
ABSTRACT

SHEN, WEINING. Adaptive Bayesian Function Estimation. (Under the direction of Subhashis
Ghosal.)

This dissertation focuses on developing some new Bayesian methodologies for function es-

timation and studying their theoretical properties. In particular, we investigate conditions under

which such methods achieve the optimal posterior rate of convergence even when the smooth-

ness of the underlying function is unknown. Some examples of functions of interest include

density function, conditional density function, regression function, and classification function.

Although several nonparametric Bayesian models have been developed for many applications,

their theoretical properties, such as large-sample convergence properties are often not fully

understood. Part of the dissertation focuses on exploring the posterior convergence rates of

certain nonparametric Bayesian procedures. We establish rate-adaptive Bayesian procedures in

the sense that the optimal minimax rate of estimation can be achieved by using one single prior

for the entire smoothness class that the underlying true function belongs to. Such results can

be viewed as frequentist large-sample justification, which suggests that by carefully selecting

priors, the posterior distribution of the estimator concentrates around the truth at an optimal

rate.

In Chapter 2, we consider a multivariate density estimation problem. We show that rate-

adaptive Bayesian procedures can be obtained using Dirichlet mixtures of multivariate normal

kernels with a prior distribution on the kernels covariance matrix parameter. Locally Hölder

smoothness classes and their anisotropic extensions are considered. Our study involves sev-

eral technical novelties, including a sharp approximation of finitely differentiable multivariate

densities by normal mixtures and a new sieve on the space of such densities.

In Chapter 3, we consider a class of finite random series priors for univariate function



estimation problems. The prior is constructed through distributions on the number of basis

functions and the associated coefficients. We derive a general result on the construction of an

appropriate sieve and obtain adaptive posterior contraction rates. This general result is applied

on several statistical problems such as signal processing, density estimation, nonparametric

regression, classification, spectral density estimation, functional regression etc. The random

series prior can be viewed as an alternative to the commonly used Gaussian process prior, but

can be analyzed by relatively simpler techniques and in many cases allows a simpler approach

to computation without using Markov chain Monte-Carlo (MCMC) methods.

In Chapter 4, we extend the random series prior to a multivariate setting. In particular,

we consider a density regression problem (i.e., estimation of a conditional density function)

in a high-dimensional situation, in which the number of covariates is possibly much larger

than the sample size. We develop a MCMC-free computing technique to calculate the poste-

rior moments of the conditional density. Adaptive convergence rate is obtained under sparsity

conditions that adapts to both the smoothness level and the actual number of covariates that

influence the conditional density.

Estimation of derivatives of density functions is another interesting topic as it directly con-

nects to many important statistical quantities such as score functions, Fisher information and

hypothesis testing in semiparametric location models. In Chapter 5, we focus on estimating

derivatives of a univariate density function using Bayesian kernel methods and B-spline func-

tions. Convergence rates are obtained using new techniques on constructing testing inequalities

under Lr-norms, 1 ≤ r ≤ ∞.
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Chapter 1

Introduction

1.1 Overview of nonparametric Bayesian

Nonparametric models are widely used in many areas of statistic studies (Wasserman, 2006).

Compared with parametric models, which assume that the distributions are based on only a few

parameters in a particular functional form, nonparametric models are more flexible in the sense

of having a much larger parameter space and relying upon fewer assumptions. Nonparamet-

ric inference covers a wide range of different topics such as constructing test procedures that

are “distribution-free” at least in the asymptotic sense, estimating functions without any para-

metric assumptions, computation techniques such as bootstrap etc. In the thesis, we focus on

function estimation problems. Some examples of functions of interest include density function,

cumulative distribution function, quantile function, regression function, classification function,

spectral density, hazard rate function and so on.

The likelihood method has been used extremely often in estimations. However, instead of

only relying the data, in many situations there is a need to incorporate outside information in

the model along the data, where the Bayesian approach emerges as a useful solution. Moreover,
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there are many attractive properties of the Bayesian approach that makes it quite popular. For

example, the inference is straightforward once the posterior distribution is obtained. It is simple

to obtain and interpret predictions and intervals estimates. With the development of innovative

computational algorithms such as Monte-Carlo Markov chain (MCMC) and variational meth-

ods, Laplace approximation etc. and the availability of powerful computational resources, most

Bayesian methods can now be implemented within a reasonable time.

Nonparametric Bayesian methods have been applied in many complex problems in biomed-

ical, spatial, econometric and other studies. Compared with the parametric Bayesian approach,

problems here are more challenging in several aspects. First, the construction of a prior on an

infinite-dimensional space is more difficult. A full prior specification means infinite details,

which is generally regarded as impossible. A desirable prior should have a large topological

support, be computationally tractable, flexible enough to include one’s belief and have good

asymptotic properties. In many cases such a prior on a function is chosen either via a processes

such as a Gaussian process, a Dirichlet process mixture, a Polya tree process, a gamma process

etc. or by expanding a function through a basis expansion and assigning priors on the coeffi-

cients. Secondly, smart computational techniques are needed, especially in high dimensional

and other complicated models. Thirdly, the convergence behavior of posterior under true distri-

butions need more careful and involved investigation. We shall elaborate more in the following

sections.
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1.2 Common priors

1.2.1 Dirichlet process

We first discuss the Dirichlet process (DP), one of the most classic and popular choices of prior

in the infinite-dimensional world. The concept was first introduced by Ferguson (1973). The

formal definition is given below

Definition 1. A random measure P is called a Dirichlet process on a measurable space X with

parameter α if for every finite measurable partition {B1, . . . , Bk} of X, the joint distribution

of (P (B1), . . . , P (Bk)) follows a Dirichlet distribution with parameters (α(B1), . . . , α(Bk)).

We denote this Dirichlet process by DP(α), where α is a finite measure on X.

Dirichlet processes have many nice properties. Conceptually, it can be viewed as an infinite-

dimensional generalization of the Dirichlet distribution. The Dirichlet process is conjugate for

independent and identically distributed (i.i.d.) observations, which makes posterior compu-

tations straightforward. Moreover, it has an interesting stick-breaking representation (Sethu-

raman, 1994), which leads to some useful MCMC sampling algorithms for priors based on

Dirichlet mixture processes. This result turns out to be very helpful in our study in Chapter 2.

There are many other interesting properties as listed below.

• (Stick-breaking representation) A Dirichlet process P ∼ DP(α) can be represented as

P =
∞∑
i=1

πhδZh
, πh = Vh

∏
j<h

(1− Vj), Vi ∼ Beta(1, |α|), Zh ∼ ᾱ, (1.1)

where |α| = α(X) and ᾱ = α/|α|.

• (Conjugacy) Given a DP prior P ∼ DP(α), suppose we want to estimate a completely

unknown distribution function based on i.i.d observations X = (X1, . . . , Xn). Then the
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posterior distribution of P given X is Dα+
∑n

i=1 δXi
, where δx is a point mass probability

measure on a point x.

• (Discreteness) An interesting property of a DP is that sampling distributions from it are

always discrete, even when the base measure is continuous.

1.2.2 Dirichlet process mixture

When estimating a continuous density function, a Dirichlet process prior is not appropriate

because it is discrete. Hence a Dirichlet process mixture is usually used (Ferguson, 1983; Lo,

1984) by convoluting a Dirichlet process with a probability density kernel function Ψ parame-

terized by θ as follows:

Xi ∼ pF (x) =

∫
Ψ(x, θ)dF (θ), i = 1, . . . , n; F ∼ DP(α). (1.2)

By introducing latent variables θ1, . . . , θn, the model can be equivalently written as

Xi|θi ∼ Ψ(x, θi), θi|F
i.i.d.∼ F, i = 1, . . . , n; F ∼ DP(α). (1.3)

Then by the conjugacy property of a Dirichlet process, we get the posterior of F given θ1, . . . , θn

as F |θ1, . . . , θn ∼ DP(α+
∑n

i=1 δθi). Hence we obtain the posterior expectation of the density

as

E{pF (x)|θ1, . . . , θn} =
α(R)

α(R) + n

∫
Ψ(x, θ)dG(θ) +

1

n

n∑
i=1

Ψ(x, θi).

Similar expressions can be derived for other functionals of pF . However, in practice, these

expressions may be difficult to compute because there are a large number of terms involved.
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Therefore, many MCMC computation algorithms have been developed including Gibbs sam-

pling based on the Pólya urn schemes (Escobar and West, 1995; MacEachern and Müller,

1998), methods based on truncation of a Dirichlet process (Ishwaran and James, 2001), retro-

spective sampling methods (Papaspiliopoulos and Robers, 2008), and slice sampling methods

(Walker, 2007).

1.2.3 Gaussian process

Another popular class of priors are constructed via Gaussian processes (Leonard, 1978; Lenk,

1988, 1991). A Gaussian process (GP) can be viewed as an infinite-dimensional generalization

of a Gaussian distribution. The formal definition is as follows.

Definition 2. A stochastic process {Xt, t ∈ T} is called a Gaussian process if for every finite

index set (t1, . . . , tk) ∈ T , the joint distribution of (Xt1 , . . . , Xtk) is Gaussian.

The distribution of a GP on RT is uniquely determined by its mean function µ(t) = E(Xt)

and covariance kernel K(s, t) = E(XsXt). We give some examples here for illustration.

Example 1. Brownian motion

A Brownian motion Bt is a continuous stochastic process that was first used to model the

random moving of a particle in the fluid. A standard Brownian motion on the positive line can

be viewed as a Gaussian process with µ(t) = 0 and K(s, t) = min(s, t).

Example 2. Fractional Brownian motion

Fractional Brownian motions generalize a standard Brownian motion without independent in-

crements. Again, it is a Gaussian process with

µ(t) = 0, K(s, t) = (s2α + t2α − |t− s|2α)/2,
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where α ∈ (0, 1) is called a Hurst parameter, which controls the correlation of increments of

the process. When choosing α = 1/2, we obtain a Brownian motion.

Example 3. Integrated Brownian motion

In order to smooth a Brownian motion, we take its integral and obtain integrated Brownian

motions as a result. For example, the smoothness level of a k-fold integrated Brownian motion

is k + 1/2. Again, such process is a Gaussian process with

µ(t) = 0, K(s, t) =

∫ min(s,t)

0

(s− u)k(t− u)k

(k!)2
du.

Example 4. Gaussian process with a squared exponential kernel

Another example of the kernel is squared exponential function K(s, t) = exp{−c(s − t)2},

where c is a hyper-parameter. This kernel is stationary in the sense that it only depends on the

difference of the inputs (s − t). Such a kernel has been widely used in the kernel machine

learning literature. The resulting Gaussian process has infinitely smooth sample paths.

Example 5. Finite series expansion

Consider k i.i.d random variablesZ1, . . . , Zk ∼ N(0, 1) and some real-valued functions a1, . . . , ak.

Then the stochastic process Wt =
∑k

i=1 ai(t)Zi is a Gaussian process with

µ(t) = 0, K(s, t) =
k∑

i=1

ai(s)ai(t).

Gaussian process priors have received a lot of attention in both applications and theoretical

studies. There are applications in density estimation problems (Lenk, 1988), regression prob-

lems (Neal, 1998), spatial statistics (Handcock and Stein, 1993), fast computations (Tokdar,

2007) and many other areas. Theoretical properties of such models have been well studied by

van der Vaart and van Zanten (2007, 2008, 2009); Ghosal and Roy (2006); Tokdar and Ghosh
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(2007) and many others. Theoretical properties of a GP can be elegantly expressed in terms

of on its reproducing kernel Hilbert space (RKHS). van der Vaart and van Zanten (2009) ap-

plied a random rescaling technique on GP priors and showed that such procedures have nice

asymptotic properties such as Bayesian adaptation etc.

1.2.4 Tail-free process

A tail-free process is another popular class of processes to construct priors for absolutely con-

tinuous probability distributions under certain conditions. Dirichlet process also belongs to this

class. Tail-free process priors are constructed based on partitioning a set X ⊆ R. Without loss

of generality, we consider a binary partition as an example. Let {Γk : k = 1, 2, . . .} denote

nested partitions of X. For example,

Γ1 = (B0, B1);B0 = B00 ∪B01;B1 = B10 ∪B11,

Γ2 = (B00, B01, B10, B11);Bij = Bij0 ∪Bij1, i = 0, 1, j = 0, 1,

Γ3 = (B000, B001, B010, B011, B100, B101, B110, B111).

In other words, every Γk+1 is a refinement of its previous partition Γk satisfying the relationship

Bs = Bs0 ∪ Bs1, where s is some {0, 1} sequence. By defining random variables Vs as the

probability on a set Bs and assume that variables defined in different Γk are independent to

each other, we may obtain a tail-free random probability measure defined on X. Define Γ as

the collection of Γ1, . . . ,Γk. A formal definition is as follows:

Definition 3. A random probability measure P on X is tail-free with respect to (Γ,X) if there

exist nonnegative random variables {Vs : s ∈ {0, 1}k, k ≥ 1} defined on Bs such that

(i) Classes of random variables (Vs : s ∈ {0, 1}k) are independent to other classes with
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different values of k.

(ii) P (Bs) =
∏k

i=1 Vs1···si for every s ∈ {0, 1}k, k ≥ 1.

Obviously, this definition can be extended beyond binary partitions. It is also possible to

consider varying number of subsets in different partition levels. One of the nicest properties of

tail-free process prior is its conjugacy structure. Here we list a few properties, their proofs can

be found in Freedman (1963, 1965).

• (Conjugacy) Given i.i.d observations X1, . . . , Xn|P ∼ P , in which P is a tail-free prior

with respect to (Γ,X), then the posterior is another tail-free process with respect to the

same partition (Γ,X).

• (Continuous or discrete) Given a tail-free process P with respect to (Γ,X). Suppose there

is a measure λ such that λ(B) > 0 for every B ∈ H. Then P is absolutely continuous

with respect to λ with probability zero or one. As a result, P is discrete with probability

zero or one.

• (Transformation) The tail-free property is preserved under monotonic transformations.

• (Mixture) The tail-free property is not preserved under mixture operation.

Besides Dirichlet process, another popular tail-free process is called Polya tree process

Blackwell and MacQueen (1973); Ferguson (1974). A Polya tree process is defined through

binary partitions as follows:

Definition 4. A random probability measure P is a Polya tree process with respect to (Γ,X)

and parameters α = {αs, s ∈ {0, 1}k, k ≥ 1} if for every s ∈ {0, 1}k and k ≥ 1, Vs0 =

P (Bs0|Bs) are mutually independent Beta(αs0, αs1). We denote this Polya tree process by

P ∼ PT(Γ,α).

8



Unlike the Dirichlet process, a Polya tree process gives rise to continuous distributions. It

has been used in nonparametric Bayesian density estimation (Lavine, 1992, 1994). The Polya

tree family has a conjugacy property that makes the updating of the posterior distribution sim-

ple.

Theorem 1. Given i.i.d observations X1, . . . , Xn|P ∼ P and P ∼ PT(Γ,α), the posterior

process is another Polya tree PT(Γ,α∗), where α∗
s = αs +

∑n
i=1 1l(Xi ∈ Bs) for every

s ∈ {0, 1}k, k ≥ 1.

However, one limitation of a Polya tree process prior is its dependence on the partition sets.

Also, there might be discontinuity issues at the boundary of partition sets, which is not desired

in situations such as density estimation. To address this issue, mixtures of Polya trees have

been considered in Hanson and Johnson (2002).

1.2.5 Basis expansion

In function estimation problems, it is common to expand the unknown function f by pre-

specified basis functions {ξj}: f =
∑J

j=1 θjξj or through some link function: f = Ψ(
∑J

j=1 θjξj).

Then by assigning prior distributions on J and relevant coefficient θj’s, we obtain a prior on

the function f . Some commonly used bases include polynomials, splines and wavelets. In some

situations, in order to induce a valid prior on the function of interest, it may be necessary to

consider a specific link function or to put restrictions on the coefficients θj . For example, for

density estimation problems, in order to make f nonnegative and integrate to one, we may

choose splines as basis, restrict all coefficients to be nonnegative and then rescale it as follows

f(x) =

∑∞
j=J θjξj(x)∫ ∑∞
j=J θjξj(u)du

.
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This idea applies for some functions with complex forms as well. For example, in Chapter

3.9, we consider a functional regression model where each coefficient is now a functional of

time. In Chapter 4, the function we are interested in is a conditional density under a high-

dimensional setting.

1.3 Asymptotics

In this section, we discuss the asymptotic properties of Bayesian procedures in a frequentist

sense. Denote f as the function of interest. Intuitively, one would expect the posterior concen-

trate around the true function f0 if there are infinitely many data available. This property is

called posterior consistency and is mathematically defined as

Π(d(f, f0) > ϵ|X1, . . . , Xn) → 0, inP n
f0

-probability. (1.4)

when the sample size n goes to infinity for some distance d and any predetermined ϵ > 0. For

most parametric models, posterior consistency holds when the true parameter is in the support

of the prior (Le Cam, 1986). However, for infinite-dimensional problems, such simple results

no longer hold. An inconsistency example was given by Freedman (1963). He considered esti-

mating a discrete distribution on natural numbers. While the true distribution is set as geometric

distribution with parameter 1/4, Freedman constructed a prior with positive probability around

every neighborhood of the true distribution that leads to a posterior, which surprisingly con-

centrates near a geometric distribution with parameter 3/4. Another interesting example was

introduced by Kim and Lee (2001) in survival analysis context. They compare two priors with

the same mean function equals to the true hazard function. These counterexamples suggest that

more conditions are needed.
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If the posterior distribution is available in an explicit form, then posterior consistency may

be obtained by applying certain moment inequalities such as Chebyshev’s inequality. This is the

case in some Bayesian survival analysis problems and other places where conjugacy structure is

available. However, in most applications this approach is not feasible. A more useful result was

established by Schwartz (1965) for dominated families. The theory gives two sufficient condi-

tions for consistency. First, with f0 being the true function, there should exist a strictly unbiased

test for f = f0 against complement of the neighborhood of f0. This ensures that the type I and

type II error probabilities are going to zero exponentially fast. Secondly, the prior should have a

positive probability in any neighborhood of the true function in a Kullback-Leibler (KL) diver-

gence sense. Here the KL divergence between two probability densities p and q (with respect

to a dominating measure ν) is defined as K(p, q) =
∫
p log(p/q)dν. The second condition is

crucial and sometimes is referred to as the Kullback-Leibler property. The KL divergence can

be stronger than the natural distance on the parametric space. Unfortunately, Schwartz’s test-

ing condition does not hold for many nonparametric problems for stronger topologies unless

the parameter space is compact, which is a very strict requirement. A refined result was pro-

posed by Ghosal et al. (1999) using a technique involving sieves. A sieve is defined as a big

subset of the parameter space. They showed that by carefully choosing a sieve and then apply-

ing Schwartz’s techniques on the sieve, posterior consistency can be obtained by bounding the

prior probability of the complement of the sieve and the entropy number of the sieve. This idea

was initially used by Barron et al. (1999) under stronger conditions using bracketing entropy.

Besides consistency, convergence rate is another issue of extreme importance in asymp-

totics. It measures the speed of the convergence of posterior f given the data X1, . . . , Xn to the

true value f0 under some metric d. A sequence ϵn → 0 is called a rate of convergence if

Π(d(f, f0) ≥ mnϵn|X1, . . . , Xn) → 0 inP n
f0

-probability (1.5)
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for every sequence mn → ∞.

If the posterior distribution converges at a rate ϵn, then a point estimator can be constructed

based on posterior distribution that converges at least as fast as ϵn in the frequentist sense

(Ghosal et al., 2000). Hence the posterior convergence rate can never be faster than the minimax

rate. Achieving minimax rate is the best result one can expect. In many cases, the posterior

convergence rate agrees with the minimax rate, sometimes up to a logarithmic factor. A general

result on posterior convergence rate is given by Ghosal et al. (2000). Shen and Wasserman

(2001) obtained a rate of convergence theorem using a stronger condition to bound entropy

integral. Their idea is as follows: Suppose we have i.i.d observationsX1, . . . , Xn ∼ Pf0 . Define

a neighborhood of f0 as B = {f : d(Pf , Pf0) ≥ ϵn}. Then by showing that the numerator is

upper bounded by e−anϵ2n for some a > 0 and the denominator is lower bounded by e−bnϵ2n for

all b > 0 in the following expression, they obtain (1.5):

Π(θ ∈ B|X1, . . . , Xn) =

∫
B
pf (X1, . . . , Xn)/pf0(X1, . . . , Xn)dΠ(f)∫
pf (X1, . . . , Xn)/pf0(X1, . . . , Xn)dΠ(f)

, (1.6)

where pf is defined as the density function of Pf . Compared with the consistency result,

stronger conditions are needed to control both numerators and denominators. In particular,

the Kullback-Leibler property is replaced by

Π{K(f0, ϵn)} ≥ e−cnϵ2n (1.7)

for some constant c > 0, where K(p, ϵ) = {f : K(p, f) ≤ ϵ2, V (p, f) ≤ ϵ2} and V (p, q) =∫
p(log p/q)2. This condition requires the prior distribution to have sufficient contraction rate

around the true point mass measure Pf0 in terms of the first and the second moment of the log-

likelihood. Such an ϵn is called the prior concentration rate. Now, for the numerator, one needs
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to find a test that differentiate Pf and Pf0 whose type I and type II errors are exponentially

small. Such a test is constructed by covering the sieve using balls of size ϵn/2 and control the

total number of such small balls, see Figure 1.1. The precise requirement can be described by

the following entropy condition:

logN(ϵ̃n/2,Pn, d) . nϵ̃2n for some ϵ̃n > 0. (1.8)

The posterior convergence rate is determined by the maximum of prior concentration rate ϵn

and ϵ̃n. Usually these two rates need to be matched to obtain a minimax rate.

Figure 1.1: Covering balls of a sieve

In conclusion, we summarized a set of sufficient conditions in showing posterior conver-

gence rates of function estimation in the following theorem, which is slightly modified from

Theorem 2.1 in Ghosal et al. (2000) and Theorem 4 in Ghosal and van der Vaart (2007a).

Theorem 2. Let ϵn and ϵ̃n be two sequences of positive numbers satisfying ϵ̃n ≤ ϵn and
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limn→∞ nϵ̃2n = ∞. Given n independent identically distributed (i.i.d.) observationsX1, . . . , Xn

from a unknown density function f0 and some prior distribution Π on f , suppose that there ex-

ists a sequence of sieves Fn defined on the space of probability densities, some distance metric

d and some positive constants c1, c2, c3, c4 such that

logN(ϵn,Fn, d) ≤ c1nϵ
2
n, (1.9)

Π(F c
n) ≤ c3e

−(c2+4)nϵ̃2n , (1.10)

Π {K(f0, ϵ̃n)} ≥ c4e
−c2nϵ̃2n . (1.11)

Then the posterior of f converges around the true function f0 in a rate ϵn with respect to d.

1.4 Adaptation

In smoothing problems, it is well known that the optimal convergence rate for the estimation of

functions is determined by their smoothness levels. For example, the optimal rate of estimating

a univariate α-smooth function is n−α/(2α+1) (Hasminskii, 1978), where n is the sample size.

Generally, the prior has to be customized to achieve optimal rate given the knowledge of the

smoothness parameter α. However, α is usually unknown in practice. Therefore, it is of interest

to investigate if one single choice of prior can lead to posterior distributions that has optimal

posterior convergence rates simultaneously for all values of α. Such procedures are called rate-

adaptive.

In the literature, the first idea of adaptation is to consider assigning a prior distribution on

α and to study the resulting mixture of the posterior. Belitser and Ghosal (2003) considered

the problem of estimating a signal with Gaussian white noise and showed that the posterior

rate automatically adapts to the unknown smoothness condition if the smoothness parameter
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only takes values in a discrete set. Ghosal et al. (2003, 2008) showed that appropriate mixture

of certain priors, such as those based on spline expansions, yield optimal posterior rates for

a countable range of smoothness parameters for density estimation. A similar work has been

done in a nonparametric regression setting using wavelets in Huang (2004). Scricciolo (2006)

obtained adaptive rates for density estimation problems when the smoothness parameter be-

longs to a discrete set. The basic idea behind this approach is to use the optimal dimension Jn,α

of the model for a given smoothness level α and sample size n obtained from some appropri-

ate rate equation to construct “optimal priors” Πn,α for each α, and then mix countably many

of them to construct the mixture prior which adapts for all these countably many smoothness

levels. Alternatively, van der Vaart and van Zanten (2009) constructed a prior based on a ran-

domly rescaled smooth Gaussian process, which automatically adapts for a continuous range

of smoothness parameters.

In this thesis, we prove Bayesian adaptation results following two steps. The first is to

construct a sieve that contains the true underlying model while its size is well controlled. The

size is usually quantified by the existence of certain tests or in terms of entropy bounds (Ghosal

et al., 2000). The other step is to construct an approximation of the true function while its

approximation accuracy increases appropriately with the increasing level of smoothness.

1.5 Notations

Throughout the thesis, we use N = {1, 2, . . .}, N0 = N ∪ {0} and ∆j = {(x1, . . . , xj) :∑j
i=1 xi = 1, x1, . . . , xj ≥ 0}. For any x ∈ R, define ⌊x⌋ as the largest integer that is

smaller than x. Similarly, define ⌈x⌉ as the smallest integer greater than x. We define log+ x =

max(log x, 0) and log− x = max(− log x, 0). We define δx as the point mass probability distri-

bution at point x. Define an indicator function of a set A by 1l(A).
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We use ∥x∥p = {
∑d

i=1 |xi|p}1/p for the ℓp-norm of a vector x ∈ Rd; 1 ≤ p < ∞ and

∥x∥∞ = max1≤i≤d |xi|. Moreover, for p = 2, we simply write ∥x∥2 as ∥x∥. Define (equivalent

classes of) function spaces Lp = {f : ∥f∥p < ∞}. For a probability measure G, define

∥f∥p,G = {
∫
|f(x)|pdG(x)}1/p.

For any a = (a1, . . . , ad) and b = (b1, . . . , bd), define ab =
∏d

i=1 a
bi
i . Let ⟨a, b⟩ denote

a1b1 + · · · + adbd. For a multi-index k = (k1, . . . , kd) ∈ Nd
0, define k· = k1 + · · · + kd,

k! = k1! · · · kd! and let Dk denote the mixed partial derivative operator ∂k·/∂xk11 · · · ∂xkdd .

For any d × d matrix A =
(
(aij)

)
, we denote its eigenvalues by eig1(A), . . . , eigd(A), its

spectral norm by ∥A∥2 := maxx̸=0 ∥Ax∥/∥x∥ and its max norm by ∥A∥max = maxi,j |aij|.

For any d× d positive definite real matrix Σ, let ϕΣ(x) denote the d-variate normal density

with mean zero and covariance matrix Σ:

ϕΣ(x) = (2π)−d/2(detΣ)−1/2 exp(−xTΣ−1x/2).

For a probability measure F on Rd and a d × d positive definite real matrix Σ, the F induced

location mixture of ϕΣ is denoted pF,Σ, i.e., pF,Σ(x) =
∫
ϕΣ(x − z)F (dz), x ∈ Rd. For a

scalar σ > 0 and any function f on Rd, we denote by Kσf the convolution of f and ϕσ2I , i.e.,

(Kσf)(x) =
∫
ϕσ2I(x− z)f(z)dz.

For a set T , we denote its cardinality by |T |. We say T ∗ is an ϵ-dispersed subset of T with

respect to some metric d if T ∗ ⊂ T and d(t, t′) ≥ ϵ for all t ̸= t′, t, t′ ∈ T ∗. Similarly, we

say T ∗ is an ϵ-net of T with respect to d if for every t ∈ T , there exists a t′ ∈ T ∗ such that

d(t, t′) ≤ ϵ. Then we can define the packing number of T as

D(ϵ, T, d) = max{|T ∗| : T ∗ is an ϵ-dispersed subset of T with respect to d}
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and the covering number of T as

N(ϵ, T, d) = min{|T ∗| : T ∗ is an ϵ-net of T with respect to d}.

For any β, d > 0, define a β-Hölder class on a set Ω ⊂ Rd, denoted Cβ(Ω), to be the set

of all functions f : Ω → R with finite mixed partial derivatives Dkf , k ∈ Nd
0, of all orders up

to k· ≤ β0, where β0 is the largest integer strictly smaller than β, and for every k ∈ Nd
0 with

k· = β0 satisfying

|(Dkf)(x+ y)− (Dkf)(x)| ≤ C∥y∥β−β0 , x,y ∈ Ω (1.12)

for some positive constant C.

We use . for inequality up to a constant multiple, where the underlying constant of pro-

portionality is universal or not important for our purposes. If two functions f and g satisfy

f . g . f , we shall write f ≍ g.

For a density function f0(x) of a probability measure P0, define P0g =
∫
g(x)f0(x)dx as

the expectation of g(X) under X ∼ f0.

The Hellinger distance h(p, q) and the Kullback-Leibler (KL) divergence K(p, q) between

two densities p and q are commonly used in statistics. They are respectively defined by h2(p, q) =∫
(
√
p −√

q)2dµ and K(p, q) =
∫
p log(p/q)dµ. Also define the second order KL divergence

by V (p, q) =
∫
p log2(p/q)dµ. We define a KL ball around p with radius ϵ as K(p, ϵ) = {f :

K(p, f) ≤ ϵ2, V (p, f) ≤ ϵ2}.
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1.6 Outline

The rest of the thesis is organized as follows. In Chapter 2, we study a multivariate kernel

density estimation problem by using a Dirichlet mixture prior. We obtain adaptive posterior

convergence rate when the true density belongs to a Hölder smoothness class or an anisotropic.

In Chapter 3, we focus on estimating univariate functions using random series prior for many

nonparametric problems. We derive a general result on constructing an appropriate sieve that

can later be used to obtain adaptive rates. Then we apply this general result to B-spline ex-

pansions and treated a variety of statistical problems such as density estimation, nonparametric

regression etc. We also develop a computationally efficient algorithm that allows us to obtain

posterior moments without using MCMC methods. We extend this work to a density regres-

sion problem under high-dimensional setting, where the number of covariates is possibly much

larger than the sample size in Chapter 4. A variable selection prior is discussed and the adaptive

posterior convergence rate is obtained under mild sparsity conditions. In Chapter 5, we focus

on estimating derivatives of density functions using kernel methods and random series priors.

New testing inequalities are developed to obtain posterior rates.
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Chapter 2

Multivariate density estimation using

Dirichlet mixture of normal prior

2.1 Introduction

In this chapter we focus on a collection of nonparametric Bayesian density estimation methods

based on Dirichlet process mixture of multivariate normals priors. Dirichlet process mixture

priors (Ferguson, 1983; Lo, 1984) form a cornerstone of nonparametric Bayesian methodology

(Escobar and West, 1995; Müller et al., 1996; Müller and Quintana, 2004; Dunson, 2010) and

density estimation methods based on these priors are among the first Bayesian nonparametric

methods for which consistency (Ghosal et al., 1999; Tokdar, 2006; Wu and Ghosal, 2010) and

convergence rate results were obtained (Ghosal and van der Vaart, 2001, 2007b). The rates

obtained in Ghosal and van der Vaart (2001, 2007b) requires the knowledge of the smoothness

levels of the underlying density, and hence the procedures were not shown to be rate adap-

tive. In particular, Ghosal and van der Vaart (2001) treated the case of supersmooth normal

mixtures while Ghosal and van der Vaart (2007b) dealt with the case of twice continuously dif-
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ferentiable density. Two major challenges lie in showing that Dirichlet process mixtures give

rate adaptive procedures. The first difficulty is in obtaining adaptive prior concentration rates

for mixture priors on density functions. Usually this first step is to obtain an approximation

of the true density within the model such that the order of approximation improves with the

smoothness level of the true density. However the obvious choice given by the convolution

of the true density with the kernel does not suffice because the approximation rate does not

improve with increasing smoothness of the true density. The second difficulty is to construct

a suitable low-entropy, high-mass sieve on the space of infinite component mixture densities.

Such sieve constructions are an integral part of current technical machinery for deriving rates

of convergence. The sieves that have been used to study Dirichlet process mixture models (e.g.,

in Ghosal and van der Vaart, 2007b) do not scale to higher dimensions and lack the ability to

adapt to smoothness classes (Wu and Ghosal, 2010). The only paper dealing with rate adapta-

tion for nonparametric mixture of normal prior is Kruijer et al. (2010), where they established

rate adaptation for finite normal mixtures in the univariate situation using a technique that was

first introduced by Rousseau (2010) in the context of beta mixtures.

We bridge these two gaps and establish rate adaptation properties of a collection of mul-

tivariate density estimation methods based on Dirichlet process mixture of normals priors.

Our priors include the commonly used specification of mixing over multivariate normal ker-

nels with a location parameter drawn from a Dirichlet process with a Gaussian base measure

while using an inverse-Wishart prior on the common covariance matrix parameter of the ker-

nels. Rate adaptation is established with respect to Hölder smoothness classes. In particular,

when any density estimation method from our collection is applied to independent observa-

tions X1, . . . ,Xn ∈ Rd drawn from a density f0 which belongs to the smoothness class of

locally β-Hölder functions, it is shown to produce a posterior distribution on the unknown den-

sity of Xi’s that converges to f0 at a rate n−β/(2β+d)(log n)t, where t depends on β, d and tail
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properties of f0. This rate, without the (log n)t term, is minimax optimal for the β-Hölder class

(Barron et al., 1999). It is further shown that if f0 is anisotropic with Hölder smoothness coef-

ficients β1, . . . , βd along the d axes, then the posterior convergence rate is n−β0/(2β0+d) times a

log n factor, where β0 is the harmonic mean of β1, . . . , βd. Again this rate is minimax optimal

for this class of functions (Hoffmann and Lepski, 2002).

To the best of our knowledge, such rate adaptation results are new for any kernel based mul-

tivariate density estimation method. The performance of a non-Bayesian, multivariate kernel

density estimator depends heavily on the difficult choice of a bandwidth and a smoothing ker-

nel (Scott, 1992). Optimal rates are possible only by using higher order kernels and the choices

of bandwidth that require knowing the smoothness level. In contrast our results show that a

single Bayesian nonparametric method based on a single choice of Dirichlet process mixture

of normal kernels achieves optimal convergence rates universally across all smoothness levels.

2.2 Posterior Convergence Rates for Dirichlet Mixtures

2.2.1 Dirichlet process mixture of multivariate normals prior

Consider drawing inference on an unknown probability density function f on Rd based on

independent observations X1, . . . ,Xn from f . A nonparametric Bayesian method assigns a

prior distribution Π on f and draws inference on f based on the posterior distribution

Πn(f ∈ B | X1, . . . ,Xn) =

∫
B

∏n
i=1 f(Xi)dΠ(f)∫ ∏n
i=1 f(Xi)dΠ(f)

A Dirichlet process location mixture of normals prior Π is the distribution of a random proba-

bility density function pF,Σ, where F ∼ DP(α) for some finite positive measure α on Rd and

Σ ∼ G, a probability distribution on d× d positive definite real matrices.
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We restrict our discussion to a collection of such prior distributions Π for which the asso-

ciated DP(α) and G satisfy the following conditions. Let |α| = α(Rd) and ᾱ = α/|α|. We

assume that ᾱ has a positive density function on the whole of Rd and that there exist positive

constants a1, a2, a3, b1, b2, b3, C1, C2 such that

1− ᾱ([−x, x]d) ≤ b1 exp(−C1x
a1) for all sufficiently large x > 0, (2.1)

G{Σ : eigd(Σ
−1) ≥ x} ≤ b2 exp(−C2x

a2) for all sufficiently large x > 0, (2.2)

G{Σ : eig1(Σ
−1) < x} ≤ b3x

a3 for all sufficiently small x > 0, (2.3)

and that there exist κ, a4, a5, b4, C3 > 0 such that for any 0 < s1 ≤ · · · ≤ sd and t ∈ (0, 1),

G{Σ : sj < eigj(Σ
−1) < sj(1 + t), j = 1, . . . , d} ≥ b4s

a4
1 t

a5 exp(−C3s
κ/2
d ). (2.4)

Our assumption on ᾱ is analogous to (11) of Kruijer et al. (2010) and holds, for example,

when ᾱ is a Gaussian measure on Rd. Unlike previous treatments of Dirichlet process mixture

models (Ghosal and van der Vaart, 2001, 2007b), we allow a fully supported prior on Σ includ-

ing the widely used inverse-Wishart distribution. The following lemma shows that this prior

satisfies our assumptions.

Lemma 1. The inverse-Wishart distribution IW(ν,Ψ) with ν degrees of freedom and a scaler

matrix Ψ = cI (c > 0) satisfies (2.2), (2.3) and (2.4) with κ = 2.

Proof. Let Σ ∼ IW(ν,Ψ) and suppose Ψ = I , i.e., c = 1. It is well known that tr(Σ−1) ∼

χ2
νd, the chi-square distribution with νd degrees of freedom. The cumulative distribution func-

tion F (x; k) of χ2
k satisfies 1 − F (zk; k) ≤ {z exp(1 − z)}k/2 for all z > 1. Therefore for all
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x > νd,

P
{
eigd(Σ

−1) > x
}
≤ P

{
tr(Σ−1) > x

}
≤
( x
νd

)νd/2
exp{(νd− x)/2} ≤ b2e

−C2x

for some constants b2, C2. Furthermore, the joint probability density of eig1(Σ−1), . . . , eigd(Σ
−1)

is

f(x1, . . . , xd) = cd,ν exp(−
d∑

j=1

xj/2)
d∏

j=1

x
(ν+1−d)/2
j

∏
j<k

(xk − xj) (2.5)

over the set {(x1, . . . , xd) ∈ (0,∞)d : x1 ≤ · · · ≤ xd}, for a known constant cd,ν . Since∏
j<k(xk − xj) ≤

∏
j<k xk =

∏d
k=2 x

k−1
k , the probability density of eig1(Σ−1) satisfies

f(x1) ≤ cd,νx
(ν+1−d)/2
1 e−x1/2

d∏
k=2

{∫ ∞

0

x
(ν+1−d)/2+k−1
k e−xk/2dxk

}
= c̃d,νx

(ν+1−d)/2
1 e−x1/2

for all x1 > 0 and some positive constant c̃d,ν . Therefore for any x > 0

P
{
eig1(Σ

−1) < x
}
≤ c̃d,r

∫ x

0

x
(ν+1−d)/2
1 dx1 ≤ b3x

a3

for some positive constants a3, b3.

Next, notice that the set on the left hand side of (2.4) contains all Σ which have eigj(Σ−1) ∈

Ij = (sj{1 + (j − 1/2)t/d}, sj(1 + jt/d)) (j = 1, . . . , d) and for any positive integers k > j,

xj ∈ Ij and xk ∈ Ik implies that xk − xj > sk{1 + (k − 1/2)t/d} − sj(1 + jt/d) ≥ s1t/(2d).

23



Therefore

P{sj < eigj(Σ
−1) < sj(1 + t), j = 1, . . . , d}

≥
∫
Id

· · ·
∫
I1

cd,ν exp

(
−
∑
j

xj/2

)
d∏

j=1

x
(ν+1−d)/2
j

∏
j<k

(xk − xj)dx1 · · · dxd

≥ cd,ν exp (−dsd) sd(ν+1−d)/2
1 {t/(2d)}d(d−1)/2

∫
Id

· · ·
∫
I1

dx1 · · · dxd

= cd,ν exp (−dsd) sd(ν+1−d)/2
1 {t/(2d)}d(d−1)/2{s1t/(2d)}d,

which gives (2.4) for some positive constants a4, a5, b4, C3.

If c ̸= 1, the eigenvalues of Σ−1 scale by a factor c, and hence the same conclusion holds

for a different set of constants.

From a computational point of view, another useful specification is to consider aG that sup-

ports only diagonal covariance matrices Σ = diag(σ2
1, . . . , σ

2
d), with each diagonal component

independently assigned a prior distribution G0. By choosing an inverse gamma distribution as

G0, we get a prior G on Σ that again satisfies (2.2), (2.3) and (2.4) with κ = 2. Alternatively,

we can take G0 to be the distribution of the square of an inverse gamma random variable. Such

a G0 leads to a G that satisfies (2.2), (2.3) and (2.4) with κ = 1. This difference in κ matters,

with smaller κ leading to optimal convergence rates for a wider class of true densities.

2.2.2 Locally Hölder classes

Here we introduce a locally Hölder class, which is slightly weaker than the Hölder class defi-

nition in Section 1.5. We will use this definition throughout the chapter.

For any β > 0, τ0 ≥ 0 and any non-negative function L on Rd, define the locally β-Hölder

class with envelope L, denoted Cβ,L,τ0(Rd), to be the set of all functions f : Rd → R with finite
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mixed partial derivatives Dkf , k ∈ Nd
0, of all orders up to k· ≤ ⌊β⌋, and for every k ∈ Nd

0

with k· = ⌊β⌋ satisfying

|(Dkf)(x+ y)− (Dkf)(x)| ≤ L(x)eτ0∥y∥
2∥y∥β−⌊β⌋, x,y ∈ Rd. (2.6)

In our discussion, we shall assume that the true density f lies in Cβ,L,τ0(Rd). This condition is

essentially weaker than the one in Kruijer et al. (2010), where log f ∈ Cβ,L,0(R) is assumed,

see Lemma 2.

Lemma 2. Suppose a probability density function f0 satisfies the tail condition (2.9), log f0 ∈

Cβ,Q1,0(Rd) for some polynomial Q1 with P0|Dk log f0|(2β+ϵ)/k· < ∞, k ∈ Nd
0, k· ≤ ⌊β⌋ and

P0Q
(2β+ϵ)/β
1 <∞. Additionally, suppose that

∣∣∣∣f0(x+ y)

f0(x)
− 1

∣∣∣∣ ≤ Q(x)eτ0∥y∥
2∥y∥β−⌊β⌋, for any x,y ∈ Rd, (2.7)

for some τ1 > 0 and a function Q satisfying P0Q
2 < ∞. Then, there exist a τ0 > 0 and a

positive functions L(x) such that f0 ∈ Cβ,L,τ0(Rd) and (2.8) holds.

Proof. For a multi-index k ∈ Nd
0, let P denote the set of all solutions {m(1), . . . ,m(q)} to

k = m(1) + · · · + m(q), q ≥ 1, m(j) ∈ Nd
0 with m

(j)
· ≥ 1, j = 1, . . . , q. Existence of

Dkf0 of all orders k· ≤ ⌊β⌋ follows from the same property of log f0. In fact, by the chain

rule Dkf0(x) = f0(x)
∑

P∈P(k)

∏
m∈P D

m log f0(x), and hence P0|(Dkf0)/f0|(2β+ϵ)/k· <

∞ by an application of the Hölder inequality. Also, because log f0 ∈ Cβ,Q1,0(Rd) with Q1 a

polynomial, for every k ∈ Nd
0 with k· < β, we can find polynomial Qk,1 and Qk,2 such that

|Dk log f0(x)| < Qk,1(x) and |Dk log f0(x + y) − Dk log f0(x)| < Qk,2(x)e
∥y∥2∥y∥β−⌊β⌋.
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Hence, for k· = ⌊β⌋,

|Dkf0(x+ y)−Dkf0(x)| ≤ |f0(x+ y)− f0(x)|Q3(x) + f0(x)Q4(x)e
τ2∥y∥2∥y∥β−⌊β⌋

for some polynomialsQ3 andQ4 and a τ2 > 0. Therefore f0 ∈ Cβ,L,τ0 for τ0 = max(τ1, τ2) and

L(x) = f0(x){Q(x)Q3(x) +Q4(x)}. Because of the tail condition on f0, for any polynomial

Q̃ and a > 0, P0|Q̃|a < ∞. And so P0(L/f0)
2+ϵ/β < ∞ by Hölder’s inequality and the

assumption on Q.

Without (2.7), the assumptions made on f0 in the above lemma match one to one with

conditions (C1)–(C3) of Kruijer et al. (2010). The additional assumption (2.7) is a mild one

and is satisfied by densities with tails exactly as in the bound (2.9) below with τ ≤ 2, and also

by finite mixtures of such densities.

2.2.3 Convergence rates results

Let Π be a Dirichlet process mixture prior as defined in Section 2.2.1 and let Πn(· | X1, . . . ,Xn)

denote the posterior distribution based on n observations X1, . . . ,Xn modeled as Xi ∼ f ,

f ∼ Π. It is known that the minimax rate associated with a β-Hölder class is n−β/(2β+d). We

obtain posterior convergence rate for this class as n−β/(2β+d) up to a factor a power of log n. A

formal result requires some additional conditions on f0, as summarized in the theorem below.

Theorem 3. Suppose that f0 ∈ Cβ,L,τ0(Rd) is a probability density function satisfying

∫
f0
(
|Dkf0|/f0

)(2β+ϵ)/k·
<∞, k ∈ Nd

0,k· ≤ ⌊β⌋,
∫
f0 (L/f0)

(2β+ϵ)/β <∞ (2.8)
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for some ϵ > 0. Also suppose there are positive constants a, b, c, τ such that

f0(x) ≤ c exp(−b∥x∥τ ), ∥x∥ > a. (2.9)

For the prior Π constructed in Section 2.2.1, the posterior converges around f0 in the Hellinger

or the L1-metric with a rate ϵn = n−β/(2β+d∗)(log n)t, where

t > {d∗(1 + 1/τ + 1/β) + 1}/(2 + d∗/β), d∗ = max(d, κ).

When κ = 1, the rate in Theorem 3 equals the optimal rate n−β/(2β+d) up to a factor log n.

However, the commonly used inverse Wishart specification of G leads to κ = 2, and hence

Theorem 3 gives the optimal rate only for d ≥ 2. We shall later see that κ has a bigger impact

on rates of convergence for anisotropic densities.

Our result also applies for a finite mixture prior specification ΠFM, where the density func-

tion f is represented by f(x) =
∑H

h=1 ωhϕΣ(x − µh) and priors are assigned on H , Σ,

ω = (ω1, . . . , ωH) and µ1, . . . ,µH . We assume Σ ∼ G, which satisfies (2.2), (2.3) and (2.4),

and that there exist positive constants a4, b4, b5, b6, b7, C4, C5, C6, C7 such that

b4 exp{−C4x(log x)
τ1} ≤ Π(H ≥ x) ≤ b5 exp{−C5x(log x)

τ1}

for sufficiently large x > 0, while for every fixed H = h,

Π(µi /∈ [−x, x]d) ≤ b6 exp(−C6x
a4), for sufficiently large x > 0, i = 1, . . . , h,

Π(∥ω − ω0∥ ≤ ϵ) ≥ b7 exp{−C7h log(1/ϵ)}, for all 0 < ϵ < 1/h and all ω0 ∈ ∆h.

Theorem 4 summarizes our findings for a finite mixture prior.
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Theorem 4. Suppose that f0 ∈ Cβ,L,τ0(Rd) is a probability density function satisfying (2.8) and

(2.9) for some positive constants a, b, c, τ, ϵ. For a finite mixture prior ΠFM as in above, the pos-

terior converges around f0 in the Hellinger or theL1-metric with a rate ϵn = n−β/(2β+d∗)(log n)t

for every t > {d∗(1+1/τ+1/β)+1}/(2+d∗/β)+max {0, (1− τ1)/2}, where d∗ = max(d, κ).

We prove both theorems by verifying a set of sufficient conditions presented in Theorem 2.

In the following two sections, we will present relevant results in Theorems 6 and 7. The proofs

of these two theorems are given in Section 2.6.

2.3 Prior thickness results

Functions in Cβ,L,τ0 can be approximated by mixtures of ϕσ2I with an accuracy that improves

with β. We establish this through the following constructions and lemma, which are adapted

from Lemma 3.4 of de Jonge and van Zanten (2010) and univariate approximation results of

Kruijer et al. (2010).

For each k ∈ Nd
0, let mk denote the k-th moment mk =

∫
ykϕ1(y)dy of the standard

normal distribution on Rd. For n ∈ Nd
0, define two sequences of numbers through the following

recursion. If n· = 1, set cn = 0 and dn = −mn/n!, and for n· ≥ 2 define

cn = −
∑

n= l+k
l·≥1, k·≥1

(−1)k·

k!
mkdl, dn =

(−1)n·mn

n!
+ cn. (2.10)

Given β > 0, σ > 0, define a transform Tβ,σ on f : Rd → R with derivatives up to order ⌊β⌋

by

Tβ,σf = f −
∑
k∈Nd

0
1≤k·≤⌊β⌋

dkσ
k·Dkf. (2.11)
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Lemma 3. For any β, τ0 > 0 there is a positive constant Mβ such that any f ∈ Cβ,L,τ0(Rd), it

satisfies |{Kσ(Tβ,σf)− f}(x)| < MβL(x)σ
β for all x ∈ Rd and all σ ∈ (0, 1/(2τ0)

1/2).

Proof. For any f ∈ Cβ,L,τ0(Rd), consider the multivariate Taylor expansion

f(x− y)− f(x) =
∑

1≤k·≤⌊β⌋

(−y)k·

k!
(Dkf)(x) +R(x,y)

with the residual satisfying |R(x,y)| ≤ K1L(x) exp(τ0∥y∥2)∥y∥β for every x,y ∈ Rd and

for a universal constant K1. Therefore for any σ ∈ (0, 1/(2τ0)
1/2),

{Kσ(Tβ,σf)− f}(x)

=

∫
ϕσ2I(y){f(x− y)− f(x)}dy −

∑
2≤k·≤⌊β⌋

dkσ
k·{Kσ(D

kf)}(x)

=

∫
ϕσ2I(y)R(x,y)dy

+
∑

2≤k·≤⌊β⌋

σk·

[
(−1)k·mk

k!
(Dkf)(x)− dk{Kσ(D

kf)}(x)
]
. (2.12)

The first term of (2.12) is bounded by K2L(x)σ
β for some universal constant K2. If β ≤ 2

then the second term of (2.12) does not exist and we get a proof with Mβ = K2. For β > 2 we

use induction on ⌊β⌋.

From (2.10) we can rewrite the second term of (2.12) as

∑
2≤k·≤⌊β⌋

[
(−1)k·mkσ

k·

k!
{Dkf −Kσ(D

kf)}(x)− ckσ
k·{Kσ(D

kf)}(x)
]
. (2.13)

For each 1 ≤ k· ≤ ⌊β⌋, the induction hypothesis implies that Dkf ∈ Cβ−k·,L,τ0(Rd) and

Dkf −Kσ(D
kf) = {Dkf −KσTβ−k·,σ(D

kf)}+Kσ{Tβ−k·,σ(D
kf)−Dkf} (2.14)
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with |{Dkf − KσTβ−k·,σ(D
kf)}(x)| ≤ Mβ−k·L(x)σ

β−k· , for all x ∈ Rd. This establishes

the claim with Mβ = K2 +
∑

2≤k·≤⌊β⌋(mk/k!)Mβ−k· because

∑
2≤k·≤⌊β⌋

[
(−1)k·mkσ

k·

k!
{Tβ−k·,σ(D

kf)−Dkf} − ckσ
k·Dkf

]

=
∑

2≤k·≤⌊β⌋

(−1)k·mkσ
k·

k!

∑
1≤j·≤⌊β⌋−k·

djσ
j·Dk+jf − ckσ

k·Dkf


=

∑
3≤n·≤⌊β⌋


∑

n= l+k
l·≥1,k·≥2

(−1)k·

k!
mkdl − cn

σn·Dnf = 0

identically, by definitions of cn and dn.

Lemma 3 applies to any functions f ∈ Cβ,L,τ0 , not necessarily a probability density, and the

mixing function Tβ,σf need not be a density in that it may be negative. Fortunately, when f is

a probability density, we can derive a density hσ from Tβ,σf so that Kσhσ provides a σβ order

approximation to f . The construction of hσ can be viewed as a multivariate extension of results

in Section 3 of Kruijer et al. (2010). The main difference is that we establish approximation

results under the Hellinger distance and apply Taylor expansions on f0 instead of log f0, which

lead to a more elegant proof.

Theorem 5. Let f0 ∈ Cβ,L,τ0(Rd) be a probability density function and write fσ = Tβ,σf0.

Suppose that f0 satisfies (2.8) for some ϵ > 0. Then there exist s0 > 0, K > 0 such that for any

0 < σ < s0, gσ = fσ +
1
2
f0 1l{fσ < (1/2)f0} is a non-negative function with

∫
gσ(x)dx <∞

and the density hσ = gσ/
∫
gσ(x)dx satisfies d2H(f0, Kσhσ) ≤ Kσ2β.

Proof. Fix s0 ∈ (0, 1/(2τ0)
1/2) such that

∑
1≤k·≤⌊β⌋

|dk|| log σ|−k·/2 < 1/2 and σϵ| log σ|(2β+ϵ)/2 < 1
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for all 0 < σ < s0. For any σ ∈ (0, s0) define

Aσ =

{
x :

|Dkf0(x)|
f0(x)

≤ σ−k·| log σ|−k·/2,k· ≤ ⌊β⌋, L(x)

f0(x)
≤ σ−β| log σ|−β/2

}

and notice that by Markov’s inequality

P0(A
c
σ) ≤

∑
k·≤⌊β⌋

P0

{
|Dkf0(X)|
f0(X)

> σ−k· | log σ|−k·/2

}
+ P0

{
L(X)

f0(X)
> σ−β| log σ|−β/2

}
=
∑

k·≤⌊β⌋

P0

{(
|Dkf0|/f0

)(2β+ϵ)/k·
> σ−(2β+ϵ)| log σ|−(2β+ϵ)/2

}
+ P0

{
(L/f0)

(2β+ϵ)/β > σ−(2β+ϵ)| log σ|−(2β+ϵ)/2
}

≤ σ2β+ϵ| log σ|(2β+ϵ)/2

 ∑
k·≤⌊β⌋

P0

(
|Dkf0|/f0

)(2β+ϵ)/k·
+ P0 (L/f0)

(2β+ϵ)/β

 ,

which is bounded by K1σ
2β for some constant K1. Also, for any x ∈ Aσ,

|(fσ − f0)(x)| ≤
∑

1≤k·≤⌊β⌋

|dk|σk· |Dkf0(x)| ≤ f0(x)
∑

1≤k·≤⌊β⌋

|dk|| log σ|−k·/2 ≤ 1

2
f0(x).

Consequently, fσ ≥ f0/2 on Aσ. Because of integrability conditions on Dkf0/f0, it turns out

that in calculating
∫
Dkf0(x)dx for any 1 ≤ k· ≤ ⌊β⌋, one can integrate under the derivative

and conclude that
∫
Dkf0(x)dx = 0 as f0 is a density. So

∫
fσ(x)dx = 1 and for some

constant K2 and all σ < s0,

1 ≤
∫
gσ(x)dx ≤ 1 +

1

2

∫
f0(x)1l{fσ(x) < f0(x)/2}dx ≤ 1 +

1

2
P0(A

c
σ) ≤ 1 +K2σ

2β.

So
∫
gσ(x)dx <∞ and hσ is a well defined probability density function on Rd.

To prove the final result of Theorem 5, denote rσ = 1
2
f0 1l{fσ < (1/2)f0} and cσ =
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∫
gσ(x)dx and note that for a > 0, b > 0, we have (

√
a −

√
b)2 = (a − b)2/(

√
a +

√
b)2 ≤

(a− b)2/(a+ b) and hence

d2H(f0, Kσhσ) ≤
∫

(f0 −Kσhσ)
2(x)

f0(x) + (Kσhσ)(x)
dx

=
1

cσ

∫
(cσf0 −Kσgσ)

2(x)

cσf0(x) + (Kσgσ)(x)
dx

≤ 3

∫
(cσ − 1)2f 2

0 (x) + (f0 −Kσfσ)
2(x) + (Kσrσ)

2(x)

cσf0(x) + (Kσgσ)(x)
dx

≤ 3

{∫
(cσ − 1)2f0(x)dx+

∫
(f0 −Kσfσ)

2(x)

f0(x)
dx+

∫
(Kσrσ)

2(x)

(Kσgσ)(x)
dx

}
≤ 3

{
K2

2σ
4β +M2

βσ
2βP0 (L/f0)

2 +

∫
(Kσrσ)(x)dx

}
, (2.15)

because 1 ≤ cσ ≤ 1 + K2σ
2β , |(f0 − Kσfσ)(x)| < MβL(x)σ

β and Kσrσ ≤ Kσgσ since

rσ ≤ gσ. By Jensen’s inequality P0(L/f0)
2 ≤ {P0(L/f0)

(2β+ϵ)/β}β/(β+ϵ/2) <∞. Also,

∫
(Kσrσ)(x)dx =

1

2

∫ ∫
ϕσ2I(x− y)f0(y)1l{fσ(y) < f0(y)/2}dxdy

=
1

2

∫
f0(y)1l{fσ(y) < f0(y)/2}dy

≤ P0(A
c
σ)

≤ K1σ
2β.

The next result trades gσ for a compactly supported density hσ whose convolution with ϕσ2I

inherits the same order σβ approximation to f0. We need the tail condition (2.9) on f0 to obtain

a suitable compact support.

Proposition 1. Let f0 ∈ Cβ,L,τ0(Rd) be a probability density function satisfying (2.8) and (2.9)

for some positive constants ϵ, a, b, c, τ . For any σ > 0, define Eσ = {x ∈ Rd : f0(x) ≥
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σ(4β+2ϵ+8)/δ}. Then there exist s0, a0, B0, K0 > 0 such that for every 0 < σ < s0, P0(E
c
σ) ≤

B0σ
4β+2ϵ+8,Eσ ⊂ {x ∈ Rd : ∥x∥ ≤ aσ} where aσ = a0{log(1/σ)}τ and there is a probability

density h̃σ with support inside {x ∈ Rd : ∥x∥ ≤ aσ} satisfying dH(f0, Kσh̃σ) ≤ K0σ
β .

Proof. Define gσ and hσ as in the statement of Theorem 5. This theorem implies that there are

s1, K > 0 such that d2H(f0, Kσhσ) ≤ Kσ2β for all 0 < σ < s1. The tail condition on f0 implies

existence of a small δ > 0 such that B0, which is defined as P0(f
−δ
0 ), satisfies B0 < ∞. Let

s2 ∈ (0, 1/(2τ0)
1/2) be such that {(4β + 2ϵ + 8)/(bδ)} log(1/s2) > max{(1/b) log c, aτ/2}.

Set s0 = min(s1, s2) and pick any σ ∈ (0, s0). Define Eσ = {x ∈ Rd : f0(x) ≥ σ(4β+2ϵ+8)/δ}

and aσ = a0 log(1/σ)
1/τ with a0 = {(8β + 4ϵ + 16)/(bδ)}1/τ . Then aσ > a and Eσ ⊂ {x ∈

Rd : ∥x∥ ≤ aσ}.

By Markov’s inequality,

P0(E
c
σ) = P0{f0(x)−δ > σ−(4β+2ϵ+8)} ≤ B0σ

4β+2ϵ+8 ≤ B0σ
2β+ϵ

and consequently by (2.8) and applications of Hölder’s inequality

∫
Ec

σ

gσ(x)dx

≤ 3

2

∫
Ec

σ

f0(x)dx+

⌊β⌋∑
k·=1

σk·|dk|
∫
Ec

σ

|Dkf0(x)|dx

≤ 3

2
P0(E

c
σ) +

⌊β⌋∑
k·=1

σk· |dk|
{
P0

(
|Dkf0|/f0

)(2β+ϵ)/k·
}k·/2β+ϵ

P0(E
c
σ)

(2β+ϵ−k·)/(2β+ϵ),

which is bounded by B1σ
2β+ϵ for some constant B1 that does not depend on σ. Hence

∫
Ec

σ

hσ(x)dx ≤
∫
Ec

σ

gσ(x)dx ≤ B1σ
2β+ϵ.
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Define h̃σ to be the restriction of hσ to Eσ, i.e., h̃σ(x) = hσ(x)1l(x ∈ Eσ)/
∫
Eσ
h(x)dx. Then

dH(Kσhσ, Kσh̃σ) ≤ dH(hσ, h̃σ) =

[
2− 2

{∫
Eσ

hσ(x)dx

}1/2
]1/2

= O(σβ+ϵ/2).

This completes the proof because dH(f0, Kσh̃σ) ≤ dH(f0, Kσhσ) + dH(Kσhσ, Kσh̃σ).

Proposition 1 paves the way to calculating prior thickness around f0 because the probability

density Kσh̃σ can be well approximated by densities pF,Σ with (F,Σ) chosen from a suitable

set. Toward this we present the final theorem of this section and a proof of it that overlaps with

Section 9 of Ghosal and van der Vaart (2007b). However, our proof requires new calculations

to handle a non-compactly supported f0 and a matrix valued Σ.

Theorem 6. Let f0 ∈ Cβ,L,τ0(Rd) be a bounded probability density function satisfying (2.8) and

(2.9) for some positive constants ϵ, a, b, c, τ , and let F ∼ DP(α) and Σ ∼ G independently.

Then for some A,C > 0 and all sufficiently large n,

P

{
(F,Σ) : P0 log

f0
pF,Σ

≤ Aϵ̃2n, P0

(
log

f0
pF,Σ

)2

≤ Aϵ̃2n

}
≥ e−Cnϵ̃2n (2.16)

where ϵ̃n = n−β/(2β+d∗)(log n)t with any t ≥ {d∗(1 + 1/τ + 1/β) + 1}/(2 + d∗/β).

Proof. Let δ, s0, a0, K0 be as in Proposition 1. Consider n large enough so that ϵ̃n < sβ0 . Fix

σβ = ϵ̃n{log(1/ϵ̃n)}−1 and as in Proposition 1 define Eσ = {x ∈ Rd : f0(x) ≥ σ(4β+2ϵ+8)/δ}

and aσ = a0{log(1/σ)}1/τ . Recall that P0(E
c
σ) ≤ B0σ

4β+2ϵ+8 for some constant B0 and

Eσ ⊂ {x ∈ Rd : ∥x∥ ≤ aσ}. Apply Proposition 1 to find h̃σ with support Eσ such that

dH(f0, Kσh̃σ) ≤ K0σ
β . Find b1 > max(1, 1/2β) such that ϵ̃b1n {log(1/ϵ̃n)}5/4 ≤ ϵ̃n.
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By Corollary 1, there is a discrete probability measure Fσ =
∑N

j=1 pjδzj , with at most

N ≤ D0σ
−d{log(1/σ)}d/τ{log(1/ϵ̃n)}d ≤ D1σ

−d{log(1/ϵ̃n)}d+d/τ

many support points inside {x ∈ Rd : ∥x∥ ≤ aσ}, with at least σϵ̃2b1n separation between any

zi ̸= zj such that dH(Kσh̃σ, KσFσ) ≤ A1ϵ̃
b1
n {log(1/ϵ̃n)}1/4 for some constants A1, D1.

Place disjoint balls Uj with centers at z1, . . . , zN with diameter σϵ̃2b1n each. Extend the col-

lection {U1, . . . , UN} to a partition {U1, . . . , UK} of {x ∈ Rd : ∥x∥ ≤ aσ} such that each Uj ,

j = N+1, . . . , K, has a diameter at most σ. This can be done withK ≤ D2σ
−d{log(1/ϵ̃n)}d+d/τ

for some constantD2. Further extend this to a partitionU1, . . . , UM of Rd such that a1(σϵ̃2b1n )d ≤

α(Uj) ≤ 1 for all j = 1, . . . ,M for some constant a1. We can still have

M ≤ D3σ
−d{log(1/ϵ̃n)}d+d/τ ≤ D4ϵ̃

−d/β
n {log(1/ϵ̃n)}sd

with s = 1 + β−1 + τ−1, for some constants D3, D4. None of these constants depends on n or

σ.

Define pj = 0, j = N + 1, . . . ,M . Let Pσ denote the set of probability measures F on Rd

with
∑M

j=1 |F (Uj)− pj| ≤ 2ϵ̃2db1n and min1≤j≤M F (Uj) ≥ ϵ̃4db1n /2. Note that

Mϵ̃2db1n ≤ D4[ϵ̃
b1−1/(2β)
n {log(1/ϵ̃n)}s/2]2d ≤ 1,

min
1≤j≤M

α(Uj)
1/2 ≥ a

1/2
1 ϵ̃2db1n {ϵ̃b1−1/(2β)

n log(1/ϵ̃n)}−d ≥ (a1/D4)
1/2ϵ̃2db1n ,

provided n has been chosen large enough. By Lemma 10 of Ghosal and van der Vaart (2007b),

P(Pσ) ≥ C1 exp{−c1M log(1/ϵ̃n)} ≥ C1 exp[−c2ϵ̃−d/β
n {log(1/ϵ̃n)}sd+1]
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for some constants C1, c2 that depend on α(Rd), a1, D4, d and b1. Also, let Sσ denote the set

of all d × d non-singular matrices Σ such that all eigenvalues of Σ−1 lie between σ−2 and

σ−2(1 + σ2β). By (2.4),

G(Sσ) ≥ σD5 exp(−D6/σ
κ) ≥ C3 exp[−c3ϵ̃−κ/β

n {log(1/ϵ̃n)}sκ+1]

for some constants C3, c3. Any Σ ∈ Sσ satisfies

det(Σ−1) ≥ σ−2d, yTΣ−1y ≤ 2∥y∥2/σ2

for any y ∈ Rd and

|tr(σ2Σ−1)− d− log det(σ2Σ−1)| < dσ2β.

Apply Lemma 4 with Vi = Ui, i = 1, . . . , N and V0 = ∪j>NUj to conclude that for any

F ∈ Pσ, dH(KσFσ, KσF ) ≤ A2ϵ̃
b1
n for some universal constant A2 and hence

dH(f0, KσF ) ≤ dH(f0, Kσh̃σ) + dH(Kσh̃σ, KσFσ) + dH(KσFσ, ϕσ2I ∗ F )

≤ K0σ
β + A1ϵ̃

b1
n {log(1/ϵ̃n)}1/4 + A2ϵ̃

b1
n ≤ A3σ

β

for some constant A3. Therefore, for any F ∈ Pσ, Σ ∈ Sσ,

dH(f0, pF,Σ) ≤ dH(f0, KσF ) + dH(pF,σ2I , pF,Σ) ≤ A4σ
β

for some constant A4 because

dH(pF,σ2I , pF,Σ) ≤ |tr(σ2Σ−1)− d− log det(σ2Σ−1)|1/2
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for any F . Moreover, for every x ∈ Rd with ∥x∥ < aσ,

pF,Σ(x)

f0(x)
≥ K1

σd

∫
∥x−z∥≤σ

exp

(
−∥x− z∥2

σ2

)
F (dz) ≥ K2

σd
F (UJ(x)) ≥ K3

ϵ̃4db1n

σd

for some constants K1, K2, K3, where J(x) denotes the index j ∈ {1, . . . , K} for which x ∈

Uj . The penultimate inequality follows because UJ(x) with diameter no larger than σ must be a

subset of a ball of radius σ around x. Also, for any x ∈ Rd with ∥x∥ > aσ,

pF,Σ(x)

f0(x)
≥ K1

σd

∫
∥z∥≤aσ

exp

(
−∥x− z∥2

σ2

)
F (dz) ≥ K4

σd
exp(−4∥x∥2/σ2)

for some constant K4 because ∥x− z∥2 ≤ 2∥x∥2 + 2∥z∥2 ≤ 4∥x∥2 and

F ({x ∈ Rd : ∥x∥ ≤ aσ}) ≥ 1− 2ϵ̃2db1n .

Set λ = K3ϵ̃
4db1
n /σd and notice log(1/λ) ≤ K5 log(1/ϵ̃n) for some constant K5. For any

F ∈ Pσ, Σ ∈ Sσ,

P0

{(
log

f0
pF,Σ

)2

1l

(
pF,Σ
f0

< λ

)}
≤ K6

σ4

∫
∥x∥>aσ

∥x∥4f0(x)dx

≤ K6

σ4
(P0∥X∥8)1/2P0(E

c
σ)

1/2 ≤ K7σ
2β+ϵ

for some constant K7 since P0∥X∥m < ∞ for all m > 0 because of the tail condition (2.9).

Given n sufficiently large, we have λ < e−1 and hence

log
f0
pF,Σ

1l

(
pF,Σ
f0

< λ

)
≤
(
log

f0
pF,Σ

)2

1l

(
pF,Σ
f0

< λ

)
.

Therefore P0{log(f0/pF,Σ)1l(pF,Σ/f0 < λ)} ≤ K7σ
2β+ϵ. Now apply Lemma 5 to conclude
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that

max

{∫
f0 log

f0
pF,Σ

,

∫
f0

(
log

f0
pF,Σ

)2
}

≤ K8 log

(
1

λ

)2

σ2β ≤ K9σ
2β

(
log

1

ϵ̃n

)2

≤ Aϵ̃2n

for some positive constant A. Therefore

P

{
P0 log

f0
pF,Σ

≤ Aϵ̃2n, P0

(
log

f0
pF,Σ

)2

≤ Aϵ̃2n

}
≥ P(Pσ)G(Sσ)

≥ C4 exp
[
−c4ϵ̃−d∗/β

n {log(1/ϵ̃n)}sd
∗+1
]
.

This gives (2.16) provided ϵ̃−d∗/β
n {log(1/ϵ̃n)}sd

∗+1 ≤ nϵ̃2n. With ϵ̃n = n−β/(2β+d∗)(log n)t, the

condition is satisfied if t ≥ (sd∗ + 1)/(2 + d∗/β).

2.4 Sieve construction

In the following proposition, based on the stick-breaking representation of a Dirichlet process,

we give an explicit definition of the sieve and derive upper bounds for its entropy and the

prior probability of its complement. This result serves as the main tool in obtaining adaptive

posterior convergence rates.

Proposition 2. Fix ϵ, a, σ0 > 0 and integers M,H ≥ d. Define

Q =

pF,Σ with F =
∞∑
h=1

πhδzh :
zh ∈ [−a, a]d, h ≤ H;

∑
h>H πh < ϵ;

σ2
0 ≤ eigj(Σ) < σ2

0 (1 + ϵ2/d)
M
, j = 1, . . . , d


(2.17)

and let Π denote the Dirichlet mixture prior defined in Section 2.2.1. Then:
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(i) For some constant K and ρ defined as either the Hellinger or the L1-metric,

logN(ϵ,Q, ρ) ≤ K
{
dH log {a/(σ0ϵ)} −H log ϵ+ logM +Mϵ2

}
.

(ii) With the constants as defined in (2.1)–(2.4), we have

Π(Qc) ≤ b1H exp{−C1a
a1}+ {(e|α|/H) log(1/ϵ)}H

+ b2 exp{−C2σ
−2a2
0 }+ b3σ

−2a3
0 (1 + ϵ2/d)−2Ma3 .

Proof. Let R̂ be a (σ0ϵ)-net of [−a, a]d, Ŝ be an ϵ-net of the H-simplex ∆H and Ô be an δ-net

of Od, the group of d × d orthogonal matrices equipped with the spectral norm ∥ · ∥2, where

δ = ϵ2/{3d(1+ϵ2/d)M}. It is known that the cardinality of R̂ is bounded by a constant multiple

of {a/(σ0ϵ)}d, the cardinality of Ŝ is bounded by a constant multiple of ϵ−H and the cardinality

of Ô is bounded by a constant multiple of δ−d(d−1)/2 (van der Vaart and Wellner, 1996, Chapter

2.7).

Pick any pF,Σ ∈ Q, with F =
∑∞

h=1 zhδzh and let the spectral decomposition of Σ−1 be

PΛP T where Λ = diag(λ1, . . . , λd) and P is an orthogonal matrix. Find ẑ1, . . . , ẑH ∈ R̂,

π̂ = (π̂1, . . . , π̂H) ∈ Ŝ, P̂ ∈ Ô and m̂1, . . . , m̂d ∈ {1, . . . ,M} such that

max
1≤h≤H

∥zh − ẑh∥ < σ0ϵ, (2.18)

H∑
h=1

|π̃h − π̂h| < ϵ, where π̃h =
πh

1−
∑

l>H πl
, 1 ≤ h ≤ H, (2.19)

∥P − P̂ ∥2 ≤ ϵ2, (2.20)

λ̂j = {σ2
0(1 + ϵ2/d)m̂j−1}−1 satisfies 1 ≤ λ̂j/λj < 1 + ϵ2/d, j = 1, . . . , d. (2.21)
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Take F̂ =
∑H

h=1 π̂hδẑh and Σ̂ = (P̂ Λ̂P̂ T )−1 where Λ̂ = diag(λ̂1, . . . , λ̂d). Also define Σ̃ =

(P̂ΛP̂ T )−1 and Q = P̂ TP . By the triangle inequality

∥pF,Σ − pF̂ ,Σ̂∥1 ≤ ∥pF,Σ − pF,Σ̂∥1 + ∥pF,Σ̂ − pF̂ ,Σ̂∥1. (2.22)

The first term on the right hand side can be bounded by

∫
∥ϕΣ(· − z)− ϕΣ̂(· − z)∥1dF (z) = ∥ϕΣ − ϕΣ̂∥1 ≤ ∥ϕΣ − ϕΣ̃∥1 + ∥ϕΣ̃ − ϕΣ̂∥1.

By Kemperman’s inequality (Kemperman, 1969), the total variation distance is bounded by
√
2

times the square root of the Kullback–Leibler divergence, we have

∥ϕΣ̃ − ϕΣ̂∥1 ≤ {tr(Σ̂−1Σ̃)− log det(Σ̂−1Σ̃)− d}1/2.

But

tr(Σ̂−1Σ̃) = tr(Λ̂Λ−1) =
d∑

j=1

λ̂j/λj < d+ ϵ2

and det(Σ̂−1Σ̃) =
∏d

j=1(λ̂j/λj) > 1. Thus ∥ϕΣ̃ − ϕΛ̂∥1 ≤ ϵ. For the other term, we have

∥ϕΣ − ϕΣ̃∥1 ≤ {tr(Σ−1Σ̂)− log det(Σ−1Σ̂)− d}1/2 = {tr(QΛQTΛ−1 − I)}1/2

because Σ−1Σ̂ = PΛP T P̂Λ−1P̂ T has determinant one and trace equal to that of QΛQTΛ−1.

Write Q = I +B. Then

∥B∥max ≤ ∥B∥2 = ∥P̂ TP − I∥2 = ∥P − P̂ ∥2 ≤ δ
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and hence

tr(QΛQTΛ−1 − I) = tr(B +ΛBTΛ−1 +BΛBTΛ−1)

≤ 3d∥B∥max
max(λ1, . . . , λd)

min(λ1, . . . , λd)
≤ ϵ2.

Therefore the first term on the right hand side of (2.22) is bounded by 2ϵ. The last term of

(2.22) equals to

∥∥∥∥∥∑
h>H

πhϕΣ̂(· − zh) +
H∑

h=1

πh{ϕΣ̂(· − zh)− ϕΣ̂(· − ẑh)}+
H∑

h=1

(πh − π̂h)ϕΣ̂(· − ẑh)

∥∥∥∥∥
1

≤
∑
h>H

πh +
H∑

h=1

πh∥ϕΣ̂(· − zh)− ϕΣ̂(· − ẑh)∥1 +
H∑

h=1

|πh − π̂h|.

The first term above is smaller than ϵ and so is the second term because

∥ϕ(· − zh)− ϕ(· − ẑh)∥1 ≤
(
2

π

)1/2

∥Σ̂−1/2(zh − ẑh)∥ ≤ ϵ.

The last term is smaller than or equal to

(1−
∑
h>H

πh)
H∑

h=1

|π̃h − π̂h|+
∑
h>H

πh

H∑
h=1

π̂h ≤ 2ϵ.

Thus a 6ϵ-net of Q, in the L1-metric, can be constructed with p̂ = pF̂ ,Σ̂ as above. The total

number of such p̂ is bounded by a multiple of {a/(σ0ϵ)}dH ϵ−Hδ−d(d−1)/2Md. This proves the

first assertion with ρ = ∥ · ∥1, because M log(1 + ϵ2/d) . Mϵ2 and the constant factor by 6

can be absorbed in the bound. The same obtains when ρ is the Hellinger metric because it is

bounded by the square-root of the L1-metric.

For the second assertion, we consider the stick-breaking representation of a Dirichlet pro-
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cess F ∼ Dα as described in Section 1.2.1:

F =
∞∑
h=1

πhδZh
, πh = Vh

∏
j<h

(1− Vj), (2.23)

where {Vh, h ≥ 1} are independent beta distributed random variables with parameters 1 and

|α| = α(Rd), {Zh, h ≥ 1} are independently distributed according to the probability measure

ᾱ = α/|α| and these two sets of random variables are mutually independent. Hence pF,Σ =∑∞
h=1 πhϕΣ(· − Zh) with πh and Zh as described in (2.23). Therefore

Π(Qc) ≤ Hᾱ([−a, a]d)c + P

(∑
h>H

πh > ϵ

)
+ P

{
eigd(Σ

−1) > σ−2
0

}
+ P

{
eig1(Σ

−1) ≤ σ−2
0

(
1 +

ϵ2

d

)−M
}
. (2.24)

The first term is bounded by b1H exp(−C1a
a1) by assumption on α. As W = −

∑H
h=1 log(1−

Vh) is gamma distributed with parameters H and |α|, we have

P

(∑
h>H

πh > ϵ

)
= P

(
W < log

1

ϵ

)
≤ (−|α| log ϵ)H

Γ(H + 1)
≤
(
e|α|
H

log
1

ϵ

)H

because Γ(H + 1) ≥ (H/e)H . The last two terms are bounded by a multiple of

b2 exp{−C2σ
−2a2
0 }+ b3σ

−2a3
0

(
1 + ϵ2/d

)−Ma3 .

This proves the second assertion.

The sieve defined here can easily adapt to different rates of convergence of the form ϵn =

n−γ(log n)(d+1+s)/2 for 0 < γ ≤ 1/2 and s > 0. The extreme case γ = 1/2 corresponds to the

class of Gaussian mixtures (Ghosal and van der Vaart, 2001). For a β-Hölder class convergence
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rate we need to work with γ = β/(2β + d∗). The following theorem makes this precise.

Theorem 7. Fix a γ ∈ (0, 1/2) and a pair of numbers t > t0 ≥ (d+1)/2. For n ≥ 1, take ϵn =

n−γ(log n)t, ϵ̃n = n−γ(log n)t0 and define Fn as Q in (2.17) with ϵ = ϵn, H = ⌊nϵ2n/(log n)⌋,

M = aa1 = σ−2a2
0 = n. Then Fn satisfies (1.9) and (1.10) for all large n for some c1, c3 > 0

and every c2 > 0.

Proof. By Proposition 2,

logN(ϵ̄n,Fn, ρ) ≤ K{dn1−2γ(log n)2t + n1−2γ(log n)2t + log n+ n1−2γ(log n)2t}

≤ c1n
1−2γ(log n)2t = c1nϵ

2
n

for some c1 > 0 and hence (1.9) holds. By the second assertion of the same proposition,

(Dα ×G)(F c
n) ≤ b1n

1−2γ(log n)2t−1e−b1n + n−(1−2γ)n1−2γ(log n)2t−1

+ b2e
−C2n + b3n

a3/a2e−2a3n log(1+ϵ̄2n/d)

≤ c3e
−(1−2γ)n1−2γ(log n)2t ≤ c3e

−(c2+4)n1−2γ(logn)2t0

for all large n, some c3 > 0 and every c2 > 0.

2.5 Supplementary results

Theorem 8. Let P0 be a probability measure on {x ∈ Rd : ∥x∥ ≤ a} ⊂ Rd. For any ε > 0

and σ > 0, there is a discrete probability measure Fσ on {x ∈ Rd : ∥x∥ ≤ a} with at most

Nσ,ε = D[{(a/σ) ∨ 1} log(1/ε)]d support points such that ∥pP0,σ − pFσ ,σ∥∞ . ε/σd and

∥pP0,σ − pFσ ,σ∥1 . ε{log(1/ε)}1/2, for some universal constant D.
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Proof. The proof is an extension of Lemma 2 of Ghosal and van der Vaart (2007b) and Lemma

3.1 of Ghosal and van der Vaart (2001) to d dimensions. We consider a larger support [−a, a]d

rather than {x ∈ Rd : ∥x∥ ≤ a}. We can partition [−a, a]d into k disjoint, consecutive regions

I1, . . . , Ik of size σd and k′ final pieces Ik+1, . . . , Ik+k′ of size smaller than σd, where k =

(⌊2a/σ⌋)d and k′ = (⌊2a/σ⌋+ 1)d − (⌊2a/σ⌋)d. We may write P0 =
∑k+k′

i=1 P0(Ii)P0,i, where

each P0,i is a probability measure concentrated on Ii. Hence pP0,σ =
∑k+k′

i=1 P0(Ii)pP0,i,σ. Let

Zi be a random variable distributed according to P0,i, and for ai the left endpoint of Ii, let Gi

be the law of (Zi − ai)/σ. Thus Gi is a probability measure defined on [0, 1]d for i = 1, . . . , k

and on subsets of [0, 1]d for i = (k + 1), . . . , (k + k′).

Now, apply the same arguments in Lemma 3.1 of Ghosal and van der Vaart (2001) under

a multi-dimensional setting, for any probability distribution Q on [0, 1]d, there exists a discrete

distribution Q′ with at most {(2t− 2)d + 1} support points such that

∥pQ,1 − pQ′,1∥∞ . ϵ

∥pQ,1 − pQ′,1∥1 . ϵ{log(1/ϵ)}1/2. (2.25)

The number of support points is determined by matching up the mixed moments zl11 z
l2
2 · · · zldd

for every 1 ≤ li ≤ 2t− 2, i = 1, . . . , d, for t = ⌊2a/σ⌋. This power of d propagate all through

the require extensions. Now, for every Gi, we can find a G′
i such that (2.25) holds for Q = Gi

andQ′ = G′
i. Let P ′

0,i has the law of ai+σW
′
i ifW ′

i has lawG′
i and set Fσ =

∑k+k′

i=1 P0(Ii)P
′
0,i,

we have

∥pP0,i,σ − pP ′
0,i,σ

∥∞ = σ−d∥pQ,1 − pQ′,1∥∞ . ε/σd,

∥pP0,i,σ − pP ′
0,i,σ

∥1 = ∥pQ,1 − pQ′,1∥1 . ε{log(1/ε)}1/2, (2.26)
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and hence

∥pP0,σ − pFσ ,σ∥∞ . ε/σd,

∥pP0,σ − pFσ ,σ∥1 . ε{log(1/ε)}1/2. (2.27)

The total number of support points of Fσ is bounded by

(k + k′){log(1/ϵ)}d . [{(a/σ) ∨ 1} log(1/ε)]d.

Hence the proof is complete.

Corollary 1. Let P0 be a probability measure on {x ∈ Rd : ∥x∥ ≤ a}. For any ε > 0 and

σ > 0, there is a discrete probability measure F ∗
σ on {x ∈ Rd : ∥x∥ ≤ a} with at most

Nσ,ε = D[{(a/σ) ∨ 1} log(1/ε)]d support points from the set

{(n1, . . . , np)σε : ni ∈ Z, |ni| < ⌈a/(σε)⌉, i = 1, . . . , p},

such that

∥pP0,σ − pF ∗
σ ,σ∥∞ . ε/σd, ∥pP0,σ − pF ∗

σ ,σ∥1 . ε{log(1/ε)}1/2.

Proof. First get Fσ as in Theorem 8 and then move each of its support points to the nearest

point on the grid {(n1, . . . , np)σε : ni ∈ Z, |ni| < ⌈a/(σε)⌉, i = 1, . . . , p} to get F ∗
σ . These

moves cost at most a constant times ϵ2/σd to the supremum distance and at most a constant

times ϵ to the L1 distance.

Lemma 4. Let V0, V1, . . . , VN be a partition of Rd and F ′ =
∑N

j=1 pjδzj a probability measure
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on Rd with zj ∈ Vj , j = 1, . . . , N . Then, for any probability measure F on Rd, and any σ > 0,

∥pF,σ − pF ′,σ∥∞ . 1

σd+1
max
1≤j≤N

diam(Vj) +
1

σd

N∑
j=1

|F (Vj)− pj|,

∥pF,σ − pF ′,σ∥1 .
1

σ
max
1≤j≤N

diam(Vj) +
N∑
j=1

|F (Vj)− pj|,

where diam(A) = sup{∥z1 − z2∥ : z1, z2 ∈ A} denotes the diameter of a set A.

Proof. The proof is an extension of Lemma 5 of Ghosal and van der Vaart (2007b) to d dimen-

sions. We bound pF,σ − pF ′,σ by

∫
V0

ϕσ2I(x− z)dF (z) +
N∑
j=1

∫
Vj

(ϕσ2I(x− z)− ϕσ2I(x− zj)dF (z)

+
N∑
j=1

ϕσ2I(x− zj)(F (Vj)− pj).

The result now follows because

F (V0) = 1−
N∑
j=1

F (Vj) ≤
N∑
j=1

|F (Vj)− pj|, (2.28)

∥ϕσ2I∥∞ . σ−d, (2.29)

∥ϕσ2I∥′∞ . σ−(d+1), (2.30)

∥ϕσ2I(· − z)− ϕσ2I(· − z′)∥1 . σ−1∥z − z′∥. (2.31)

Lemma 5. There is a λ0 ∈ (0, 1) such that for any two probability measures P,Qwith densities
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p, q and any λ ∈ (0, λ0)

P log
p

q
≤ d2H(p, q)

(
1 + 2 log

1

λ

)
+ 2P

{(
log

p

q

)
1l

(
q

p
≤ λ

)}
,

P

(
log

p

q

)2

≤ d2H(p, q)

{
12 + 2

(
log

1

λ

)2
}

+ 8P

{(
log

p

q

)2

1l

(
q

p
≤ λ

)}
.

Proof. Our proof follows the argument presented in the proof of Lemma 7 of Ghosal and

van der Vaart (2007b). The function r : (0,∞) → R defined implicitly by

log x = 2(
√
x− 1)− r(x)(

√
x− 1)2

is non-negative and decreasing, and there exists a λ0 > 0 such that r(x) ≤ 2 log(1/x) for all

x ∈ (0, λ0). Using these properties and d2H(p, q) = −2P{
√
q/p− 1} we obtain

P log
p

q
= d2H(p, q) + P

{
r

(
q

p

)(√
q

p
− 1

)2
}

≤ d2H(p, q) + r(λ)d2H(p, q) + P

{
r

(
q

p

)
1l

(
q

p
< λ

)}
≤ d2H(p, q) + 2

(
log

1

λ

)
d2H(p, q) + 2P

{(
log

p

q

)
1l

(
q

p
< λ

)}

for any λ < λ0, proving the first inequality of the Lemma.

To prove the other inequality, note that | log x| ≤ 2|
√
x− 1|, x ≥ 1 and so

P

{(
log

p

q

)2

1l

(
q

p
≥ 1

)}
≤ 4P

(√
q

p
− 1

)2

= 4d2H(p, q).
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On the other hand,

P

{(
log

p

q

)2

1l

(
q

p
≤ 1

)}

≤ 8P

(√
q

p
− 1

)2

+ 2P

{
r2
(
q

p

)(√
q

p
− 1

)4

1l

(
q

p
≤ 1

)}

≤ 8d2H(p, q) + 2r2(λ)P

(√
q

p
− 1

)2

+ 2P

{
r2
(
q

p

)
1l

(
q

p
≤ λ

)}
≤ 8d2H(p, q) + 2

(
log

1

λ

)2

d2H(p, q) + 8P

{(
log

p

q

)2

1l

(
q

p
≤ λ

)}
.

This completes the proof.

Lemma 6. Let A be an index set and X be a metric space. Suppose that {pα}α∈A and {qα}α∈A

are collections of probability density functions on X with respect to a dominating measure

ν. Then for any probability measure G on A, d2H(
∫
pαdG,

∫
qαdG) ≤

∫
d2H(pα, qα)dG. In

particular, for any three densities p, q and ϕ on Rd, dH(ϕ ∗ p, ϕ ∗ q) ≤ dH(p, q).

Proof. By the Cauchy–Schwartz inequality,

1− 1

2

∫
d2H(pα, qα)dG =

∫ ∫
{pα(x)qα(x)}1/2ν(dx)G(dα)

≤
∫ {∫

pα(x)G(dα)

∫
qα(x)G(dα)

}1/2

ν(dx)

= 1− 1

2
d2H

(∫
pαdG,

∫
qαdG

)
.

This gives the first result. The second assertion holds by choosing A = X = Rd, pα(x) =

p(x− α), qα(x) = q(x− α) and G(dα) = ϕ(α)dα.
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2.6 Proof of Theorems 3 and 4

Proof of Theorem 3. In Theorem 6 we show that (1.11) holds for the Dirichlet mixture prior

Π defined in Section 2.2.1 with ϵ̃n = n−β/(2β+d∗)(log n)t0 where t0 = {d∗(1 + 1/τ + 1/β) +

1}/(2 + d∗/β). In Theorem 7 we show that (1.9), (1.10) hold with ϵ̃n as before and ϵn =

n−β/(2β+d∗)(log n)t for every t > t0.

Proof of Theorem 4. The proof is similar to that of Theorem 3. We define a sieve by

Fn =

f(x) =
H∑

h=1

ωhϕΣ(x− µh) :
µh ∈ [−a, a]d, h ≤ H;

σ2
0 ≤ eigj(Σ) < σ2

0 (1 + ϵ2/d)
M
, j = 1, . . . , d

 ,

where H = ⌊nϵ2n/(log n)⌋, M = aa1 = σ−2a2
0 = n. Note that Proposition 2 can still be applied

with a little modification. Define ϵ̃n = n−β/(2β+d∗)(log n)t0 where t0 = {d∗(1 + τ−1 + β−1) +

1}/(2 + d∗β−1) and ϵn = n−β/(2β+d∗)(log n)t for every t > t0 + max {0, (1− τ1)/2}. Then

(1.9) holds because

logN(ϵn,Fn, ρ) ≤ K{dH log n+H log n+ log n+ nϵ2n}

≤ K{dnϵ2n + log n+ nϵ2n}

≤ c1nϵ
2
n (2.32)

for some constants c1, K > 0. Also, (1.10) holds since

ΠFM(F c
n) ≤ HΠ(µi /∈ [−a, a]d, 1 ≤ i ≤ H) + b5 exp{−C2H(logH)τ1}

+ b2 exp{−C2n}+ b3n
a3/a2(1 + ϵ2n/d)

−2na3

≤ c3 exp{−(c2 + 4)nϵ̃2n} (2.33)
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for some constants c2, c3, C1, C2 > 0.

For (1.11), note that the finite mixture approximation used in Theorem 6 is still valid here.

Therefore ΠFM {K(f0, ϵ̃n)} ≥ PFϵ(Pσ)G(Sσ), where Pσ and Sσ are defined in the proof of

Theorem 6. Observe PFϵ(Pσ) & exp{−C3M log(1/ϵ̃n)} by the assumption on ΠFM, where M

is the number of support points of the finite mixture and satisfies M ≤ ϵ̃
−d/β
n {log(1/ϵ̃n)}sd,

s = 1 + β−1 + τ−1 according to the same arguments in the proof of Theorem 6. Also, we are

using the same prior on Σ, hence the calculation of G(Sσ) & exp{−C4ϵ̃
−κ/β
n (log(1/ϵ̃n))

sκ+1)}

remains the same. As a result, for some constants C3, C4, C5, c4 > 0,

ΠFM {K(f0, ϵ̃n)} & exp{−C3ϵ̃
−d/β
n {log(1/ϵ̃n)}sd log(1/ϵ̃n)− C4ϵ̃

−κ/β
n {log(1/ϵ̃n)}sκ+1}

≥ c4 exp{−C5nϵ̃
2
n}

given ϵ̃−d∗/β
n {log(1/ϵ̃n)}sd

∗+1 ≤ nϵ̃2n. The result follows.

2.7 Anisotropic Hölder functions

Anisotropic functions are those that have different orders of smoothness along different axes.

The isotropic result presented before gives adaptive rates corresponding to the least smooth

direction. Sharper results can be obtained by explicitly factoring in the anisotropy. For a β > 0,

an α = (α1, . . . , αd) ∈ (0,∞)d with α. = d and an L : Rd → (0,∞) satisfying L(x + y) ≤

L(x) exp(τ0∥y∥21) for all x,y ∈ Rd and some τ0 > 0, the α-anisotropic β-Hölder class with

envelope L is defined as the set of all functions f : Rd → R that have continuous mixed partial

derivatives Dkf of all orders k ∈ Nd
0, β − αmax ≤ ⟨k,α⟩ < β, with

|Dkf(x+ y)−Dkf(x)| ≤ L(x)eτ0∥y∥
2
1

d∑
j=1

|yj|min(β/αj−kj ,1), x,y ∈ Rd,
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where αmax = max(α1, . . . , αd). We denote this set of functions by Cα,β,L,τ0(Rd). Here β refers

to the mean smoothness and α refers to the anisotropy index. An f ∈ Cα,β,L,τ0 has partial

derivatives of all orders up to ⌊βj⌋ along axis j where βj = β/αj , and β is the harmonic mean

d/(β−1
1 +· · ·+β−1

d ) of these axial smoothness coefficients. In the special case of α = (1, . . . , 1),

the anisotropic set Cα,β,L,τ0(Rd) equals the isotropic set Cβ,L,τ0(Rd).

Theorem 9. Suppose that f0 ∈ Cα,β,L,τ0(Rd) is a probability density function satisfying

∫
f0
(
|Dkf0|/f0

)(2β+ϵ)/⟨k,α⟩
<∞, k ∈ Nd

0, ⟨k,α⟩ < β,

∫
f0 (L/f0)

(2β+ϵ)/β <∞

for some ϵ > 0 and that (2.9) holds for some constants a, b, c, τ > 0. If Π is as in Section

2.2.1, then the posterior convergence rate at f0 in the Hellinger or the L1-metric is ϵn =

n−β/(2β+d∗)(log n)t, where t ≥ {d∗(1+τ−1+β−1)+1}/(2+d∗/β), and d∗ = max(d, καmax).

The proof is similar to those of the results presented in Section 2.6, except that to obtain

an approximation to f0, we replace the single bandwidth σ with bandwidth σαj along the j-

th axis. An f0 satisfying the conditions of the above theorem also satisfies the conditions of

Theorem 3 with smoothness index β/αmax, which is strictly smaller than β as long as not all

αj are equal to 1. Therefore when the true density is anisotropic, Theorem 9 indeed leads to a

sharper convergence rate result.

Proof. For any σ > 0, define the transformation Tα,β,σ on Cα,β,L,τ0(Rd) as

Tα,β,σf = f −
∑

k∈Nd
0: 1≤⟨k,α⟩<β

dkσ
⟨k,α⟩f. (2.34)

Also define Kα,σf as the convolution of f and the normal density with mean zero and variance

diag(σ2α1 , . . . , σ2αd). The anisotropic analog of Lemma 3 is that there exists a constant Mα,β
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such that for any f ∈ Cα,β,L,τ0 , any σ ∈ (0, 1/(2τ0)
1/2αmax) and all x ∈ Rd,

|{Kα,σ(Tα,β,σf)− f}(x)| < Mα,βL(x)σ
β.

This follows along the lines of our proof of Lemma 3 starting from the anisotropic Taylor

approximation

f(x+ y)− f(x) =
∑

1≤⟨k,α⟩<β

(−y)k

k!
(Dkf)(x) +R(x,y),

where the residual R(x,y) in absolute value is bounded by a sum over terms of the form

|y|k

k!
|(Dkf)(x1, . . . , xj−1, xj + ξj, xj+1 + yj+1, . . . , xd + yd)

− (Dkf)(x1, . . . , xj−1, xj, xj+1 + yj+1, . . . , xd + yd)|

≤ L(x) exp(τ0∥y∥21)|y|k|yj|min(β/αj−kj ,1)/k!

with j such that β > ⟨k, α⟩ > β − αj . Consequently, for some constant K1,

∫
|R(x,y)|ϕdiag(σ2α)(y)dy ≤ K1L(x)σ

β.

The rest of the argument in our proof of Lemma 3 goes through. The pointwise error bound be-

tween f0 andKα,σ(Tα,β,σf) then leads to exact analogs of Theorem 5 and Proposition 1, giving

a h̃σ with support inside {x ∈ Rd : ∥x∥ ≤ a0{log(1/σ)}τ} satisfying dH(f0, Kα,σh̃σ) ≤ K0σ
β

for some constant K0. Next the arguments in the proof of Theorem 6 can be replicated, with

Pσ built around a discrete Fσ =
∑N

j=1 pjδzj with N ≤ D1σ
−d{log(1/ϵ̃n)}d+d/τ support points

such that dH(Kα,σh̃σ, Kα,σFσ) ≤ A1ϵ̃
b1
n {log(1/ϵ̃n)}1/4. We also need to define Sσ as the set of
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Σ such that

σ−2αj ≤ eigj(Σ
−1) ≤ σ−2αj(1 + σ2β)

for each j = 1, . . . , d. Then

G(Sσ) ≥ C3 exp[−c3ϵ̃−καmax/β
n {log(1/ϵ̃n)}sκ+1],

which contributes the καmax term in d∗ = max(d, καmax).

With the standard inverse Wishart prior G, we have κ = 2 and consequently the optimal

rate n−β/(2β+d) is recovered up to a log n factor only when αmax ≤ d/2. Therefore in a two

dimensional case only the isotropic case is addressed and for higher dimensions we get optimal

results for a limited amount of anisotropy. But, when κ ≤ 1, as in the case of a diagonal Σ

with squared inverse gamma diagonal components, Theorem 9 provides optimal rates for any

dimension and any degree of anisotropy because αmax can never exceed d.
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Chapter 3

Univariate function estimation using

random series prior

3.1 Introduction

In the nonparametric Bayesian literature, a prior on a function is usually constructed via a

stochastic process, (e.g., a Gaussian process prior in van der Vaart and van Zanten (2008, 2009))

or by expanding a function in a basis of functions or by convoluting a kernel with a random

measure. In this chapter, we focus on the basis expansion approach by putting a prior on the

coefficients of basis functions and the number of basis functions. There are several advantages

of using a prior directly on model dimension J rather than on the smoothness level as in the

construction of an adaptive procedure described in Ghosal et al. (2008). First, this bypasses the

need for specifying the optimal dimension Jn,α in practice, which are given by the posterior

convergence theorem only up to a constant multiple. In a sense, assigning a prior on J is more

natural from a Bayesian point of view and is a common method used by practitioners (Denison

et al., 1998). More importantly, assigning a prior directly on J allows us to obtain adaptation
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for all smoothness levels in an interval rather than for only a countable number of smoothness

levels.

A similar idea was used in Babenko and Belitser (2010) for the infinite dimensional normal

model, which is equivalent to a white noise model. They introduced the idea of the oracle

dimension for every parameter value defined by the minimizer of risk in a class of estimation

problems induced by the dimension. The oracle dimension is used to slice the parameter space

into different smoothness levels. They assigned a prior distribution on the oracle dimension and

the projection of the infinite dimensional mean vector on the finite dimensional oracle. They

showed that the risk of the Bayes estimator satisfies some desirable oracle inequalities, which

lead to a complete adaptation of the Bayes estimator. Interestingly, the oracle inequality gives

adaptation simultaneously for many different families of smoothness classes such as Sobolev

ellipsoids or hyper-rectangles. Although a random series with a random number of terms has

been used by practitioners in various applied models, theoretical properties of such priors have

been studies only very recently. Rivoirard and Rousseau (2012) exclusively considered the

density estimation problem using a wavelet basis. de Jonge and van Zanten (2012) considered

a general class of inference problems using spline basis and Gaussian priors on coefficients,

and hence the resulting priors are mixtures of finite dimensional Gaussian processes.

We suggest a unified treatment for almost any curve estimation problem that leads to adap-

tation. We formulate one general theorem in an abstract setting suitable as a prelude for many

different inference problems where we allow arbitrary basis functions and arbitrary multivari-

ate distributions on the coefficients of the expansion. Thus the resulting process induced on

the function need not be Gaussian, and can accommodate a variety of functions starting from

one with a bounded support to one with a heavy tail. The resulting rate obtained in the abstract

theorem depends on the smoothness of the underlying function, approximation ability of the

basis expansion used, tail of the prior distribution on the coefficients, prior on the number of
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terms in the series expansion, prior concentration rate and the metrics being used. The general

theorem then gives rise to adaptive posterior convergence rates for different estimation prob-

lems. We illustrate the implication of the abstract theorem for the white noise model, density

estimation on compact interval or the real line, nonparametric normal, Poisson and binary re-

gression, spectral density estimation of a stationary time series and some functional regression

models.

We show that the use of B-splines leads to MCMC-free computation if the prior on the coef-

ficients is chosen appropriately. B-splines have been well studied by mathematicians (de Boor,

2001) and have been used in statistics as well; see Truong et al. (2005) for details. Non-

negativity, near orthogonality, summation to one and the possibility of choosing arbitrarily

high smoothness level of B-spline functions are collectively the reasons for the popularity of

the B-spline basis. The idea is to approximate a function that is of interest as a linear combi-

nation of the spline functions. Then the estimation of the function becomes equivalent to the

estimation of the coefficients in the B-spline basis expansion (Truong et al., 2005). In some

cases, we do not approximate the true function directly. Instead, we consider a transformation

that is needed to satisfy certain constraints. For example, for density estimation, an exponential

transformation along with a normalization step is often used as the functions are required to be

nonnegative and integrate to one (Stone, 1990; Ghosal et al., 2000).

We also discuss adaptation on Sobolev and Besov spaces besides commonly used Hölder

spaces to quantify smoothness. For nonparametric normal regression, we also remove a com-

monly used condition that the variance is bounded away form zero. Further, for the density

estimation problem, we allow a flexible general link function instead of only the exponential

link. Such a flexible link function approach is also carried out for binary, Poisson regression

and spectral density estimation problems. By restricting coefficients to appropriate subsets like

(0, 1) or (0,∞), we may not even need to use a link function. We show that the additional
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flexibility can be utilized to develop MCMC-free computing strategies.

The finite random series prior may be regarded as a valuable alternative to the Gaussian

process prior. The Gaussian process has received a lot of attention in the literature on all as-

pects, from modeling a prior distribution (Leonard, 1978; Lenk, 1988) to computation (Tokdar,

2007) to asymptotics (Tokdar and Ghosh, 2007; Ghosal and Roy, 2006; Choi and Schervish,

2007; van der Vaart and van Zanten, 2007, 2008, 2009; Castillo, 2008, 2012), to applications

in spatial statistics (Banerjee et al., 2008) and elsewhere. Asymptotic properties of posterior

distributions based on Gaussian process priors are primarily driven by the structure of its re-

producing kernel Hilbert space. While the elegant result of van der Vaart and van Zanten (2009)

established that appropriately randomly rescaled Gaussian processes lead to posterior that au-

tomatically adapts to the unknown smoothness, in this paper we show that the same property

also holds for random series priors using relatively elementary techniques. Computationally,

Gaussian processes are relatively difficult to deal with. Except for Gaussian Markov random

fields for which the integrated nested Laplace approximation method has been developed (Rue

et al., 2009), the general approach to computation is to approximate the given Gaussian pro-

cess by one that is generated by finitely many normal variables, obtained by conditioning the

original process at a number of knots, which needs to be sufficiently large (Tokdar, 2007). The

approach adaptively chooses the knots through a reversible jump Markov chain Monte-Carolo

(RJMCMC). While the RJMCMC can also be used for random series prior, we shall describe

a method that uses a conjugate-like prior for the model and hence avoids the use of MCMC as

the posterior can be represented analytically. When the sample size n is relatively small (e.g.

n = 10), the exact values of posterior moments can be computed. When the sample size is

large, we use a direct sampling strategy. Thus at least conceptually, the random series prior

gives rise to a more straightforward approach to computation. It may be noted that Gaussian

process and random series priors are intimately related in two ways — a normal prior on the
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coefficients of a random series gives a Gaussian process (conditional on the number of terms)

while the Karhunen-Loève expansion of a Gaussian process expresses itself as a random series

with basis consisting of eigenfunctions of the covariance kernel of the Gaussian process. Thus

random series may be regarded as a more general and flexible alternative to Gaussian processes

that allows a more straightforward approach to computation and asymptotics.

3.2 General results

3.2.1 Main theorem

We consider a random variable J taking values in N. For each J ∈ N, we consider a triangular

array of linearly independent real-valued functions ξ = (ξ1, ξ2, . . . , ξJ)
T defined on Ω0. Note

that the resulting basis functions may change from one stage to the next, although we did not

make that explicit in our notation. A joint prior Π is assigned on J and the coefficients of basis

functions θ = (θ1, . . . , θJ)
T such that the following conditions hold:

(A1) The prior for J satisfies Π(J > j) ≤ A(j) and Π(j ≤ J < c1j) ≥ B(j) when j is

sufficiently large for some constant c1 > 1. The functions A(j) and B(j) are assumed to

be nonnegative and strictly decreasing to 0 when j → ∞.

(A2) Given J , we consider a J-dimensional joint distribution as the prior for θ = (θ1, . . . , θJ)
T

satisfying

Π(∥θ − θ0∥2 ≤ ϵ) ≥ exp{−c2J log(1/ϵ)}

for every ∥θ0∥∞ ≤ H , where c2 is some positive constant, H is chosen sufficiently large

and ϵ > 0 is sufficiently small. Also, we assume an exponential decay condition given

by Π(θ /∈ [−M,M ]J) ≤ J exp{−CM t3} for sufficiently large M and some constant
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t3 > 0.

Remark 1. Examples of priors satisfying (A2) include independent gamma, exponential dis-

tributions assigned on each element of θ and multivariate normal and Dirichlet distributions

provided the parameters lie in a fixed compact set; see Lemma 6.1 of Ghosal et al. (2000) for

the last conclusion.

The priors on J and θ are allowed to depend on n provided that the constants appearing in

(A1) and (A2) are free of n. However, to simplify the notation, we shall drop the subscript n

from Π. In the following, with some abuse of notation, we shall use Π as the prior distribution

on J and θ as well as for the induced prior distribution on functions θTξ.

We consider two distance metrics d1 and d2 on functions belonging to Ω satisfying the

following conditions:

d1(θ
T
1 ξ,θ

T
2 ξ) ≤ a(J)∥θ1 − θ2∥2, (3.1)

d2(θ
T
1 ξ,θ

T
2 ξ) ≤ b(J)∥θ1 − θ2∥2 (3.2)

for some positive increasing functions a(·), b(·) and θ1,θ2 ∈ RJ for every possible value of

J ∈ N.

Now we state the main theorem, which can be regarded as a master theorem where the

required conditions for posterior convergence rates for various inference problems are estab-

lished, in a manner similar to Theorem 2.1 of van der Vaart and van Zanten (2008) and Theorem

3.1 of van der Vaart and van Zanten (2009).

Theorem 10. Let ϵn ≥ ϵ̄n be two sequence of positive numbers satisfying ϵn → 0 and nϵ̄2n →

∞ as n→ ∞. For a function w0, suppose that there exist sequences of positive numbers Jn, J̄n

and Mn, a strictly decreasing, nonnegative function e(·) and a θ0,j ∈ Rj for any j ∈ N, such
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that the following conditions hold for some positive constants a1, a′1, a2:

e(J̄n) ≤ ϵ̄n, (3.3)

d2(w0,θ
T
0,jξ) ≤ e(j), (3.4)

A(Jn) ≤ a1 exp{−(a2 + 4)nϵ̄2n}, (3.5)

log{1/B(J̄n)}+ c1c2J̄n log(2b(c1J̄n)/ϵ̄n) ≤ a2nϵ̄
2
n, (3.6)

Jn {log Jn + log a(Jn) + logMn + log(1/ϵn)} ≤ nϵ2n, (3.7)

Jn exp{−CM t3
n } ≤ a′1 exp{−(a2 + 4)nϵ̄2n}. (3.8)

Let WJn,Mn = {w = θTξ : θ ∈ Rj, j ≤ Jn, ∥θ∥∞ ≤ Mn}. Then the following assertions

hold:

logD(ϵn,WJn,Mn , d1) ≤ nϵ2n, (3.9)

Π(W /∈ WJn,Mn) ≤ (a1 + a′1) exp{−(a2 + 4)nϵ̄2n}, (3.10)

− log Π{w = θTξ : d2(w0, w) ≤ ϵ̄n} ≤ a2nϵ̄
2
n. (3.11)

Proof. We first verify (3.9), using the definition of packing number, the assumptions on Mn,

Jn ≥ 2, the fact that a(·) is increasing and (3.1), we obtain:

logD(ϵn,WJn,Mn , d1)

≤ log
( Jn∑

j=1

D(ϵn/a(j), {θ ∈ Ωj, ∥θ∥∞ ≤Mn}, ∥ · ∥2)
)

≤ log
[
Jn

{√JnMna(Jn)

ϵn

}Jn]
≤ Jn(log Jn + logMn + log a(Jn) + log(1/ϵn)) ≤ nϵ2n. (3.12)
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Next, to verify (3.10), observe the following:

Π(w /∈ WJn,Mn) ≤ Π(J > Jn) +
Jn∑
j=1

Π(θ /∈ [−Mn,Mn]
j)Π(J = j)

≤ A(Jn) + Jn exp{−CM t3
n }

≤ (a1 + a′1) exp{−(a2 + 4)nϵ̄2n}. (3.13)

For (3.11), using (3.3) and (3.4), for every j ≥ J̄n, there exists a θ0,j such that d2(w0,θ
T
0,jξ) ≤

e(j) ≤ e(J̄n) ≤ ϵ̄n. Hence, for these θ ∈ Rj satisfying ∥θ − θ0,j∥2 ≤ ϵ̄n/b(j),

d2(w0,θ
Tξ) ≤ d2(w0,θ

T
0,jξ) + d2(θ

T
0,jξ,θ

Tξ) ≤ 2ϵ̄n.

Therefore,

Π{w = θTξ : d2(w0, w) ≤ 2ϵ̄n} ≥ Π(J̄n ≤ J ≤ c1J̄n)Π(θ ∈ RJ : ∥θ − θ0∥2 ≤ ϵ̄n/b(J))

≥ B(J̄n)Π(θ ∈ Rc1J̄n : ∥θ − θ0∥2 ≤ ϵ̄n/b(c1J̄n))

≥ B(J̄n) exp
{
− c1c2J̄n log

(b(c1J̄n)
ϵ̄n

)}
(3.14)

for c1, c2 defined by (A1) and (A2). By taking the negative of the logarithm on both sides,

substituting ϵ̄n by ϵ̄n/2, we get

− log Π{w = θTξ : d2(w0, w) ≤ ϵ̄n} ≤ log

{
1

B(J̄n)

}
+ c1c2J̄n log

(
2b(c1J̄n)

ϵ̄n

)
. (3.15)

By (3.6), the result follows.

Remark 2. Conditions (3.3) and (3.5) in Theorem 10 require sufficiently large Jn, J̄n in order

to have sufficiently good approximation to w0. In other words, Jn controls the bias of the
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model. Meanwhile, Conditions (3.6), (3.7) and (3.8) state that Jn, J̄n should not be too large if

the complexity of the model is to be controlled. When studying Bayesian asymptotic properties,

a balance between bias and complexity needs to be established to obtain the optimal posterior

convergence.

3.2.2 Posterior convergence rates

The general theorem can be further simplified for a particular collection of basis functions. We

assume the approximation error is e(J) ≍ J−α(log J)s for functions belonging to a Hölder

class and s ≥ 0. Such choice includes B-splines, wavelets, Fourier series and many other

commonly used base. Let d1 = d2 as the L2-distance or the L∞-distance. Assume that the prior

on J satisfies the following tail bounds:

(A3) The prior for J satisfies Π(J > j) ≤ exp{−c3j logt1 j} and Π(j ≤ J < c1j) ≥

exp{−c4j logt2 j} for some constants c3, c4 > 0, 0 ≤ t1 ≤ t2 ≤ 1 when j is sufficiently

large.

Remark 3. Geometric, Poisson and negative binomial distributions on J satisfy Condition

(A3) respectively with t1 = t2 = 0, t1 = t2 = 1 and t1 = t2 = 0.

Now we can obtain the posterior convergence rate for various inference problems.

Theorem 11. Suppose that we have independent observations Xi following some distributions

with density pi,w,η, i = 1, . . . , n, where η is a nuisance parameter taking values in some

Euclidean space Ω1. Assume that w0 ∈ Cα(Ω0) and η0 are true values of w and η. Let ϵn ≥ ϵ̄n

be two sequence of positive numbers satisfying ϵn → 0 and nϵ̄2n → ∞ as n→ ∞. Assume that

we are using basis functions ξ such that for all sufficiently large J , there exists a θ0 ∈ RJ and
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∥θ0∥∞ ≤ H satisfying

d(w0,θ
T
0 ξ) ≤ C0J

−α(log J)s, s ≥ 0 (3.16)

d(θT
1 ξ,θ

T
2 ξ) ≤ JK0∥θ1 − θ2∥2, K0 ≥ 0 (3.17)

where θ1 and θ2 are arbitrary vectors in RJ . Let Jn, J̄n ≥ 2 and Mn be sequences of positive

numbers such that the following conditions hold:

J̄−α
n (log J̄n)

s ≤ ϵ̄n, (3.18)

c3Jn log
t1 Jn ≥ 6nϵ̄2n, (3.19)

log Jn + 6nϵ2n ≤ cM t3
n , (3.20)

Π(η : ∥η − η0∥ < ϵ̄n) ≥ exp{−nϵ̄2n}, (3.21)

Jn{(K0 + 1) log Jn + logMn + log(1/ϵn)} ≤ nϵ2n, (3.22)

J̄n{c4 logt2 J̄n + c1c2K0 log(J̄n) + c1c2 log(1/ϵ̄n)} ≤ 2nϵ̄2n, (3.23)

max1≤i≤n {K(pi,w0,η0 , pi,w,η), V (pi,w0,η0 , pi,w,η)} . d2(w0, w) + ∥η − η0∥22, (3.24)

provided the right hand side is sufficiently small. Assume that the prior on J and θ satisfy

conditions (A2) and (A3). Further, assume that there exists Fn ⊆ Ω1 such that

Π(η /∈ Fn) ≤ exp{−6nϵ̄2n}, (3.25)

logD(ϵn,Fn, ∥ · ∥2) ≤ nϵ2n. (3.26)

Then for every Ln → ∞, we have that

Π(hn(w,w0) > Lnϵn|X1, . . . , Xn) → 0, inP (n)
w0,η0

-probability, (3.27)
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where hn is defined by h2n(w1, w2) = 1
n

∑n
i=1 h

2(pi,w1 , pi,w2), the average squared Hellinger

distance, and P (n)
w0,η0 is the true distribution of (X1, . . . , Xn).

Proof. In order to obtain the posterior convergence rate, we verify the following conditions

according to Theorem 2:

logD(ϵn,WJn,Mn ×Fn, hn) ≤ b1nϵ
2
n, (3.28)

Π(w /∈ WJn,Mn) + Π(η /∈ Fn) ≤ b3 exp{−(b2 + 4)nϵ̄2n}, (3.29)

Π(K(w0, ϵ̄n)) ≥ b4 exp{−b2nϵ̄2n}, (3.30)

where WJn,Mn is defined in Theorem 10 and b1, b2, b3, b4 are some positive constants. Note that

the conditions in Theorem 10 are satisfied for a1 = a′1 = 1 and a2 = 2 in the following way:

• Relation (3.3) holds because of the definition of e(·) and (3.18);

• Relation (3.4) holds because of the approximation ability of the basis ξ in (3.16);

• Note that A(x) = exp{−c3x logt1 x}, hence by (3.19), (3.5) holds;

• By Condition (A3) and (3.17), we have B(x) = exp{−c4x logt2 x} and b(x) = xK0 .

Thus (3.6) holds for a2 = 2 because of (3.23).

• Relation (3.7) holds because a(x) = xK0 and (3.22);

• Relation (3.8) holds for a′1 = 1 and a2 = 2 by (3.20).

Therefore, we have

logD(ϵn,WJn,Mn , d) ≤ nϵ2n,

Π(W /∈ WJn,Mn) ≤ 2 exp{−6nϵ̄2n},
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Π{w = θTξ : d(w0, w) ≤ ϵ̄n} ≥ exp{−nϵ̄2n}.

Because h2(pi,w0,η0 , pi,w,η) ≤ d2(w0, w) + ∥η0 − η∥22, we have

logD(ϵn,WJn,Mn ×Fn, h) ≤ logD(ϵn,WJn,Mn , d) + logD(ϵn,Fn, ∥ · ∥2) ≤ 2nϵ2n. (3.31)

Also, relation (3.29) holds for b2 = 2 and b3 = 3. For (3.30), observe

Π(K(w0, ϵ̄n)) ≥ Π(d(w0, w) ≤ ϵ̄n)Π(∥η − η0∥ < ϵ̄n) ≥ exp{−2nϵ̄2n}. (3.32)

Hence (3.30) holds for b4 = 1.

Remark 4. Relation (3.17) holds for B-splines, polynomials and Fourier series basis with

K0 = 1/2 when d is the L2-distance and K0 = 1 when d is the supremum distance. For

wavelets, (3.17) holds with K0 = 1 for both the L2-distance and the supremum distance. This

is because

∥(θ1 − θ2)
Tξ∥p ≤

J∑
j=1

|θ1j − θ2j| max
1≤j≤J

∥ξj∥p ≤
√
J∥θ1 − θ2∥2Cp,J

for Cp,J = max1≤j≤J ∥ξj∥p and 1 ≤ p ≤ ∞. For B-splines, polynomials and Fourier series

basis, Cp,J ≍ 1 when p = 2 and Cp,J ≍
√
J when p = ∞. For wavelets, Cp,J ≍

√
J for p = 2

or ∞.

In some applications, η may be vacuous, i.e., not present at all.

Theorem 11 suggests that in order to obtain adaptive rates, it is crucial to

(i) choose sequences Jn, J̄n, ϵn, Mn in the rate equations (3.18)–(3.23);

(ii) bound the KL-divergence by d2, where d is either the L2 or the L∞-distance in applica-
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tions.

Bounding the KL-divergence can be very different for various statistical problems, while the

choices of Jn and J̄n are common for a set of basis functions.

Next, we give some examples to illustrate the choice of the sequences.

Example 6. Fourier trigonometric series

Choose the basis {cos 2πjx, sin 2πjx, j ∈ N} in L2(0, 1). Then for a function w0 ∈ Cα(0, 1),

we have e(J) ≍ (log J)s/Jα, where s = 0 if d is L2, and s = 1 if d is the supremum dis-

tance (Jackson, 1930). The rate calculation proceeds in the following way: Relations (3.18)

and (3.23) imply J̄−α
n (log n)s . ϵ̄n and J̄n log n . nϵ̄2n. Hence (log n)s+α ≍ ϵ̄n(nϵ̄

2
n)

α,

ϵ̄n ≍ n−α/(2α+1)(log n)(s+α)/(2α+1) and J̄n ≍ n1/(2α+1)(log n)(2s−1)/(2α+1). Now using (3.19),

we have Jn logt1 n & nϵ̄2n. Hence we choose Jn ≍ n1/(2α+1)(log n)(2s+2α)/(2α+1)−t1 . Note that

(3.22) implies Jn log n . nϵ2n. As a result, we choose ϵn ≍ n−α/(2α+1)(log n)(s+α)/(2α+1)+(1−t1)/2.

For (3.20), we may choose M t3
n ≍ n, then the relationship holds for all α > 0.

Example 7. Bernstein polynomials

We consider the Bernstein polynomial prior proposed by Petrone (1999a,b). Consider a con-

tinuously differentiable density function w0 with bounded second derivative, the approxima-

tion property of Bernstein polynomials to w0 is e(J) = C/J for some universal constant C

and d as the supremum distance (Lorenz, 1953). We can choose J̄n = (n/ log n)1/3, Jn =

n1/3(log n)2/3−t1 , ϵ̄n = (n/ log n)−1/3 and Mn = n1/t3 . The rate ϵn is n−1/3(log n)1/3+(1−t1)/2,

which has the same polynomial power as given in Ghosal (2001). In fact, for any 0 ≤ α ≤ 2, the

approximation rate of Bernsten polynomials is J−α/2 and the resulting posterior convergence

rate is n−α/2(α+1)(log n)α/2(α+1); see Kruijer and van der Vaart (2008). The poor convergence

rate stems from the poor approximation rate of Bernsten polynomials. Kruijer and van der

Vaart (2008) used coarsened Bernstein polynomials and showed that for any f ∈ Cα[0, 1]
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with 0 ≤ α ≤ 1, the approximation rate with J undetermined parameters is J−α. If we choose

J̄n ≍ (n/ log n)−α/(2α+1), then the rate is ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2, which adapts

to the optimal rate in the range 0 ≤ α ≤ 1.

Example 8. Polynomial basis

Consider the orthogonal polynomials as the approximation tool for w0 ∈ Cα(0, 1), we have the

same approximation result with Fourier series under the L2- or the L∞-metrics (e.g., Theorem

6.1 of Hesthaven et al. (2007)). Hence the choice of Jn, Mn and rates are exactly the same with

Example 6. The rate is ϵn ≍ n−α/(2α+1)(log n)(s+α)/(2α+1)+(1−t1)/2, where s = 0 if d is L2 and

s = 1 when d is the supremum distance.

Example 9. B-splines

If we choose the B-spline functions as the basis, then for w0 ∈ Cα(0, 1), we have e(J) ≍ J−α

for d the supremum distance or the L2-distance. Then (3.18) and (3.23) imply J̄−α
n . ϵ̄n and

J̄n log n . nϵ̄2n, hence J̄n = (n/ log n)1/(2α+1) and ϵ̄n = (n/ log n)−α/(2α+1). Now using (3.19),

we have Jn logt1 n & nϵ̄2n, hence we choose Jn = n1/(2α+1)(log n)2α/(2α+1)−t1 . So the rate ϵn

can be chosen as n−α/(2α+1) multiplied by some power of log n, where the power depends on

the statistical problem. A brief introduction to splines is given in Appendix A.1.

Example 10. Wavelets

We consider a multiresolution truncated wavelet series on (0, 1):

∑
k∈Z

αkϕk(x) +

j1∑
j=0

∑
k∈Z

βjkψjk(x), (3.33)

where ϕ is the father wavelet,ψ is the mother wavelet, ϕk(x) = ϕ(x−k),ψjk(x) = 2j/2ψ(2j(x−

k)), k ∈ N, j ∈ N0 and j1 ∈ N. We put priors on j1 and wavelet coefficients α and β. It has

been shown that, for w0 ∈ Cα, the approximation error is e(j1) = 2−j1α for d chosen as the L2-
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distance (Mallat, 1989). Meanwhile, if w0 has compact support, the number of nonzero coeffi-

cients is O(2j1). Hence we apply Theorem 11 for J = 2j1 and choose J̄n = (n/ log n)1/(2α+1),

Jn = n1/(2α+1)(log n)2α/(2α+1)−t1 , Mn = n1/t3 and ϵ̄n = (n/ log n)−α/(2α+1). Doing the same

calculation as in Example 6, the resulting rate ϵn is n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2. This rate

coincides with the optimal rate for white noise models obtained in Lian (2011) and for density

estimation and regression models obtained in Rivoirard and Rousseau (2012).

Example 11. Multivariate B-splines

Theorem 10 can be used in multi-dimensional situation as well. Consider the tensor-product

B-splines (Schumaker, 2007) as a basis in Cα[0, 1]d. Then we have e(J) ≍ J−α/d for d as

the supremum distance or the L2-distance, where J = Kd, and K is the number of univari-

ate B-spline functions used in making the tensor products. Apply Theorem 11 with J̄n =

(n/ log n)1/(2α+d), ϵ̄n = (n/ log n)−α/(2α+d), Mn = n1/t3 to obtain the rate ϵn as n−α/(2α+d)

multiplied by some power of log n, where the power depends on the statistical problem. A

brief introduction to tensor product B-splines is given in Appendix A.2.

In the posterior convergence rate theorem, the basis ξ will be assumed to satisfy one of the

following three conditions: For a function f ∈ Cα(0, 1), there exists θ ∈ RJ such that

(B1) ∥f − θTξ∥∞ ≤ CJ−α;

(B2) ∥f − θTξ∥∞ ≤ CJ−α log J ;

(B3) ∥f − θTξ∥2 ≤ CJ−α.

By the above discussions, B-splines and wavelets satisfy (B1) (and hence (B2) also), polyno-

mials and Fourier series satisfy (B2) and all of them satisfy (B3).
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3.2.3 Approximation ability of B-splines

B-spline functions can be used to approximate a function appearing in the underlying data

generating scheme (e.g., the true density). The approximation ability of linear combinations

of B-spline functions is determined by the smoothness level α of the target function and the

number of spline basis functions J , provided that q ≥ α. Denote B as the column vector of

B-spline basis functions. In the following discussion, we assume that q is chosen large enough

such that q ≥ α holds for every statistical problem we are interested in.

Lemma 7. (a) For any function f ∈ Cα(0, 1), 0 < α ≤ q, there exists θ ∈ RJ and a constant

C > 0 such that

∥f − θTB∥∞ ≤ CJ−α∥f (α)∥∞. (3.34)

(b) Further, if f > 0 and J > J0, where J0 is a sufficiently large constant that only depends on

q, we can choose every element of θ to be positive.

(c) If 0 < f < 1 and J > J0, where J0 is a sufficiently large constant that only depends on q,

we can choose every element of θ to be between 0 and 1.

(d) Define B∗
i = Bi/

∫ 1

0
Bi(x)dx for i = 1, . . . , J and B∗ as the column vector of B∗

i s. If f

is a positive density function, then for sufficiently large J , there exists θ ∈ ∆J and a constant

C > 0 such that

∥f − θTB∗∥∞ ≤ CJ−α∥f (α)∥∞. (3.35)

Proof. The first part is a well-known spline approximation result (de Boor, 2001).

For the second assertion, find ϵ > 0 such that f ≥ ϵ pointwise. Using Corollaries 4 and 6

in Chapter 11 of de Boor (2001), for each θi, there exists a universal constant C1 that depends
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only on q, such that

|θi − c| ≤ C1 sup{|f(x)− c| : x ∈ [ti+1, ti+q−1]}

for and any choice of the constant c; here ti+1 and ti+q−1 are (i + 1)-th and (i + q − 1)-th

knots. Choose c = inf{f(x) : x ∈ [ti+1, ti+q−1]} ≥ ϵ, and note that the infimum is attained

somewhere in [ti+1, ti+q−1], say at t∗. By the smoothness condition on f , we have

sup{|f(x)− c| : x ∈ [ti+1, ti+q−1]} ≤ C2|x− t∗|min(α,1) ≤ C2(q/J)
min(α,1)

for some constantC2 > 0. Choose J > q(C1C2/ϵ)
max(1/α,1), then θi > c−C1(q/J)

min(α,1) ≥ 0.

Part (c) is a consequence of (b) by considering 1− f > 0.

For Part (d), by (b), we know there exists a η1 ∈ (0,∞)J such that ∥f − ηT
1B∥ . J−α.

Define η2,i = η1,i
∫ 1

0
Bi(x)dx for i = 1, . . . , J . Then ∥f − ηT

2B
∗∥∞ . J−α. By integration,

we have |1 −
∑J

i=1 η2,i| . J−α. Choose θ = η2/∥η2∥1 ∈ ∆J . Note that ∥θ − η2∥1 . J−α.

Since ∥θTB − ηT
2B∥∞ ≤ ∥θ − η2∥1∥B∥∞ and every B∗

i is uniformly bounded above, we

have

∥f − θTB∗∥∞ ≤ ∥f − ηT
2B

∗∥∞ + ∥θ − η2∥∞ max
1≤i≤J

B∗
i (x) . J−α.

This completes the proof.

Remark 5. In Part (b), the strictness of the condition f > 0 is crucial. If we approximate

only a nonnegative function f using a nonnegative coefficient vector θ, then the approximation

error is only O(J−1) (de Boor and Daniel, 1974), which does not adapt to the smoothness level

beyond 1.
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3.3 Gaussian white noise model

We consider a Gaussian white noise model

dX(t) = f(t)dt+
σ√
n
dW (t), 0 ≤ t ≤ 1, σ > 0, (3.36)

where X(t) is the observed signal, f(t) is the unknown signal and W (t) is a standard Wiener

process. Let ϕi, i = 1, 2, . . . be any orthonormal basis in L2[0, 1]. Assume that f ∈ L2[0, 1].

Then this problem can be transformed into the estimation of the mean θ = (θ1, θ2, . . .) for an

infinite-dimensional normal distribution as follows:

Xi = θi +
ϵi√
n
, i = 1, 2, . . . ; (3.37)

here Xi’s are independent observations, ϵi’s are i.i.d white noise variables that follows the

normal distribution N(0, σ2). Pinsker (1980) showed that the minimax convergence rate is

n−α/(2α+1) for α-smoothness functions with respect to ℓ2-metric. In a Bayesian study, mini-

max rate was obtained by Freedman (1999) and Zhao (2000). Adaptive rate was obtained by

Belitser and Ghosal (2003) for a discrete collection of smoothness parameters α. Babenko and

Belitser (2010) considered putting a prior on the oracle J , which is defined as the best cut-off

θi = 0 for all i > J such that the risk of {Xi1l(i ≤ J) : i ∈ N} is minimized. They showed

that such an oracle estimator is minimax for a general smoothness class and hence obtained

adaptation results as well.

Assume that the parameter θ = (θ1, θ2, . . .) belongs to a Sobolev type class Sα(A) = {θ :∑∞
i=1 i

2αθ2i ≤ A} for some α,A > 0. Here α can be viewed as a smoothness parameter. We

consider a cut-off J > 0 such that for all i > J , θi’s are set to 0 in the prior. The approximation
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error of using the truncation any θ ∈ Sα(A) is e(J), given by

e(J)2 ≍
∞∑

i=J+1

θ2i ≤
∞∑

i=J+1

θ2i i
2α

J2α
≤ A

J2α
. (3.38)

This is equivalent to using the finite random series prior
∑J

j=1 θjϕj(t) for f(t). The posterior

convergence rate is obtained as follows:

Theorem 12. Suppose that the true mean θ0 ∈ Sα(A) for some α,A > 0. Assume that the

prior satisfies Conditions (A2) and (A3). Then the posterior distribution of θ converges at the

rate ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 with respect to the ℓ2-distance.

Proof. For two normal likelihood of X’s given true value of (θ1, θ2, . . .) as θ and β, a simple

calculation (see Belitser and Ghosal, 2003) bounds their KL-divergences as following

K(pX,θ, pX,β) . ∥θ − β∥22

V (pX,θ, pX,β) . ∥θ − β∥22 + ∥θ − β∥42. (3.39)

Further, h2(pX,θ, pX,β) & ∥θ − β∥22 if the left hand side is sufficiently small. Hence by using

Theorem 11 for

J̄n = (n/ log n)1/(2α+1), Jn = n1/(2α+1)(log n)2α/(2α+1)−t1 ,

ϵ̄n = (n/ log n)−α/(2α+1), ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2,

η as a vacuous parameter and d as the ℓ2-distance, we obtain the result.

Remark 6. It is possible to treat unknown σ by assigning a prior on σ as in (3.52)–(3.54). The

posterior convergence rate will still be n−α/(2α+1) multiplied by a logarithmic factor provided
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the prior density on σ is positive in a neighborhood of σ0 and has sharp tails on both sides; see

Section 3.6.

3.4 Density estimation

3.4.1 Density on the unit interval

In this section, we apply Theorem 11 to density estimation problems. Frequentist optimal

rate of convergence n−α/(2α+1) has been obtained for the maximum likelihood estimators in

Hasminskii (1978). Stone (1990) constructed sieve MLE based on the log-spline models. A

Bayesian log-spline model has been studied in Ghosal et al. (2000), where the optimal poste-

rior convergence rate n−α/(2α+1) was obtained. When α is unknown, the posterior convergence

rate n−α/(2α+1), possibly up to an additional logarithmic factor, is established in Ghosal et al.

(2003, 2008).

We first consider estimating a density function f0 that is defined on the unit interval [0, 1].

A Bayesian estimator of f can be constructed by using basis functions through a nonnegative,

monotonic link function Ψ, i.e., pθ = Ψ(θTξ)/
∫ 1

0
Ψ(θTξ)(x)dx for θ ∈ RJ and J is given

a prior on N. If we choose Ψ as the exponential function and ξ as the B-spline, then it gives

the log-spline model. If Ψ is a polynomial, then pθ is a rational function of θ. We can also

choose Ψ as the identity function, and restrict the prior for θ on ∆J when using the normalized

B-spline basis, by Lemma 10, part (d). By using the identity link function and B-splines, it is

possible to avoid the normalization altogether; see Section 3.4.3.

Theorem 13. Consider n independent, identically distributed observations X1, . . . , Xn from a

true density f0. Assume that there exists a known nonnegative, monotonic, Lipschitz continuous

link function Ψ such that Ψ−1(f0) ∈ Cα(0, 1) and f0 takes values in [m,M ] for some positive
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constants m and M . Also let the prior satisfy Conditions (A2) and (A3).

(a) If the basis ξ satisfies Condition (B1), then the posterior distribution converges at rate

ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 with respect to the Hellinger distance.

(b) If the basis ξ satisfies Condition (B2), then the posterior distribution converges at rate

ϵn = n−α/(2α+1)(log n)(α+1)/(2α+1)+(1−t1)/2 with respect to the Hellinger distance.

(c) If Ψ is the identity function and the normalized B-spline basis {B∗
1 , . . . , B

∗
J} is used, then

the prior on θ can be restricted to ∆J to obtain the convergence rate in (a).

Proof. We first consider Part (a) when d is the supremum distance. Given J , there exists θ0 ∈

RJ such that ∥θT
0 ξ − Ψ−1(f0)∥∞ . J−α. By the Lipschitz continuity of Ψ, it follows that

for every x, f0(x) − Ψ(θT
0 ξ)(x) is uniformly bounded by a multiple of J−α. Integrating with

respect to x, we obtain

∣∣∣∣1− ∫ 1

0

Ψ(θT
0 ξ)(x)dx

∣∣∣∣ ≤ ∫ 1

0

|f0(x)−Ψ(θT
0 ξ)(x)|dx . J−α.

Hence by the triangle inequality, ∥f0 − pθ0∥∞ . J−α. Therefore, ∥f0 − pθ∥∞ . J−α +

JK0∥θ0 − θ∥2. Using the fact that f0 is positive, it follows that

h2(f0, pθ) =

∫
|f0 − pθ|2

(
√
f0 +

√
pθ)2

≤ 1

m
∥f0 − pθ∥2∞ . J−2α + J2K0∥θ0 − θ∥22. (3.40)

Note that

inf pθ ≥ inf f0 − ∥f0 − pθ∥∞ ≥ inf f0 − J−α − JK0∥θ0 − θ∥2 > 0

given that J is sufficiently large and JK0∥θ0 − θ∥2 is sufficiently small. Using Lemma 8 of
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Ghosal and van der Vaart (2007b), we have

K(f0, pθ) ≤ 2h2(f0, pθ)
∥∥∥f0
pθ

∥∥∥
∞

. J−2α + J2K0∥θ0 − θ∥22,

V (f0, pθ) . h2(f0, pθ)
(
1 +

∥∥∥f0
pθ

∥∥∥
∞

)2
. J−2α + J2K0∥θ0 − θ∥22. (3.41)

If J−α ≤ ϵ and ∥θ − θ0∥2 ≤ J−K0ϵ, then K(f0, pθ0) ≤ ϵ2 and V (f0, pθ0) ≤ ϵ2. Hence it

suffices to control Π(∥θ0 − θ∥2 ≤ J−K0ϵ), which is bounded below by exp{−c2J(logt1∨1 J +

log(1/ϵ))} in view of Conditions (A2) and (A3). We apply Theorem 11 for d as the supremum

distance, J̄n = (n/ log n)1/(2α+1), ϵ̄n = (n/ log n)−α/(2α+1), Jn = n1/(2α+1)(log n)2α/(2α+1)−t1 ,

η as vacuous and Mn = n1/t3 . The result now follows.

Similarly, if we choose

J̄n = (n/ log n)1/(2α+1), Mn = n1/t3 , Jn = n1/(2α+1)(log n)(2α+2)/(2α+1)−t1 ,

and ϵ̄n = n−α/(2α+1)(log n)(α+1)/(2α+1)

in Theorem 11, we obtain Part (b).

Part (c) is a consequence of Part (d) of Lemma 7 and the calculations in Part (a).

3.4.2 Density on the real line

Let f0 ∈ Cα(R). Consider a fixed monotonic link function Φ : R → (0, 1) to change the domain

of the function to (0, 1). Suppose that there is an interval [a, b] such that f0 is bounded away

from 0 on it. Consider a pseudo-metric da,b(f1, f2) =
∫ b

a
|f1(y) − f2(y)|dy. By constructing

a prior on f through the representation f(y) = Ψ{θTξ(Φ(y))} and arguing as in Theorem

13, we obtain the same posterior convergence rates with respect to da,b. The same method also
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applies for half open intervals.

3.4.3 Density estimation using B-splines

Consider using B-splines as the basis. We follow the setting in Subsection 3.4.1. It is well

known that (see Schumaker, 2007, Chap. 4)

∫ 1

0

Bi(x)dx =


i/(q(J − q + 1)), i = 1, . . . , q − 1,

1/(J − q + 1), i = q, . . . , J − q + 1,

(J − i+ 1)/(q(J − q + 1)), i = J − q + 2, . . . , J

. (3.42)

By Part (c) of Theorem 13, we can restrict the coefficients θ to the J-dimensional sim-

plex ∆J . Hence a density f =
∑J

k=1 θkB
∗
k is formed. We put a Dirichlet prior on θ ∼

Dir(J ; a1, a2, . . . , aJ) for any J ∈ N. Finally, we assign a prior Π on J . Thus a prior on

the density f is induced. Given the observations X = (X1, . . . , Xn) and a fixed dimension J ,

the posterior density of θ is a mixture of Dirichlet distribution:

p(θ|X, J) ∝
J∏

k=1

θak−1
k

n∏
i=1

{ J∑
k=1

θkB
∗
k(Xi)

}
=

J∑
i1=1

· · ·
J∑

in=1

J∏
k=1

θak−1
k

n∏
s=1

θisB
∗
is(Xs).

Using the fact that

p(J,θ|X) ∝ p(X|J,θ)Π(θ|J)Π(J), (3.43)
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the posterior mean of f at a point x is given by

∑∞
j=1

∫
θ
f(x)p(X|J = j,θ)Π(θ|J = j)Π(J = j)dθ∑∞

j=1

∫
θ
p(X|J = j,θ)Π(θ|J = j)Π(J = j)dθ

=

∑∞
j=1 Π(j)

∑j
i0=1

∑j
i1=1 · · ·

∑j
in=1

∫
θ∈Ωj

∏j
k=1 θ

ak−1
k

∏n
s=0 θisB

∗
is(Xs)dθ∑∞

j=1 Π(j)
∑j

i1=1 · · ·
∑j

in=1

∫
θ∈Ωj

∏j
k=1 θ

ak−1
k

∏n
s=1 θisB

∗
is
(Xs)dθ

, (3.44)

where X0 stands for x. Define Iik,j,0 =
∑n

s=0 1l{is = k} and Iik,j,1 =
∑n

s=1 1l{is = k}. Then

the expression in (3.44) can be simplified to

∞∑
j=1

Π(j)

j∑
i0=1

j∑
i1=1

· · ·
j∑

in=1

j∏
k=1

Γ(ak + Iik,j,0)
n∏

s=0

B∗
is(Xs)/Γ

( j∑
i=1

ai + n+ 1
)

∞∑
j=1

Π(j)

j∑
i1=1

· · ·
j∑

in=1

j∏
k=1

Γ(ak + Iik,j,1)
n∏

s=1

B∗
is(Xs)/Γ

( j∑
i=1

ai + n
) . (3.45)

A basis function takes nonzero values only at q intervals, so the calculation involves a multiple

of qn+1 steps. More details are given in Section 3.11. Similar expressions can be obtained for

other posterior moments, in particular, for the posterior variance.

Remark 7. Note that the adaptive Bayesian estimator has a connection with histogram and

kernel methods. If q = 1, the sums over indices i1, . . . , in in (3.45) will be redundant as there is

only one term. Hence it gives a histogram estimate whose bin length and weights are posterior

averaged, which is similar to the Bayes estimator in Gasparini (1996). Although doing so brings

easy computation, it cannot adapt to the smoothness level greater than 1. The B-spline random

series prior can also be viewed as a kernel mixture prior, where the kernel is a B-spline function

indexed by a discrete parameter and the kernel takes positive values only on a finite interval.

When q and J are chosen larger, the kernel becomes more flat.
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3.5 Whittle estimation of spectral density

3.5.1 Posterior convergence rates

Consider a second order stationary time series {Xt, t ∈ Z} with mean 0 and autocovariance

function γr = E(XtXt+r). Assume that
∑

r |γr| < ∞. Define the spectral density of {Xt}

by f(λ) = (2π)−1
∑∞

r=−∞ γre
−irπλ on (0, 1). Let In(λ) = (2πn)−1|

∑n
t=1Xte

−itπλ|2 be the

periodogram. Instead of using the true likelihood, which is complicated even for a Gaussian

time series, Whittle (1957) proposed using an approximate likelihood. Let ν = ⌊n/2⌋ and

ωj = 2j/n, j = 1, . . . , ν. The Whittle likelihood is formed by pretending that Uj = In(ωj),

j = 1, . . . , ν, with means f(ωj), are exponentially distributed. The advantage of using the

Whittle likelihood is that it is an explicit function of the spectral density f , rather than being

expressed in terms of infinitely many autocorrelation coefficients.

A nonparametric Bayesian method has been used by Choudhuri et al. (2004a) where the

prior is constructed via Bernstein polynomials. They also gave a posterior consistency result.

Posterior convergence rates can be obtained by a contiguity result as established in Choud-

huri et al. (2004b). Their results state that for a Gaussian time series, the distributions of

(U1, . . . , Uν) given by the exact and the Whittle likelihood are contiguous. As long as asymp-

totic convergence results are concerned, this allows us to work under the pretending assumption

that U1, . . . , Uν are actually independent and exponentially distributed.

Assume that the true spectral density f0 ∈ Cα[0, 1] is positive throughout. A prior is con-

structed on f using a monotonic link function Ψ. If the B-splines are used to construct a basis,

then we can also use a link function Ψ : (0,∞) → (0,∞) such as Ψ(x) = x or Ψ(x) = x−1

and construct a prior for θ on (0,∞)J . If Ψ(x) = ex, then the prior for θ is constructed on RJ .
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Define a discretized L2-distance as follows:

d2n(f1, f2) = ν−1

ν∑
i=1

{f1(2i/n)− f2(2i/n)}2. (3.46)

Then we have the following theorem.

Theorem 14. Assume that the true spectral density f0 is strictly positive and satisfies Ψ−1(f0) ∈

Cα[0, 1], α ≥ 1 for some monotonic, Lipschitz continuous link function Ψ. Also the prior satis-

fies Conditions (A2) and (A3).

(a) If the basis ξ satisfies Condition (B1), then the posterior distribution converges at the

rate ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 with respect to the dn.

(b) If the basis ξ satisfies Condition (B2), then the posterior distribution converges at the

rate ϵn = n−α/(2α+1)(log n)(α+1)/(2α+1)+(1−t1)/2 with respect to the dn.

(c) If Ψ is the identity or the reciprocal function and the B-spline basis is used, then the prior

on θ can be restricted to (0,∞)J to obtain the convergence rate in (a).

Proof. Let f0 take values in some compact interval [m,M ] ⊂ (0,∞). Since α ≥ 1, observe

that

∥f0 −Ψ(θT
0 ξ)∥∞ . ∥Ψ−1(f0)− θT

0 ξ∥∞ . J−α

for some θ0 ∈ RJ . Using results in Section 7.3 of Ghosal and van der Vaart (2007a),

max

{
ν−1

ν∑
i=1

K(Pf0,i, Pf,i), ν
−1

ν∑
i=1

V (Pf0,i, Pf,i)

}
. d2n(f0, f) . ∥f0 − f∥2∞. (3.47)

Note that the average squared Hellinger distance hn is bounded by dn. Applying Theorem 11

for d as the supremum distance, η as vacuous, J̄n = (n/ log n)1/(2α+1), ϵ̄n = (n/ log n)−α/(2α+1),
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Jn = n1/(2α+1)(log n)2α/(2α+1)−t1 , Mn = n1/t3 and using the fact that the L2-distance is

bounded by the Hellinger distance as f0 is bounded, we obtain Part (a).

Choosing J̄n = (n/ log n)1/(2α+1), Mn = n1/t3 , Jn = n1/(2α+1)(log n)(2α+2)/(2α+1)−t1 , d as

the supremum distance, η as vacuous and ϵ̄n = n−α/(2α+1)(log n)(α+1)/(2α+1), we obtain Part

(b).

Part (c) is a consequence of Part (b), Lemma 7 and the calculation in Part (a).

3.5.2 Computation using B-splines

We use B-splines as basis functions and choose the link function Ψ(x) = x−1. Then the likeli-

hood is given by

1∏ν
s=1 f(ωs)

exp

{
−

ν∑
s=1

Us/f(ωs)

}
. (3.48)

We consider independent gamma prior distributions on θ: θi
ind∼ Gamma(ai, bi) for some pos-

itive numbers ai and bi. The approximation property holds by Theorem 14, Part (c). By a

calculation similar to that in Subsection 3.4.3, the posterior mean of f−1
0 is given by a ratio,

whose numerator is

∞∑
j=1

Π(j)

j∑
i0=1

· · ·
j∑

iν=1

∫
θ>0

j∏
k=1

θak−1
k bakk
Γ(ak)

ν∏
s=0

θisBis(ωs)

× exp
{
−

ν∑
s=1

Us

j∑
i=1

θiBi(ωs)−
j∑

i=1

biθi

}
dθ (3.49)
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and the denominator is

∞∑
j=1

Π(j)

j∑
i1=1

· · ·
j∑

iν=1

∫
θ>0

j∏
k=1

θak−1
k bakk
Γ(ak)

ν∏
s=1

θisBis(ωs)

× exp
{
−

ν∑
s=1

Us

j∑
i=1

θiBi(ωs)−
j∑

i=1

biθi

}
dθ. (3.50)

Define Iik,j,0 =
∑ν

s=0 1l{is = k} and Iik,j,1 =
∑ν

s=1 1l{is = k}. Then the posterior mean of

{f(ω0)}−1 can be simplified to

∞∑
j=1

Π(j)

j∑
i0=1

· · ·
j∑

iν=1

ν∏
s=0

Bis(ωs)

j∏
k=1

bakk

{bk +
∑ν

s=1 UsBk(ωs)}I
i
k,j,0+ak

Γ(Iik,j,0 + ak)

Γ(ak)

∞∑
j=1

Π(j)

j∑
i1=1

· · ·
j∑

iν=1

ν∏
s=1

Bis(ωs)

j∏
k=1

bakk

{bk +
∑ν

s=1 UsBk(ωs)}I
i
k,j,1+ak

Γ(Iik,j,1 + ak)

Γ(ak)

. (3.51)

3.6 Nonparametric regression with Gaussian errors

3.6.1 Posterior convergence rates

We consider a nonparametric regression model with additive error Xi = f(Zi) + ϵi, where

ϵi
iid∼ N(0, σ2), and σ is an unknown parameter. The covariates Z1, . . . , Zn can be either fixed

or random and are assumed to be in (0, 1). We shall use the same prior on f as in Section

3.2.2. Also, we put a prior distribution on σ that satisfies tail conditions for sufficiently small

σ1, σ2, σ3 > 0, any fixed σ0 > 0, some positive numbers t4, t5 and t6:

Π(σ < σ1) . exp{− exp(σ−t4
1 )}, (3.52)

Π(σ > σ−1
2 ) . σt5

2 , (3.53)

Π(|σ − σ0| < σ3) & σt6
3 . (3.54)
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Condition (3.52) is automatically satisfied if σ has a confirmed lower bound as assumed in ear-

lier Bayesian papers. For fixed covariates Z, define a empirical measure PZ
n = n−1

∑n
i=1 δZi

,

the covariance matrix Σn,J , whose (k, l)-th element is
∫
ξkξldPZ

n for k, l ≤ J and ∥ · ∥2,n

as the norm on L2(PZ
n ). For random covariates Z1, . . . , Zn ∼ G, define L2,G as the L2-

distance with respect to the probability measure G. When the domain of Zi’s is R, we consider

pseudo-metrics ∥ · ∥∗2,n given by
(
∥f1 − f2∥∗2,n

)2
=
∫ b

a
|f1 − f2|2dPZ

n and ∥ · ∥∗2,G defined by(
∥f1 − f2∥∗2,G

)2
=
∫ b

a
|f1 − f2|2dG, as in Section 3.4.2. Then the posterior convergence rate is

obtained below.

Theorem 15. Suppose that the true regression function f0 ∈ Cα[0, 1] and the prior satisfies

Conditions (A2), (A3) and relations (3.52), (3.53) and (3.54).

(a) If f0 is defined on (0, 1) and the covariates Z1, . . . , Zn are fixed, then the posterior con-

verges at the rate

(i) ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 if the basis ξ satisfies Condition (B1),

(ii) ϵn = n−α/(2α+1)(log n)(α+1)/(2α+1)+(1−t1)/2 if ξ satisfies Condition (B2)

relative to ∥ · ∥2,n.

(b) If the covariates Z1, . . . , Zn ∼ G are random, G has a bounded density g and ξ satisfies

Condition (B3), then the posterior converges at ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2

with respect to ∥ · ∥2 when f0 is defined on (0, 1).

(c) If the support of f0 is unbounded, e.g., the real line, then the posterior converges at the

same rate as in (b) with respect to ∥ · ∥∗2,n.

Proof. We first consider Part (a). Define Pf,i as the normal measure with mean f(Zi) and

variance σ2. Results in Birgé (2006) imply that the likelihood ratio test for f0 versus another f
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satisfy conditions in Lemma 2 of Ghosal and van der Vaart (2007a) with respect to ∥ · ∥2,n; see

the latter paper for details. This implies that we can work on ∥ · ∥2,n instead of the Hellinger

distance. Using the arguments in Section 7.2 of Ghosal and van der Vaart (2007a), we get

max
{
n−1

n∑
i=1

K(Pf0,i, Pf,i), n
−1

n∑
i=1

V (Pf0,i, Pf,i)
}
≤ ∥f0 − f∥2n/σ2. (3.55)

Using the fact that ∥f0 − f∥22,n . ∥f0 − f∥2∞, there exists θ0 ∈ RJ , ∥θ0∥∞ <∞ such that

max
{
n−1

n∑
i=1

K(Pf0,i, Pf,i), n
−1

n∑
i=1

V (Pf0,i, Pf,i)
}
. J−2α/σ2

0. (3.56)

In order to apply Theorem 11, we define η as σ and choose Fn = ((log n)−1/t4 , exp{anϵ̄2n/t5})

for some sufficiently large a > 0. Note that

Π(F c
n) . exp{− exp(log n)}+ exp{−anϵ̄2n} . exp{−anϵ̄2n},

logD(ϵn,Fn, ∥ · ∥2) ≤ log{enϵ̄2n/t5/ϵn} . nϵ̄2n/t5 + log n ≤ nϵ2n

given n is sufficiently large. Then (3.21), (3.25) and (3.26) hold. Choosing

J̄n = (n/ log n)1/(2α+1), ϵ̄n = (n/ log n)−α/(2α+1), Jn = n1/(2α+1)(log n)2α/(2α+1)−t1 ,

d as the supremum distance and Mn = n1/t3 , we obtain the posterior convergence results for

hn. Note that ∥ · ∥2,n satisfies conditions in Lemma 2 of Ghosal and van der Vaart (2007a).

Hence hn can be replaced by ∥ · ∥2,n.

For Part (b), note that ∥f0 − f∥22,G . ∥f0 − f∥22 since g is bounded. Hence by applying

83



Theorem 11 for d as the L2-distance,

J̄n = (n/ log n)1/(2α+1), Mn = n1/t3 ,

Jn = n1/(2α+1)(log n)(2α+2)/(2α+1)−t1 , ϵ̄n = n−α/(2α+1)(log n)(α+1)/(2α+1),

the result follows.

Part (c) proceeds as in Section 3.4.2.

3.6.2 MCMC-free Computation

Define an n × J matrix DJ whose (s, t)-entry is ξt(Zs). Then the model can be written as

X|Z,θ, J, σ ∼ N(DJθ, σ
2I). We consider the Zellner’s g-prior (Zellner, 1986) on θ. Namely

θ|σ2,DJ , J ∼ N(µ0, gσ
2(DT

JDJ)
−1) for some g > 0. The posterior of θ is given by

θ|X,Z, σ, J ∼ N

(
(DT

JDJ)
−1

g + 1
(gDT

JX +DT
JDJµ0),

gσ2

g + 1
(DT

JDJ)
−1

)
. (3.57)

Assume µ0 = 0, by calculations similar to those in Subsection 3.4.3, the posterior mean of f0

at point Z0 is a ratio between

∞∑
j=1

Π(j)(2π)−(j+n)/2 det(DT
j Dj)

1/2BT
0

×
∫
σ>0

∫
θ∈Rj

σ−(n+j)Π(σ)θ exp

{
− 1

2σ2

(
XTX − 2XTDjθ +

g + 1

g
θTDT

j Djθ

)}
dθdσ
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and

∞∑
j=1

Π(j)(2π)−(j+n)/2 det(DT
j Dj)

1/2

×
∫
σ>0

∫
θ∈Rj

σ−(n+j)Π(σ) exp

{
− 1

2σ2

(
XTX − 2XTDjθ +

g + 1

g
θTDT

j Djθ

)}
dθdσ,

where B0 = B(Z0). By integration, the ratio can be simplified to

g
∑∞

j=1 Π(j)B
T
0 (D

T
j Dj)

−1DT
j X

∫
σ>0

Π(σ)σ−n exp
{
−XT (I − Pj)X/2σ2

}
dσ

(g + 1)
∑∞

j=1 Π(j)
∫
σ>0

Π(σ)σ−n exp {−XT (I − Pj)X/2σ2} dσ
, (3.58)

where Pj =
g

g+1
Dj(D

T
j Dj)

−1DT
j .

3.7 Nonparametric binary regression

3.7.1 Posterior convergence rates

A prior on the response probability function in a binary regression model is commonly in-

duced from a Gaussian process. A posterior consistency result was obtained by Ghosal and

Roy (2006) while posterior convergence rates were obtained by van der Vaart and van Zanten

(2008, 2009). Useful computational methods were developed by Choudhuri et al. (2007) using

the technique of Albert and Chib (1993) and by Rasmussen and Williams (2006).

Assume that we have n independent observations (Z1, X1), . . . , (Zn, Xn) from a binary

regression model P(X = 1|Z = z) = 1−P(X = 0|Z = z) = f0(z), where X’s take values in

{0, 1} and Z’s are either fixed or random covariates in some domain Z . Given a link function

Ψ : Z → (0, 1), we can construct a random series prior on the regression function f0 using a

basis ξ as fθ(z) = Ψ{θTξ(z)}. Commonly, a cumulative distribution function on R such as
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the logit or probit function is chosen as the link function and the coefficient vector θ can be

chosen any values in RJ . Then any basis with approximation property for the Hölder class may

be used.

For random covariates Z, the likelihood function for (Z,X) can be written as

Lθ(z, x) = fθ(z)
x(1− fθ(z))

1−xg(z), (3.59)

where g is the marginal density of Z. When integrating out the posterior distribution, g will be

canceled out. Therefore, in the following study, we can absorb g into the dominating measure,

denoted it by G and remove g from the model (3.59). Define the empirical measure PZ
n =

n−1
∑n

i=1 δZi
, the covariance matrix Σn,J , whose (k, l)-th element is

∫
ξkξldPZ

n for k, l ≤ J and

∥ · ∥2,n as the norm on L2(PZ
n ) for fixed covariates Z. For random covariates Z1, . . . , Zn ∼ G,

define L2,G as the L2-distance with respect to the probability measure G.

Theorem 16. Suppose that Ψ−1(f0) ∈ Cα[0, 1] is bounded away from 0 and 1, and the link

function Ψ has a bounded derivative ψ such that ψ/(Ψ(1 − Ψ)) is bounded. Assume that the

prior satisfies Conditions (A2) and (A3).

(a) If the covariates Z1, . . . , Zn are fixed, then the posterior converges at the rate

(i) ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 if the basis satisfies Condition (B1),

(ii) ϵn = n−α/(2α+1)(log n)(α+1)/(2α+1)+(1−t1)/2 if the basis satisfies Condition (B2)

relative to ∥ · ∥2,n.

(b) If the covariates Z1, . . . , Zn ∼ G are random, G has a bounded density g and ξ satisfies

Condition (B3), then the posterior convergence rate is n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2

with respect to ∥ · ∥2.
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(c) If Ψ is the identity and the B-spline basis is used, then θ can be restricted in (0, 1)J and

maintain the rate in (a)(i) and (b).

Proof. We first consider the case of random covariates. Define pθ = Ψ(θTξ)x(1−Ψ(θTξ))1−x

and pf0 = fx
0 (1−f0)1−x, By a similar calculation in Lemma 3.2 of van der Vaart and van Zanten

(2008), for any θ1,θ2 ∈ RJ , J ≥ 1 and r > 1, we have the following:

∥pθ1 − pθ2∥r . ∥θ1 − θ2∥r,G (3.60)

max
{
K(pθ1 , pf0), V (pθ1 , pf0)

}
. ∥Ψ(θT

1 ξ)− f0∥22,G. (3.61)

Since ψ/(Ψ(1 − Ψ)) is bounded, pθ is uniformly bounded below and above. Hence it suf-

fices to work with ∥ · ∥2,G on fθ instead of the Hellinger distance on pθ. Choose r = 2

in (3.60), (3.61) and apply Theorem 11 for J̄n = (n/ log n)1/(2α+1), Mn = n1/t3 , Jn =

n1/(2α+1)(log n)(2α+2)/(2α+1)−t1 , ϵ̄n = n−α/(2α+1)(log n)(α+1)/(2α+1) and η as the vacuous pa-

rameter, the posterior convergence results follows for hn. Note that ∥ · ∥2 satisfies conditions

in Lemma 2 of Ghosal and van der Vaart (2007a). As a result, hn can be replaced by ∥ · ∥2 and

the posterior convergence rate holds for ∥ · ∥2 as well.

The proof of Part (a) proceeds as in Part (a) of Theorem 15. Part (c) is a consequence of

Part (c) of Lemma 10.

3.7.2 Computation using B-splines

When specifically using B-splines as the basis, some simpler choices of link function Ψ are

possible in view of Parts (b) and (c) of Lemma 10. For example, if we choose Ψ as the identity

link, then a prior for θ can be constructed on (0, 1)J . If we choose Ψ(z) = z/(1 + z), then the

prior for θ can be constructed on (0,∞)J .
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As in Section 3.4.3, the likelihood function simplifies significantly when we choose the

identity link function and use beta priors θi
ind∼ Beta(ai, bi) for some positive numbers ai and bi.

This expresses the posterior mean of f0(z) as a ratio whose numerator is

∞∑
j=1

Π(j)

j∏
i=1

Γ(ai + bi)

Γ(ai)Γ(bi)

j∑
i0=1

· · ·
j∑

in=1∫ 1

0

j∏
k=1

θak−1
k (1− θk)

bk−1

n∏
s=0

θXs
is
(1− θis)

1−XsBis(Zs)dθ (3.62)

and the denominator is

∞∑
j=1

Π(j)

j∏
i=1

Γ(ai + bi)

Γ(ai)Γ(bi)

j∑
i1=1

· · ·
j∑

in=1∫ 1

0

j∏
k=1

θak−1
k (1− θk)

bk−1

n∏
s=1

θXs
is
(1− θis)

1−XsBis(Zs)dθ, (3.63)

where Z0 = z. Define Iik,j,0 =
∑n

s=0 1l{is = k} and Iik,j,1 =
∑n

s=1 1l{is = k}. The expression

in (3.62) simplifies to

∞∑
j=1

Π(j)

j∏
i=1

Γ(ai + bi)

Γ(ai)Γ(bi)

j∑
i0=1

· · ·
j∑

in=1

n∏
s=0

Bis(Zs)

j∏
k=1

Γ
(
ak +

∑
t=0,...,j

it=k

Xt

)
Γ
(
bk + Iik,j,0 −

∑
t=0,...,j

it=k

Xt

)
Γ(ak + bk + Iik,j,0)

(3.64)
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while the expression in (3.63) simplifies to

∞∑
j=1

Π(j)

j∏
i=1

Γ(ai + bi)

Γ(ai)Γ(bi)

j∑
i1=1

· · ·
j∑

in=1

n∏
s=1

Bis(Zs)

j∏
k=1

Γ
(
ak +

∑
t=1,...,j

it=k

Xt

)
Γ
(
bk + Iik,j,1 −

∑
t=1,...,j

it=k

Xt

)
Γ(ak + bk + Iik,j,1)

. (3.65)

3.8 Nonparametric Poisson regression

3.8.1 Posterior convergence rates

Consider a Poisson regression model Xi
ind∼ Poi(f(Zi)), where f is an unknown function and

Zi’s are covariates. For convenience, we assume that Zi’s are in (0, 1). Using a random series

expansion, f can be modeled through a link function f(z) = Ψ(θTξ)(z).

The adaptation results can be obtained as in Section 3.6. Define the empirical measure

PZ
n = n−1

∑n
i=1 δZi

, the covariance matrix Σn,j , whose (k, l)-th element equals to
∫
ξkξldPZ

n

and ∥ · ∥2,n as the norm on L2(PZ
n ). For random covariates Z1, . . . , Zn ∼ G, define L2,G as the

L2-distance with respect to the probability measure G. The posterior rates theorem is stated as

follows.

Theorem 17. Suppose that the function Ψ−1(f0) ∈ Cα[0, 1] and f0 is strictly positive. As-

sume that the prior satisfies (A2) and (A3) and the link function Ψ is monotonic and Lipschitz

continuous.

(a) If the covariates Z1, . . . , Zn are fixed, then the posterior converges at the rate

(i) ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 if the basis satisfies Condition (B1),

(ii) ϵn = n−α/(2α+1)(log n)(α+1)/(2α+1)+(1−t1)/2 if the basis satisfies Condition (B2)
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relative to ∥ · ∥2,n.

(b) If the covariates Z1, . . . , Zn ∼ G are random, G has a bounded density g and ξ satisfies

Condition (B3), then the posterior convergence rate is n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2

with respect to ∥ · ∥2.

(c) If Ψ is the identity link function and the B-spline basis is used, then θ can be restricted

to (0,∞)J to maintain the convergence rate in (a)(i).

Proof. By applying the arguments in Section 7.1.1 of Ghosal and van der Vaart (2007a),

we only need approximation results for L2-distance on f when Z’s are random and L∞-

approximation results on f for fixed Z’s. For a basis satisfying Condition (B1), we apply

Theorem 11 with d as the L∞-distance, η as vacuous, J̄n = (n/ log n)1/(2α+1), Mn = n1/t3 ,

Jn = n1/(2α+1)(log n)(2α+2)/(2α+1)−t1 and ϵ̄n = n−α/(2α+1)(log n)(α+1)/(2α+1); for a basis satis-

fying (B3), apply the same set of sequences and choose d as the L2-distance, for a basis satis-

fying (B2), apply J̄n = (n/ log n)1/(2α+1), Mn = n1/t3 , Jn = n1/(2α+1)(log n)(2α+2)/(2α+1)−t1

and ϵ̄n = n−α/(2α+1)(log n)(α+1)/(2α+1). Then Parts (a) and (b) are obtained.

Part (c) is a consequence of Part (b) of Theorem 10 and the arguments above.

3.8.2 Computation using B-splines

If we use B-splines to form the basis, in view of Part (c) of Lemma 10, we are allowed to

restrict θj’s to positive values. By choosing the identity link, then it is possible to carry out

MCMC-free computation by letting θi
ind∼ Gamma(ai, bi) for some positive numbers ai and bi.
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The posterior mean of f(z) is a ratio whose numerator is

∞∑
j=1

Π(j)

∫ ∞

0

j∑
s=1

θsBs(z)

j∏
k=1

bakk θ
ak−1
k

Γ(ak)

× exp
{
−

j∑
i=1

θi

( n∑
k=1

Bi(Zk) + bi

)} n∏
k=1

{ j∑
i=1

θiBi(Zk)
}Xk

dθ (3.66)

and the denominator is

∞∑
j=1

Π(j)

∫ ∞

0

j∏
k=1

bakk θ
ak−1
k

Γ(ak)

× exp
{
−

j∑
i=1

θi

( n∑
k=1

Bi(Zk) + bi

)} n∏
k=1

{ j∑
i=1

θiBi(Zk)
}Xk

dθ. (3.67)

Denote Z0 = z, X0 = 1. Define b = (b1, . . . , bJ)
T , s(k) as the k-th element of vector s and

B(z)s =
∏j

i=1Bi(z)
si for some index vector s, the above quantity simplifies to

∞∑
j=1

Π(j)
∑

s0,...,sn∈Nj0
|s0|=X0,...,|sn|=Xn

s=s0+···+sn

n∏
i=0

{B(Zi)}si
si!

j∏
k=1

Γ(ak + s(k))bakk
Γ(ak)(bk +

∑n
t=0Bk(Zt))ak+s(k)

∞∑
j=1

Π(j)
∑

s1,...,sn∈Nj0
|s1|=X1,...,|sn|=Xn

s=s1+···+sn

n∏
i=1

{B(Zi)}si
si!

j∏
k=1

Γ(ak + s(k))bakk
Γ(ak)(bk +

∑n
t=0Bk(Zt))ak+s(k)

. (3.68)

3.9 Functional regression model

Spline functions are widely used to model functional data; see Cardot et al. (2003) for example.

A rate of convergence result was obtained in Hall and Horowitz (2007). A Bayesian method

based on splines is given by Goldsmith et al. (2011). However, to the best of our knowledge, no

results on posterior convergence rates for this model are yet available. We consider two types
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of functional regression model. The first one assumes only the covariates Z(t) and the effects

β(t) depend on time t. The second one allows functional observations X(t). We can use any

basis with general approximation properties for Hölder classes under the L2-distance.

3.9.1 Functional covariates

Suppose that we observe i.i.d pairs (Z1, X1), . . . , (Zn, Xn), where Zi’s are square integrable

random functions defined on (0, 1) and X’s are scalers. A functional regression model can be

formulated as follows:

Xi =

∫ 1

0

Zi(t)β(t)dt+ ϵi, (3.69)

where β(t) is the coefficient function we want to estimate, ϵi
iid∼ N(0, σ2) and Zi

iid∼ G. The

posterior convergence rate theorem is as follows.

Theorem 18. Suppose that the true regression function β ∈ Cα[0, 1] and EZ2(t) is uniformly

bounded away from 0 and ∞ for every t ∈ [0, 1]. If the prior satisfies Conditions (A2) and (A3),

relations (3.52), (3.53) and (3.54) and the basis satisfies Condition (B3), then the posterior

converges at the rate ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2 relative to the L2-distance.

Proof. We consider a basis expansion β(t) =
∑J

k=1 θkξk(t). Denote Wik =
∫ 1

0
Zi(t)ξk(t)dt,

then the model can be written as

Xi =
J∑

k=1

θkWik + ϵi. (3.70)

Define Pβ(·|Z) as the normal measure with mean
∫ 1

0
β(t)dt and variance σ2. This allows us to
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bound the KL divergences between Pβ0 and Pβ using Cauchy-Schwarz inequality:

max
{
K(Pβ0 , Pβ), V (Pβ0 , Pβ)

}
. 1

σ2
EZ

(∫ 1

0

Z(t){β(t)− β0(t)}dt
)2

≤ 1

σ2
∥β − β0∥22 sup

t
EZ2(t)

. 1

σ2
∥β − β0∥22. (3.71)

Hence we can apply Theorem 11 with η as σ, Fn = ((log n)−1/t4 , exp{anϵ̄2n/t5}) for suf-

ficiently large constant a > 0, J̄n = (n/ log n)1/(2α+1), ϵ̄n = (n/ log n)−α/(2α+1), Jn =

n1/(2α+1)(log n)2α/(2α+1)−t1 , d as theL2-distance andMn = n1/t3 . Then the posterior converges

at the rate ϵn relative to the hn. Note that ∥ · ∥2 satisfies conditions in Lemma 2 of Ghosal and

van der Vaart (2007a). Thus hn can be replaced by ∥ · ∥2 and the posterior convergence results

hold for ∥ · ∥2 as well.

3.9.2 Functional responses

Next, we consider a longitudinal type of functional model:

Xi(Ti) = Zi(Ti)β(Ti) + ϵ(Ti). (3.72)

For each object i, we observe its response Xi at a random time Ti ∈ (0, 1) with some random

covariate Zi. We assume (Zi, Ti)
iid∼ (G, T ) and ϵi

iid∼ N(0, σ2), where σ2 is unknown.

Theorem 19. Suppose that the true regression function β ∈ Cα[0, 1] and EZ2(t) and the

observation time T are uniformly bounded away from 0 and ∞ for every t ∈ (0, 1). If the prior

satisfies Conditions (A2) and (A3), relations (3.52) (3.53) and (3.54) and the basis satisfies

Condition (B3), then the posterior converges at the rate ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2
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relative to the L2-distance.

Proof. We have

max
{
K(Pβ0 , Pβ), V (Pβ0 , Pβ)

}
. 1

σ2
E
∫ 1

0

Z2(t)(β(t)− β0(t))
2g(t)dt

≤ 1

σ2
∥β − β0∥22 sup

t
EZ2(t)

. 1

σ2
∥β − β0∥22 (3.73)

Using the same arguments in Theorem 18, we have the convergence theorem. This rate coin-

cides with the optimal rate obtained in Cai and Yuan (2011) within a logarithm factor.

3.9.3 MCMC-free computation

Consider a basis expansion β(t) =
∑J

k=1 θkξk(t). Denote Dij =
∫ 1

0
Zi(t)ξj(t)dt and DJ as an

n by J matrix whose (i, j)-entry is Dij , then the model can be written as X = DJθ + ϵ. We

use the Zellner’s g-prior (Zellner, 1986) θ|σ2,DJ , J ∼ N(0, gσ2(DT
JDJ)

−1) for some g > 0.

By a calculation similar to Subsection 3.6.2, we obtain the posterior mean of β0 at point Z0 as

g
∑∞

j=1 Π(j)B
T
0 (D

T
j Dj)

−1DT
j X

∫
σ>0

Π(σ)σ−n exp
{
−XT (I − Pj)X/2σ2

}
dσ

(g + 1)
∑∞

j=1 Π(j)
∫
σ>0

Π(σ)σ−n exp {−XT (I − Pj)X/2σ2} dσ
, (3.74)

where B0 = B(Z0) and Pj =
g

g+1
Dj(D

T
j Dj)

−1DT
j .

3.10 Extension to other function spaces

So far, our discussions are restricted to functions that belong to Hölder classes. Recently, there

is a lot of interest in studying more general space of functions such as Sobolev and Besov
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spaces. We first give their definitions, then present the approximation results of B-splines in

these function spaces.

Definition 5. The Sobolev space Wα
p (a, b) on a bounded interval (a, b) for 1 ≤ p ≤ ∞ and a

positive integer α is defined by

W α
p (a, b) = {f : f (j) ∈ Lp(a, b), j = 1, . . . , α} (3.75)

with an associated norm ∥f∥Wα
p (a,b) =

∑α
j=0 ∥f (j)∥p.

Definition 6. The Besov spaceBα
p,q(a, b) on (a, b) for 1 ≤ p, q ≤ ∞ and α > 0 is the collection

of all functions f such that

|f |Bα
p,q

=
[ ∫ ∞

0

{t−αωr(f, t)p}q
dt

t

]1/q
<∞, (3.76)

where r > α is an integer and ωr(f, t) = sup|h|≤t ∥∆r
h(f, ·)∥p is called the modulus of smooth-

ness of order r.

If q = ∞, then |f |Bα
p,q

is defined as supt>0 t
−αωr(f, t)p instead. Further define an associ-

ated norm on Bα
p,q(a, b) by

∥f∥Bα
p,q

= ∥f∥p + |f |Bα
p,q
. (3.77)

The following two lemmas are taken from Chapter 6 of Schumaker (2007). They describe

approximation abilities of B-splines in these function spaces, which directly determine the

posterior convergence rates of the corresponding Bayesian models.

Lemma 8. Suppose 1 ≤ p ≤ q ≤ ∞, for any 0 ≤ r ≤ α− 1 and f ∈ W α
p (a, b), there exists a
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constant C and θ ∈ RJ such that

∥f − θTB∥W r
q (a,b) ≤ CJr−α−1/q+1/p∥f∥Wα

p (a,b).

In particular, if we choose r = 0 and p = q, the above inequality simplifies into

∥f − θTB∥p ≤ CJ−α∥f∥p.

Lemma 9. For any function f ∈ Bα
p,q(a, b), 1 ≤ p ≤ p′ ≤ ∞ and 1 ≤ q, q′ ≤ ∞, 0 < τ < α,

there exists a constant C and θ ∈ RJ such that

∥f − θTB∥Bτ
p′,q′ (a,b)

≤ CJτ−α−1/p′+1/p∥f∥Bα
p,q(a,b).

If we can bound the KL-divergence by an appropriate norm in the new function spaces,

then the posterior rates calculation will be very similar to what we have done in the previous

discussion. For example, to extend Theorem 14, we take p = q = 2, r = 0 in Lemma 8, use a B-

spline basis and an exponential link function and bound the KL-divergence for f0 ∈ Wα
2 (a, b)

by

K(f0, fθ) . ∥ log f0 − θTB∥2, V (f0, fθ) . ∥ log f0 − θTB∥22 (3.78)

where fθ = exp{θTB} is the approximating function. Also, for any θ1, θ2 ∈ RJ , we have

h2(fθ1 , fθ2) ≤ K(fθ1 , fθ2). Then (1.9), (1.10) together imply J̄n log n ≍ nϵ̄2n and (1.11)

gives J̄−α
n = ϵ̄2n. Hence we choose J̄n = (n/ log n)1/(α+1), d2 as the L2-distance, ϵ̄n =

(n/ log n)−α/(2α+2), the rate is ϵn = n−α/(2α+2) multiplied by some logarithm factor.

For Sobolev spaces, the restriction is that Lemma 8 only considers the case when the
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smoothness parameter α is an integer. It is not clear whether such approximation result remains

valid for non-integer values of α. For Besov spaces, notice that there is an extra power Jτ in

Lemma 9, where τ is strictly greater than 0. This suggests a rate ϵn = n−α/(2α+2)+τ (log n)c,

where τ, c > 0, can be achieved by using the B-spline basis and an exponential link function;

here τ can be chosen arbitrarily close to 0. This is because we only need to bound the approx-

imation error under the L2-distance, and hence extra approximation results on derivatives are

not necessary.

3.11 Numerical results

3.11.1 Density estimation

We illustrate the use of conjugate prior structure as described in Section 3.4.3 on density es-

timation problems. Following Lenk (1991), we consider two types of the true density: Beta

densities, and a mixture density of exponential and a normal distribution:

f0(x) ∝
3

4
3e−3x +

1

4

√
32√
π
e−32(x−0.75)2 . (3.79)

For each density, we generate n = 20, 50, 100 and 300 samples and then implement the random

series prior for q = 1 and q = 3. When q = 1, the exact value of the posterior mean can be

calculated. When q = 3, instead of evaluating all possible terms to get (3.45), we randomly

sampleN = 3000 of them and take the associated average values. We choose a geometric prior

for J restricted between 5 and 25. The lower truncation ensures a minimum number of terms in

the series expansion while an upper truncation is necessary to carry out the actual computation

using a computer. For θ, we use a Dirichlet distribution with parameters a1 = · · · = aJ = 1.

We obtain density estimates at 100 grid points in the unit interval.
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We compare our results with that using the Gaussian process (GP) prior in Tokdar (2007),

Dirichlet mixture (DM) of normal kernels (Escobar and West, 1995), mixture of Polya Trees

(PT) prior (Lavine, 1992, 1994) and frequentist kernel and spline estimates. Mean absolute

errors (l1), mean squared errors (l2) and computing time t (in seconds) are summarized in Table

3.1. Standard errors (s.e.) are calculated based on 100 Monte-Carlo replications. The results

show that random series prior has a comparable performance in accuracy and computation

time with Gaussian process prior. During the computation, we also found that RJMCMC will

take more than 30 minutes for running a single chain with 5000 iterations. Hence our method

is faster. All programs are implemented on six DELL Dual Processor Xeon Twelve Core 3.6

GHz machines with 80GB RAM running 64Bit CentOS Linux 5.0.

3.11.2 Binary regression

For binary regression problems, we apply MCMC-free calculation described in Section 3.7.2.

We consider the following three examples of the true classification function.

P1(X = 1|Z) = Z2, 0.1 ≤ Z ≤ 0.9 (3.80)

P2(X = 1|Z) = 3.8(Z − 0.5)2, 0.1 ≤ Z ≤ 0.9 (3.81)

P3(X = 1|Z) = 0.5 sin(3πZ) + 0.5, 0.1 ≤ Z ≤ 0.9. (3.82)

In the prior, we use independent uniform distributions on the coefficients. For each example,

we generate n = 100, 400 and 1000 samples, randomly select 75% of them as the training data

and treat the rest of the them as the test data. We implement the MCMC-free calculation (rsp)

for q = 1 and q = 3 and compare the misclassification rate (mis.) and the L1-distance error on

the test data with linear discriminant analysis (LDA), logistic regression (logistic) and linear
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Table 3.1: Density estimation examples

Mixture density (3.79)
n = 20 n = 50 n = 100 n = 300

l2 l1 t l2 l1 t l2 l1 t l2 l1 t
rsp(q = 1) .27 .40 .44 .20 .33 .58 .18 .30 .69 .17 .29 1.24
rsp(q = 3) .16 .31 255 .11 .25 317 .10 .24 320 .09 .22 425
GP .11 .23 53.9 .06 .17 58.8 .04 .14 61.5 .02 .10 66.9
DM .46 .59 9.6 .28 .44 22.0 .17 .34 33.6 .11 .28 99.5
PT .18 .33 14.0 .10 .24 17.6 .10 .22 23.8 .07 .19 51.0
Kernel .13 .26 .00 .05 .17 .00 .04 .14 .00 .02 .09 .00
Spline .15 .30 .45 .06 .19 .71 .06 .19 .93 .03 .12 1.91
max s.e. .02 .01 - .02 .01 - .01 .01 - .00 .01 -

Beta(.5, .5) density
rsp(q = 1) .35 .45 .45 .31 .42 .57 .27 .39 .67 .25 .37 1.23
rsp(q = 3) .16 .27 267 .15 .27 314 .14 .25 324 .11 .22 428
GP .34 .39 55.7 .27 .34 61.6 .24 .31 60.9 .19 .26 74.9
DM .31 .38 7.93 .32 .36 18.5 .27 .29 48.2 .25 .29 116
PT .61 .74 14.8 .61 .74 17.6 .60 .73 23.9 .60 .73 49.7
Kernel .37 .33 .00 .32 .29 .00 .28 .25 .00 .24 .22 .00
Spline .11 .22 .42 .13 .20 .63 .13 .18 1.03 .14 .19 2.44
max s.e. .01 .01 - .01 .01 - .01 .01 - .00 .00 -

Beta(2, 4) density
rsp(q = 1) .27 .40 .44 .20 .33 .58 .18 .30 .69 .17 .29 1.24
rsp(q = 3) .16 .31 255 .11 .25 317 .10 .24 320 .09 .22 425
GP .11 .23 53.9 .06 .17 58.8 .04 .14 61.5 .02 .10 66.9
DM .46 .59 9.6 .28 .44 22.0 .17 .34 33.6 .11 .28 99.5
PT .18 .33 14.0 .10 .24 17.6 .10 .22 23.8 .07 .19 51.0
Kernel .13 .26 .00 .05 .17 .00 .04 .14 .00 .02 .09 .00
Spline .15 .30 .45 .06 .19 .71 .06 .19 .93 .03 .12 1.91
max s.e. .02 .01 - .02 .01 - .01 .01 - .00 .01 -
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Table 3.2: Binary regression examples (3.80)–(3.82).

Example (3.80)
rsp(q = 1) rsp(q = 3) LDA logistic SVM

mis. l1 mis. l1 mis. l1 mis. l1 mis.
n = 100 .408 .240 .394 .234 .240 .053 .238 .051 .274
n = 400 .300 .208 .300 .208 .215 .032 .211 .030 .252
n = 1000 .312 .207 .312 .207 .247 .023 .246 .020 .254
max s.e. .026 .012 .025 .012 .015 .005 .016 .005 .018

Example (3.81)
n = 100 .236 .171 .220 .158 .222 .162 .222 .162 .430
n = 400 .206 .155 .206 .157 .206 .156 .206 .156 .355
n = 1000 .205 .155 .205 .159 .205 .157 .205 .157 .256
max s.e. .022 .010 .021 .008 .021 .005 .021 .005 .035

Example (3.82)
n = 100 .470 .335 .438 .328 .472 .334 .474 .334 .418
n = 400 .464 .347 .451 .334 .445 .333 .445 .333 .431
n = 1000 .435 .341 .430 .339 .423 .335 .423 .335 .425
max s.e. .034 .010 .037 .010 .036 .008 .037 .008 .032
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support vector machine (SVM). Results are summarized in Table 3.2 based on 20 replications.

Note that our MCMC-free calculation has a comparable performance with other methods when

the true classification function is not monotonic (examples (3.81) and (3.82)).

3.12 Conclusion

In this chapter, we established posterior convergence rates and MCMC-free computation algo-

rithms for a few univariate function estimation problems. Relevant results are summarized in

Table 3.3 for Gaussian white noise problem (Gauss. sign.), density estimation (den.), spectral

density estimation (spec. den.), nonparametric regression with Gaussian errors (Gauss. reg.),

binary regression (bin. reg.), Poisson regression (Poi. reg.) and functional regression (fun. reg.).

For each estimation problem, we specify the smoothness class (Smooth.), the posterior conver-

gence rate up to a logarithmic factor (Rate), relevant distance, type of covariates (fixed or

random) for regression problems, and transformation function/prior distribution on the coeffi-

cients for MCMC-free calculation.
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Table 3.3: Summary of convergence rates and MCMC-free computation

Function f Smooth. Rate Metric Cov. MCMC-free Note
Gauss. sign. Sobolev α n−α/(2α+1) ℓ2 - iden./gauss. -

Den. Hölder α n−α/(2α+1) dH - iden./Dir. f ∈ (0, 1)

Sobolev α n−α/(2α+2) dH - - α integer
Besov α n−α/(2α+2)+τ dH - - τ > 0

Spec. den. Hölder α n−α/(2α+1) dis. L2 - inv./gamma α ≥ 1

Gauss. reg. Hölder α n−α/(2α+1) emp. L2 fixed iden./gauss. -
L2 random

Bin. reg. Hölder α n−α/(2α+1) emp. L2 fixed iden./beta f ∈ (0, 1)
L2 random

Poi. reg. Hölder α n−α/(2α+1) emp. L2 fixed iden./gamma f > 0
L2 random

Func. reg. Hölder α n−α/(2α+1) L2 func. iden./gauss. -
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Chapter 4

Density regression for high-dimensional

data

4.1 Introduction

We consider Bayesian estimation of the conditional distribution of the response Y given a large

number of predictors X = (X1, . . . , Xp), where p is possibly larger than the sample size n.

This problem is referred to as a density regression problem and has received attention in many

scientific application areas such as genome association studies. Density regression has been

widely studied in both frequentist and Bayesian literature. Many non-Bayesian methods fo-

cus on the kernel approach (Fan et al., 1996; Hall et al., 1999), which requires estimating the

bandwidth using cross-validation (Fan and Yim, 2004), bootstrap (Hall et al., 1999) and other

methods. Meanwhile, in the Bayesian literature, there are two common approaches. One is to

model the joint density and obtain the conditional density as a by-product. Another is to di-

rectly model the conditional density while leaving the marginal distribution of X unspecified.

In this paper, we focus on the latter approach in a nonparametric manner. Many of the existing
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methods are based on assigning priors on the space of densities through countable mixtures

of location-scale densities (Müller et al., 1996) or through generalizing stick-breaking repre-

sentations (Griffin and Steel, 2006; Dunson et al., 2007; Dunson and Park, 2008; Chung and

Dunson, 2009). Also, there are some recent papers on construction of priors based on stochas-

tic processes such as transforming a Gaussian process (Tokdar et al., 2010; Jara and Hanson,

2011), a multivariate generalization of a beta process (Trippa et al., 2011). Ma (2012) proposed

a generalized Pólya tree, which possesses nice posterior conjugacy properties that brings fast

computation.

In modern data analysis, it is very common for the data to be high dimensional. Statistical

analysis in such a setting is possible only under some sparsity assumption and only if a variable

selection procedure is required. Many variable selection techniques have been introduced in

the frequentist literature, such as discrete subset selection and penalization methods. Popular

methods include the least absolute shrinkage and selection operator (LASSO, Tibshirani, 1996)

and the sure independence screening (SIS, Fan and Lv, 2008).

Bayesian variable selection methods have also gained popularity. For example, stochastic

search variable selection (SSVS) adopts an efficient sampling-based method to avoid com-

paring all possible sub-models (George and McCulloch, 1993, 1997; Carlin and Chib, 1995).

Bayesian model averaging methods incorporate model uncertainty into estimation and predic-

tions (Brown et al., 1998, 2002). For density regression problems, variable selection is com-

monly accomplished by assigning a Bernoulli distribution prior on covariates (Chung and Dun-

son, 2009), whereas an efficient SSVS algorithm is implemented to search the model space and

combine the posterior estimation results from different models. Tokdar et al. (2010) extended

the variable selection work to dimension reduction by allowing the true sets of covariates de-

pend on X only through a projection PSX of X on a linear subspace S. While these proposed

methods show promising numerical results, rates of convergence are largely unknown. More-
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over, modern applications also routinely require that we treat the dimension p of the regression

to be also large, possibly much larger than n. So far such results are completely absent from

the Bayesian nonparametric literature.

In the recent years, the literature on Bayesian asymptotics has flourished with many fun-

damental breakthroughs. General results have been established by Ghosal et al. (2000), Shen

and Wasserman (2001), Ghosal and van der Vaart (2007a,b) and van der Vaart and van Zanten

(2008) for posterior convergence rates. For density regression models, a consistency result is

obtained by Tokdar et al. (2010) for the use of logistic Gaussian process prior, by Norets and

Pelenis (2012) for kernel stick-breaking process priors and by Pati et al. (2013) for probit stick-

breaking processes. For high dimensional Bayesian models, there are very few convergence

rates results available. Parametric models have been studied by Jiang (2007) for generalized

linear model and by Castillo and van der Vaart (2012) for Gaussian white noise model. A clas-

sification model with categorical predictors is recently considered by Yang and Dunson (2012),

who constructed priors using tensor factorizations and obtained a posterior convergence rate

allowing p grow exponentially with n.

In this chapter, we consider the Bayesian density regression problem and use a finite linear

combination of tensor product B-splines to construct the prior distributions. We show that the

posterior convergence rate is adaptive in the sense that it achieves optimality (up to a logarithm

factor) for all smoothness levels of the true conditional density function given that the true

model only contains a fixed number of covariates. There are two main steps in the proof of

Bayesian adaptation results. The first is to construct a sieve that contains the true underlying

model while its size is well controlled. The size is usually quantified by the existence of certain

tests or in terms of entropy bounds (Ghosal et al., 2000). The other step is to construct an ap-

proximation of the true function while its approximation accuracy increases appropriately with

the increasing level of smoothness. We choose B-spline function because its approximation
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abilities and non-negativity properties. Then the estimation of the function becomes equivalent

to the estimation of the coefficients in the B-spline basis expansion (Truong et al., 2005).

Traditional Bayesian variable selection method are very sensitive to the choice of priors on

hyper-parameters and a posterior threshold for variable selection. A reversible jump Markov

Chain Monte Carlo (RJMCMC) introduced by Green (1995) is commonly applied. For high

dimensional data, these methods may be computationally difficult and not stable. We propose

a group-wise Dirichlet distribution prior on the coefficients of B-spline functions that leads to

conjugacy structure and possible MCMC-free algorithms. Similarly with the univariate density

estimation example in Chapter 3, our method presents closed forms for posterior moments

including the mean and the variance.

4.2 Bayesian density regression

4.2.1 Prior

Given p covariates x1, . . . , xp, we model the conditional density f(y|x1, . . . , xp) by

f(y|x1, . . . , xp) =
J1∑

j1=1

· · ·
Jp∑

jp=1

θj(y)Bj(x), (4.1)

where j = (j1, . . . , jp) is a p-dimensional index, θj’s are density functions for every j and Bj

are tensor-product B-splines of x as described in Appendix A.2. Now expand θj by re-scaled

B-splines θj =
∑J0

j0=1 ηj0,jB
∗
j0

, in which (η1,j , . . . , ηJ0,j)
T lies in a J0-dimensional simplex.

Thus the function can be written as

f(y,x|J ,η) =
J0∑

j0=1

· · ·
Jp∑

jp=1

ηjB
∗
j0
(y)

p∏
k=1

Bik(xk), (4.2)
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where j = (j0, . . . , jp) is a (p+1)-dimensional index. Note that if ηj0,...,jp does not change for

jk = 1, . . . , Jk, then it is equivalent to removing the k-th variable from the model. We define

variable inclusion indicators γk = 1l(the k-th variable is in the model). By assigning prior dis-

tributions on indicator variables γk, number of terms Jk and the corresponding coefficients η,

we obtain an induced prior on f :

(A1) Prior on the model size: We restrict the total number of variables r =
∑p

i=1 γi withnin

a pre-specified positive integer r̄, which possibly changes with n. Also we assume that

the prior Πr on r satisfies Πr(x) ≥ c1r̄
−t0 (x = 1, . . . , r̄) for some constants t0 ≥ 1 and

c1 > 0.

(A2) Prior on the inclusion variables ΠV : Given a fixed r, we assume that the probability of

each set of variables of size r is lower bounded by c2/
(
p
r

)
for some positive constant c2.

(A3) Prior on the number of expansion terms ΠJ : For these directions that satisfy γk = 1, we

consider independent prior distributions taking values in N on Jk such that ΠJ(Jk > j) ≤

exp{−c3j logt1 j} and ΠJ(j ≤ Jk ≤ c4j) ≥ exp{−c5j logt2 j} hold for sufficiently

large j, some positive constants c3, c4, c5 and t1 ≤ t2 ≤ 1.

(A4) Prior on the coefficients Πη: We assign a J0-dimensional Dirichlet prior Dir(a, . . . , a) on

(η1,j , . . . , ηJ0,j) for every j and a > 0.

Our variable selection prior (A1) is more general than Jiang (2007) and Yang and Dunson

(2012). Condition (A3) is satisfied for the geometric, Poisson and negative binomial distribu-

tions on J respectively with t1 = t2 = 0, t1 = t2 = 1 and t1 = t2 = 0.
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4.3 Posterior convergence rates

In this section, we establish posterior convergence rate results for our model. We add a subscript

n to the total number of covariates p, the expected number of covariates r and the maximum

number of covariates r̄ to denote they are diverging with respect to the sample size n.

Let Πn be the prior as defined in (A1)–(A4) and denote the posterior distribution based on

n pairs of observations (Y1,X1), . . . , (Yn,Xn) by Πn(· | Xn,Y n). Let {ϵn}n≥1 be a sequence

of positive numbers with limn→∞ ϵn = 0. Also let ρ denote a suitable metric on the space

of probability densities on Rd, such as the L1-metric or the Hellinger metric. Then for fixed

conditional density function f0 on [0, 1]d+1, we say the posterior of the density regression model

based on Πn converges around f0 at a rate ϵn in the metric ρ if for any M <∞,

lim
n→0

Πn [{f : ρ(f0, f) > Mϵn}|Xn,Y n] = 0 almost surely. (4.3)

Although (4.3) only establishes ϵn as a bound on the convergence rate at f0, it serves as a

useful calibration when checked against the optimal rate for the smoothness class to which f0

belongs. It is known that for a fixed d, the minimax rate associated with a (d+ 1)-dimensional

β-Hölder class is n−β/(2β+d+1). We establish (4.3) for this class with ϵn as n−β/(2β+d+1) up

to a factor a power of log n. A formal result requires some additional conditions on f0, as

summarized below.

(B1) Assume that f0 is only related to a fixed number of predictors x1, . . . , xd. Also f0 ∈

Cβ[0, 1]d+1.

(B2) Assume that pn ≤ exp(Cnα) for 0 < α < 1. When α = 0, define pn ≤ nK for some

constant K > 0.

(B3) Assume that the true conditional density f0 is bounded below by a positive constant m.
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Theorem 20. Suppose we have i.i.d observations X1, . . . ,Xn from an unknown probability

distribution G on [0, 1]pn . Assume that the true conditional density satisfies Conditions (B1)–

(B3). Given the prior constructed in (A1)–(A4) and the maximal model size r̄n = O(log n),

then the posterior distribution of f converges at the rate ϵn = n−s1(log n)s2 with respect to

dC , where s1 = min{β/(2β + d + 1), (1 − α)/2}, s2 = β/(2β + d + 1) + 1 − t1/2 and

dC(f, f0) =
∫
|f(y|x1, . . . , xp)− f0(y|x1, . . . , xp)|G(dx1, . . . , dxp).

In order to prove the theorem, we need the following lemma, which describes the approxi-

mation ability of tensor product B-splines.

Lemma 10. (a) For any function f ∈ Cβ[0, 1]d0 , 0 < β ≤ q, there exists θ ∈ RJ0 and a

constant C > 0 such that

∥∥∥∥∥f −
J0∑

j1=1

· · ·
J0∑

jd=1

θjBj(x)

∥∥∥∥∥
∞

≤ CJ−β
0 ∥f (β)∥∞, (4.4)

where j = (j1, . . . , jd).

(b) Further, if f > 0, then for sufficiently large J0, we can choose every element of θ to be

positive.

(c) Assume that f(y|x1, . . . , xd) is a density function in y lying in Cβ[0, 1]d+1. Then for suffi-

ciently large J , there exists η ∈ (0, 1)J satisfying
∑J0

i0=1 ηi0,...,id = 1 for every fixed (i1, . . . , id) ∈

{1, . . . , J0}d, J = Jd+1
0 and a constant C2 > 0 such that

∥∥∥∥∥f(y|x1, . . . , xd)−
J0∑

j0=1

· · ·
J0∑

jd=1

ηjB
∗
j0
(y)

d∏
k=1

Bjk(xk)

∥∥∥∥∥
∞

≤ C2J
−β/(d+1). (4.5)

Proof. Part (a) is a well-known approximation result for tensor product splines, see Lemma 2.1

of de Jonge and van Zanten (2012) for example. Part (b) is a direct multivariate generalization

of Lemma 7, Part (b).
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For Part (c), note that by Part (b), we have θ ∈ (0, 1)J such that

∥∥∥∥∥f(y|x1, . . . , xd)−
J0∑

j0=1

· · ·
J0∑

jd=1

θjBj0(y)
d∏

k=1

Bjk(xk)

∥∥∥∥∥
∞

≤ C1J
−β/(d+1) (4.6)

for constant C1 = C∥f (β)∥∞. Define ξ by ξj0,...,jd = θj0,...,jd
∫ 1

0
Bj0(y)dy and B∗∗ as the

column vector of B∗∗
j (y,x) = B∗

j0
(y)
∏d

k=1Bjk(xk), then

∥∥f(y|x1, . . . , xd)− ξTB∗∗∥∥
∞ ≤ C1J

−β/(d+1). (4.7)

By integration, it follows that

∥∥∥∥∥1−
J0∑

j0=1

· · ·
J0∑

jd=1

ξj

d∏
k=1

Bjk(xk)

∥∥∥∥∥
∞

≤ C1J
−β/(d+1)

for any x ∈ [0, 1]d. Therefore
∣∣∣1−∑J0

j0=1 ξj0,...,jd

∣∣∣ ≤ C1J
−β/(d+1) for any (j1, . . . , jd) ∈

{1, . . . , J0}d. Define η as ηj0,...,jd = ξj0,...,jd/
∑J0

j0=1 ξj0,...,jd , then ∥η − η∥1 ≤ C1J
−β/(d+1).

Since ∥θTB∗∗ − ηTB∗∗∥∞ ≤ ∥θ − η∥1∥B∗∗∥∞ and every B∗∗
i is uniformly bounded above,

we have ∥f − ηTB∗∗∥∞ ≤ ∥f − θTB∗∗∥∞ + ∥θ − η∥∞∥B∗∗∥∞ ≤ C2J
−β/(d+1) for some

positive constant C2.

Proof of Theorem 20. Note that the posterior convergence results on the conditional density of

y given x is equivalent to the results on the joint density of (x, y) since the dominating measure

(dx, dy) is the product of the measures dx and dy.

In order to obtain the posterior convergence rate, we apply Theorem 2. We choose a sieve
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Fn as

{
γi ∈ {0, 1}pn , i = 1, . . . , pn;

pn∑
i=1

γi ≤ r̄n

}
×
{
η ∈ (−n, n)j0+

∑pn
i=1 jiγi

}
×{1 ≤ ji ≤ Jn; i = 0, . . . , pn} , (4.8)

and define

ϵn = n−min{β/(2β+d+1),(1−α)/2}(log n)1−t1/2+β/(2β+d+1),

ϵ̄n = n−min{β/(2β+d+1),(1−α)/2}(log n)β/(2β+d+1),

Jn = ⌊nmax{(d+1)/(2β+d+1),α}(log n)(2β)/(2β+d+1)−t1⌋+ 1. (4.9)

For (1.9), use the fact that ∥θT
1B−θT

2B∥2 ≤
√
J∥θ1−θ2∥2 for any θ1,θ2 ∈ RJ , we have

D(ϵn,Fn, ∥ · ∥2) ≤ r̄n

(
pn
r̄n

)
JnD

(
ϵn,
{
θ ∈ (−n, n)(r̄n+1)Jn

}
, ∥ · ∥2

)
≤ r̄np

r̄n
n Jn

{
2n

√
Jn

ϵn

}(r̄n+1)Jn

. exp
{
r̄n log pn + (r̄n + 1)Jn log(2n

√
Jn/ϵn)

}
.

Taking the logarithm on both sides, (3.28) holds when r̄n log pn ≤ nϵ2n and r̄nJn log n ≤ nϵ2n.

Now, for (1.10), note that since r ≤ r̄n, Π(F c
n) is bounded by

Π(jk > Jn, for at least one k) +
Jn∑
j=1

Π(η /∈ (−n, n)(r̄n+1)j)

≤ r̄n exp(−Jn logt1 Jn) + (r̄n + 1)Jn exp(−Cn2) (4.10)

for some constant C > 0. Thus we need Jn logt1 n ≥ nϵ̄2n, which is satisfied by the definition

in (4.9).
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For (1.11), we assume that the true regression depends on x only through x1, . . . , xd, oth-

erwise we simply relabel. Define J̄n = ⌊(n/ log n)(d+1)/(2β+d+1)⌋ + 1. By Lemma 10 and

Condition (B1), there exists positive constants c0, . . . , cd, ji = ⌊ciJ1/(d+1)
n ⌋ + 1, i = 0, . . . , d,

J0 = (j0, . . . , jd, 1, . . . , 1) and η0 ∈ (−n, n)
∑d

i=0 ji such that the estimator proposed in (4.2)

using J0 and η0 satisfies

|f0(y|x1, . . . , xd)− f(y,x|J0,η0)| ≤ J̄−β/d
n ≤ ϵ̄n.

Also, for these coefficients vector η that satisfies ∥η − η0∥2 ≤ ϵ̄nJ̄
−(d+1)/2
n , we have

|f(y,x|J0,η)− f(y,x|J0,η0)| ≤ ϵ̄n

and hence |f0(y|x1, . . . , xd)− f(y,x|J0,η)| ≤ 2ϵ̄n. Using Condition (B3), it follows that

h2(f0, f) =

∫
|f0 − f |2

(f
1/2
0 + f 1/2)1/2

≤ 1

m
∥f0 − f∥2∞ . ϵ̄2n. (4.11)

Note that inf f ≥ inf f0 − ∥f0 − f∥∞ ≥ m/2 given that ϵ̄n is sufficiently small. Using

Lemma 8 of Ghosal and van der Vaart (2007b), we have

K(f0, f) ≤ 2h2(f0, f)
∥∥∥f0
f

∥∥∥
∞

. ϵ̄2n,

V (f0, f) . h2(f0, f)
(
1 +

∥∥∥f0
f

∥∥∥
∞

)2
. ϵ̄2n. (4.12)

Thus, by (A1), (A2) and the small ball probability estimates of a Dirichlet distribution in
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Lemma 6.1 of Ghosal et al. (2000), we obtain

Π(K(f0, ϵ̄n))

≥ Πr(r = d)ΠV (x1, . . . , xd)ΠJ(jk = λkJ̄n, k = 0, . . . , d)Π(∥η − η0∥2 ≤ ϵ̄nJ̄
−(d+1)/2
n )

& exp
{
−t0 log(log n)− d log pn − C1dJ̄n log

t2 J̄n − C2(d+ 1)J̄n log
(
J̄ (d+1)/2
n

)}
& exp{−nϵ̄2n} (4.13)

for some positive constants λ0, . . . , λd and C1, C2 since log pn ≤ nϵ̄2n and J̄n log n ≤ nϵ̄2n.

4.3.1 MCMC-free Computation

First, we assume that we know the true model only contains a fixed subset of covariates

x1, . . . , xd. Then given the observations (Xi, Yi) = (Xi1, . . . , Xid;Yi), i = 1, . . . , n, the con-

ditional likelihood L(η,J |x, y) is

n∏
i=1

{
J0∑

j0=1

· · ·
Jd∑

jd=1

ηjB
∗
j0
(Yi)

d∏
k=1

Bjk(Xi,jk)

}

=
∑

s1∈{1,...,J0}×···×{1,...,Jd}

· · ·
∑

sn∈{1,...,J0}×···×{1,...,Jd}

n∏
i=1

ηsiB
∗∗
si
(Yi,Xi),

where B∗∗
s (x) is defined as B∗

s1
(x1)

∏J
k=2Bsk(xk) for every J-dimensional index s and J ≥

2. Since p(J ,η|x, y) ∝ p(x, y|J ,η)Π(η|J)Π(J), the posterior mean of f(y|x) at point

(X0, Y0) is given by

∑∞
j0=1 · · ·

∑∞
jd=1

∏d
k=0 Π(jk)

∫
η
f(y|x,η, j)Π(η)L(θ, j|X, Y )dη∑∞

j0=1 · · ·
∑∞

jd=1

∏d
k=0 Π(jk)

∫
η
Π(η)L(θ, j|X, Y )dη

. (4.14)

In both numerator and denominator, it involves computing an integral I(s1, . . . , sn) =
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∫
η
Π(η)

∏n
k=1 ηskdη. For a multivariate index i, define i(−1) as the index i without the first

component. Then observe that the prior on η are block-wise independent for ηi with different

i(−1)s. Hence this integral can be easily computed. Define Λj = {1, . . . , j0}×· · ·×{1, . . . , jd},

then (4.14) simplifies into

∞∑
j0=1

· · ·
∞∑

jd=1

d∏
k=0

Π(jk)
∑
s0∈Λj

· · ·
∑

sn∈Λj

I(s0, . . . , sn)
n∏

i=0

B∗∗
si
(Yi,Xi)

∞∑
j0=1

· · ·
∞∑

jd=1

d∏
k=0

Π(jk)
∑
s1∈Λj

· · ·
∑

sn∈Λj

I(s1, . . . , sn)
n∏

i=1

B∗∗
si
(Yi,Xi)

. (4.15)

Now, we take the variable selection into consideration. Suppose that the true model contains

d covariates Xm1 , . . . , Xmd
. Define m0 = 0 and

W 0(m1, . . . ,md)

=
∞∑

jm0=1

· · ·
∞∑

jmd
=1

ΠJ(jm0) · · ·ΠJ(jmd
)
∑
s0∈Λj

· · ·
∑

sn∈Λj

I(s0, . . . , sn)
n∏

i=0

B∗∗
si
(Yi,Xi),

W 1(m1, . . . ,md)

=
∞∑

jm0=1

· · ·
∞∑

jmd
=1

ΠJ(jm0) · · ·ΠJ(jmd
)
∑
s1∈Λj

· · ·
∑

sn∈Λj

I(s1, . . . , sn)
n∏

i=1

B∗∗
si
(Yi,Xi).

Then the posterior mean of f at point (x0, y0) is

∑r̄
d=1 Πr(d)

∑
1≤m1<···<md≤pΠV (xm1 , . . . , xmd

)W 0(m1, . . . ,md)∑r̄
d=1 Πr(d)

∑
1≤m1<···<md≤pΠV (xm1 , . . . , xmd

)W 1(m1, . . . ,md)
. (4.16)

Similar expressions can be obtained for other posterior moments, in particular, for the posterior

variance. This estimate can be viewed as a kernel mixture estimator whose kernel is determined

jointly by selected covariates and associated tensor product B-splines. Since a B-spline basis
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function takes nonzero values only at q intervals, the calculation of W 0 involves a multiple

of (jmax − jmin + 1)dqd(n+1) terms if we restrict each ji taking values between jmin and jmax.

Then there will be a multiple of
∑r̄

d=1

(
p
d

)
(jmax − jmin + 1)dqd(n+1) terms in total. Instead of

evaluating all terms, we randomly sample a number of terms in both numerator and denomi-

nator and take the associated average values. If we pick q = 1, then this number will reduce to∑r̄
d=1

(
p
d

)
(jmax − jmin + 1)d. See more details in Section 4.4.

4.4 Numerical results

4.4.1 Computing algorithm

In the following, we provide more details in the prior construction of our model.

(C0) We choose q = 1, in other words, we consider indicator functions as the base.

(C1) We assign a uniform prior on the model size ranging from 2 to r̄. Then Condition (A1)

is satisfied for t0 = 1.

(C2) The prior probability of γi follows a Bernoulli distribution with parameter wi for 0 ≤

wi ≤ 1 and i = 1, . . . , p. The values of wi can depend on the marginal correlation

between xi and y.

(C3) We choose ΠJ as a geometric distribution with mean 10 and restrict it between 5 and 15.

(C4) Given J = J0, we assign a J0-dimensional uniform prior on (η1,j , . . . , ηJ0,j) for every j.

Then Condition (A4) is satisfied for a = 1.
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4.4.2 Simulation studies

We apply the MCMC-free calculation on the following two examples,

Y |X ∼ Beta(4X1 + 3X2
2 , 10X2), (4.17)

Y |X ∼ Beta(5X2 exp(2X1), 5X
2
3 + 3X4). (4.18)

For each example, we generate p covariates X1, . . . , Xp uniformly from [.05, .95]. We compare

our method (rsp) with least-squares kernel conditional density estimation (ls) developed by

Sugiyama et al. (2010), where they use L1-regularization to select variables. Prediction errors

under L1- and L2- losses and their maximum standard errors associated with 10 Monte-Carlo

replications are summarized in Table 4.1. When the true density function has a simple form as

in Example (4.17), our result is more accurate when p is larger than n. When the true density

becomes more complicated, our method gives uniformly better results than least-squares for

all values of p.
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Table 4.1: Density regression examples (4.17) and (4.18).

Example (4.17)
n = 100 n = 500

rsp (L1) rsp (L2) ls (L1) ls (L2) rsp (L1) rsp (L2) ls (L1) ls (L2)
p = 5 .75 .79 .45 .35 .84 .93 .41 .31
p = 10 .83 .95 .59 .60 .83 .95 .65 .79
p = 50 .72 .71 .69 .74 .73 .77 .67 .77
p = 100 .68 .68 .68 .76 .75 .82 .71 .84
p = 500 .73 .74 .86 1.24 .76 .79 .85 1.26
p = 1000 .73 .73 1.00 1.63 .75 .78 .91 1.51
max s.e. .05 .09 .05 .11 .05 .09 .10 .20

Example (4.18)
p = 5 .65 .61 .73 .85 .70 .67 .70 .77
p = 10 .66 .59 .78 .92 .74 .76 .81 1.14
p = 50 .67 .63 .65 .66 .74 .74 .73 .84
p = 100 .70 .68 .70 .78 .66 .62 .65 .69
p = 500 .58 .50 .69 .80 .77 .83 .78 1.16
p = 1000 .74 .73 .75 1.14 .66 .61 .81 1.17
max s.e. .04 .08 .06 .12 .05 .09 .08 .18
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Chapter 5

Adaptive derivative estimation

5.1 Introduction

Estimations of derivatives of density functions have been well studied in the literature and

have many applications in estimating score functions, Fisher information, regression curves

and hypothesis testing problems etc. (Singh, 1977a). Rosenblatt (1956) introduced a method of

kernel type estimation for derivatives of a univariate density. Parzen (1962) and Bartlett (1963)

studied the asymptotic behaviors of such estimators and came up with an improved estima-

tor by truncation techniques that reduces estimation bias. The convergence rates results were

first obtained by Bhattacharya (1967) and Schuster (1969). However, neither of them achieved

optimality (Farrell, 1972). An improved result was shown by Singh (1977b). Besides kernel

methods, wavelet is another popular tool in derivative estimation. See Prakasa Rao (1996) and

Hosseinioun et al. (2011, 2012) for an example.

To the best of our knowledge, so far there has been no discussion on using Bayesian meth-

ods for derivative estimations. In this chapter, we focus on estimating derivatives of a univariate

density function using both kernel and spline methods. We establish posterior convergence rate
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under L2-metric. The main challenge lies in the need of working directly with Euclidean dis-

tances instead of the most commonly used Hellinger distances and extending the original Le

Cam’s testing theory under more general situations. We employ the technique developed by

Giné and Nickl (2011), in which they obtain posterior convergence rates under Lp-norm by

constructing an appropriate test that differentiate the target density of interest and their esti-

mates and then control probabilities of both type I and type II errors using Talagrands inequal-

ity (Talagrand, 1996). In our work, we establish a test that differentiate the true derivative f (r)
0

and its estimate f (r):

H0 : f
(r) = f

(r)
0 against HA : ∥f (r) − f

(r)
0 ∥p ≥ ϵn. (5.1)

We show that under certain boundary conditions on f0, the distance on the space of densities

and the distance on the space of their derivatives are closely related in both directions. Hence

these two types of tests are equivalent except that the value of ϵn may be different. Such results

allow us to directly apply results in Giné and Nickl (2011) to obtain convergence rates under

Lp-norm for general values of p.

5.2 Prior

5.2.1 Dirichlet mixture prior

We consider estimating derivatives of a density function f ∈ Cα[0, 1]. For α > 1, we are able to

estimate derivatives up to order r < ⌊α⌋. We first describe prior distributions constructed based

on kernel estimates. Define the r-th order derivative of a standard normal density function by

ϕ(r)(x) =
1√
2π

dr

dxr
e−x2/2,
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which can be written in terms of Hermite polynomials in ϕ(x). Similarly with Section 2.2.1,

we consider a Dirichlet mixture prior as follows

∫ ∞

−∞

1

σr+1
ϕ(r)

(
x− µ

σ

)
dF (µ), x ∈ [0, 1], F ∼ DP(α), σ ∼ G, (5.2)

where α is some finite positive measure defined on R and G is a prior distribution on σ satis-

fying the following conditions for some positive constants a1, a2, a3, a4, b1, b2, b3, C1, C2, C3:

G(σ > x) ≤ b1x
−a1 for all sufficiently large x > 0, (5.3)

G(σ ≤ x) ≤ b2 exp(−C1x
a2) for all sufficiently small x > 0, (5.4)

G(s < σ < (1 + C2)s) ≥ b3s
a3Ca4

2 exp(−C3s
1/2) for any s > 0. (5.5)

Also, define ᾱ = α/α(R) and assume that for some constant C4, a5 > 0,

1− ᾱ([−x, x]) ≤ b4 exp(−C4x
a5) for all sufficiently large x > 0. (5.6)

Conditions (5.3)–(5.5) on σ do not hold for the commonly used inverse gamma distribution.

However, the square of an inverse gamma random variable satisfies these conditions. Condition

(5.6) is satisfied for a lot of probability distributions with exponential tails such as Gaussian,

exponential etc.

5.2.2 Finite mixture prior

As an alternative to Dirichlet mixture, we can also use a finite mixture prior as follows:

H∑
h=1

ωhϕ
(r)
σ (x− µh), x ∈ [0, 1],

H∑
h=1

ωh = 1. (5.7)
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By assigning prior distributions onH , ω = (ω1, . . . , ωH) and µ1, . . . , µH , we obtain an induced

prior on the Kσ,rf . We assume that the prior on σ satisfies (5.3)–(5.5) and the prior on H

satisfies

b5 exp{−C5x(log x)
τ1} ≤ Π(H ≥ x) ≤ b6 exp{−C6x(log x)

τ1} (5.8)

for sufficiently large x > 0 and some positive constants b5, b6, C6, τ1. Also, for every fixed

H = h and some positive constants a6, b7, b8, C8,

Π(µi /∈ [−x, x]) ≤ b7 exp(−C7x
a6), for sufficiently large x > 0, i = 1, . . . , h, (5.9)

Π(∥ω − ω0∥ ≤ ϵ) ≥ b8 exp{−C8h log(1/ϵ)}, for all 0 < ϵ < 1/h and all ω0 ∈ ∆h. (5.10)

5.2.3 Random series prior

Here we consider random series prior discussed in Chapter 3. In particular, we choose B-spline

function as the basis because of its nice approximation ability. For a density f , we consider

fθ(x) =
J∑

j=1

θjB
∗
j (x), x ∈ [0, 1], (5.11)

where B∗
j ’s are re-scaled B-spline basis functions defined in Section 3.2.3. Then by taking the

derivative of B∗ and assigning priors on J and coefficients θ1, . . . , θJ , we obtain an induced

prior on f (r). We assume the following conditions hold:

Π(J > x) ≤ exp{−C9x log
t1 x} for sufficiently large x > 0, (5.12)

Π(x ≤ J < (1 + C10)x) ≥ exp{−C11x log
t2 x} for sufficiently large x > 0, (5.13)

121



and when the value of J is fixed at j, the following hold:

Π(∥θ − θ0∥2 ≤ ϵ) ≥ exp{−C12j log(1/ϵ)} for all ∥θ0∥∞ ≤ H, (5.14)

Π(θ /∈ [−M,M ]j) ≤ j exp{−C13M
t3} for sufficiently large M > 0 (5.15)

for some positive constants C9, C10, C11, C12, C13, t1, t2, t3 and large H > 0.

Note that B∗
j is not differentiable at boundaries of its support. Hence we define all relevant

derivatives equal to zero at the boundaries.

As discussed in Remarks 3 and 1, Conditions (5.12) and (5.13) hold for Geometric, Poisson

and negative binomial distributions. Conditions (5.14) and (5.15) hold for multivariate normal,

Dirichlet and independent gamma, exponential distributions.

5.3 Posterior convergence rate

5.3.1 Main results

Theorem 21. Suppose that we have i.i.d observations X1, . . . , Xn from a density function

f0 ∈ Cα[0, 1]. Assume that f0 satisfies

f
(k)
0 (0) = ck, k = 0, . . . , r − 1, (5.16)

where r is a positive integer with r < ⌊α⌋, α > 1 and c0, . . . , cr−1 are some fixed constants.

Also, there exists positive numbers W1 and W2 such that W1 ≤ f0 ≤ W2. Let the prior be

constructed as in Section 5.2, 1 ≤ p ≤ ∞ and p̄ = max(2, p), then

Π{∥f (r) − f
(r)
0 ∥p ≥Mnn

−s1(log n)s2 |X1, . . . , Xn} → 0 for any Mn → ∞. (5.17)
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The numbers s1 and s2 are determined in the following way:

(i) When using Dirichlet mixture prior in Section 5.2.1,

s1 =
(α− 1/2 + 1/p̄)(α− r)

α(2α+ 1)
, s2 =

2(p̄− 1)(α− r)

p̄α
;

(ii) When using finite mixture prior in Section 5.2.2,

s1 =
(α− 1/2 + 1/p̄)(α− r)

α(2α+ 1)
, s2 = {2 + max(0, 1− τ1)}

(p̄− 1)(α− r)

p̄α
;

(iii) When using random series prior in Section 5.2.3,

s1 =
(α− 1/2 + 1/p̄)(α− r)

α(2α+ 1)
, s2 =

(
2α

2α+ 1
+ 1− t1

)
(p̄− 1)(α− r)

p̄α
.

When p ≤ 2, we have p̄ = 2, hence s1 = (α − r)/(2α + 1), which leads to the minimax

rate for estimating an r-th order derivative of a α-Hölder function. When p > 2, there will be a

deterioration factor caused by large value of p.

Condition (5.16) is commonly assumed when r = 1, i.e., when we are estimating the first

order derivative, it is natural to assume that the true density has zero values at the boundary.

Then the posterior of Bayesian estimate f ′ concentrates around the true f ′
0 at a rate n−(α−1)/(2α+1)

multiplied by some logarithmic factor under L2-metric.

Here, we briefly explain the idea of the proof. We first establish posterior convergence rates

for density estimation problem under Lp-metric using Theorem 3 of Giné and Nickl (2011).

That theorem states that for two sequences of positive numbers ϵn, δn → 0, one needs to

verify the original sets of conditions involving lower bounding the prior probability on the

sieve (1.10) and the prior concentration probability (1.11) and replace the entropy condition
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(1.9) by obtaining more accurate bounds on the approximation errors in terms of δn. More

precisely,

∥f (r)
n − f

(r)
0 ∥p = O(δ(α−r)/α

n ), (5.18)

where f (r)
n stands for our posterior estimate of r-th order derivative based on n observations.

The other conditions in that theorem are easily satisfied because the true function f0 and all of

its derivatives are bounded by our assumption. Therefore, we may choose ϵn as the convergence

rate in our original theorems with respect to the Hellinger distance, then (1.10) and (1.11)

hold for the same sieve used when proving the original theorem. Also, (5.18) is guaranteed by

approximation results stated in Lemmas 12 and 13. According to Theorem 3 of Giné and Nickl

(2011), define δn = ϵn(nϵ
2
n)

1/2−1/p̄, we obtain δ(α−r)/α
n as the convergence rate under Lp-metric

by Lemma 11.

The following lemma establishes the relationship between the distances on the space of

densities and the distance on the space of derivatives.

Lemma 11. Suppose that f, g ∈ Cα[0, 1] are two density functions with α > 1. Given a

sequence of positive number ϵn → 0 as n→ 0, every positive integer r < ⌊α⌋ and 1 ≤ p ≤ ∞,

suppose that |f (k)(0)− g(k)(0)| ≤ ϵn for k = 0, 1, . . . , ⌊α⌋, we have

(i) If ∥f (r) − g(r)∥p ≤ ϵn, then ∥f (r−1) − g(r−1)∥p . ϵn;

(ii) If ∥f (r−1) − g(r−1)∥p ≤ ϵn, then ∥f (r) − g(r)∥p ≤ Cϵ
(α−r)/(α−r+1)
n for some constant

C > 0.

(iii) If ∥f (r) − g(r)∥p ≤ ϵn, then ∥f − g∥p ≤ ϵn;

(iv) If ∥f − g∥p ≤ ϵn, then ∥f (r) − g(r)∥p ≤ C0ϵ
(α−r)/α
n for some constant C0 > 0.
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Proof. For Part (i), by integration,

∥f (r−1) − g(r−1)∥p =

∥∥∥∥f (r−1)(0) +

∫ x

0

f (r)(ξ)dξ − g(r−1)(0)−
∫ x

0

g(r)(ξ)dξ

∥∥∥∥
p

≤ ϵn +

∫ 1

0

∥f (r)(ξ)− g(r)(ξ)∥pdξ

. ϵn. (5.19)

For Part (ii), note that for any x ∈ (0, 1), there exists ξ ≥ x such that

f (r)(x)− g(r)(x) =
f (r−1)(ξ)− g(r−1)(ξ)

ξ
. (5.20)

Let δn → 0 be a sequence of positive numbers. If ξ ≤ δn, then by the fact that both f (r−1)

and g(r−1) belong to Cα−r+1 and using the local smoothness condition, we obtain that both

functions are bounded by a constant multiple of ξα−r+1. If ξ > δn, then the Lp-norm of (5.20)

can be bounded by ϵn/ξn. Therefore

∥f (r)(x)− g(r)∥p . ∥f (r−1) − g(r−1)∥p
δn

+ δα−r
n

. ϵn
δn

+ δα−r
n .

Choose δn = ϵ
1/(α−r+1)
n , then the result follows.

Parts (iii) and (iv) are immediate consequences of (i) and (ii).

The following proposition is an analog of Theorems 2 and 3 of Giné and Nickl (2011). It

forms the basis of posterior convergence rate calculations for derivative estimation.

Proposition 3. Suppose we have i.i.d. observations X1, . . . , Xn following the law of some true

density function f0 ∈ Cα[0, 1]. Let 1 ≤ p ≤ ∞, r be a positive integer strictly smaller than
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⌊α⌋ and ϵn → 0 be a sequence of positive numbers such that nϵ2n → ∞. Let F be a set of

probability density functions f defined on Cα[0, 1] satisfying

|f (k)(0)− f
(k)
0 (0)| ≤ ϵn, for every nonnegative integer k < ⌊α⌋ (5.21)

and Πn be priors defined on some σ-algebra of F . Also, there exist positive numbers W1 and

W2 such that W1 ≤ f0 ≤ W2. Define

δn = ϵn(nϵ
2
n)

1/2−1/p̄, ξn = δ(α−r)/α
n , p̄ = max(2, p). (5.22)

Let Fn be a sequence of subsets of

{f ∈ F : ∥Tn,r(f)− f (r)∥p ≤ Cnξn}, (5.23)

where Cn is a sequence of positive constants and Tn,r(f) is an admissible approximation se-

quence of f (r). Assume there exists C > 0 such that for sufficiently large n,

Πn(F c
n) ≤ e−(C+4)nϵ2n , (5.24)

Πn{K(f0, ϵn)} ≥ e−Cnϵ2n . (5.25)

If

∥Tn,r(f0)− f
(r)
0 ∥p = O(ξn) (5.26)
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and δn → 0 as n→ 0, then for every Mn → ∞,

Πn{f ∈ F : ∥f (r) − f
(r)
0 ∥p ≥Mnξn|X1, . . . , Xn} → 0, in probability. (5.27)

Proof. The proof is analogous to proofs of Theorems 2 and 3 of Giné and Nickl (2011). In

their proofs, they show that there exist test functions ϕn = ϕn(X1, . . . , Xn; f0) such that for

some constants L1, L2 > 0,

P n
0 ϕn ≤ e−L1nϵ2n , (5.28)

sup
f∈Fn:∥f−f0∥p≥Mδn

P n(1− ϕn) ≤ e−L2nϵ2n , (5.29)

where P n
0 and P n are probability measures of f0 and f . Using Lemma 11, we obtain

P n
0 ϕn ≤ e−L1nϵ2n , (5.30)

sup
f∈Fn:∥f (r)−f

(r)
0 ∥p≥Mξn

P n(1− ϕn) ≤ e−L2nϵ2n (5.31)

for a different set of constants. Then the conclusion follows, see arguments in the proof of

Lemma 2.1 of Ghosal et al. (2000).

5.3.2 Approximation results

We first discuss the approximation ability of kernel estimators.

Lemma 12. For α > 1, σ > 0 and a density function f ∈ Cα[0, 1], define

Kσ,rf(x) =

∫ ∞

−∞

1

σr+1
ϕ(r)

(
x− µ

σ

)
f(z)dz.
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Given σ sufficiently small and f(x) ≥ M for some constant M > 0, for any nonnegative

integer r < ⌊α⌋, there exists a probability density function g such that

∥Kσ,rg − f (r)∥p . σα−r (5.32)

for 1 ≤ p ≤ ∞.

Proof. We only need to prove the result for L∞-metric. We start from the approximation con-

struction as in de Jonge and van Zanten (2010) and Rousseau (2010). Definemj =
∫∞
−∞ yjϕ(y)dy

as the moment of normal kernel. For every n ∈ N, we define two sequences of numbers as fol-

lows:

cn =
∑

n=l+k,l≥1,k≥1

(−1)k+1

k!
mkdl, dn =

(−1)nmn

n!
+ cn. (5.33)

Define α0 as the largest integer strictly smaller than α and

T = f −
α0−r∑
j=1

djσ
jf (j). (5.34)

Using Lemma 3.4 in de Jonge and van Zanten (2010), we obtain

∥KσT
(r) − f (r)∥∞ . σα−r. (5.35)

Using the similar arguments as in Bhattacharya (1967), we have the following:

1

σr+1
ϕ(r)
(x− µ

σ

)
T (µ)dµ

=
1

σ
ϕ
(x− µ

σ

)
T (r)(µ)− d

dµ

r−1∑
s=0

ϕ(s)
(x− µ

σ

)
T (r−s−1)(µ). (5.36)
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Upon integration, we obtain

∫ ∞

−∞

1

σr+1
ϕ(r)

(
x− µ

σ

)
T (µ)dµ

=
1

σ

∫ ∞

−∞
ϕ

(
x− µ

σ

)
T (r)(µ)dµ− lim

µ→∞

r−1∑
s=0

ϕ(s)

(
x− µ

σ

)
T (r−s−1)(µ)

+ lim
µ→−∞

r−1∑
s=0

ϕ(s)

(
x− µ

σ

)
T (r−s−1)(µ)

=
1

σ

∫ ∞

−∞
ϕ

(
x− µ

σ

)
T (r)(µ)dµ (5.37)

Combing this result with (5.35), we have ∥Kσ,rT − f (r)∥∞ . σα−r.

Observe that the absolute values of dj and f (j) are bounded. Given σ sufficiently small,

we have T (x) > f(x)/2. Define a re-scaled version of T as g(x) = T (x)/
∫ 1

0
T (u)du. Taking

r = 0, we have ∥KσT−f∥∞ . σα. Hence |1−
∫ 1

0
T (u)du| . σα. As a result, ∥g−T0∥∞ . σα.

The conclusion then follows.

For B-spline models, we have the following lemma.

Lemma 13. For α > 1 and a density function f0 ∈ Cα[0, 1], given the smoothness level of the

B-spline basis function q > α, for sufficiently large J , there exists a θ0 ∈ ∆J such that

∥∥θT
0B

∗(r)(x)} − f (r)
∥∥
p
. Jr−α (5.38)

for any nonnegative integer r satisfying 0 ≤ r < ⌊α⌋ and 1 ≤ p ≤ ∞.

Proof. It is well known that (see Chapter 6, Schumaker (2007) for example) their exists a

θ1 ∈ (0,∞)J such that ∥∥θT
1B

(r)(x)} − f (r)
∥∥
∞ . Jr−α
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Using the same arguments in Part (d) of Lemma 7, we can find a θ0 ∈ ∆J that enjoys the same

approximation order.

5.3.3 Proof of Theorem 21

Proof. We apply proposition 3 with ϵn as the posterior convergence rate obtained for density

estimation problem under the Hellinger distance. Note that (5.26) holds because of the approx-

imation results established in Lemmas 12 and 13.

For Dirichlet mixture prior, according to Theorem 3, we take d∗ = 1 and remove the tail

parameter τ on f0, then the rate there is ϵn = n−α/(2α+1) log n. Hence the rate is

{
ϵn(nϵ

2
n)

1/2−1/p̄
}(α−r)/α

= n− (α−r)(α−1/2+1/p̄)
α(2α+1) (log n)2(α−r)(p̄−1)/(p̄α)

For finite mixture prior, according to Theorem 4, we can take

ϵn = n−α/(2α+1)(log n)1+max{0,(1−τ1)/2}.

For random series prior, according to Thereom 13, part (a), we take

ϵn = n−α/(2α+1)(log n)α/(2α+1)+(1−t1)/2.

Then the similar calculation gives the conclusion.
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Appendix A

Introduction to B-splines

A.1 Univariate B-splines

Here we provide a brief introduction to B-splines. Following de Boor (2001), we divide the

unit interval [0, 1] into K equally spaced subintervals and consider spline functions, which are

continuous, piecewise polynomials of degree at most q and are (q − 2) times continuously

differentiable. Then it can be shown that these spline functions form a J-dimensional linear

space, where J is defined as J = q + K − 1. A convenient basis for this space is given by

B-splines. The B-splines satisfy the following properties:

(i) Bj(x) ≥ 0.

(ii)
∑J

j=1Bj(x) = 1, for every x ∈ (0, 1).

(iii) For every x, Bj(x) > 0 for at most q indices.

(iv) Each Bj is supported only on an interval of length q/K.

(v) Bj’s are uniformly bounded.
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Figure A.1: B-spline basis functions

(a) B-spline, q = 3
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(b) B-spline, q = 6
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(c) Normalized B-spline, q = 3
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(d) Normalized B-spline, q = 6
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A.2 Tensor-product B-splines

The tensor-product B-spline basis function is defined as the product of univariate basis func-

tions of each direction. For [0, 1]d and d ∈ N, we split [0, 1] into Jk equal intervals at k-th

direction. Then we have

Bj(x1, . . . , xd) =
d∏

k=1

Bjk(xk), jk = 1, . . . , Jk, k = 1, . . . , d. (A.1)

Hence there are
∏d

i=1 Jk equal cubes in total. For simplicity, we use B to denote a column

vector of all basis functions and define the total number of basis functions as J =
∏d

k=1 Jk.

Tensor-product B-splines maintain a lot of nice properties that the univariate B-spline en-

joys. In the following, we list a few of them that will be used in our modeling:

(i) Bj ≥ 0.

(ii)
∑J1

j1=1 · · ·
∑Jd

jd=1Bj(x) = 1, for every x ∈ (0, 1)d.

(iii) For every x, Bj(x) > 0 for at most qd indices.

(iv) Bj’s are uniformly bounded.
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