious, then the average risk may be written
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26)  enr [ 36000, o,
V=

*
m

where

J{ (cv+ii,(0) [T- o (By(2,) ) I+, ()P, (R (2 ) JEg(x, an,
(0.27),zzv(_,5m)= v=1,2,...

f{wo(g) 'I'°m(§m)1+w1(°)°m(§m) olx Jan , v=0 .
Ju

Clearly this is a special case of (0.1l), so that by (0.12), it

is non-negative and has at least one absolute minimum with respect

to v in the interval defined by (0.13). It cannot have an

absolute minimum outside of this interval. The sequence, p,

which minimizes (0.26) is Just (0.14) for our given value of m,

and this again in a formal sense, completes our Bayes solution.
Using this solution, the expected size of the second

sample becomes

(0.28) Egv(gm) .

The probability, given ©, that the rule will accept A1 is



t.29) Btuevin) Bevtx )}

and the minimum average risk is just {0.21’, with m% replaced by
owr given value of m.

In this paper, we are concerned with a particularization
of the general Bayes problem outlined above, In this case, N
consists of tvo points om the real line, say O, end ©,, vith

90,4 Qi' We prefer alternative AO' vken O = °0’ Al, vhen © = 01.

We gre given the following apriori distrivution over S\

(0.30) MO =gy 5 190,1 , &Gt & =1, 88, £ O.

Our loss functions are

"1 PR O

(0.31) Wy(o,) = ,  1,3,%0,1 .
0 , 1=}

Let

(0.32) x = {x X )

=y w1’ Ty
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£o (%) £, (x,)
: 1 ’ 1
(0'53) r = ’ m‘l,’a,ooc’ r.= ’ v=1,2,o-o,
m foolx ) v fooli\',i

and note that

(0.34) Tory = Ffy
Let
W g
W 1 1
(0055) K"’E P W“ﬁ'o' ) ngo ’

then the sequence of decision functions for which the average

risk is a minimum is, by (0.24)

(0.36) o ( ) = y v=0,1,... .

o
IA

By (0.25)

YO A
(0.37) Rg) = b, x>0,



xvii

so that by (0.27)

1 L A
(c L g f, (x)).y 48 F ()P (2,57, <T7)
420 1 gi.ﬂn 0=l Ol ~m ol Vv =g

VUM

(0.38).%,(x,)=

Wogy T-ep(x,)] + "180%0, () On ()

>
g ngofoo(-’-‘m)”m > A

Wog T ol(f.m):rm =X .

As justification for pursuing a Bayes approach to this
problem, it may be noted that Weld and Wolfowitz in their paper
on the "Optimum Character of the Sequential Probability Ratio
Test" I:h I, proved, for the problem of deciding between two
simple alternatives, that for arbitrary apriori probabilities,
8yr €15 ahd cost ¢, every sequential probability ratio test can
be regarded as a Bayes solution w.r.t. some values Wb, Wl’ say,

of W Wl, and hence that

o’

- 1 1 1
- 0 —
(0.39) i)g:ogil__wiai(so)mninj < iiogil__ Wa (s, )+cEn]
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where S0 is any sequential probability ratio test for deciding
between two simple alternatives, Sl s ény other test for the
same purpose; ai(SJ), i,3=0,1, 18 the probability, under SJ,

of rejecting Hi when it is true; Ein is the expected number of
observations under S 3 when B, is true (existence assumed).

From this it follows, almost immediately, that

0 1
ai(sl) Sai(so) , 1=0,1 . >E1n5Ein , 1=0,1 .

It will be shown that in certain special cases, similar

properties hold for the Bayes two-stage test.



CHAPTER I

GENERAL PROPERTIES OF THE SECOMD SAMPIE SIZE
FUNCTION IN THE NORMAL CASE

1, Nature of the Defining Equation.

In the following sections, we consider the particular

case outlined in the latter part of our introduction, when

N
. (x.-0)2 : -
N 2 1
(1-1) fg(§N) = (m) e 1 N = 1’2"" .
We let
mn mey
(1.2) s = Zx, ,m=1,2,,,., s =2 X, o5 v =1,2,,..,
moogayd Vo gemsl T
gso that
_|
3m+v = Sm » SV .
Let

- 1
d=6,-8, , 9=—2(90+91)



(1.5) tN=sN-§N-§1ogx, N=1,2,...,

then by (0.33),

' dtm
(1.6) ro=he M, m=1,2,...,
and by (0.3L),

1 -

. y T d(s’ -0v)

(1.7) ro=22 =e V s v=1,2,.., .
n
Thus, by (0.36)
1,t, >0
(1.8) wm&v(fm#v) = s, v =0,1,... .
. 0, -<.

Using (0.38), we have that the size of the second sample
for which the average risk is minimum, 1s given by the
integral value of v which minimizes (absolutely) the following

function of v.

) 00 1 2
) 1 -3y
(1.9) 6 (t ) = =22 =A(t ) v+ e dy
T SV
' h (V,tm)
[o]0] 2




where

- =dt

el L .1 n
(1.10) A(tm) e W + v e )
0 )
‘ + 1 - %
- 1,2 +

(1.11) h (v,tm) = 5dv -tV

Now (1,9) can have an absolute minimum with respect to v

only for a value of v which satisfies the inequality

1 , t <0
m —
G, (t,) S Golty) = -t
e s > .

Hence, an upper bound to any value of v for which (1.9) is

absolutely minimum is irmmediately seen to be

-1
-~dt
1,1, 1 m
= (gt =e ) » t <0
c WO Wy m
GO(‘bm) -
-1
A(t) dt
m 1,1
E(ﬁ1+woe ) s tm_>_0 .



We shall, for convenience, in the following, drop the
m subscript from t’m’ and write some of the above functions
without their arguments, when this practice will cause no
confusion. If we regard (1.9) as a continuous function of

v, v any non-negative real number, we have

. _1 _1h+2
(1.12) & a (1) = A(t) — 2dnv 2,2 ,
, 2
32 d "'g' 2 2 2 '%h+
1.13) 256 (t) = d by = bt
( 5? o 16 /2R Y (V7 + by ) e

We have, first of all, that

1
. o 3 }
(1.14) a-§-5 Gv(t) ; 0, v ;i.é [(dztz-rl) -l] = %(t), say ,
v
(1.15) 356 (8) =0
if and only if,
2

(1,16) logv =2 log n(t) - %d v -t571 . ft(v), say ,

where



-]
4 . %-dt - —,]‘Z-dt
(1.17) n(t) =—=—1{ Ye +We
2 jen ’

1, 1 ‘
= { = = APAS =
= min(W ,W ) Hi {\,imin(wo,wl), i=0,1 .

We note here that in all the work which follows, we assume
that 4 and Z are both positive numhers,

Now
1im [ 3 1im [ 3 '
(1.19) 1 [ £ 6,(0)] = - oo, Mo{ 5.\,4;‘)(0)} = 4(0)>0, 771(0)=0,

so that when t=0, (1,15) has exactly one root in v, This root
is positive ard is obviously the value of v for which Gv(o) is

an absolute minimum, On the other hand, when t # O,

' im [ _lim |3 . ..
(1.20) 0 [S-JGV(t)} = v—00 2_2“\;”\)(1;)] A(t) >0 .

Thus, by (1.1ll), disregarding the case t = 0, (1,15) has

2 < <
(1,21) 1 rts.in v,uhen %:'Gv(t)A ) = 0 i.e. when logM (%) aft('M(t,) )
0 > >

Now
7
(1.22) log M (+) = log ‘2"2‘ + log [(d2t2+1) -17
d



is an increasing function of lt;, with uvnique ninimum = ~00 at
t =0, It-—>00, as t— % 00 and has negative second derivative

for all t.

1
; 2.2 .2
(1.23) ft(/)i (t)) = 2 log n(t) = (d°t%+1)

has a unique maximum at a value of t vhich is ; 0, according

as'wO ;‘Wi. It tends to =00, as t —= Z 00 and has negative

second derivative for all t. It follows that there exist two
‘ +
numbers, call them t~ , both of which depend upon the parameters

d, Z, W, such that
(1.2y) t" <0<t

and such that (1.15) has

| 2 tT<t<t, t40
(1.25) 1rts. inv, when t =t or t" or 0
0 t<t or>t' .

In the first case above, the two roots of (1.15) lie one
above, one below the inflection point v =72 (t), so that by
(1.14), Gv(t) is relatively maximum at the first, relatively
minimum at the second.

We have discussed the unique root of (1.15) when t = O,

+

+
When t = t~, the unique root, v = ZQ(t'), is an inflection
+ +
point of zero slope of Gv(t'). The slope of Gv(t') is thus

>0, v >0.



When t <t~ or > t’, the slope of G (t) is > 0, v > O,
It follows that when t < t~ or > t+, the absolute minimum of

Gv(t) is at v =0,
We define the function
larger root of (1.15) , t™<t<t’, t 0

(1.26) v*(t) = unique root of (1.15) , t =0 or t or gt
0 , t<tor>tt

If now for every t, we take v(t) to be the value of v for which
Gv(t) is absolutely minimum (choosing the smallest number when

this value is not unique), we have clearly that

0 s Golt) =G L (¢)
(1.27) v(t) = v
V() , Go(t) > 6 4(8) .

From the above discussion, it is apparent that
(1.28) (t: G () > Gv*(m C (bt <t<th) |
Recall from (1;15), (1.16) the significance of the equation
log v = ft(v) .
1et us consider; in the following that

(1.29) W= Wl £1,



then
dt
(1.30) 'g-t- £,(v) = a2 . .3.‘2 =0
1+Wedt
if and only if
dt :
2
(1.31) v L SULb), say.
1l.We

We consider, of course, only nonenegative values of v, so that
when V<1, the curve (1.31) is defined only on the interval
0<t <a:!'- log % In this interval it is convex and has positive
slope everywhere, When W > 1, the curve (1,31) is defined only
on the interval é log % <t <0, In this interval, it is also

convex , but now has negative slope everywhere. In bothcases,

we have
lim
‘ r
(L) U0 =0, 1,1 U#) = oo
d -8y
‘ i Y
A h i 1
/1 ! \
yau PN
] ]
| |
j |
i ~.
/ L \‘\\
ol TR i KN 2 3
C &g 19’3 W
U, 20, wel UREIIRS



The role of the function?,;'h(t) is indicated more fully, by

the following analysis

(1.33) %; £,(v) zo, v;Uw(t), O<t<j logy 3 log %«. <0

Consider now the equation

(1.34) Logl (t) = £,05,(8) )

When W < 1, both sides of (1.34) are defined only in the interval
0<t <% log é‘i The L. H. S. is a continuous increasing function
of t which — =00 as t —> 0, and ~= +00 as t->-al- log % The

R. H. S. is a continuous, concave, decreasing function of t,

equal to a constant, when t = O, and —> =00 as t »%— log -‘%

When W > 1, both sides of (1.3kh) are defined only in the

interval ?]i log % <t <0. The L, H, S, is a continuous

decreasing function of t which ~» ~00 as t - 0, and —» +00 as
i
d
function of t, equal to a constant when t = O, and —> -00 as

t - = log %‘ The R. H, S. is a continuous concave increasing

t -a% log % Thus in both cases, the solution to (1.34), call

it T

W is unique.
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When W = 1, (1,30) holds trus if and only if t = 0. In

this case (1.33) may be written
(1.35) %E £,(v) S0,ally, t20 ,
and we may appropriately define
(1.36) Tl = 0,

Lerma 1.

is an increasing function of t , t” <t < T,
(1.37) v(t) { has a unique maximum at t=T,,which is equal to (T
is a decreasing function of t , TW <t =< £ .

Proof.
It is obvious from the definition of TW that
%* ~ ,
(1.38) VT =lATy) s WAL,

and that this relationship must also hold in the limit as

W —> 1. Thus, to prove the lemma, we need only show that

%, 1 -
(1) v¥(6') < v¥(t), all ¢, t' such that t™ <t <t <T,

%, 1 1
(2) v(t') < v¥(8), all t, t' such that T, <t <t' <t |
W= =

I. We first suppose that W < 1
la) let t be any number such that t~ < t < T,,, then by (1.33)
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(1039) f’t(v) ; fTw(v) ’ v 'z VO 2

where Vo is a number such that
N Uft), 0zt <y
(1.40) UW(TW) > Vo >
0 , tt<t<o0o |,

T

/|

[»] s
¢ 1,

7
) wel

Figure 1,2

It follows, using (1.38), that
#* %
(1.11) SO ER I

' 1
1b) Now let t be any number such that O <t < T, t any number

such that t~ <t' <t, then by (1.33)

(1.42) i‘t,(v) -; ft(v) s v -z v

where 2 is a number such that
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Tilth, 05t <t

(1.43) @’W(t) > vy > ' ‘
0 , 175t <0,

By the second inequality in (1.40) and the second inequality

in (1.41), we have further, that

(l;hh) vi(t) > ?)'W(t_) .
— gy ¥

S— Y
I

—_— W)
f 4

Thus, it follows that
'
Vi) > v() .

1 -
lc) Finally, let t, t be any two numbers such that t” <t' <t

<0, then by (1.33)

(l;hé) £ ,(v) < ft(v) ,allv>0 ,
t

from which it immediately follows that
. , : .
(1.L7) O ERRCH I

Q.E.D, (1), W<1.
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2a) Let t be any number such that T, <t < t*, then by (1.33)

(1.L8) 2,00 5, 0) 5 vEv,

L

where Vs is a number such that

e 1 1
Uylt) , Ty <t <3 logg

(1.L9) U (T < vy <

00 ,%log%ftft

l
|
l
z A < >
N o ) ) ’
Figure 1.4

It follows, using (1.38), that

(1.50) VT > v

'
2b) Now let t be any number such that T, <t <% log %, t any

1
number such that ¢t <t < t+, then by (1.33)

(1.51) 2,0 S£0), v



where v3 is a number such that

V), t<t <3logg
(1.52) ’U—W(t) < Vg <

1
00 ,%log%ft ft*

By (1.50), (1.49),

(1.53)

// ‘/‘ ya)via) v, " i
o
Figure 1.5
Thus
(1.54) NOEDHCD.

2c) Finally, let t, t' be any numbers such that %: log % <t

<t < £* , then by (1.33)
£ ,(v)<ft(v) ,allv>0 ,
t

from which it follows immediately that

vEe) > viieh) .
Q.E.D. (2), W<1,



15

II. Suppose now that W = 1. We have by (1.35) that if t, &'

are any two numbers such that t~ < g <4 <0, then
ft,(v) < f_b(v), allv>0 ,

go that
! .
vis) > vt ) .

! 1
If t, t are any two numbers such that 0 <t <t < 't.+, we

have the same result. Q.E.D. (1), (2), W=1.

ITI. The proof for W > 1 proceeds in a strictly analogous

manner to that given for W < 1,
Q.E.D.

Lemma 2,

v*('b) is a continuous function of ¢, t~ <t < &

Proof,
The lemma will be proved if for any gien € > 0 and any

arbitrary but fixed t in the indicated intervals, we can prove

the following four statements to be true
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1) t7<teT,

7 80, * 3+ o<t 46 = 0x™(t') - vF(t)<e
2) t7<r ] 80, T ¢ octet'<s = 0<v™(t) - vt )<e
=Ty _

D Tt r J 60, * 30 oct'-ts =D 0w (t') - vF(4)<e

b) Tyst<t” 2 3 850, 3 0 ostet'<s = 00™(8) - V(b )<

We shall prove, below, only statements 1 and 2. Statements

3 and L may be proved in strictly analogous fashion,

Proof of Statement 1,
We are given that t is an arbitrary but fixed number in

the interval, t'<t <T.. Let

(1.55) E) = log (1 + —=—)
v (Ty)

Now

) ) #* - +
_vit(v)<—5'\71°gv’ v>vi(t), tt<t ,

from which it follows that
#* 'El 3%
(1.56) ft(v (t)'e 7) <log v (t) + £;

Since ft(v) is a continuous function of t, all t, all v > 0,

2., We use the notation,,] s to mean "there exists';
- 3 ‘, to mean "such that".
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we can find a positive number, 5, which is < T,; -~ t and such that

£ .
(1.57) o<t'-t<5;; ft,(v*(t)e )<logv (%) +E, .

But by lemma 1, this implies that

(1.58) V) < v® ') < vi(v)e “1 ,

which in turn implies that

2 kYA E g
(1.59) 0 < v¥(8') = v (8) < v'(8)a(e 1) < V(T e L) =6

Q.E.D.

Proof of Statement 2.

We are given that t is an arbitrary fixed number in the

interval t~ <t < T, Let

W

, -1
(1.60) £, = log (1 - ) .

v (TW)
If

-E

(1.61) £, (6)e 2) 2 log VI8 - 5,
then
(1.62) Fe)e 2 < ML)

Now
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(1.63) £, (7 (£)) > log72 (£) .

Hence, by the continuity of ft(v)’ we can find a positive

number, 6, such that

(1.64) 0<t-t <5=> £ (0) > log M(v) .

But by Lemma 1, this implies that

(1.65) M(s) < V") < Vi) .

Thus,I by (1.62)

(1.66) 0 < v*(8) = v¥(8") < v* () (1m0 2) < vH(2,) (10 D) = s
If, on the other hand,

(1.67) ft(v*(t)e.gz) > 1og'v*(t) -E

we can, by the continuity of ft(v), find a positive number,

!
6 , such that

4 ] 1 % "52
(1.68) 0<t-t<s = ft,(v (t).e ) > log vi(t) - &, .
But by Lemma 1, this implies that

' * Lo % %
(1.69) v (t) e <v(t)<vi(s) ,

and this leads to the conclusion (1.66).
Q‘E.D'



Lemma 3,
¥
< s, T <t<t¢t
% ¥
(1.70) G (t) = Go(t) s b=t ort
vit(t) _ )
*
> s E<t ort
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where t%, t¥ are two numbers which are dependent upon the

parameters d, Z, W, and such that

’ - ¥ ¥
(1.71) t"<t- <0<t <t .

Proof,

By reference to (1.9), we have that

1 , t<0

-

(1.72) 6(t) =§

-t , t>0

and that

00

2
(1.73) Gv*(t)(t) =% (ﬂo'fﬂle'dt)v*(t) - / e-%y dy

BB (b),8)

(o]s]

-dt 3

y dy

25 (e (e), 1)

By Lemma 2, this is a continuous function of t, t'§t§t+. It

is easy to verify that
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(1.74) %E le*(t)(t):[<o , tT<a<tt .
Now previous discussion, see (1.19) - (1.25), has shown that

(1.75) Gouem)(87) > Gy (£7) ,  GLy6(0) < @y(0).

Hence, by (1.72), (1.74), there exists in the open interval,
t'<t<0, a unique value of t, call it t¥, which is dependent
upon the parameters 4, Z, W of (1.72) and (1.73) and such that

for all t in the interval t <t<0,

> S ¢z
To complete the proof, we have by (1.72) that
1 s, t20 .
(1.77) e gy(t) = {
dt
» <0 .
It is easy to verify that
(1.78) O 1Bt i)l o v<e<tt
) ot ve(t) ’ St

By the discussion referred to above,

at*

+
(1.79) &% a7 > o (t) , 2%

(o) (0) < ed°OGO(O).

Hence, by (1.77), (1.78), there exists in the open interval,

0<t<t+, & unique value of t, call it t;, which is dependent
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upon the parameters, &, Z, W of (1.72) and (1.73), and such

that for all t in the interval Q5h§ﬁ+ ’

2

(1.80) Coe)(®) 2 Golt) » b t*

Alv

This completes the proof.
Note that the proof of the above lemma demonstrates the
S+
existence of and uniquely defines t* , respectively, as the

positive and negative roots of
(1.81) Gv*(t.)(t) = Go(t) ,

in the interval t" <t < t' .
Lemma 3 and (1.27) now give us

Theorem 1.

ve(t) , t% <t <tF
(1.82) v(t) = {

0 , t<tFor>th ,

where ﬁi, tx are, respectively, the unique negative and positive
roote in t of (1.81) which are dependent upon the parameters 4,

Z, W, and such that
(1.83) tT<tF<o<th<t’
From Lemmas 1 and 2 and Theorem 1, we get

Theorem 2.

v(t) is & continuous function of t, t¥ <t < t* ,
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Ir tF < T < bR,
is an increasing function of t, t¥ < t < T,

v(t) has a unique maximum st t = T,
is & decreasing function of t, T, <t < t¥ .
3¢
1f Tw <t
v(t) 1s a decreasing function of ¢, tF < t < t%
1T, >tk

v(t) is an increasing function of t, tF <t < t§¥ .,

The following interesting peculiarity of the second
sample size function, v(t), is easily deducible from the above

results,

Theorem 3,

The second sample size function, v(t), has discontinuities

%
at the points t, t .

(1.84) vt - 0) - vtk +0) > v (¢F), 1 <tk

> v (t7), T, >t

(1.85) v(t* + 0) - v(t* - 0) > v¥(t"), T, > t*

> v (t"), T, <R,
Recall that
+ *
(1.86) M) = ()

then Theorem 3 implies
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(1.87) v(t) > Min [i(h),m(t7)7, F<t<h

By Theorem 1, we may now modify the statement of our
+

decision rule as follows. First, compute the numbers, t¥

(see (1.81)).

1. Take m observations.
2. If the observed sample is X,» compute tm(l.5) .

a) 1If t < t* , accept Ay

¥
b) If tm > t*¥ , accept Al'
¢) If tF <t <tk , take v(t ) additional observations.

3. If (2c) occurs and the observed total sample is Xy 2

compute tm+v .

a) If Ly S 0, accept A,
b) If ty > 0, accept Ay .
Note that in general v(tm) villl not be integral, in which case

we shall approximate the test by taking tﬁe nearest integral value.

2. An Igyortant Identity.

In this section, two further lemmas are proved and an
important identity established. These results then lead, in
the following two sections, to the derivation of an asymptotic

expansion for the second sample size function.
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We define the function

(1) MW =(gaf+2)u-$d4 o<u<1, v>o.

Note that for every fixed v > 0, (2.1) is a linear function of

4, which intersects the lines p = O and p =1 at - % d2 and % ,
respectively. If for any arbitrary but fixed value of u in the

half open intervel, 0 < u <1, we set

(2.2) %—; £, (v) =M (b)) ,

and solve for v, we get

(2.3) v = %l:(i;ﬁ + l) -1 -I = W?u(t), say.

-

Consider the non-negative v axis in the t, v plane,
(2.4) t=0,v>0 ,

to correspond to the case, u = 0. It then follows that
(2.3), for 0 < pu <1, plus (2.4), for p = 0, represent a
family with parameter, u, 0 < u <1, the individual curves
of which (ignoring points at infinity) are loci of points in
the upper half t, v plane which satisfy (2.2). In particular,
note that /7(t), defined by (1.14), is the particular curve of
this family for which p = 1.

For reasons which will presently become apparent, we now

consider the solutions in t of the equation
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(2.5) £, 7 L(8) = 1os%u(t).

First, suppose that u is an arbitrary but fixed number in the

half open interval 0 < p <1

¥
- 2.2
(2.6) log?ﬁ“(t) = log -2-2- + log Ud“t + 1} - 1]

d

is an increasing function of ltl, with unique minimum = -o0o

at t = 0. It —> 0088 t —> + oo and is concave for all

t # 0.

. 4 1
(2.7) £,(7 (t)) = 2 log %o .2 1ogrgle zdt Hoe’édt]
. 2 \/Zx Sl

1
— 2.0 2
INTCLIN S

is increasing to a unique maximum between t = O and t = % log %,
and then decreasing. It temds to -0o as t —> + 00 and is
concave for all t.

It follows that there exist two and only two values of t,
call them t; , t: , which satisfy (2.5), which must in general

depend upon the parameters p, d, Z, W, and such that

(2.8) £ <0<t ,0<p<l,
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When p = 0, we consider equation (1.16) over (2.4). In this

case, obviously, t = O, and we define

ha
(209) to = Oo
+

Note that the numbers, & , defined in the discussion above
+

(1.24), (1.25) are the particular cases tl of the above

solutions to (2.5).

Lemma U,
Let p, d, W be arbitrary but fixed numbers, 0 <u <1,
d, W> 0, then t; (2) is a continuous decreasing function of

Z, f; (2), a continuous increasing function of Z, Furthermore,

+ +
(2.10) lim t (z) =0 , lim t  (2) =+ oo.
: z—>0 " z2 —>o00 *

Proof.
If we denote the function (2.7) by Fz(t) to indicate its

dependence upon Z, we have for any positive 4, Z,

(2.11) (t) - F,(t) = 2 log (1 + >0,

FZ+A

which quantity is independent of t. Further

(2.12) lim Fz(t) = -00, lim Fz(t) = oo, all t.
Z-—>0 Z > 00

Hence, by the above description of the function, log /] p(t),
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which itself is independent of Z, we have that t; (2) is a
decreasing, t; (2), an increasing function of 2, and that

the limiting relations (2.10) hold.

F:Z(;t)
\
*)
N 2
/// e ‘Q‘.a’?ﬂﬂ.(;t)
V4 B
7 -
a(zm) 2;“(7-) \

Figure 2,1, W<1

We shall here only prove continuity for t; (Z). Continuity
for t; (Z) may be shown in strictly analogous fashion. For

any €, 2 > 0, let

+ +
(2.13) 8 7 = 108 /1. " ('cp (2) + €) - Fz(tu(z) +€) .
Then, since Fz(t) is a continuous functioo of Z, all 2 > 0,

all t, wve can find a 8 = &e 7 > 0, such that
?

t . + - +
(2.14) 0<2 2 < E’.‘e,z ==> F,, (tu(z) + €) Fz(t"(z) + €) < Ae,z.
But this implies that

(2.15) t: (z') - t;(z) <e

Q.E.D,
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Lemma 5.
Let d, 2, W be fixed positive numbers, then t; is a
continuous decreasing function of u, t: is a continuous

increasing function of u, 0 < u < 1.

Proof.
hd
By (2.5), the definition of tu (see the discussion above
(2.8)), and the definition of w*(t) (see (1.26), (1.16)), ve

have the following identities in u,
+ +
(2.16) 77Zu(tu) = ¥(£), 0<kgl.

Thus, besides being respectively the unique positive and negative

3 +
solutions in t to (2.5), 'l'."l may equally as well be considered,

respectively, as the unique positive and negative solutions in

t to
(2.17) T (8) = #(x), o0<ugl.

Now, %“(t) is, for every fixed y, 0 < p <1, a con-

tinuous, increasing, convex function of |t| , with

(2.18) 7)2u(o) =0 ,0<u<l.

For every fixed t # 0, /i u(t) is a continuous decreasing function
of p. v*(t), on the other hand, as described by Lemmas 1 and 2,
is positive for all t in the interval t; <t < t; ,» continuous,
increasing to a unique maximum and then decreasing in this inter-

val. Also it is obviously independent of u.



29
—— 7 (%)
“w

NN/ 73\
- /“‘,

b l)“(x)
v"0</u'(,a._(l

Figure 2.2

Hence t; is a decreasing function of y, f; is an increasing
function of pw. By (2.8), (2.9) this 1s true for all y, including
the left endpoint, in the closed interval 0 < u <1,

We shell prove continuity only for t.: .. An essentially
similar ergument holds for t; .

Let u be any arbitrary but fixed number in the half open
interval, 0 < y < 1. Let ¢ be any given positive number. %Two
all inclusive but mutually exclusive possibilities may occur.

First, suppose that

(2.19) 0< t: <e ,

then since t: is an increasing function of 4, we have that

(2,20) 6<p ~ p' <u=-=>o<t:, <t;§e==>0<t;-t;, <e.
Now, suppose that

(2.21) . >e,

then clearly, we have that

(2.22) Wt - e) > /2 MUMETD

Hence, since Vi u(t) is a continuous decreasing function of
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for all t # O, we can find a & = 8, > 0, such that

(2:23) 0 < -wt B ==> M (5 - €) <IN (E5-c) < vH(Ee).

- , — )
) #“
e = ()
ﬂ,
~
*
}r—--~V(x)
But this implies that
+ + +
2. ll' - € < < []
(2.24) tu tu' tu
Hence,
+ +
(2.25) 0< t“ - tu, <e¢ .

This proves the continuity of t; for 0< p < 1l. We now prove

il

t: to be continuous on the right at u = 0. We have for any t # 0

[}

00.

(2.26) m 7 (t)
M—>0 H

Hence, we can certainly find a & = 8€ > 0 such that
. (2.27) O<u -0<8, = /i u,(e) > v*(e)
But by (2.9) this implies that

(2.28) 0< t:, -ty = t:,- 0<e.

Q.E.D,
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By Lemma 5 and (2,16) it now follows that
+

(2.29) lim 772, (g) = v+(0) ,
uo—> 0

o+

and this in turn implies that to = 0 are the limiting solutions
to (2.17) as p —> 0.
By (2.16), (2.29), for arbitrary but fixed u, 0<u <1,
the point
+ +
(2.30) (b, v) = (5, , v(z)))
lies on a curve of the family (2.3), (2.4) and hence satisfies

"the relationship (2.2). This gives us the following identities in p.

(231) %2, (V)
2
i

s =M (W, o0gr<gy,
v=v*(tu) v*(tu)

wvhich may be written

' -1
+ 2 + +
@) w= () [we) GmEy v | -u,

t
)

say.

Thus

t et =y p=y 0<t <tF

i s A - - 71
(2.33)

t;=t’—-—->p=ut' » b <8 <0 .

On the other hand,
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(2.3) by = w' == Moy (41) = 35 £,(V) —> (1) =, ().

v=v¥(t)

But, by the discussion above (2.17), this implies that

&
(2.35) ut=u'=>t=t;,, 0<pu' < 1.

By (2.29), this holds, as well, in the limit as pu' —> 0.

By Lemma 2,

2 1.2 -1
(2.36)  py = t° [v¥(t) -+ (f a%vx(t) + 1) T

is & continuous function of t, t;.f t < tI . By (2.32), (2.33),

(2.35), and by Lemma 5

is a decreasing function of t, tl <t<0

(2.37) . My has a unique minimum = O at p = O

. is an increasing function of t, 0<t < f; .
v / 5
A
£
0 ' >/{L ~~~~~~~~ :
1
. VX
2
A
P
Figure 2.4

We thus arrive, finally, by (2.16), (2.29) at the important identity

- +
)

(2.38)  v*(t) a?fzut(t) ) t]SESE, tf0

(2.39)  v¥(0) = 1lim 77Zu (t) .
t—> 0 t



CHAPIER II
ASYMPTOTIC PROPERTIES OF BAYES TWO-STAGE TEST

3. Asymptotic Expression for the Second Sample Size Function.

Equation (2.5) may be written in the form
(3.1) 2 1og 2 = dlt](a(e) + € (t)),

where u is any fixed number in the half open interval 0< p <1,

2
(3.2) alu) = L?L'i 1
n

1 16n —a%t2 4 1
(3.3) e“(t)—dltlﬁog(du <W(t) - l.(_'i"*l) -1]) - -2'(1-;4)]

+§§ EI+EL$:§)%-1]

2
(gt W,e™ ), £30
(3.4) W(t) =
2
W+ ¥e®®  , t<o .

+
If we now substitute into (3.1) the solutions t = t;(Z),
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ve get the following result,

(3.5) ey .t ubioez b )
' u a(uea1)® ¥ ’
where
<+
+ €.,(2)
(3.6) €5, (2) = —F—
1+eiu(Z)

¢ L
(3.1 €,(2) = ghoy €, (t,(2) =

+ .de(tt(z))e
2“;‘1 10g{ 158 U@ - -—-ﬁ-—-—-—-u) .1] - 11w
a(ude1)? It (2)] e =
y 2 lal-<§ + ——-—ii—--é> ﬁ-l] .
% +
W 7L\ @)
+ +

Note that c;“(z) and hence e;u(z) are positive decreasing
: +
functions respectively of |t;(z)l for sufficiently large values

+
of |t;(z)l. Hence, by Lemma 4, they are positive decreasing

functions of 2 for sufficlently large Z. Also
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(3.8) VA ii; 00 Qu(z) ltt(Z)f-—Boo 2u(Z)

Now we define

+

(3.9) o) =, BB dr e (@) -

— -t je
2 (dev*(0)+2)2.u‘[ 2 2108(3%(}104'2]_1)21:*(0))-1]

4 -4
+ Il-u(dev*(o)+2)‘é] -1,

+ (z)
(3.10) 2ol2) = —F :
€10(2)

Clearly, then, the relationships (3.5) will hold for p=0.

By (1.26), (1.16), v*(0) is the unique solution in v to the

equation

az -1 1.2
(3.11) log v = 2 log (E0+E1) T -5 dv.

35
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This may be written

2f2n (W + W.)
2log 2 = % d2v + log v + 2 log .g 1 .

Substituting into this equation its unique solution in v, we have

1.2 2/ (M s+, )
(3.12) 2 log Z = ;d v¥(0) + log v¥(0) + 2 log 5 .

Now, as Z increases, the R.H.S. of (3.12) must, to maintain the
equality, also increase, But the R.H.S. is an increasing
function of v*(0). Hence v*(0) is an increasing function of Z.

Further, we have that

lim

(3.13) 7 —5 oo V*(0) = 00 .

+ +
We can novw see that eio(Z) and hence eéo(z) are positive

decreasing functions of Z for sufficiently large Z and that

lim p 1lim ¥
7z —> oo “20(%) = y*(0) > oo %20(%) = 0 -
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Hence, finally, for all u in the closed interval

+
0<u<l, eéu(Z) are positive decreasing functions of Z,

for sufficiently large Z, and

o+
lim ~ (2 _
(3.14) Z >0 p8) =0 , 0<pg1l .

By (2.32) ~ (2.35), we have the identities

(3.15) t (2)=t, 0<t<t
By - -1
(3.16) t-(z2)=¢, t;<t<0 .
My 1-"-
Thus, by (3.5), we have
1
hpte log 2 i +
(3.17) T (1 -p,(2) = [t], t] <t< ¢,
=z 2
d(ut2+1)
where
+ +
( €2ut(z)’ 0<t <)

(3.18) p,(2) =
( e;ut(z), t;<t<0 .



38

By some simple manipulation of (3.17), we get,for ti <t < t;, t #£0,

2(1 - pt(Z))log AN .
D, +2=0

1
(3.19) 5 u -

27t dltl
The case, t=0, is excluded to avoid dividing by zero. The

roots of this quadratic in ﬁ% are

2(1-p, (2)1og 2 N u 2(1-p,(2)1log Z 2
(3.20) -1 - i -1) -1 .
alt] _ altl

1
To choose between these roots, we observe that u% is real and
that 0 < u% < 1. Hence the correct root must be s0 restricted.

First, if either root is to be real, we must have

2(1-pt(z) log Z

(3.21) -1> 1 or £-1 .

alel

If the second of these two possibilities were true, both roots
would be negative. It follows that the first inequality of
(3.21) must hold. However, in this case, the root (3.20) with
the positive second term would always be > 1 and hence could not
satisfy our requirements. There remains only the root with
negative second term, which by the first inequality (3.21) s

readily seen to satisfy them. Thus,
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TSttt

3
1 2(1-p,(2)10g 2 . 2(l-pt(Z))losZ 2
-i= 1 ’tl

(3.22) u2 1) -
t alel alel

By (2.36), u% is continuous and equal to zero at t=0. The

1imit of the R.H.S. above as t —> 0 is O, Hence the above
relationship holds in the limit as t —> O.

Now let

| alt] .
(3.23) £(t) = TogZ tl <ttt

Using (3.5), we have

+ +
1-e,(2), 0<t <ty ,

f

(&
1]

£(0) < £(t) < E(£](2))

(3.24)

o
]

1-e” (), t;<t <0 .
21

£(0) < £(t) < E(t (2))

Both upper bounds are by (3.1k), < 1 for sufficiently large Z.

Substituting £(t) into (3.22), we have

1
- 2
2
(3.25) u%{m(l-ot(zn-l- ({f;;(l—pt(zn-l) i{ »t St < £],4£0,

5
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and this relationship holds in the limit as t => 0, We now

rearrange the R.H.S. of (3,25) for greater convenience.

(3.26) =(gey-1)(1-p ) (2)

3

L 2
- E%q:;(l-t(t))(l-olt(z)) -plt(z)(e-olt(z)] »

where, again this holds for t#0 in the closed interval

- +

tl <t< tl and in the limit a8 t —> 0, and
P, (2) +
1-3€(t)

Again, rearranging the R,H.S., we have

+

(3.28) gmrer [1-26()- (260601 (10, ()40 (2), € < 6 < 67
t E(t 2 1t et 1 1l

where



(3.29)  py,(2) = gy (1-4(6))E (10, (2)

- 3

2
- bt (1-6(8) ) (1-p,, () -plt(zue-plt(zn] :

£7(¢)

£] <t < ¢, to,

and we define

Finally, we can write

<t <t

1+(1-E(t))2 ToL= 1

(1-£(t))2
oy e OO 2@

2
where

(5:22) 0y, (2) =R [+ (1-£(6))TTpy () B T-(1-(8))2T0 (2, 855058

By (2.38), (2.3),
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Y = = 2_
(3.33) vx(t) =77?“t(t) -5 ’I

+ 1) ]
%_%G-[( )% %ﬂ],t Sty t 40,

He

1]

and by (2.39), this relationship holds in the limit as t —> 0.

By (3-17):

4(1-p(2))10g Z

CEBN: 1 — , tStSt, tio
Mt d(u% + 1)
By (3.31)
2(1 + p,(2))
3.35) 5,.1- b ,  to<t<t
( "t 1+ (1 - £(8))2 %L- -t

Thus we get

2 ,
(5.36) l-l v o] a-o @iess, ses, v 4o
- bt
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where

pt(Z) + DBt(Z) (2.+ 93t(Z)) o <

(1+ DBt(Z))

Substituting (3.36) into (3.33), we have
2

1
(3.38) v'(t) = '2'2‘ [1+(1.5(t))'.§] (1~ p6t(Z))10g Z, t; St <t

where

1 -p (2)
(3.39) o (2) = p (2) + 2 e, tT<ts<t

+
65 by 3 1="="
[ (12(6)%] 10g 2

———

b 2 1
(3.40) pst(Z) = I}l + (l-§(t))%_7 (1--;,1\L (2)) log’z + 1
L t |

(NI

2
..[1+(1-g(t))_%7 (1-p (2))1log Z, t] <t < &)
- b

Using (3.1L) together with the conclusion above it, we have

by (3.18) that

linm

(3.41) pt(Z) > 0, suff, large 2, 7500

p,(2) =0, b7 <t <t

+

+

+
1



L

and hence it can be shown in each case for t; <t< t; ,

lim
(3.42) °it.(z)->-°’ suff, large Z, 7500 pit(z) =0, 1=1,,.,,6.

Let
(3.43) w(t) =1+ (1 -2())2

then by (3.38)

G) V) = 5 - e (@) logz, tstsy

Substituting this expression into (1,11), we get

(3.45)

2 & dt
+ u“(t)(1-~ 96t(Z)) - Ton

WOT) =T i as 0 )2 1
6t

1
"(3log 2)%, by St 2ty

Rearrangement of the R, H. S, gives us

J(2t) - Ju(t)e B4 (2)

«(2 log 2)3, € *;
(1 - ogy(2))2 (2log 254 585%

Iox
(3.46) N (v7(t),t) =

where

1
(1-£(t))?, t<0O
(3.17) 3(8) { =

1 , t>0 .
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We shall use the following well known result. e.g.,

see [ 27 .

00
2 . N

[y 2
(3.48) ) e-%x dx = o~ & y’l z cjy’23+ (-l)N+1RN, N =0,1,2,...,

y J=0

where y is a positive number,

o, = LI

3 29 Y j=0,1,... ,
(3.49)
(2w2)] [ pe2(i1) - b
2N+2)} [ x=2(N+1) =~ 3X
= i e dX N=Ol--c
N 2N+1(N+1)1 / b4 E Rl ] B ]
y
and where
(3.50) 0<n <o B [o 1 y(aW3)
. yse , icN+1‘.y
lerma 6,

Let d, W be arbitrary but fixed positive numbers., Let

(3.51) T(z) =3 (1 - 8)0ez
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then for any fixed positive & < 1, no matter how small, we
can by taking 2 sufficiently large, obtain for all t in the

closed interval

(3.52) el < Ty2),

the inequality

(3.53) Gv*(t)(t) <Gy(t) .

Proof.

By (1.72), the lemma will be proved, if we can show that

(3-5&) . E_n_; - Gv*(t)(t) =0 , - 765 t<o ,
dt R ~
(3.55) e Gou(g){t) =0, 0SS 5y &

By (1.74), (1.78), respectively, (3.54) and (3.55) will be

true, if
(3.56) im G _ (- Jg) =0
2 —>00 V() T
d’IS
(3.57) lim e G ., (T =0 .
Z —> 00 v (’3’5)

We first note that for any fixed positive & < 1, no matter how

small, we have by (3.5), (3.8), for u = 1, that
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(3.58)  t(z) <- Ty(2) <0< Jy2) <ti(z)
for suff. large Z.

Hence, by (3.42)

(3.59) m  p (z2) =0
z2—>o00 67,

We shall prove, here, only (3.56). (3.57) can be proved in

strictly analogous fashion.

By (1.73)

(3.60) G (-Tg) = 3, + gled Ty i 5)

T8

oo ;%
+ /—_;-: e‘%xad# + ;; ° e_%xadx
B (- Tg)s- Ty b (W(- Tg),- T
By (3.146)
1 - Hred)o
(3.6 W= Tg),- Tg) = ——— — (2 108 2)*
=Yg

=[2(1 - 35(2) log Z__7% ’

where
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Al 1 2 6:":]’8
(3.62) 35(2) = [55 - 1;(1+6%) 06,_3,8] 1-p

and by (3.59)

(3.63) 1im B (2) = O.
L ~—>00 B

By (3.48) - (3.50), taking N = 0, y = (3.61), we bave that

00
-1+8 (2)

2
(3.64) \/-—lg- /e'%xdx < %—[‘n (1-36(2)103 z]"% z O

“(ve(-Y), -
On the other hand,

(3.65) e =2

Hence

a’¥f 7 3 (z)-8

8 2 )
(5.66) e~ et ax < %[n(l-s (z)1og z]”iz 5
: )

J2x
BT (V=T g) = Ty)

But, by (3.63), the R.H.S. and hence the L.H.S. —=> O as

Z ~———> 00,

By (3.46)



(3.67) B (v*(-T,),-Ty) =

- E (6 - 36(2))108 z ]‘

Clearly, this —> 00, as Z —> 0o and hence the second term
R.HQS. of (3.60) ""'-> 0, as Z "—"’> 00.
Finally, by (3.44), (3.65), the first term R.H.S. of

(3.60) may be written

2 WolegZ2d W, log 2
(3.68) 2 (a+ed) (1-p )|R2m s
a 6,-‘}5 Z Z
and this also —> 0, a8 Z > 00 .
QIEID.

As a direct consequence of Lemmas 3 and 6, we now bhave

the follovwing.
Theorem. ki,
Let d, W be arbitrary but fixed positive numbers. Let

t%, £¥ be the two numbers defined by Lemms 3. Then for any
fixed positive & < 1, no matter how small, we have, by taking

Z sufficiently large that
(3.69) Tel2) < thz) <tj@) ,

(3.70) t1(2) < t%(2) < - To2) .
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4. Expansion of the Second Sample Size Function.

In this section, we expand the function, v#(t) (3.38),
in terms of the parameter Z, to terms of order 0(33%—5);
our result holding for all ¢ in the closed interval,

In the following pages, we shall for convenience,
and vwhere no confusion is likely, make use of the abbreviated

notation indicated below.

(L.1) p = p(2) , p = p (2) ,4i=1,2,,.. ,
t 1 it
(L.2) g = £(t) = %;’g"—"-'z

(13) C=@-8 , ualsg , welog .

We shall, for the same reason, where no confusion is likely,
drop the arguments from functions elsewhere introduced.

For reference to the original definitions of the infinitesimals
(h.1), 1 =1,...,6, see (3.18), (3.27) - (3.40), in the
previous section,

By (3-18)! (306)’
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(L.k) p=c (2). (1 -p), tiftft;’_
By
where
e (2), 0ststy
. lut
(4.5) e (2)=
u, - -
e- (2), t;=t<0
ey

By (3.7), (3.15), (3.16), (3.34), we have, for t] <t s t; s

elut(Z) = m log i%Eon'(‘t).

(L.6)

L b 3
3w+ S [(1 ) ) 1
- -u , + -,
b (u%+l) \ 16(1-p)%10g°2

so that by (L.b),

(L7) p=-1—-°;'—z 2loglogZ + 8 + p ], tiftft; ,
_ 7

where
1
(1.8) B = B,(2) = 1og(8df‘- %‘“"”j -3 -y .
ug + 1

i
- 2,2, \¥
16(1-p) 209’2 ) 4]
(ui+l)

-
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(L.9) P =p +p s

(L.10) p =4 log

/. 2. b b
lwp)© -
.-< P 10852) i og A ] ’

1 2 2 \F
h.11) = 3= (1, +1) (1=p) logZ - log Z
( 972 i (ugt J l4< ogZ + m) og ] s

1, 4 .2
(1.12) b=b,(2) = % (a2 D)

We note, first of all, that for all Z > O, ti <t<t

v min(Wo,Wl) 1 w U
(’4.13) 10g ( d2 max(WO,Wl) ] - -E < ﬁt(Z) < lOg l+m

and that
(L.1l) Mmoo (Z)=0 , t7Ststl o,
Z ~=>o00 Tt
Hence
- k
(4.15) o = [ (2)] =o(~1=), k241, 3=1,2,...
t log’z
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and this holds for all t in the closed interval t7 <t <t .

The results which follow depend upon (L.15) and are
obtained by straightforward algebraic methods. They are
presented without detailed derivation. (L.10) and (h4.11)
can be put in the following form

- +

(4L.26) o =-%0 *'TSE‘Z)*‘)(TF;:"Z) s W St<ty

71
(""t+1)b 1 - +
(h-l?) 072 = 'B'TSg_Z + O(W) ’ tl < t < ‘bl

Adding these together and using (3.31), we get

2

4,18) p = = +-‘-‘E’;35— ¢ olgmmr) , tT<t<tl
( J %[o o ogz] \Tog 2 13ty

(4,8) can be put in similar form,

(b.29) 8 =208 v-—5-5osolgmy) , It Tp

u 2u

wvhere

(Lk.20) v =v/(2) = E;é:’i .u.,(w(t))% ]
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Hote that here we find the remainder to be of the indicated
order only for t in the closed interval, t < 'f 5° where
js is defined by (3.51) and again 6 may be any positive
fixed number < 1, no matter how small, Substituting (4.18),
(L4.19) into (4.7), we find after one iteration that for |t]

<Ts
’ 2
1/ ¢ 1 2 wo-2t
(4.21) p = log V - ) - = log V +
log 2 \ u2 log2 Z u2 by
+ 0 ( 12)
log Z
where
(4.22) V= vt(z) = v J/log Z .

After, progressively expressing Py to 95 in terms of p, we

arrive at the following result for Pgs valid for ltl < j&’

2
1 1 W 2 1 1
(he23) p =-g=—— +Ffp+—5p0" - —=—5 +o( )
uzlog Z 3 Lt 5 2u logez logQZ

Substituting into this our derived expression (4.21) for p,

we get, again for ltl < :TB ’
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log V_ log V W
(14.2’4) p = +
T log 2 2210 s 2r

log V - 1 +o( 12) .
log 2

Finally, we have from (3.44) that

=2 2 - +
(4.25) ve(t) = 3 uw [log 2 - pélog 27, t] <t <t

80 that the desired expression for this function in the

interval |t| < T is

(4.26) w(t) = -——uang 7 - -f log V - _____l_o_g__\_l_( log V - 1)]
d 2§ log Z

1
° (log Z> )
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2. Expected Value of the Second Sample Size Function.

By our original assumption (1.1) and by (1.5) the

frequency function of ¢t = tm is

1 2
-5 (t - q))
(5.1) pg(t) = —i— e @ ° ,
onm
where
1
%md-alogk, °=0
(5’2) q.g =

-%md-%logx, 0=20

We will need the following

Lemms 70
00 5 -1
3 “ log 2
pylt)at <| /2x p_ 2 log 2 ,
5 _
&
B *Ta - -1
1 2 1og 2
py(t)dt <| /2t B, 2 log 2 ,
-00
where
dq
_ 1 0
(5.4) ﬁi'dﬁ;(l'ai*hﬂ) .

Proof.
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(5.5)
0o 0o "iT
1 Ax?
}/' Pg(t)dt = 755 e ax , /(’ po(t < /// dx.
Ts #L(jy%) -00 7+%

By (3.148) ~ (3.50), we have, taking N=0, and recalling the definition
(3.51) ot Ty,

(5.6)
00 2
1 = m 2t J 5tdg)
/2% . /2 ( Tg_qg)
E( 75";‘10)
‘dq 2
a /o - ~% (18 —2 ) log%z
dg 2dm

Q.E.D.

As a result of the above lemma, we have, certainly that

:j% 0o
(5.7) jpg(t)dt , fpg(t)dt (——l—-—->
Zdlog Z
-00 :fﬁ

all finite positive J.

E.° by the identity

We define the notation, 0
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(5.8) B K(v) = f K () py(t) at :
-7,

By Theorem 1,
e O

where

F

t -Te

(5.10) ¥, = Jf v¥(t) Pg(t) at + ){ vi#(t) pg(t) at
fTs ¥

t

By Theorem 4, Lemma 1, we have, for sufficiently large Z,

o]e]
(5.1.)  0< ¥ <max [v*(-T o), v (T 7 / pg(t)at +
. 1

By (3.38)

(522) e Tp) =G v dha-p )0ez

+

1= V%
so that, by (3.59), (5.7),

(5.13) v =o(3).

58

-]”6
f’ po(t)dt .

=00
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Hence,
(5.14) Eg v(t) = Egsv*(t) + o(-é‘-) .

For the remainder of this section, all relationships
in t should be understood to hold for all t in the closed interval
lt] < T By (4.26),

2
1.2 8 ~ .. 82 5/ u
(5.15) za Eg v¥(t) = log Z Eg u® - Eg (-C- log V)

2 2
1 . O fu” 1 & £~
*TIgZ e <§2 1°gv)‘ FlogZz Zo (g5 1°32V)

“o(mrz) -

First, we note that

J+l
,j+l=(d) ol 341 (1 ) 31

J=1,2, ...,

We shall now consider, one at s time, the terms on the R.H.S.

of (5.15)., Using (5.16) we have that

1
(5.17) §=(1-g)§=1-%§-§§2-o( L )-ltP,
log™ 2

so that

2

3
(5.18) u2=2-§+2£=’+-2§-%§2-0(1 ) lt’ ’
log™Z
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Hence,

5 2 5 8 1.8,2 T
(5.19) E.-u=U4LE (1) ~-2E" ¢t «T B §+o( >
) ) ) T e 10322

With the help of Lemma 7, we have, after some integration, that

5 1 )
(5.20) Eg(1) = 1+ o(—-—-—-—-—z g
|
5, ho 1 )
(5.21) By 6= Togz * °(z' Tog 2 )
where
i/ /m
on) & %, % x%ax
(5.22) o= (;E" de + 7: e .
on
~q,/ /m
2
5,2 d 2 1
(5.23) E, ¢t 2 —x— (m+ )+o(—-—-—-——) .
0 Tog2 z % Z log 2
Thus,

2
5 2 d 2 1l
(5.24) log Z Ey u =L log Z - 2!10_1;-—-———108Z (m + a )+o(-Z-).

We may now consider the second term R.H.S. of (5.15). It is easily

verified that
2

2
5.25) Beye 4,
( "E gue

Thus, by (4.22), (4.20),
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2 2

2
(5.26) - log V=1l log V+ log v + dlog log 2 42,2
€ u log Z

=’-|-logV+0<~1——é—z)‘t2 .

By (k4.22), (k.20),
(5.27) 1log V =% log log Z + log -EJE + log (‘Z(f(t))% + log u.

d2

Now, u = 1 + { may be written

2
.28 oo dt -2 2o -te)fr-—F ) .
(5 ) u 2 2u2 T (hwg)ue

Hence, using (5.16), it is easy to show that

2
(5.29) logu=1032-%§+o(gé_z>.t .

Thus, by (5.26)

2
(5.30) '-é—- log V = 2 log log 2 + 4 log %é‘: + 4 log (‘Zu‘(t))%

1l 2
- £ +o(———-—1°gz o,

go that we have

2
(5.31) E 5( u log V/ = 2 log log Z + 4 log M + be, . - 210
e E_ d2 20 m

)
+°<logz ’
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vwhere
(5.52) Lo = Bg log (W7 (1) )2

Now consider the third term R.H.S. (5.15). We have

(5.33) l‘-é = b+ ————5 € ,
¢ C u®
8o that
1 u2 2 log V
(53%) 51557 ° I log V = =352

(2u2-§)(log‘y + %;og log 2) 2log V.
* alel = ng °(Tog z)
2§ u log Z

1
log log Z . 2 8 [g_ 2
1og 7 Tog 2 (l_"g ) + log (W(¢))

o (mgn) oo (me)

/2
1 5/u” _ log log Z 2 8 /x
(5.35) 79057 %o e log V) =gz ' Togz <1°3 2 tee

By (5.16), it is clear that the fourth term R.H.S. (5.15) is o(;og
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Collecting terms (5.24), (5.31), (5.35), we have, con-

sulting (5.14%), (5.15),

(5056) EQV(t) = §-§ log Z - &_2_ lhg + 2 ;OE los Z
d log 2 d i“log 2
¢
50 4 1
+ 4 4+ 0
2d°10g 2 \log Z
where
2 2
(5.37) log = 4q -2 (m+ qg°)
8 J/n

(5038) lhg = 2 log -j‘%: + 250 s
(5059) RBQ = llg + 2[29 o
119 and 22@ are defined by (5.22) and (5.32), respectively.

With respect to our apriori distribution (0.15), the
unconditional expected value of the second sample size function

is

b
(5-&0) EV(t) = -8-§ log ._.%..- -3 ‘eh 2 éog log Z + 25
d JlogZz & alog Z 24“10g 2

/1
* oklog Z)

where we take

)
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(5-""1) EJ L 80‘J90+ 813‘_)01 » J = l, 2, a0 .
Note that
(5.42) lu = 2 log §-£g: + !5

d

end, by (5.2),

2 L

(5.43) 25 = hlh - md” - % m2d - logak + (gl-go)mdzlog )

The difference between the expected values of the second

sample size function at Ol and at OO is

L
(5.44) E, v(t) - E, v(t) = — (4 - b))
gl" eo" a2 38, " 30

1
2(L,, - £, )+ ma%log A
30 30
1 0 1
* ) to(mrz) .

d%log 2 €

M, &

This difference is, of course, equal to zero, when T z = 1.
0 0
W

)

When the ratio, W = i~ 18 close to one, it may be con-

O

venient to use bounds for Lrge BY (5.32), (3.4), we have that

min(wo,wl)

(‘)-.)4»5) log (W) < 229 < log 2 ’ e = @O, Ql .
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6, Error Probabilities.

The probability that our Bayes decision rule accepts

alternative Al when the true perameter value is © is given by

This may be written in the form

*® %
t <t<t ]

¥ %
t<t or>t ],

- % "
(6.2) q = Pg(t* <t<t) Eoromw('c) (tm+v(t))

+ P@(t < f or > tt) Eg QmW(t)(tmv(t))

where, as before, we write t for tm.

By Theorem 1, (1.82), the second term in (6.2) may be written

(6.3) P(t < t:i or > t;) EO’.«bm(t) l t < n or ti*-] =

*
t _ 00
j po(t) Egl o (t) l t ]dt + fpg('b) EQ, o (t) ' t :[dt.
| - ¥ -
t
By (1.8), this gives us
*
t 00 [o]o}
(6.4) [ pg(t)Py(t > oft)at + (pg(t)Pg(b oft)at = [ pglt) dt .
-00 % %

t t
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The first term R.H.S. (6.2) may be written

t?%
[ pg(t) Egl'd»mv(t)(tmw(t))l % ]dt
& -
tj';
= f Polt) Poltpy(g) > 0 lt) dt
F
(6.5)

1
_ R _
= j pg(t)Pg(sv(t) >ev(t) -t | t) dt ,
¥*
t
where © is defined by (1.4) and Qv is normally distributed with
mean Ov(t) and variance v(t). Note that Qv is a generalization

of 8! (1.2), for which v is not restricted to integral values.

It follows that

Qv(t) - ov(t)

(6.6) Py (Qv(t) > ov(t) -t | t) = Py — > hy(t) |t
00
- oxax
/-E 2
hy(t)

where
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-%‘d fiTEY - —— = -n' (v(t), t), 6=0,

6.7) h.(t) = (S-0)w(t)-t _
3 /AET - == = B(v(t), t), G=0,

Thus, the first term R.H.S, (6.2) may be put in the form

+
3*
t 00

1 y %"2
(6.8) — pa(t) e dx dt .
[

t* ho(t)

Hence,

%
00 t 00
12
(6.9) Qg = /pg(t)dt+ ,/';T pg(t) / e -éxdxdt.
¥ ¥ g 6)

t t

Now, by (3.46) and Theorem 1,
1

p 2 ? * %
(6.10) ™ (At),t) = [ 2(d°(+t) - 98) log 2/, t <t<t |,

where
(6.11) p =t -3wtpt - i p”
8 "6 F g MIe) g



By (4.23), we have

8 182 51007 10

By (6.9), Qg may be written in the following form

j 00

® 2
(6.13) Qg = L f Pg(t) j e'%" dx + I.(z) ,
/2=
-'J'a hg(t)

where +
(6.14) 00
Io(2) = | pglt) ot +--~ pg(t) 7 e L pg(t)

+

£ h (t) . ho(t)

By Theorem &4,

00 ':T;
(6.15) 0< Ig(z) <e f pg(t)dt + po(t) dt .
/Ta

By Lemma 7, the R.H.S. of the above inequality is of order less

1

than Z—TSE-Z

:zz)' el <7, -

dx
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Hence

(6.16) 1(2) = o(z-l%-g-z-) :
By (6.13), (6.7), (6.10), (3.47)

0 00
1 2
(6.17) Q00=/-—§— fpgo(t) B ax at
-7

8 fﬂl-ps)lcs Z

! oo

--%x2 _ 1
Pgo(t) e dxdt + o(z—i-é-g—-z—-) .
0 /2(§2-98)108Z

For the remainder of this section, all relationships in

4

Els

t should be understood to hold for all t in the closed interval

lel< Ty -

By (3.48) - (3.50), we have, taking N = 1,

00 . -1
- (l-p8)log z 1-/ 2(1-p8)1og‘ 27

1.2
(6.18) e 4x = e + R

l )

o

(2(1-p )log 2)
8

,./22 1-p 5log Z
8
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.2 ~(1-p )log 2z
(6.19) 0<R, <3 [2(1-p8) log Z_/ 2 e 8 .

By (6.12)

) log V 1 )
(6.20) -(1-98)105 Z=-log2+ logV - gm0 (log z /?

so that

-(1-p )log 2 U log Vo o 1__)
(6.21) e 8 =}2{ e 2log Z log 2%

_v,{loéz 1 - log V +o( 1 )
- Z 2llog 2 Z log 2/ °

Thus by (6.19)

= of st
(6.22) Rl = O(Z Tog Z) .

Again, using (6.12), we have that

1
CaE . log V 1 )
(1 98) 1*210gz+°(1ogz ’

(6.23)
1

£2Q1- ’98)108 27 = ?%g‘z * °(13‘:Lﬂz)

Hence
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0o

1.2
-3X _ v log V log V R S
(6.24) e dx = ‘ 1- 2liog % 1+ log % 1-3 log Z
Je 4

o [t
Z log Z

If we multiply out and substitute for v its definition (4.20),

the R.H.S. above may be written

1
(6.25) -2:;2%1 (W(t))i[( 2 log 2 log Z ) _E'%i—‘zl_-l
o (753 -

Using (5.16), we find that

L 1) .2 _gloV______l___).
(6.26) “"2'2§+°(losz) - gy "°(108Z el

Thus we have
(o]}
(6.27) _; " ax = dEZ (W(t))%( 10; Z)
/21-087'_75'3‘2
+ te) .

1 .
+°(z logZ) 1+ lel

Now consider the inner integral of the second term R.H.S. (6.1}).

By (3.48) - (3.50), taking N = 1,



T2

0 - -(Ce-oa)los Z 1- [—2(§2-98)log z 77t

(6-28) e-_zl—x dx = e . 5 .
(2{¢ -98) log 2)2

//E(CQ-D Ylog Z
8

5 -(t%-p ) log 2
(6.29) 0<R; < 3'[-2(92-p8) log %_7 2 e 8

By (6.12)
6.30) - (£° - = . __logV
(6.30) - (¢ 98) log Z log 2+ alt| + 1og v ETZ‘%EE?Z

1
+%flog Z )’

so that

(6.31) e 8 _ ¥ alt] T PogZ <log Z

N <

- Z € log Z

v /Toz z alt| (1 __logV )
2

1
v ofgrerg) o It

Thus by (6.29)

+ Ry,
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o 1\, altd
(6.32) Rl = 0 (Z Tog Z) e

By (6.12)

1
2 log 2/’

(6.33) (t%- o )‘i=%(1+ ._}25..‘_’..,_>+ o (
8 2L° 1log 2

[P -0) 10827 =t 4o 1;)
8 - 2§210g Z log 2

Hence

(6.34)

00

1.2 '
eX ax = Yy edltll-—g—s——]‘o v 1+.£3_!_ R
/// J2 tz 2blog Z 2@2103 A 2§210g

/2(§2-p )log Z
8

1 ale|
+O(——-""‘_"Z logz)‘e .

If we multiply out and substitute for v its definition (k.20),

the R.H.8. above may be written

2t%10g 2/ 2t310g Z

(6.35) %\Z@‘.- Sltl, (W(t))%l—f (1 - .__}___)+ ¢ log v]

1 ). all
* O(Z log Z) €



Th

Using (5.16), we find that

“f"?‘*%t-*c( 3 )-ta ’

log 2
(6.36)
1 1 ( 1 )
S M .
2§2 log Z 2 log 2 log Z ’

e 2203 . =°(1"‘o§' z ) e

log?’

Thus we have

00
_ 1 4x® 2 t ol 1
(6.38) = / e ax -E(‘U(t” o e+ & - 557

/2(22-0 )log 2
8

vo(rp) - (et e ettt

It is easy to verify by (5.1), (5.2), that

(6.39) W o (1) = Ep. (t)
€ poo xpol

Hence, recalling the definition of % (t) (3.4), we have by (6.17),
(6.27), (6.38)



Js
W
(6.40) Q%:——-— - 127/ 1 [ pg (t)at & :):_Of 1:,g (t) at
-J

8

T
/ t pgl(t)§
T

wlls:

Now by Lemma 7

[ pg(t)at = 1 + o(-——-—-—-——z lig z) ,
Ty

(6.41)

/ t pg(t)dt =qyto (%) s e =9, 6

A

Hence
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W W
2 1 2o 1 2o
(6.42) q =—-—(2-——-——)(E +--)+——-———-(Wq + ==
% % Tog Zj{=1 "~ N @Zlog Z\~1%, " X %1,

1
* O(Z log Z)

By (0.30), (0.35), (1.18), (5.2)

W W
o I
(6.43) W*ts = EE)
Io )
(6.44) W +=q, == (g.a, + €., )
1‘190 M Yo T g, ‘Bl T 1%,

=:_1-_- 1 -2_.

80 that

5T 1 1
(6.45) Qg = 1157 * 1557 (B0t * 31‘190’]

.n-————.l L)
¥ °(z Tog z)

By (6.44), we may write this

¥ 1 2
6.46) @ =2 [§+___..(md(g-g)-h-210g)\)]
% " 2Pz o 1ogZ 1780

o
1
+°‘z logZ)




7
By (6.13), (6.16)

(6.47)
00 )
3x® 1
pg(t) -—— e dxdt+oz—-l-aé-z.
-hol :

By (6.41), (6.7), (6.10), this may be written

0 00

L 2
(6.48) @, =1 - pg_ (t) e™?* ax qt

L
1 Jen 1
T 5
8 2(¢“-p )log 2
/ p8 og

TB 00

. (t) e H gt + P — l
N Pgl 7 ilog 2 | °

0 Je(l-péflog Z

By (6.27), (6.38) and Lemma 7, this becomes

(6.49) @ =1 - ;2-2 (2 - ge=g) ()h + W) + TR AL

o | mds
2 logZ)*

. + qug)

Finally, by (6.43), (6.44)
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NI
%1 72 1 1
(6.50) Qg =1- E‘g';z"'fa (2 - 1557) - Togz (8%, * glqu) ]

1
+"(zmgz )

N

-1 1 2
(6.51) =] - 5 [.8 - m {md. (gl-go) + 4 - 21og A) ]

2d gOZ

1
to ( Z 1og Z ) .

By (6.46), (6.51), we have for large Z, taking only the

leading terms of the expansions,

M m

(6.52) Q. =~ 1-Q, = —cde—2 .
e 2 ’ =] 2
o d%gp 1 d%eg

Now regard 4, g to be arbitrary, fixed, positive, and choose W

and Z to be, respectively, the following functions of d, g:

4 %
2 ) 8Zg”
d 840 1
a
(6.53) W'(d,e) =z* & , 2'(d,) =
0
L
5 , 2
d glal

vhere Y al are small given positive numbers. If @, @, are
sufficiently small, and W, Z chosen as above, then we have,

approximately
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o 1 -
Let Wé, Wi be any values of wo, Wl, end ¢' any value of ¢, such
that
Wt
1 Z!
6. T = W' C' .
(6.55) S s = min e, oy

Since our two-stage test is a Bayes solution, (consider now the

test with parameters, d, g, W', Z'), its average risk is minimum,

i.e,.,
1 1 —
the t ]
(6.56) % 3 l—c'(m + Eo.v(t)) twia, 1< .Z g [c'Ejn+ wiall,
i=0 L i i=0 L
where Ein represents the expected number of observations, at Oi,

of any other two-stage test with first sample of size m, and.ai,

its probability of rejecting Oi, when true, 1 = C, 1. It follows

that if
(6.57) o <a, , 1=01
then
1 1
(6.58) m + 150 g Eoi v(t) < 120 g Ein .
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Now, by (5.36), for small values of the error probabilities, Q,,

i.e., for large valuees of %'

~ 8 A
(6.59) E. v(t) = = log i=90,1 .
! & g ’

Hence, since 8o g, are arbitrary, we have asymptotically for

small ai ’

(6.60) m + EO v(t) < Ei n s i=0,1 .
i
Thus, asymptotically, for small values of the error probabilities,

the Wald property mentioned in our introduction, is seen to hold

for Bayes two-stage tests,
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7. Comparison with one-staga Bayes Solution.

In this section, we shall corppare one and two-stage Bayes
golutions to our problem, for large valves of Z, in terms of
expected sample size; requiring of the one-stage solution, that
its error probabilities be the same as those for the two-stage

procedure,

If we take a single sample of size m + G; the Bayes solution

is given by the decision function
(7.1) e L o(t L )= .

The probability that we shall accept alternative Al, given that

the true parameter value is 6, is

~ 2
o0 (x-qG )

B e o

1 . 2(m}Y) ax,

Yon(m+y)

(7.2) Qg = Pglt,,5 > 0) =

0

where



1~ 1 -
?nd-alogx,o Ql
(7.3) 9 = Egtn . 5
1l =~ 1
?nd-alogx,e QO
(7.4 neme+y
This may be written
0o
1 x2‘
-2
(7-5) Qe. = ""‘/';':.: e dJc ’ iﬂo,l,
i n
£
where
3 1
(7.6) ¥y = %(-l)ldr} + % log An H ,  i=0,1

82
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To determine what value of n is required so that the error
probabilities (7.5) associated with this one-stage procedure will

be equal to the error probabilities Q9 s GQ of our two-stage

0 1
Bayes solution, we set

00

(7.7)

This gives us

{7.8) yo=%d

(7.9)
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Solving for (7.8) for n, we get
- 1
(7.10) - X2 _ log A + xo(xg -2 log )2

0

-5

leha

If we expand the radical on the right hand side above, we get

2

(7.11) n = - log \) = O(Xaz) .

Q-;\JD’

Some investigation shows that for positive x

2,1 log log x
XHAZY = - -
(7.12) x) 2 log x ~ log log x = log Ln + 0(——%3§~§-) .
By (6-)46)’
i =
(7.13) Q. "7 |15y )

so that setting
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1

we get

2 2 log 2 + 2 s,
(7.15) log x = 2 log 2 + 2 log I‘—E + o(log Z)

- 1
(7.16) log log x = log log 2 + O(TO'g"Z)
Substituting into (7.12), we get
d2g
2 Z log lo

(7.27) X~ = 2 log =——— + 2 log ) .

Substituting this, in turn, into (7.11), we get, recalling the

definition (0.35) of A,

b
~ 8 Z by gogyd max(Wy, Uy ) lo lo
(7.18) n = gg log + ;'2' log ,_61111 min{W,W,) +0( ).
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If now, on the other hand, we set

o0
1.2
- X
(7.19) L [ %" axaq
J/2n 1
41
we getb
3 1
. .
(7.20) -y =3 ai - JlogAfi 2= X(1 - Q)

1

Solving for n and proceding as above, we arrive at exactly the
same result, (7.18).
A comparison of the leading terms on the right hand sides
of (7.18) and (5.36) now clearly shows that the average number
of observations required by the two-stage procedure is asymptotically
equal, for large Z, to the number of observations required by the

above cne-stage plan, i.e.

lm ™ Eev(t)
(7.21) 2 e .
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Now the one-stage plan is a degenerate two-stage procedure of the
type (with first sample of given size m) we have been considering,
which has its second sample of constant size, ;, for all possible
observations in the first sample. Our two-stage Bayes solution,
since it minimiges the average risk with respect to the class
considered, will require not more observations on the average,
than any such one-stage plan with the same error probabilities.
The result (7.21) indicates, however, that the larger the value
of Z, the slighter will be any improvement over the one-stage
set up that results,

A similar comparison with the Sequential Probability ratio
test, using Wald's approximation to the expected value shows that
the ratio of expected values, two-stage over sequential probability

ratio, approaches l, in the limit as Z —> oo,

8. A Trivial Asymptotic Solution.

We have seen, by the results of section 7, that the two-
stage Bayes solution to our problem is, for large values of the
parameter, Z, little better, in terms of the average number of
observations required, than a one-stage Bayes solution with the
same power. We now examine the possibility of an asymptotic

solution to our problem when d = 91 - 90 becomes small, other
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parameters remaining fixed, That this leads to a trivial result,

is indicated by the following

Lemma 7
Let Z, W be arbitrary, fixed,positive numbers, then

1
(8.1) 4 o0 ¥(8) =0, allt,
Proof
By (1.22)
lim 2
(8.2) g 2N log M (t) = 1og t°

which is an increasing function of |t | with unique minimum

=00 at |t] =0. By (1.23), (1.17),

(8.3) lim; o ft(gv?(t)) = «00 , allt

o T —

+
It now follows from the definition of t~ (see discussion above

(1.24)), that
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f+

(8.h) QA > 0

Thus, by theorem 1,

g 2m v(t)=0 0, allt. QED,

By some simple additional calculation, we then have

s, 0 s A > 1

.y lim _ 1inm U ~
(B.5) 4 T s 0% =a=s0B *%(t)=7 3 =



CHAPTER III

NON=-ASYMPTOTIC CONSIDERATION OF BAYES TWO-STAGE TEST

9. Further Properties of Second Sample Size Function.

Throughout this section we shall regard the parameters m
and 4 to be arbitrary, positive, fixed, m, an integer, and consider
the second sample size and its related functions in terms of their
dependency upon the loss ratio, W = Wi/Wb and the ratio, Z =
min(Wb,Wi)/c.

By theorem 1, we have for arbitrary fixed W, Z > O, the

inequalities

(9.1) < tF <0<ttt ,

* +

where by the proof of lemma 3, ¥ = ¢* (W,2) are the respective

unique solutions in t to the equations

(9.2) M0, gy (B = 1 Cou(ey(®) =1

+ +

and by (1.21) = (1.24), t~ = t (W,2) are determined uniquely

as the positive and negative solutions in t to the equation
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(9;3) £, (T72(%)) = 10g 72(t)

Let

then by (1.23)

1

(9.8) £ (72 (£)) = 2 1og e - | 3 | (5%1) 2Ky, W)=2(y,4,2) 50y,
2 /7R

where for all y, all W >0

2 log(We™), 0 <W <1

2 log [H i e™] = ( »¥20
2 log(lsge ™), W > 1
(9.6) K(y,¥) =
2 log(1+We¥) ,0 =W <2
2 log ,:H]."'Eoey :[ = >¥< 0.

2 log(gre’) W >1
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Note that for arbitrary fixed y, K(y,W) is a continuous function

of W, For y > 0, it increases from -2y at W = 0, to a unique

maximum = 2 log(l+e™Y), at W = 1. It then decreases » approaching
zoro in the limit a8 W —> 00, The picture for y <0 1is

immediately seen from the relationship
' 1
(9.7) K(-y;W) = K(yq) .

This clearly holds for all y, all W > O, and in the limit as

W~> 0, oo. Hence, over the same range
(9.8) K( ‘ Y| ,0) - K(y,W) = K(y,1)

It follows, by (9.5), that for arbitrary fixed Z and over the

same range of values of y and W,

(9.9) f("Y:w:Z) = f(Ys%’Z) ’

and

(9.10) £(y,1,2) < £(y,W,2) <£( |yl ,0,2)
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It may be inferred from this, and from the description of XK(y,W)
that for fixed y,Z, f(y,W,2) has a unique minimum at W = 1,
By (1.22), the R,H.S. of (9.3),

1
(9.11) log 70t) = log 22 ‘:(Y2+ l)?- 11 = g(y), say
d .

and this function is clearly independent of W.

Now

+

(9.12) y = dt™(W,2)

are the unique positive and negative values of y at which each
member of the family of curves f(y,W,2) intersects the curve g(y).

Hence by (9.9)

, . o
(9.13) £7(0,2) = -t*(3, 2) W,Z>0 .

Unique intersections at finite positive and negative values of y
occur also in the limit as W —> 0, 0o. Now both upper and
lower bounding curves of (9.10) are symmetric sbout y = 0, Their

intersections with g(y) are thus respectively at

(9.1h) v=2at"(0,2) and y =1 at*(1,z)
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By the nature of g(y) already described in terms of the variable
t (see (1.22)), it then follows that for 2 > 0, W > 0, and in

the limit as W > 00
+ + : +
(9.15) t7(1,2) < = t7(W,2) < t7(0,2) .

For arbitrary fixed Z > 0, t*(W,Z) has a unique minimum and

t7(W,Z) has a unique maximum, at W = 1, Both functions are
monotone for W < 1, and monotone (in the opoosite sense) for

W > 1, and both can be shown to be continuous in W. By (9.1),
| + '
we then see that t*(W,Z) are certainly bounded functions of W.

The function v#{(t) = v#(t,W,Z) is defined by (1.26) to be

the larger root in v of the equation
(9.16) log v=£(v) , ¥ <t< t"

+
and the unique root in v of this equation when t = t~., ILet

(9.17) ¢ =
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then by (1.16), (1.17), (9.6), we may write this equation

2
2 t t t
(9.18) ¢ (iz) + log v + ol 2 log 2z = 20'—J—Zl—- - k(20 3 W) .

Let
t v
(9-19) Y '-'-Z 3 x a_z?
then the equation becomes
1 ' l 2 V
(9.20) i(Cx + Iyl )" = «log x - K(2Cy,W) .

If we apply the transformations (9.17), (9.19) to both sides of
equation (9.3) and then solve for ¥, the two solutions in ¢y which

are obtained will be

+ +

(9.21) ¥y (W,C) = % tT(W,2) ,
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+
where ¥ (W,C) are functions of W and C only. We then have that

(9.22) v¥(t,W,2) = zzx(Y,W,C) ’
where x(v,W,C) is the larger root in x of (9,20) whenever
(9.23) Y (W,0) < v < ¥'(W,0),

and the unique root in x for v at the endpoints of this interval.
In keeping with the definition (1.26), we define x(v,W,C) to be
identically zerc for all ¥ outsids, and not bordering, the
interval (9.23).

For arbitrary fixed C > 0, let S(C) be the region in the

Y,W plane, W > 0, defined by (9.23) and including the bounding

+
curves ¥ = v (1,C). It can be shown by some simple arguments

which involve the equation (9.20), that x(y,W,C) forms a
continuous bounded surface over S(C). For fixed y, the surface
is monotone in W, decreasing when ¥ < 1, increasing when W > 1,
For fixed W, its behavior as y value may be inferred, by (9.22),
from Lermas 1 and 2,

Now for arbitrary Z > 0, let S'(Z) be the region in the

. +
t,W plane, W'z 0, buunded by the t axis and the curves, t = t7(W,2).
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Reversing the transformations (9.17), (9.19), we have, by the
above, that v#{(t,W,Z) is continuous and bounded over S'(2).
For fixed t, it is monotone in W, dscreasing when W < 1,
increasing when W > 1. As a function of t, for fixed W, it is
described by lemmas 1 and 2,

In addition, we note that by (9.20), (9.7)

(9.2L) x(-v,H,0) = x(y, &, ©)

so that by (9.22)

(9.25) vit(=~t,W,Z2) = vi(t, %, Z).

The symetry of v¥ in t when W = 1 is just a special case of (9.25).

On the other hand, using the results of section 2, in
particular, the identity (2.38), (2.39), it is easy to show that
for arbitrary fixed t,W in the region St%(Z), v#(t,W,Z) is a

continuous increasing function of Z, all Z > 0, Further,

lim
(9.26) Z ——> 0,00 vi(t,W,2) =0, oo .

In addition by lemma L, for arbitrary fixed ¥, t+(W,Z) increases,

t (W,Z) decreases, continucusly with Z, By (2.10), 5'(Z) reduces
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to the positive W axis in the limit as Z ——> 0, while as & —=> 00,
it becomes the entire upper half t,W plane. To relate the second
sample size function to the result (9.22), we apply the transforma-
tions (9.17), (9.19) to the L.H.S. of both equations (9.2). The

unique solutions in y obtained will be respectively

* _
(9.27) ¥I,C) = 2 6 (,2)

+

+
where Y%(W,C) are functions of W and C only. By theorem 1, the

second sample size function may then be written

% %
o 2x(y,W,C) 5, ¥ (W,C) <y <y (W,C)
(9.28) v(t,W,Z) =

0 , otherwise

Finally, it can be shown that the points of discontinuity
+

of the second sample size function, t*(W,Z) are continuous in
W and Z. First,

(9.29) G (+)m (i oy 0™%%) oyt ['_ ay + /

gdv +tv gdv -tv

ol i
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is clearly continuous in v, t, W, and 2; v, Z >0, W > O,
all t, wvi{t, W, Z) is positive and continuous in t, W, 2

everywhere in

(9.30) {(t, W, 2)s t7(W, Z) <t <t*(W, 2), 2> 0, W> ? .

Hence Gv*(t)(t) is continuous in t, W, 2 over this range.

As was indicated in the proof of lemma 3, G v*(t)(t‘)
is monotone decreasing in t for any fixed W, Z in (9,30).
We may regard this function, for fixed Z as a continuous
surface over the t, W plane, The trace of this surface in
the plane of height 1 above the t, 7 plane will because of
the continuity of the surface, its monotonicity in ¢ for all
W > 0, and because of (9,1), describe a curve which determines
a single valued continuous function of W, This curve will,
by (9.2), of course, be {*z(w, Z). Exactly the same argument,
with 2 and W interchanged, shows the continuity and single
valuedness of tg(w, Z2) in 2, Similarly, since edth*( t)(t)

is monotone increasing in t for all fixed W, Z in (9.30),
we can infer the continuity of tﬁ(w, Z) in W and 2,
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10, Some Exploratory Computations in the Symmetric Case,

To obtain a more exact idea of the behavior of our
two=stage Bayes solution for intermediate values of the
parameters, we investigate, by means of computation, the
symmetric case of equal losses and equal apriori probabilitiss.
i,e, in this section, we shall consider that

W g
1l 1
10.1 W= =] B e = L .
( ) ﬂz ’ 4 2

Since we are taking W = 1, we cease, for convenience, to
indicate it as an argument in functions dependent on it.
We shall, however, where necessary for understanding, indicate
functional dependence upon other parsmsters.

When W = 1, the solutions to equations (9.2), (9.3)

are respeotively symmetrical about t = 0. 1i.e.
+ - % % 3#*
(10,2) t ==t = tl s 88y , ¥ ==t =t , say ,

and both thesq mutbers depand only unon Z and d. By
(9.21), (5.27)

™ % 3 #*
t my =y =y, 6 say.

i

{20.3) % by =Y me oy =y, sy,
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Yy and Y% depend only on the parameter C defined by (9.17).

By (9.1), we have, indicating the functional dependence on C,
(10.4) 0 < y(C) < € .

From section 9, we have that by using the transformation
(10.5) y=dt =20y ,

equation (9.3) may be written

(20.6) |y 1+ (3241) + 2og [(y%+1)% =17 + 2 log(1+e~M) =log 2¢2

The L. H. S. of (10.6) is a continuous, increasing, concave
function ofl y‘lWhich-d» -00, 00, a8 y - 0, 00, and which
is independent of C, Hence the solution of (10.6) in |y| ,

namely

(10.7) |¥| = 3,(C), say,= 2y (C) ,

approaches zero as C —» 0, Substituting this solution into
the L. H, S. of (10.6) and solving the resulting identity in
C for yl(C), we get

P (c)

1l

v, (C) =3 e v e (©)
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where ¢ (C), ¢ (C) ~» 0, a8 C - 0, Thus
1 2

1
(20,8) Un () =3e2%.303 .
Rewriting (10.6) in the form
(10.9)
1

ZGM +(lc’y "'1) + log r(hC Y +1) «1] +2 1og(14e” 20rly ~log 22 - 0,

we find that the L; H. 8. is, for fixed C, a continuous,
increasing, concave function of | Y | which — =00, 00, a8

|Y [ 0, oo, while for fixed ¥, it is a continmuous increasing
function of C., Hence the solution, Iy | = vl(c') 18 a
decreasing function of ¢. It follows, by (10.8), that

1

% em2 is a least upper bourd for yl(c) , and hence, by (10.k4),

an upper bound for v (C).
By (9.28), the second sample size function v(%),

may be written

Zax(th) 2 M < Y*(C)
(10.10) v(t,2,d) = {

0 ’ 2
x(v,C) is the larger root in x of the equation

, 2
(10.1) 2 (Cx+ ) +2og (1 20ty o L10g x
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for all vy such that |y |< yl(C) , the unique root when
lv]= Yl(C), and identically zero for |v | > v,(C). Clearly,
this function depends on ¥ and C, only and is symmetric about
Y = 0;

Applying the transformations (9.17), (9.19) to the

L. H. S.!s of equations (9.2), we have, for W = 1,

edtbv*(t)(t) = Gv*(-t)(Gt) =

Qo0 2 00
1 1l
-y 2Cy e
h” nt
where
(10.13) h™ = ¢ /x(¥,C] -~ JXTCT

Setting (10,12) equal to 1, we obtain v*(c) as the unique
solution in v,

Our decision rule for deciding between 90 and Ql

may now be written: Take m observations. If the observed

sample is X Xm, form the function

12"

_t_1 1
T=2°3% Eiflxi"z'm(‘;o""’1)--I
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If y < -y*(C), accept 6y IfY > v¥#(C), accept 6,. If, how-

ever, | ¥ | <+y#(C), take v = zzx('r,c) additional observations.

If, now, the total observed sample is Xl" - ,me s from the function

m+v

1
b ® iflxi - -é(m+v)(90+ Gl)

If this is negative, accept Go, positive, accept Ql. We need not

consider the case tm+v = 0, since this has probability zero.

Table I
C v#(C)
.01 .2536
.10 .2535

1,00 .2373
3.00 .1835
5.00 L1472

10.00 .1007

20.00 .06l

50.00 .033L

100.00 .0196
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In table I, we give, for some selected values of C, the values

of the function 4#(C) rounded at the Lth decimal place. These

numbers were obtained by setting (10.12) equal to 1 and using

this equation in conjunction with (10,11). Standard tables,

which are listed in the bibliography, were used for this and

the remaining tables in this section,

From these results, it

would appear that y#(C) is a decreasing function of C with L.U.B.

less than .26 which is well below the upper bound given by (10.8).

Table II: x(v,C

)

v/C

.01 1 3 5

10 50 100

0
.015
.030
.0L5
.060
.075
.090
.105
.120
135
.150
.165

.24999L . 203888 .100859 .0582611
.2L9769 .203663 .10063L .0580360
.249092 .202987 .0999578.0573602
.2447961 .201855 .0988263.0562310
.246367 ,200262 ,0972332.05L6L30
.2hl30L .198197 .0951678.05258L7
241757 195619 .0926143.050031
.238711 ,192600 .0895485,0L69495
.2351LL ,189027 .08593L6.0L32L99
.231031 ,18L902 .0817166.0387638
.226338 ,180186 0768041

.221021 ,174829 ,0710398

.0236015 ,00194291 000602768
.0233768 ,00173058 000411810
;02?705h .00115491
~.0215930
.0200387
0180149
.0154112
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Table II (continued)

v/C .01 1 3 5 10 50 100

.180 ;215025 .168762 ,0641129
.195 .208277 .161888

.210 .200673 .15L065

.225 ,192071 .145070

.2L0  ,182252

v#(C) ,172008 .136558 ,0623741.03L42506 .01298L49 .000950055.000285660

In table II, we have tabulated, for some of the vdues of C
in table I, and for values of ¥, from ¥ = 0, at intervals of
length .015 up to y = y#(C), the function, x(y,C). Entries were
computed from (10.11) to six significant figures, the last figure
being r ounded,

The expected value of the second sample size function and
the probabilities of wrong decisions may be easily found in terms
of integrals which involve x(y,C). In this symmetric case, we

have, of course,

(10.14) E, v(t) = E_, v(t) = Ev(t), say; Q, = 1-Q, = Q, say.
90 91 ’ 90 91 4
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Also by (10.1)

(10,15) A=me =]

By (5.1), (5.2), we have, since v(t) is symmetric about

t =0,

2
- Z=(t + gnd)

(10.16) Ev(t) = v(t) e at .

m

Applying the transformations (9.17), (9.19), and the additional

transformation
C 1
(10.17) r== VR =5d/m

we gel after some simple manipulation,

y#(C)

1.2 ) 1,C
3 -4 -(ﬁ)
8c ) 2 x(y,C)cosh(cy) e ?

2

(10.18) d%Ev(t) = dy
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On the other hand, by (6.9)

#*

00 t 00
Lodm) L) [ 3
(10.19) Q=-—;L- e 2n dt+—l——— e'-Eﬁ e e 2 dydt,
J/2nnm 2n J/m
t -4 hQ (t)

0

where hg (t) is defined by (6.7). Applying the same transformations
o]

as above, we arrive at the following result

(10.20) M
00 vy (C) /00 00
12 12 (" 1.0y, [ 1p 12
y " { —=() -5y -y
Q=---J—'- e-ﬁ dy+§%=e.§ 2T, eCY/ 8 2dy +e™0Y [o 2 dy | dy.
/o
/. /
F+CYT(C) o h h

Clearly, (10.18) and (10,20) are functions of C and I, only.

We now compare the two-stage test of Go V.S, Ql which is

defined by the second sample siZe function (10,10) and the decision

function (1,8), with the analogous one-stage Bayes solution and
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with the sequential probability ratio test, in terms of expected
sample size, requiring of these tests that they have error
probabilities equal to Q.

By (10.15), (7.5), the probability that the one-stage

golution accepts Ql when QO is true, or vice versa, is given by

e]e}

where 1 is the one-stage sample size. Setting this equal to Q

gives us

1
(10.22) % aie =% (Q) =X 5 53y,

where X (a), 0 <a <1, is defined by

(10.23)
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Thus

(10.2L) é%n = X2 .

Now consider the sequential probability ratio test of Go
v.s. 8;, which has symmetric error probabilities, Q. Wald 37

gives the following approximation (a lower hound) to the expected

number of observations required by this test.

(10.25) B =25 (1-2Q) log 5%9-

QRJAJ

Multiplying both sides by d2, we have

(10.26) a8 = 2(1 - 20) 20g 352 .

Since, as we have shown, Q is a function of C and I', only, it follows
that (10.24) and 10.26) are also functions of C and I', only.
Now our two-stage procedure is a Bayes solution. Hence the

average risk

1
(10.27) ¢z g (mE, v(t)) + gW.Q +gW [[1-Q T
smotit ey 0'1%, * €% o,
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is a minimum among all two-stage tests with first sample of size

m, When
(10.28) WO = wl = W: says go = gl =% ’

i.e. when (10.1) is satisfied, the average risk is
(10.29) c m+m(t)J+Wa ,

and this is minimum among all symmetric two-stage tests with first
sample of size m,

By continuity results of the previous section, Q, (10.19),
is seen to be a continucus function of the narameter, Z, other
parameters being fixed, By the asymptotic results of section 6,

we have that

lim
(10.30) L a=0 .
Now
2
(10.31) I
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Hence, Q is a continuous function of C, and

(10.32)

On the other hand, by (10.20),

00
y?
lim 1
(10.33) Q= e dy .
C~—>0 J?E
T

wol =

It follows that for fixed I', given any a in the interval

00

(10.3L) 0<ax

we can always find a value of C such that

(10.35) Q(C’r) =a

Since T' > 0, this implies that, given any a in the interval

0 <a<%, ve can alvays find a pair, (C,I), such that (10.35)
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holds. Let (C*,P*) be a particular pair such that (10.35) holds.
Recall the definition of Z (1.18). 1In the symmetric case,

(10.28), this is

(10-36) Z = -6 .

Now let W*, c* be any two positive numbers such that

(20.37) = =

e

Also, let mG, d” ve any two positive numbars, the first, integral,

such that
(10.38) 5 d* S =T

Consider the two-stage Bayes procedure with starred parameters and

let E'v(t) be its expected second sample size. The error probability

is, of course, a. let S be any other two stage test with first
. #* ‘s * .S .
sample of size m for deciding between QO and QO+ d, E'n, its

expected total sample size at these two points, and a(S), the
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probability of wrong decisions in its use, and supnose that
(10.39) «8) <a

Since we must have

Sn + W*d(S) s

(10.L0) ¢’ [T+ E%(t) T+ Wa < c'E

it follows that

(20.41) m* + E%(t) <E°n

Thus, the Bayes solution in the symmetric case provides a lower
bound for the average number of observations required by double

samplin~ schemes with fixed first sample size,

Table IIT
c r q d%(m+Ev) e a°E R, R R
.01 .05 .L800 .010°37  .010055  .006399 .99489 1.563 .0lL
.25 4013 .250%71  .250085  .157995 .99978 1.582 .0%6
AL .3Lk6 .60tz .6Loog6  .399752 99991 1.601 oY
5 .3085  1.0%2  1.olss  .ew8o47 99995 1.618 .ot
2.5 .0062 25.0%32  25.0775 10.0248 .99997 2.LSl .0°%
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2~

r q d°(mEv)  dn da“B R, R R
b .0%317 64.0%%15  éh.o%83  20.7188  .999999 3.089 .o%2
5. .0%67 100.0%1 100.080 30.1290 .999999 3.319 .ct1
1. .05 .3258 .815 .816 507 .999 1,609 ,002
.25 ,3249 7271 .8251 5125  .881  1.419 .314
42961 . 9466 1.1472 .7060  .825  1.305 .L55
.5 .2709  1.2389 1.14885 L9071 .832  1.366 .L29
1, .55 L.o8h2 L4613  2.5110 ,915  1.627 .193
1.5 .0621  9.0302 9.L561  L.7562  .955  1.899 ,091
2, .0213 16,0097  16.L5L3  7.3322 .973 2,183 .0L9
2,5 .0058 25,0025  25.4,535 10.1598 ,982  2.L461 ,030
b, L0298 6n.0M1 644529 20.8385 .993  3.071 .00
5. .06270 100.0%10 100.L4505 30.247  .996  3.306 .006
3 .25 ,1722  3,5420 3.5763  2,05%0 .990 1,720 ,023
o172 3.2609 3.5172  2,0280 .927  1.608 .172
.5 .1695  3.1822 3.6563  2.1006 ,870  1.515 ,305
1. L1061  L.8508  6.2261  3.3592 .779 L.l 480
1.5 .0477  9.3113 11,1272  5.,4181 .837  1.719 .318
2, .0167 16.0982  18.0900  7.8753 ,890  2.0L4L .195
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D~

2~

r Q  d°(mEv)  d°n 4°E R, R R
2.5 0046 25,0256  27.0730 10,6373 .92  2.383 .125
b, .olele 6h.0’12 66,0831 21.2609 .969  3.010 .06
5. .00220 100.0°11 102.05  31.06  .980 3,220 .029

5 25,111 5,79 5.81 3.16 .997  1.830 .008

Ao 1167 5.4977 5.6807 3.1036 .968 1,771 .071

5 169 5.2362  5.6725  3.0997 .923  1.689 .170
1. .0819  5.8002 7.7577  L.oh30 .748  1.435 .527
1.5 .0385 9,6716 12,5078  5.9399 .773  1.628 132
2, .0138 16,2134  19.4130  8.3032 .835  1.953 .288
2,5 .0039 25,0558 28,3675 11,0144 ,883  2.275 .191
L, oMol 64.0%27  67.317% 21.5943 951  2.96l .073
5. .06187 100.052h 103,30 30.99 .968 3,227 ,046

10 L .063 9.28 9.3L b7k 993 1,959 .01k

.5 .06L1  8.957 9.261 4.676  .967  1.915 .066
1. .,0525 7,892 10.507 5.177  .751 1.525 491
1.5 .0268 10,510 14.897 6.798  .706  1.546 542
2., .0100 16.487 21.653 9.008 .76 1.830 .LO9
2.5 .0029 25.128 30.500 11,638 824, 2,159 .287
b .oMss eu.od62  69.h02 22,1l .922 2,890 .11k
5. .0%3200.0%5 105.37 3152 .94  3.173 .OT3
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In table III, we have tabulated the function, (10,20),

(10.18) plus d2

m = th, (10.24), and (10,26). Computations
were made for five values of C and selected values of T.
Gregory!s formula of numerical integration Eﬁ]: was employed
to evaluate the integrals in (10,18) and (10,20). All entries
are rounded at the last decimal place given.

Wald and Wolfowitz [1i] (see introduction), have shown
that the sequential probability ratio test minimizes,
simultaneously at 90 and'e1 s the expected number of observations
among all sequential tests with the same or smaller error
probabilities. Both one and two-stage tests may be regarded

as degenerate sequential tests. Also, the one-stage test may

be regarded as a degenerate two-stace test., We thus have that

(20.42) E<m+Ev(t) <n

and this inequality is clearly evidenced by the results in
table III,

To compare the two-stage procedure with its one-stage and
sequential probability ratio test analogues, we have computed

the following two expectation ratios

(10.43) Ry =vELI=§2£El , R, = m +EEv(t)
n
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If we consider the "distance" (using expected number of
observations as criterion) between the one-stage and sequential

probability ratio tests to be 1, we can use the measure

a-m+Evt)]

n-g

(10.54L) R=

to indicate the fraction of this "distance" which lies between
the one and tuwo-stage tests., These measures of comparison have
been tabulated in table III,

In decisions between two simple alternatives GO, Ql,
the problem usually specifies the distancs, d, between Qo and Ql,
as well as the probabilities, a, B, which indicate the degree of
allowable error, Table III, though inadequate for more
exhaustive investigation, provides some insight into the behavior
of our two-stage test, under these restrictions, in the symmetric
case, a = 8, Examination of teble III indicates that for fixed C,
the expected total sample size has a minimum w.r.t, I, and is
monotone on either side of the minimum., This minimizing value
of T, call it I'(C), appears to increase with increasing C,
while the corresponding value of Q decreases, If this can be
taken as representing the actual case, then the "best" parameter
point, (C,I'), is of the form (C,I'(C)), where C satisfies the
equation

Q(C,P(C)) =a P)
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and o is the desired error probability. If we make allowance for
the inadequacy of the computations, the following table indicates

the situation, approximately.

TABLE IV
A
.01 .05 .48
1, .25 .32
3. .5 17
5. .5 11
10. 1, .05

For a fixed value of d, selection of I' in this way would insure
that we t ook the best value of the first sample size, m,
Practical use of these tables of course.requires further
extension and greater accuracy in table IV, which in turn
requires extension of table III to appropriate values of C and
I, However, we may illustrate the above by an example. Suppose
we desire to test QO against 90 +.,1 with a probability of error
approximately equal to ,05. Table IV indicates that C = 10 and

I' = 1 (the approximate value of I' for which m + Ev(t) is minimum

at C = 10) have associated with them the desired error probability.
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Since d = .1, we would take a first sample of size,

2

Consulting table III, we see that the test will require an average

total of approximately 789 observations. In terms of this

expected number of observations, the two-stage test would lie

about one-half of the way between the analogous one-stage and

sequential probability ratio tests, which would require

approximately 1051, and on the average 518 observations, respectively,
A comparison of computed and asymptotic formula values of

x(¥,C) indicates a fairly close correséondence between the two

for the larger values of C, e.g.,, at C = 100, the computed values

of x (table II) at ¥ = 0, ,015, .0196 are, respectively, .0360,

.03h1, .0329, while the corresponding values obtained by using

(L.26) are .0352, .0333, .0°21, Comparison was also made at

C = 50 and C = 10, where the correspondence was found not quite

so good, e.g., at C = 10, y = 0, table II gives ,02360, (L.26)

gives ,01693. Computations of dzEv and Q were made only up to

C = 10, At this value, computed and asymptotic formula values

of d2

Ev are reasonably close for I' < ,5. e.g., for T = .k, .5,
table III gives dzEv = 9,3, 9.0, respectively, while formula
(5.36) gives 8,8, 8,i. For larger values of I, larger values of

C are needed for reasonable comparison, The leading terms of the
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asymptotic formula for Q (6.L6) are indespendent of I' and give
for C = 10; Q = ,036, This is not too bad an approximation
for T < 1.5 (see table III), but for larger values of T, C = 10
is again too small for a reasonable comparison,

The results obtained here are, with an exception
indicated below, not directly comparable to other two-stage
procedures discussed in the literature, Owen l:lj has
proposed a double sample test, which at least for the example
cited above, seems almost as good, in terms of expected number
of observations, as the Bayes test. For a = .05, a first
sample one-half the size of the analogous one-stage sample,
is taken, Depending on its outcome, following a certain
intuitively proposed rule, one or the other alternatives may
bé accepted, or an additional sample, equal in size to the
analogous one-stage sample, talken, and then the decision
between alternatives made, Computations in the paper, indicate
that in the symmetric case, the ratio of expected total sample
size to the analogous one-stage sample size will be ,757
for this procedure, This is but slightly higher than the
value, .75, which may be obtained for this ratio from the
above example,

As indicated by (10.L1), the Bayes solution in the

symmetric case provides a lower bound for the average number
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of observations required by double sampling schemes with fixed
first sampling size and in this senses it 1s best for deciding
between two simple alternatives, The laborious computations
necessary to exhibit thess tests, their average sample sizes,
and error probabilities, with sufficient accuracy for practical

application, is a serious drawback to their use,



10,

123
BIBLIOBRAPHY

Owen, B,, "A Double 8ample Test Procedure,” Annals of Mathemati-
cal Statisties, 2l (1953), LL9-LST.

-~ X
Rosser, J.B., Theory and Application of 7 e 2 dx, New York,
0

New York, Yapleton House, (1948), Ll-L3.

Wald, A., Sequential Analysis, New York. John Wiley and Sons,
1947,

Yald, A, and Wolfowitz, J., "Optimum Character of the Sequential
Probability Ratio Test," Annals of Mathematical Sta-
tistics, 19 (1948), 326-339.

B ’ . ‘ 3 , 4
Jald, A., Statistical Decision 'unctions, New York, John Wiley
and Sons, 1950

"hittaker, E. and Robinson, G., The Calculus of Observations,
London, Blackie and Son iLimited, (19Lh), 1L3-1L5.

Tables of Circular and Hyperbolic Sines and Cosines, Federal
Viorks Agency, 1939.

Tables of the Exponential Function, ex, National Bureau of Stan-

dards Applied lathematics ceries 1k, 1951.

Pables of Matural Lozarithms, 3, L, Federal Works Agency, 1939.

Tablos of iormal Probability Function, National Bureau of Stan-

Jards Applied “lathematics Series 23, 1953.



