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SIMULTANEOUS CONFIDENCE INTERVAL ESTIMAT ION
by S. N. Roy and R. C. Bose™

Institute of Statistics, Uriversity of North Carolina

Summary. The work of Neyman on confidence limits and of Fisher
on fiducial limits is well known, However, in most applications the
interval or limits for only a single parameter or a single function of
the parameters has been considered. Recently Scheffe 1—2_7 and Tukey
Zf3_7 have considered special cases of what may be called problems of
simultaneous estimation, in which one is interested in giving confidence
intervals for a set of finite or an infinite number of parametric func-
tions such that the probability of parametric functionsof the set being
simultaneously covered by the corresponding intervalsis a preassigned
number 1 - a (0 <a <1).

In this paper we discuss in section 1, a set of sufficient con-
ditions under which such simultaneous estimation is possible, and bring
out the connection of this with a method of test construction considered
by one of the authors in a previous paper /1 7,

In section 2 some univariate examples (including the ones due to
Scheffe and Tukey) are considered from this point of view, The rest of
the paper is concerned with multivariate applications, which are all be-

lieved to be new. The associated tests all turn out to be the same as

1. This work was supported in part by The United States Air Force
under contract AF 18(600)-83 monitored by the Office of Scientific Re-

search,



as in /1 7, except for the example in 4.3, which is a multivariate

generalization of Tukey's example (§-2.2).

1. Introductory remarks on simultanecous estimation

é l,l1, Let y = (yi, Yos eees yh) be an observed set of randem
variables, whose joint distribution depends on unknown parameters,

el, 82, cees em. Let

(1.1.1) 'ﬂ‘k = fk(el, 85 sees em)

be a set of functions of the parameters, where the index k belongs to a
finite or infinite set _ﬁil_ + We shall consider the problem of making

simultaneous confidence statements

(1.1.2) ¢kl(yl’ Yps eees Yn) -<-7-(k-<- ¢k2(yl’ Yos eeey Yn)

with confidence coefficient 1 - a, which gives the probability that the
statements (1,1,2) are simultaneously true for all ke (7) .
This problem can be solved under the following circumstances,

Suppose it is possible to find a set of functions

(1.1.3) \//k(yl, Yos eves Vo T(k)’ ke ﬁ.—._).
such that
(1.1.1) 4 SV g =S 4, ke (7)

implies (1.1.2) and conversely where dl and d2 are constants independent



of k. For a given & = (61, 855 sees Sm) let

(1,1,5) Wg = ﬂk d, = \)ka dg} ’ ke _(._2

be the intersection of the regions (1l.,4.1). If Wy is a Borel set for

each admissible 8, and
(1.1.6) Prob {yswe ‘ 8} =1eqg, O0<a<x<l

is independent of the parameters, then 1 -~ a is also the chance that the
statements (1.1.2) are simultaneously true for all ke () .

Proof, If the sample point y = (yl, Tps sees yn) belongs to We,
then (1,1.L) is true for every ke (7), and the same therefore holds for
(1.1.2). Conversely if (1,1.,2) is truc for all ke(" ), then the same holds
for (1.1.4), Consequently the sample point y belongs to We « Thus the
| statements (1,1.2) are simultaneously true when and only when yswe , and
the probability for this is by hypothesis 1 - a,

Remark, Leb Fél)(yl’ Y wees ¥y) and FéQ)(yl’ Tps wees V) be

the supremum and infimum of K with respect to the variation of k over

all elements of ("), Then

a1 iy foy 250 55D <)

provided that for each y = (yl, Tos eees yn) there exist corresponding kl

and k2 such that \7(/ kl = Fél), '\//k2 = Féz) , (i. e. the suprema and in-

fima are actually attained).
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é 1.2, let HO be a hypothesis regarding the parameters, which fixes

the value of J{ = f3,(8;, 8,, ..., 8 ) for all ke("). Thus let J(, = I,

for' ke(") if Hy is true, Conversely let ), = J(,, for all ke(") imply

the truth of HO. Then a test of the hypothesis Hg is obtained by reject-

ing HO when and only when, at least one of the statements

(1s2,1) ¢kl(y1’ Yps ey yn) f-)—q(Of ¢k2(yl’ Yos eves yn): kﬁi—l

if false, It is evident that the size of the test is a, since 1 - a is
the chance for the statements (1,2.1) to be simultaneously true. The

region W, remains the same for all sets of parameters @ = (8 8

8 0 01’ -o02’

. 0

ey eOm) for which HO is satisfied, To calculate Wé we can therefore
0

take any set of values for thc parameters consistent with HO. The critical

region for rejecting HO is then ﬁeo, the complement of We + The power of
0

the test against an alternative H for which the set of parameters is 6 =

(01) 62, XXE) em) is

(1.2.3) 1 - Prob {yeweol e} .

2, Applications to univariate simultaneous estimation prcblems,

é2.1. Let V1o Tps eves ¥y be independent normal variates with common

variance o° (unknown), and let

B(y;) © 8598y + a8, + wee v a8, 171,2, .y



where 61, 92, seny em are unknown parameters, and

n > rank (aij) = ny (say),

Clearly ny <m. A linear function ){ of the parameters 615 85 wesy 8

is said to be linearly estimable, if there exists a linear function Y of

the variates such that
E(Y) = .

In this case Y is said to be an unbiased linear estimate of .
The unblased linear estimate with the minimum variance is called the best
linear estimate of )( .

Consider the problem of simultancous estimation for a set of linear

functions
(2.1.1) MWy = a8 + Lo * vee + £ 8

such that the coefficient vectors ((kl, Yk?, eeny ykm) form a vector space

2

V1 of rank ny < ng, given an independent estimate s° of 02 based on n,

degrees of frecedom, Let
(2.1.2) T = Cpa¥y * Cpo¥p * eee ¥ Oy

be the best linear estimate of ka. Then the coefficient vectors
(ckl’ Xips oes) ckn) form a vector space V of rank ny, and it is possible

to choose n mutually orthogonal vecbors

(Sil’ gie, ey gim)) i =\ ]T’ 2, beay nl



of unit length lying in V., If we set

Up = 85997 * Bip¥p * eve v By ¥y 1712 ees g

B(Uy) = 4. i=1,2 seey

then there exist constants bkl’ bk?’ vesy bknl such that

Y =b

k= Ppaly ¥ byolUy +oeee + D

U
k22 kn1 ny

Wk=bkljl+bk2—z—2+‘“+bknl—§_nl’

b b determines a unique

Conversely each set of constants b KD? o3 knl

k1’
jrk and Yk belonging to (2.1.1) and (2.1.2) respectively, so that the in-

dex k is in (1,1) correspondence with the set (bkl’ bk2’ cres bknl)'

Also U

1? U2, ey Uhl are independently distributed

. . . 2
normal variates with variance ¢~ and

.2 2 2 2

Var (Yk) = (bkl ¥ byt oees b bknl) el

Since s? is an independent estimate of o? ’
2 2 2 2
Est, var (Yk) = (bkl ¥ D, toeas * bknl ) s
Let us set
Y, -

(2.1.3) L= ek

Est, var (Yk)

by (U = Ty) * Dipl(Up ) weo¥Byy (U =8 )

/,.2 2 2
s bkl.+ bk2 KRR bknl
V




then
(2.1.4) -d <\, sd
implies
Y, - da/Estivar (§) =< 7rk'f Y, + da/Est, var TYk)
since nl
Sup, ‘\_f/k = 4+ z (v, -I )2/5 } 1/2

' i=l

and

Inf, W/ = {Z(U T)/ }1/2

it follows from the remark at the end of é 1.1,, that WQ the intersection
of the regions (2,1,4) is given by
n
(2.1.5) W =% 2t (v, - 77,)%/5° < d2}
6 . i -1 -
i=]
Now (U, 1;§_i)2/n162 is distributed as F with degrees of freedom

Dys Noe Hence if we put

d =N//ana(nl,n2)

where Fa(nl,nQ) is the upper a-point of the F-distribution with ny, N,
degrees of freedom, then the chance for Y15 Yoo eves ¥y to lie in Wé is

1 - a . Henee we get the simultaneous confidence intervals

(2.106) Yk -A//;lFa(nl’ n2) X ESt' var (Yk) fWk

Sty lF (ny,n,) x Est, var (Yk)



with confidence coefficient 1 - a, for the set of parametric functiong
(2,1,1), This is essentially Scheffe's 1_2_7 result when expressed in
the general linear form, It should be noted that the confidence inter-
vals (2.1.6) are independent of the linear functions Ui,

Again suppose we wish to test the hypothesis HO, that any ny in-
dependent linear functions belonging to the set (2.,1.1) vanish, This is
equiyalent to the vanishing of _zr&, 1=1, 2, 4., Ry It follows from

§ l.2., that a test of the hypothesis H, is obtained by using the region

0
of rejection

M2, 2
(2.1.7) 151 Ui/nls > Fa(nl’nZ)

Thus we get the usual F-test of the hypothesis HO.

é 2.2, Let Yis Vo5 eves ¥, bE normal variates for which

(2.2,1) B(y) = 8, var(y) =o® 1=1,2 ..o n

2
(2.2.2) cov(yi,yj) = po 1,5=1,2,45en, 1 # 3

where P is known, mi and 02 are unknown, but an independent estimate
32 of 02 based on n' degrees of freedom is available., It is required

to obtain a simultaneous estimate of the mean differences

(2.2, 3) 8; - 8, i, 3°1,2, see, n, i 7

In contradistinction to the example considered in § 2.1., we

have now a finite set of parametric functions,



Letb
Zi + %6 = yi + (;
-5' = (yl+y2+“'+yn)/n) -e- = (61+92+-.-"'8n)/n

and the disposable constant { is so adjusted that the zi's are uncorrelat-

ed, Then

(2,2.14) E(z,) = 6,, var (zi) = 02(1 -p) i=1,2,s4.,n

1)

Let

(2.2.5) N%/- = i, =1, 2, eseyn, 1 % J e

lj S,‘/l- p

Then

(2.2,6) ‘\,Vij‘jd

implies

(2.2.7) yi-yj-ds4/1-p < ei-ej~f yi-yj+d84/l-p

Let W, be the intersection of the regions (2.2.6). Then clearly
the nccessary and sufficient condition for the sample point to lie in

Wé is that

(2.2.8) qQ=—— <d

where



10

(202.9) Wasupi]Z. -9. i=1, 2, s 04y n

1 1 l

Thus if we set d = qa(n,n’), where qa(n,n') is the upper a-point
of the distribution of the ratio of the range of n independent normal
variates with zero mean, to the square root of an independent estimate
of their common variance based on n' degrees of freedom, then the required

simultaneous confidence intervals for the parametric functions (2.2.3) are
(2,2.10) yi-yj-sq('l(n,n');q/l-P < ei—ej < yi-yj+sqa(n,n').4/l-{)

This result is due to Tukey /3 /. In particular Y15 Yos sees ¥y

may be means of n random samples of equal size drawn from normal popula-
tions with a common (unknown) variance, or may be the estimated troat-

ment effects in a randomized block, or a balanced incomplcte block ex-

periment,
We can test the hypothesis HO that
(2,2.11) 8, =28,% 4.0 =8,

by using as the region of rcjection

s/l= p
where
R = Sup; s |3y

is the range of the random variates Y1sVpseessTpe Thus we arrive at a

té8t different from the classical analysis of variance test.,
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é 2.3+ In factorial experiments we are usually interested in
estimating linear functions of treatment effects, whose estimates arec
independently and normally distributed with a common variance, which
can be independently estimated by an appropriate multiple of the error
mean square in the analysis of variance, The distribution needed for
simultancous estimation in this case, is slightly different from that
occuring in §2.2.

Suppose, for example, that we have observations for a 2x2x2x?
factorial experiment with factors A, B, C, D, and that we are interested
in simultaneously estimating the main effects and two factor interactions
only. We shall suppose that the experiment is so laid out that none of
these is confounded in any replication., Let tll’ t22, t33, thh denote
the true main_effects and t12, t13, tlh’ t23, tﬂh’ tBh the true two factor

interactions, The order of the subscripts in tij is immaterial, i.c.,

t..=t.. . We can then write in the usual notation
i3 Ji
(2.3.1) ty9 =%— (a=1)(b+1)(c+1)(a+1)
1
(2.3.2) ti, = F (a=1)(b-1)(c+1)(d+1)

with similar expressions for other main effects and interactions, Let
yij be the estimate of tij' Then rcasoning as before we get the follow-

ing simultaneous confidence intervals for tij’

- [ .. ..
xa(n,n!),\/Est var(yla).f tlj
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< Vi + xa(n,ni).*/Est.var(yi )

J

where there are nt degrees of freedom available for the estimate of error,
and n = 10 is the number of linear functions to be estimated.

The meaning of xa(n,n') is as follows: Let X1s Xp5 eeey X be in-
dependent normal variates with zero mean and variance 02. Let ) x] be
the maximm of |x;| , |X,| s ee |%| and Lot s? be an independent
estimate of o° based on n! degrees of freedom, Then xa(n,n‘) is the
upper a=-point of the distribution of ‘ xl /s .

A test of the hypothesis H. that all the linear functions tij to

0

be estimated are simultancously zero, 1ls obtained by using as the rcgion

of rejection

(2.3.4) Supi’j lyijl > xa(n,nt) q/Eét.var(yij)

In a factorial experiment in which each factor is at more than two
levels, the above result will still apply if the n  linear functions
to be simultancously cstimated (or tested for vanishing) are so chosen

that their estimates are independently distributed with a common variance,

3. Notation and preliminaries for multivariate applications.

As far as possible Greek letters will stand for population para-
meters and Roman letters over the first half of the alphabet for given

{non-stochastic) quantities and over the latter part from, say, s to the
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end for sample quantities, capital letters for matrices, small letters

for scalars, small letters underscored for column voctors and such letters
underscored md primed will stand for row vectors, Some exceptions to this,
which arc unavoidable, will be clearly indicated at the proper places. As
usual the transpose of a matrix or a column vector will be denoted by
priming such quantities. The absolute value of the detecrminant of a square
matrix M will be denoted by !M{ and the absolute value of a scalar m by

gmg . To indicate the structure, a p x q matrix, sayM, or apx 1

column vector, say m, will somotimes be written respectively as M(p x q)

or m(p x 1). A positive definite matrix will be called a p.d, matrix and

a positive scmi-definite matrix a p.s.d. matrix., 'Almost cverywhere!, i,e.,
'except for a set of (probability) measure zero! will be referred to as a,c,
A matrix B whose typical element is bij will soﬁetimes be denoted by (bij)'
A diagonal matrig whose diagonal elements are, say, 815 8py ey ap will

be denoted by Da' rIjllor M(p x p) will stand for a triangular matrix with

a configuration given by

fmy O o....o\

3 Myy Moo 0 vese O 3
|

\ mp2 "

A normal variate x with mean E and variance 02 will be called

S
-2

N(g, 02)0 A column vector §(p x 1) whose components have a p-variate

normal distribution about a mean vector §(p x 1) and with a covariance
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matrix 2(p x p) will be called N(¥, Z). This Z is a symmetric and always
at least a p.s.d, matrix, In the problems we shall be discussing in this
paper this Z will be assumed to be p.ds A random samplec of (n+l) in-
dividuals from a N(%, z), i.c., a matrix X(p x (n+l) ) will have the prob-

ability density

[1/(2n)p(n+1)/2:; g (/2 gy o FerT(x - )X - g1) 7
whore £ (p x (n+l) stands for (¥f .n:%.. E)p. Notice that in the matrix

X any clement in the i-th row and j~th c.lumn is to be called x,, where

1J
1=1,2,e0eyp and j = 1,2,..s, n+l and where i stands for a variate and
j for an individual, A matrix X having the above probability law will
n+l -

be called an Xt N(Z, 3). Also letx; 3 3 xij/(n+1)('i =1,2,00.,D)
J=1

and let x! = (;i ...<§§). It is well known that by an orthogonal trans-

formation we can change over from X(p x (n+#l1) ) to (Y /n+l x )p, where
n 1
YY! = nS(p x p) = xx!'4(n+1)xx!, S being the sample covariance matrix, and
where ¥ and x have the joint probability density

Const, Exp /~ -% e 2

Yoo+ (ml)x - g - 8" 7

while Y and x have the respective probability densities

1

Const. Exp /~ = tr3 ™ ¥Y! _7 and

Const. Exp / - %trZ'l (n+1)(§f§)(§!7§!) 7

An Y(p x n) having the abave probability can obviously be called Y:N(Q,Z).
For problems on covariance matrices or canonical ocorrelations or regressions

we shall start not from X(p x (n+1) ): N(g, Z), but directly from



15
¥(p x n): N(Q,Z). As is well known there is a lot of arbitrariness in ¥,
but this does not matter at all in the results we are ordinarily interest-
ed in, because all such results ultimately come out in terms of x and YY!,
i,e., 8. In sections 3, 4L and § of this paper which, in a certain sense,
are a follow-up of a previous paper / 1 / repeated use is made of the
fact that if E(p x 1) is N(E, %), then, for a fixed, i.e., non-stochastic
é(p x 1), the scalar a'x is N(at€, a'Za), and thus multivariate problems
are thrown back on univariate and bivarliate problems exactly in the same
manner as in the previous paper. We alsc make repeated use of the result

that tr A(p x q) B(q x p) = tr BA,

L, Multivariate cstimation and testing problems on means.,

In three subsections under this section we shall consider three
estimation problems each coupled with a corresponding problem in testing
of hypothesis, It will be evident from the titles to the subsections that
the first problem is, in a sense, a special case of the second and the
second again of the third., But for expository purposes and from considera-
tions of practical usefulness there is an obvious advantage in discussing
the three cases separately and in order of increasing generality and diffi-
culty, It may be also noted that so far as testing of hypotheses is con-
cerned, out of the threce major problems considered in é? b1, §§)4.2 and
S’h.s of this section the last two have been already discussed in a pre-
vious paper Zf;_7 and the actual tests offered there are precilsely the

same as are offered here by inverting the confidence estimation procedures,
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g‘ 4.1, Estimation and testing problem on ¥ from an N(¥ , 2Z).

Given an X(p x (n+1l): N(E, Z), suppose we try to obtain simultaneous
confidence bounds on arbitrary linear compounds of the popula ion mean

vector E » Now consider the statement that
(n+1)1/2‘_§’(§ - §_)| / (_61'5_6_1)1/2 <c,

or

(bo1.1) (1)  al(x - E)(x' = Et)a/atSa < c°

wherc x is the sample mean vector and S is the sample covariance matrix,
already defined in section 3. , and E(p x 1) is an arbitrary non-null non-
stochastic column vector and ¢ is a given positive constant, The statement
(L,1.1) stems from the customary Student's t-test and the associated conw
fidence interval (both having well-known optimum properties) relating to
the baramoter. alg . Now, for a given (positive) ¢ and given X, £, 5 and
of course n, the set of all statements (3,1.1) for all possible non-null

vectors a is exactly equivalent to the statement that

(L.1.2) sup (m+l)a!(x - E)(x' - E') a/ata s o

the "Sup" being with reference to variation over a. It is well known that

this "Sup" comes out as tr(n+1)S-l(§ - E)x' - E'), i. e.,
tr(n+l)(x' -~ g‘)S-l(g - &)

or simply as

(n+l)(x! - g')S_l(J_c - ) .

Tt is also well known that when the true population mean vector g* =E ,
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then this is distributed as the central Hotelling's T2 with D. F. (p) and
(n+l-p) and when g* # g this is distributed as the non-central Hotelling's

2

T° with the same D, F, and with the non-centrality parameter

A2 - #1 ' - *
N U B e S
Going back to (L.1.1) it is thus easy to see that if, for all g and all

non-null a,

(1)a'x - E)(x'- &")a
(L1.3) P /[ < f geg J=1-a,

atSa

then c2 = Ti is the upper a-point of the central Hotelling’s Te-distribu-
tion with D. F, p and (n+l-p) and can be convenicntly written as Ti(p,ml-p).
From (4.13) we have thus, with a confidence coefficicnt 1 - a, the set of

simultancous or multiple confidence bounds (for all £ and all non-null 3)3
(l1.4) a'x - [12(p, nel-p)(area)fmd " 77 < a2

< a'x+ [ Ti(p, n+l-p)iatSal/nsl t 77

It should be noted that (4.1l.l) gives the simultancous confidence bounds
on all arbitrary linear compounds of the p componcnts of the population
mean vector ¥ . The shortness (in the sense of probability) of this set
of confidence bounds, i. e., the probability of these bounds covering g

when, in fact, g* # £, is obviously -

1 - P /7 non-central 72 > Ti(p, n+l-p) "T 2 7 .
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From thé well-known fact that the power function of Hotelling's T-test is
a monotenically increasing function nf the non-negative 7 , it follews,
therefore, that the shortness of the confidence bound (L.1l.L) tends to

' zers as ?{ — 00

Fyom jg 1,2, the critical region of the associated hypothesis?

& = gy i.e., of the hypothesis: /ﬁ\a(gig = g'go) turns out to be:
-1 2
(n+l)(x' - g'o)S (x - go) 2T,

which implies that, fcr at least onc a,the set of confidence bounds (2.1.4)
does not include 3‘§O 3 the region of acceptance based on the opposite
inecquality will imply that, for all a, the set of bounds (L.1.4)
will include a'%, Mantion has alrcady bcen made of the monotonic
character of the power function of the test,with respect to the deviation

or non-centrality paramectors,

g; 4.2, Estimation and testing problem on mean differences from
-

Ny s INL =1, 2, eeey k)

Given Xi(p x (ng+1): N(gi, 2) (1 =1, 2, vuv, k) 1ot us try to ob-
tain a set of simultaneous confidence bounds on all arbitrary double
linear ecmpounds of the p-components of the k population mean vectors

measured from the weighted grand mcan vector., Consider now the statement

) k
(L.2.1)  Zbat(n 1) (x -xg48) < [(k-l)cPa'sa 732
ya1 i i==1 - & - - -
where x, is the mean vector for the i-th sample,

=i
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k k k k
x= I (n+1)x,/ 2 (n+1), E= 2 (n+1)g,/ Z (n,+1)
T = A T

and whereS is the pooled "within" eovariance matrix of the k-samples,

given by

: (

= - 1
( Z2n)s= 1 [XX = (ngl)xxt 7,
=1 i=]l
Pl
and ¢ is a givéﬁi?onstant, a(p x 1) is an arbitrary non-null non-stochasti
/ k -
column vector and bi's are arbitrary coefficients subject to 2 bi =1,
i=1

If we now use the result that

kK o
with Z bi =1,
i=1
k 5 2

by, <% [f2 —> Iy, =d
= 11 \//;— e =1t ’

{ MMJY\/ a
N
‘Z?t directly follows that, given all the other quantities, and under all
k
possible variations of by's subject to 2 bi = 1, the statcment (L4.2,1)
i=1

is preciscly equivalent to the statement that

k
151[ El(ni”l)l/?(?.‘i'f‘éi”ﬁ) T /(k-1)atsa < o,

or

k
iilg'(ni+1)(xi-_>g-§_i+§)(§{->_<'—§{+§’)3/(k-1)§_*83 < o2,

(4o22)
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Now putting

% k
(k15" = 2 (o) Crpomeby ) (xfox 108D,

the statement (L.2,2), for all possible values of the non-null a, is pre-

cisely equivalent to?

(Lh.o2.3) Sup,, lf§18%§/§!531_7‘f o2 ,

As observed in a previcus paper /1 / S is, a. e., p.d. and s* is a. Sy
p.s.d, of rank q = min(p, k-l)(p.s.d. if p > k-1 and p.d. if p < k-1) and

that the Supa ng'S%g/g’Sg _7 is just the largest root eq of the p-th de~

gree doterminantal equation in @3 ‘S* - es! = 0, of which 2all roots are
non-negative, p-q of themalways zcro and q are, a.c., positive, Thus
(ho2.3), i,c., (h.?.2), i, e., (4,2,1) under all permissible variations

of a and bi's, turns out to be equivalent to:

(24.2-)4) eqf 02 .

The distribution of this eq on the null hypothesis, i.e., when the true

population me~ns éi's = gi's . 1s known and rclatively easy and involve
' k

as parameters p, k-1, I n,. Computation of the § % and 1 9/, points is

i=1

also under way, Thus if

(L4e2,5) P.Z°9q.f 6, | true population means = gy's J=1=-a ,
k

we can write 6, = Ga(p, k-1, 2 ni), and now combining (L.2.1)-(}4.2.5), we
i=1

have, with a confidence coefficient 1 - a, the following set of multiple
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confidence statements (for all gi's, all non-null a's and all bi's sub=-

k k
ject to 2 bi = 1, and to accomplish equality, also z b, = 1)s
i=1 i=1
k
(L4.2.6) izlbi-E'(ni+1)1/?(§iﬁ5)11'(k-l)em§'52 _71/2
k k
<z big'(ni-bl)l/z(g_i ~E)< 2 biél(ni+l)l/2(_>_c_i-§)
i=] . i=1

+ [(k-1)8_a'sa _71/ 2

k
where Oa = Sa(p, k=1, Zn,). Tt may be observed that (L.2.6) gives the
i=1

simultaneous confidence bounds on all arbitrary double linear compounds of
the p components of the difference between the k population mean vectors
gi's and the weighted grand mean of these which is g,

To discuss the shartness of (L.2,6) consider the non-central dise

tribution of eq of (4.2,6), i,e,, when not all the true population means

gi's = gi's. This distribution is extremely difficult but is well known

to involve as parameters, besides the D, F,'s, the positive roots (;)i,
(E}Q, cons (E)S-(s'f min(p, k-1) ) of the determinantal equation in (=) 3

IZ% - (;)Zl = 0, Here 3 is the common covariance matrix of the k popula=-

. & k #* 3 #1 3! 1 t . A
tions and I” = ifl(nfl)(éi"é £ vE)(Ey £ -EvE )/(k-1) o This I is

recessarily at least p.s.d. of rank < min(p, k-1), = s(say), so that, out
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of the p roots of the equation in (E} , p=s are zero and s positive, If

now we formally write

- [ - . *
(L.2.7) P/ eq.f Qa(p, k-1, flni)! not all true population means gi!s$§i'§_7

1

k -
=\%/(a, p, k-1, iZlni, (i) 1 C:) PYUICEEY <;>'s) ’

then we note that while\4f is extremely difficult to obtain, there is a
pretty good upper bound to it / 1_/ given by

s
(1e2.8) L{/ < [P(central F < e&) P P/ non-central F < 6_
i=1

l deviation parameter = (;) i 7,
i

k .
where all F's are on D, F, (k=1) and 2 Ny Furthermore, as stated and
i=1
!
proved elsewhere /"1 7, this LP/ is also a monotonically decreasing function
of the deviation parameters and tends to zero as these tend to infinity,
With two populations (and samples), we have q = min(p, 1) = 1,
and thus only one positive sample root to be called, say ©, and at the

most one positive population root to be called, say C;) « It is easy

4o check that in this case

L (n+1)(ny*1) 4 ,
(4.2.9) 8 = trs (51‘.’?2"§1+§2) (Ei‘l‘é"ﬂ”éé)’
nl+n2+2
and
(ny+1)(ny+1)

-~ -1, % 3 oot
- o= P Y 2 - -
(= e (6 £1%8p) (B 55y )
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and it is well known that, on the null hypothesis, 6 is distributed as
central Hotelling T2 with D, F. p and n1+n2+1~p, and on the non~null
hypothesis as non-central Hotelling T2 with the same D, F, and with a de=~
viation parameter C;) . It is also easy to check that in this case the

confidence statement (l.2.6) reduces to

n., +n,+2
12 2 2
(L.2,10) a'(xy7%,) = fmm Ta'sa / = 8' (g5
LML 2
<allxx,) +[ T.a'sa _/ g

a—
(n1+1)(n2+l)
where Ti = Tg(p, nl+n2+1-p) is the upper a=point of Hotelling's T2. The

shortness of (L.2.10) whichis now a degenerate form of (L.2.7) is exactly

known and of course tends to zero as (:) > 00
From :g 1.2,, the critical region of the associated hypothesis:
1 TEy T eee = Epo i. e., of the hypothesis (A\g(é?giéétg)(i=1,2,,,,,K),

turns out to be the same as given in a previous paper, namely:

k

(L,2,11) g >8(p, k=1, Zn,)
q__ a 2 ) i=l i

k
with a power function 1 = L+/(a, p, k=1, Zn,, @ 10 vees 7 ) where @
1=1 * - q

) k
is the largest characteristic root of st . z (ni+l)(§i-5)(£"5,)/k'l

i=l

and where the § 's are the roots of the equation in@



2k

| k
; izl(ni-‘-l)(—g_i-_g_)(é:{.gl)/k_]_ - 7 3| =o.

The properties of this power function, such as indicated under (h.2.8))have

been already discussed in the previous paper /1 / .

r* L.3, An important subset of the set of bounds (L.2.6).

Suppose now that, instead of all contrasts of the type:
AN Y2, - p)

(with the given restrictions on a and bi's), we are interested in con=-

trasts"of the type: g‘(ii - éj)’ for all non-null a' and all i #3i=1, 2,

eess ke It is easy to offer a multiple set of confidence bounds for con-

trasts of this type, which can be regarded as one kind of multivariate

(under unequal sarmp le sizes) analogue of a somewhat similar set given by

Tukey for the corresponding univariate situations, and discussed in section

2. of this paper. The proposed set is built up as follows, With the same

notation as before, and with n, = (n +l)(n £D/(n +n, +2) note that
ﬁ =n @'-x'-§’+§)§lJc;x ~E, +E.) =
I A A T T S B S

largest value (under variatioﬁ of g) ofs

§

Uﬂ

n, .a' (Ei - 5j -E ¢ E.) ( J

1~

Ja/a'sa.
Thus, for a given pair (i, j), the statement that TiJ T2 is exactly

equivalent to the statement that, for all non-null a's ,
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1/2

_ar(xyx,)-/ e a'Sa/ng, 7H° < an(gsE) S 8t (xgm [Tmé'sé/nijjl/ °.

We cobserve that when the true population means are gi‘s, this Tij is dis~-

k
tributed as Hotelling's T2 with D.F. p and Z ng + l-p,
i=1l

Now, considering all pairs (i,j) out of k samples(and k populations),

it is easy to see that the statement; all Tij’s =< Ti s is precisely

equivalent to the statement that the largest Tij out of all pairs < Ti s
which again is equivalent to the statement that, for all non-null a's and
all pairs (i, j) out of k,
-2 1/2 2 +1/2
-X, )= t 1E, - - 1
(h.3.1) at(x,=x,)-/"Tatsa/n; . 7% < at(gy-Ey) < ar(xg-x 4/ Tatsa/ng, 7777

If the confidence coefficient of (}.3.1) is to be l-a, then Ta =

Ta(p, Ny Ny eee, nk) will be given by

2

(Le3.2) P /7 Largest Tij out of (k2) pairs > T_

true population means = gi's_7 a e

It will be obvious that the distribution of the largest Tij involves as
parameters Jjust p and Nys Doy sess Dy It is easy to see that the dis=-
tribution can be usable or manageable only when the number of parameters
is small, for example when ny =1, T ees = 0y and this case, with p = 1,
in addition, becomes identical with the one considered in ig 2.2, It
may also be noted that when k = 2, this largest Tij w%ll of course be

Hotelling's T2 distributed with D, F, p and n1+n2+l-p. Also the short-
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ness of the confidence bounds (L.3.1) can be formally written as

P / Largest Tij out of (g) pairs < Ti(p,nl,nz, veus nk); not all true

population means gz's = gi’s 7o

It is important to observe that while each Tij is individually dis-

Yributed as a central Hotelling!s T with D, F, p and igl ni+1-p the

(g) Tij!s are not independent, nor do we know what the distribution of the
largest central Tij is, to say nothing of the non-central case, so that
we have not yet been able to reduce the confidence statement (L.3.1) to
concrete terms the same way as we have found possible for the other cases
discussed in this paper, The distribution problem arising in this situa-
tion is now under investigation,

For the associated problem of testing H0=§1 = vee = B, We set up
as before, the rule that if, for all non-null a and all pairs (i, j), the
bounds(l.3,1) include zero, we accept Ho and reject it otherwise, The
properties (including power) of this test is tied up in an obvious manner
with those of the multiple confidence interval statement (2.3.1).

Notice that so far, in testing of hypothesis by inversion of con-
fidence statement®, we have considered two-decision problems, Suppose,
at this point, for purposes of illustration, we offer a multi-decision
procedure, namely that, for a given pair (1, j), we accept or reject
H(gifgj) according as the set of bounds (L.3.1) for all a but for that
palr (i, j) includes or excludes zero, It is obvious that in all the other
situations considered so far we could set up similar multi-decision proe

cedures, But no really adequate and complete (but only a very partial)
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tresatment ~f such procedures can be possibly given within the set-up of
this paper., A proper treatment can only be given in terms of either the

Wald theory or some suitable modification of it.

»é i.ly, Further observations, In many situations it might be of greater

physical interest to be able to make, instead of (L.2.6) or even cf (M.B.l),
a set of just p x (g) confidence interval statements, each relating te

just one variate and difference between one of (g) pairs, In other words,
if éi = (gli’EQi’ ‘e, gpi)(i =1, 2, sss, k) denote the p means for the

1 the population, then we would like to be able to make a statement like

the following:
(h‘h‘l) fjii,(xl, X2, (A AN ] Xk) f Eji - gji' f Fjiig(xl)xz) ecay Xk>

(with obvious applications to subsections 2,1 and 2,2), for all i # it =

1, 2, eeey kand 211 j =1, 2, ..., p, where fjii' and F,,., arc supposed

jii
k
Z

to be two different functions of the whole set of p x (ni+1) raw

observations, It is clear that (L.L,1) is a subset of (L.3,1) which again
is a subset of (4,2.6), Whether it is possible to make a statement like
(L.Ls1) in an elegant and useful way (i.e., with manageable functions
fjii' and Fjii‘) and with a given joint confidence coefficient l-a, i.e,,
free of the nuisance parameters I, is still an open question. It may well
be that a range (not too wide) for the confidence coefficient itself is
called for, Furthermore, whatever set of confidence intervals like

(2.3.9.1) we propose, be it under a fixed confidence coefficient or under
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a confidence co~efficient lying in a short range, the !goodness! of such
a set would be a further question to tackle, For several reasons which
need not be discussed here, it seems to the author that in this situation

the more promising approach might be suitable two-stage procedures,

p

\§' 4.5, General linear hypothesis and linear estimation, In place of

the setup of subsectbm:éu.Z s let us consider the following more general

sectup. Suppose we have a matrix X(p x n), consisting of n independently
distributed p-dimensional column vectors~§1, sery Xy each being a multi-
normal with the same covariance matrix 2, Suppose, further, that E(X) =
(p x m) B{m x n) (m < n), where B is a given (non-stochastic) matrix of

rank n, <m and Z(p x m) is a set of unknown parameters., Suppose now that

0
under this model we are interested in the problem of multiple or simultan-
gous estimation of a set of estimable linear vector parameters
g(p x m) {(mx 1), for all { forming a vector space of rank r <n, <m <n,
Also let x5 { S X(p xn) ¢ (nx 1), be the best linear estimate of &f

y =
(notice that ¢ can be obtained in terms cf B and.Z and the estimate of the
covariance matrix of Xy to be called S , 1s also available in terms

- :ﬁ B:g

of B and K and the p x n matrix of observations X). Thus, given B ef rank

n, <m<n, we have, for all non-null p-column-vectors a and all estimable

0
linear functions £f (such that {'s generate a vector space of rank r < no),

by using the techniques of the previous sections, the set of simultancous

confidence interval statements (with confidence coefficient l-a)?

(h'501> EIEB,_Z - _/_-rea(P:I‘,n-no)é'SB,ZE ...71/2 = E'EK = E’E‘B,‘Z +
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| 1/2
L rea(p,r,n-no)_a_'SB,zg _7/

2

where ea(p,r,n-no) is defined in terms of'the relevant parameters exactly
the same way as in subsection‘gh.i « The tie-up of (4,5.1) with the uni-
variate confidence bounds giveh in (2.1.6) of é; 2.1. will be obvious,
The inverse problem of testing of hypothesis would go through
exactly the same way as in subsection (4,2 and need not be separatcly

considered here,

S. Multivariate estimation and testing problems on covariance matrices.

;g 5.1. Problem on Z from an N(E, Z). As suggested in section 3, let us

start from a ¥(p x n): N(O, ), where %(p x p) is supposed to be p.d, (so
that its characteristic roots are all positive) and whero for simplicity
we also assume that p <n, so that, a., e.,, YY', i.e., nS is p.d., so that
a. €., all its characteristic roots are positive, We now recall the well=-
known result that there éxists en orthogonal I'(p x p) such that Z(p x p) =
I'(p x p) D(;)(p x p) I''(p x p) where (E) !s arc the characteristic roots
of Z, If the roots arc distinct then by a convention, say taking all the
clements of the first row of T' to be positive, the transformation could
be made one-to~one, But this we shall not need for our present purpose,
Note that the number of independent elements on both sides is the same,

We shall discuss the estimation and testing problems not in terms of Z but
in terms the equivalent set T and (:) + Except for the factor (-1/2) the
argument under the cxponential in the probability density of Y can now be

written as
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r1Y)(D

-1
tr(ID 'Y "YYi=tr I'D D r1yyt=tr(D , riy)s
o WE WS WS e

If we put Z = D / 1Y, it is easy to chedk that the probability density
He
of Z is
pn

(5.1.1) [ /en) 2 Exp [~z ]

Let us at this point try to obtain a set of simultaneous confidence bounds
on a class of arbitrary p.d, quadratic functions of the elements of the

population matrix D I't (to be brought out in 5,1,5).
1/-

For all non-null non-stochastic a(p x 1) consider now the simultancous

statement that

(5.1.2) 032_ < alzzt 3/313 < cg or ci < _a:'(D rwy'rp )2/213 < cg
/e 1/7755

i

This statsment, for a given Z and ci and cg is preciscly equivalent to the

statement that

2 a'22'a a'22'a
¢, < Inf < Sup
1 E ala - .‘?. é!é

< o

(the "Sup?® and "Inf" being with respect to variation over a), or that

2 2
(5.1.3) ¢y =8 = 6p|f 5y Where 61 and ep arc the smallest and largest

characteristic roots of the matrix ZZ!', both, a.e., p.ds The rclevant dis~
tributions on the null hypothesis, i.e., when the true population matrix is

Z, being known, let us determine ci and cg from the relations
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2
P(clfelfspfc

(5.1.1)
1 2) = P(epfcg‘z )

v
i

2
P(cl < 91

2 2
le o i E:
We can writc ¢7 and c, as ela(p,n) and Qza(p,n) .

1

If we now tie up (5.1.2), (5.1,3) and (5,1,4) we have with a confidencc co-
efficient l-q)the set of multiple or simultaneous confidence interval
statements for all non-null a and all permissible values of the unknown

parameters I' and @ 'st

(5.1.5) a'a 8 (p,n) < 3‘(D1/ _T'YYID

)a = 3’_82 (pyn)
/’ S 2a

1//‘@

or, remembering that nS = YY! ,

-
4

Eigela(p,n) _<_§'(D 4 risrb Ja < _a_!_§82a(p,n) .
l 1 L'-
I3

The confidence statement is on the parametric matrix D | r which)as
1 /1/‘ <l

will be presently seen plays the same part as o in univariate problems,
Furthermore, wc note that (5.1,5) gives a set of simultancous confidence
baunds on a class of arbitrary p.d. quadratic functions of the clements

/
of the population matrix D I'' such that the elements of the observed
L/ &

sample covariance matrix S also enter into the coefficients of the quad-
ratic functions, Note that when p = 1, i.e., in the univariatc case,

I =T! =1 (with the convention we are using), Z = 02, D =]‘6,
1/4/"' =7

at = a = a scalar, so that (5.1.5) will reduce te
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2
2

2.

(5.1.6) x %) % <x 2

2

212 2y
o & DS /lezo >ns /x2a

where 1o and "oy 2T just the lower and upper a/2-points of 2 with n D.P,

It is easy to sec by inversion of (5,1,5) that for the associated
hypothesis Hyt Z = 2, = FOD(:\ Fé(say), we have the critical region:
-’ O

(5.1.7) QE Z 85,(p,n) and/or ¢, <6, (p,n),

where ¢b and ¢l arc the largest and smallest characteristic roots of the
matrix D / 'y yYy'«r. D + The shortness of the confidence

w0 ° WS
0 / 0

bounds (5.1,5) is tied up with the power of (5.1,7) and the general nature

and properties of this have been already indicated in a previous paper /71 7.

oo .
;@ 5.2, Problem of comparison between Z, and I, from N(El,zl) and N(ge,zg).

Let us start from Yi(p X ni): N(0, Zi)(i = 1,2), where we assume that
P S ny, Ny, and that Zl and 22 are both p.d., so that the characteristic

-1 cos -1 .
roots of Zl 22 are all positive and those of YlYi(Y2Yé) s le€s, of

(nl/n2) 81851 are, a. c., all positive, We recall that there exists a non-
singular u(p x p) such that Z; = uD

©
the characteristic roots of 21251. If these roots are distinct, then by

u' and Z, = pp', where (=) 's are

a convention, say taking all the elements of the first row of u to be pos«
itive, the transformation could be made one-to-one, This we shall not

need, but noting that the number of independent elements on both sides
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is thc same we shall work in terms of i and (:) 's, and not Zl and 22 .
Except for the factor (~1/2) the argument under the exponential in the

probabllity density of Yl and Y2 can be written as
- - ! - !
(5.2.1) tr /7 (WD _ut) 1 LY+ () 1 T,Y, 7
Cﬂ

w0, w7 oo, w ' s e 7
s e v e

If we now put Z; =D u'lYi and 7, = u-le, it is easy to check that

the probability density of Zl and 22 is

p(ﬂ1+n2) )
[i/e) 2 7 Ex [=5tr (22) + 2,80 7

Let us try to obtain a set of simultaneous confidence bounds on a class of

arbitrary p.d. quadratic functions of the elements of the population matrix

uD -1 (to be brought out in 5,2.4)s For all non-null non-stochastic
Vs

a(px 1) consider now the set of statements that

2 ! ! 1 2
(5.2.2) c; <a'%2%,a /aZ2,a<c; or

!
isz2

-1 - ! -1 - ! 2
(Dl/FO__u Yl)(D:L/@u llfl) 2/at (Y, ) (k 1Yg) asc,

-1 -1 n
<a!(D wSut D -1q -1 2 2
zz2 1 ) afat(u s Tla< =
1/1/@' 1//@'- /2! s, - -1 2
2

(o

[o]

=]
e N
H

For a given Zl’ 22, cq and cg this statement is precisely equivalent to the

statement that
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1 t
H
S 229028 gy 2'%9%2 < 5
= a'Zylya alZy2,2

(the !Sup! and 'Inf' bring with respect to variation over 3), or that
2 2
(5.2.3) 1S58 8,50

where 81 and Sp are the smallest and largest characteristic roots of the

matrix (2,24 )(Z Z')-l both, a, e., positive. The reclevant distributions
iiohtetet 4

on the null hypothesis<'i. 8., in thie case, wheh :the trus population: .
matrices are Zl and Z?} being known, let us determine ci and cg from the
relations‘formally similar to (5.1.4) and write ci and cg as ela(p’nl’nQ)
and Ozaq%,nl,n2), remembering that these 8; and 6, will be different

in form from those given in (5,1.4). If we now tie uvp (5.2,2) and (5.2.3)
and put g'u_l = b', we have (with a confidence coefficient l-a), the set
of simultaneous confidence interval statements for all non-null b and all
permissible values of the unknown parameters p and C;) s

(5.2,L) 2 e, ( )b'S.b < b'( L 1
o ls E; la p’nl’n2 2’90 =D MD%/QTETM ﬂi 1/ E?

n
2 1
=7, %20 (P 7y ny) B! Sy

The confidence statement relates to the paramctric matrix u D -1

u
1/4/5
which, as will be prescntly noticed, plays the same part as 01/62 in uni-
variate problems, It may be observed that (5.2,l) gives a set of con~

fidence bounds on a class of arbitrary p.d. quadratic functions of the
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elements of the population matrix p-D u-l such that the elements

1/4/®
of the observed sample matrix Sl also enter with the coefficients of the
quadratic functlons, As in the previous case, note that when p=1l, b=

2

2
b' = a secalar, Zl =099 22 = Og (both scalars), D = 02/61 and

1/V/GE

= 02/01, so that (L.2.4) reduces to

uwD wo
1/ &

-

2,2 2,2 2,2,

where Fla and F?a are just the lower and upper a/2~points of the F-distri-
bution with D, F, ny and n, .

It is easy to sec by inversion of (5.2.4) that, for the associnted
hypothesis Ho s 21 = 22 which turns wup if and only if De = I(p), we have

the critical region obtained in the previous paper 1-1_7, namely,

(5-2-6) ¢p'z e?a (p, M5 n2) and/or ¢l = ela (p, n1: n2)3

where ¢p and ¢l are the largest and smallest characteristic roots of the

nmatrix

-1 -1 -1 -1.-1
(u YlYi“' (™ YeYéu' )

-1 -1
. . ' .
iees of WY, WINYYL)TT 4, 4, e,
-1 . -1
of (L Y)(Y,Y))™ dce., of(ny/n,) 5,850
The shortness of the confidence bounds (5.2.4) is tied up with the
power of (L.1,6) and the properties of this power have been already dis-

cussed in the previous paper /71 7,
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6. Multivariate estimation and testing problems on 'association!

Earameters.

g' 6.1. Problem on the regression coefficient in a bivariate normal

population. Let two veriates Xy and X, be supposed to be distributed as

& bivariate normal with variances ci and ag and correlation coefficient
o) » and let the sample variances (on a sample of size n+l) be denoted

by sf and sg, and the sample correlation coefficient by r. Also let

bl = slr/s2 and Bl = clp/oz. It is easy to check that the variates

(xl - lee) and X, ere uncorrelated (in the'population), so that when
the population parameters are 9y, 9 end p) /E:T r*/ 4?1:;;5 is well
known to have the t-distribution with (n-lj D. F., where r* stands for

the sample correlation between (xl - lee) and x,, i.e.,

(6.1.1) = (slsar - 3152?4?5 - 288 8,T + 6?82)1/2 s?
- (oyr = By3,)/ Loy - pyap)® v (1 - x2e8 7
= (bl - 61)/1Tbl - ﬁl)2 + (1 = r)asi/sg 7 1/ s
and)therefore,

x/ —%5 1/2
(6.1.2) r//\/l -r2. (b, - B8,)/(1 - £9) gi- .

Now consider the statement

(6.1.3) ty(n - 1) <L WETIC (AL, t(n - 1),

where ta(n - 1) gives the upper a/2-point of the t-distribution with (n=1)
D.F. This is easily seen to reduce to the following confidence statement

on B, (with a confidence coefficient 1 - @):
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(6.1,4)

t (n-1) s ta(n-l) 2,1/2 s
b - a (1-1‘2)1/2 _s_]: _<_ Bl _<_ bl + (l-I' ) _1_

1 A/ n=l 2 A n-1 S2

By inversion of (6.1.L) the test that we obtain for the associated hy-
pothesis HO: Bl =0, i,e,, P = 0, 1s easily checked to be the customary
test based on 'r! or just the t-test, and nothing further need be said
about the power of this test, (which is well-known) or the shortness of
the interval (6.1,4), Similar procedures would go through for !partial
regressionst or 'multiple regressions!, The interesting point to note
here is.that it would be far more difficult to give corresponding con-
fidence bounds to P » because we shall have to do it by inverting the

distribution of the non-central r, which is quite complicated,

é? 6.2, Problem on the regression like parameters in a (p + g)-variate

normal population, Let us start from an Y( (p+q) X n)? N(Q,E), where

P<4q, p+ q=n and where & is p.d, and of the form, say,

27 Z12) P .
s So that 211 and 222 themselves are also p.d,

Z! Z q

12 22

P q

In this case, all the p population canonical correlations, i.e., all
Cops -1 S

characterlstlc roots G;) i's of le 212 222 212 are non-negative and

less than 1, If now, Zy, is of rank s(zp < a), then s of these roots

are positive and the rest, i. e,, p-s are zero, We use now the theorem



that there cxist non-singular p.(p x p) and p,(q x q) such that
1 2
= 1
pp = Hohp and

25(p x @) = uy(p x p)(a ; 0) (p) u; (q x a),
P q-p

If 212

then this transformation could be made one-to-one by taking

P a-p
e
uo(a x q) = , '
\ 923 92h// P

and adopting the convention, say, that the elements of the first row

~
of Ky and the diagonal elements of Moo are all to be positive, If

12
this transformation could be made unique by taking

s p~s
4 Y s p=S
/@1 O} o o
m "
D (:\ - | . l 0 S uy(p x p) = 11 M12
~ ' W m
0 @Sl 23 M
P
s q-s
a4
[ a1 Hap q-8
Wo(q x q) = )

Hog  Ho) / S

is of rank p and the (;) i's (now all positive) are distinct,

Z.. is of rank s{<p) and the s positive G;) iis are distinct, then

38

p=S

.o
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and adopting the convention, say, that Fhe first row of Hqq and the di=
agonals offﬁiz andfﬁée are all positive, We shall not need this uniquenuy%
but we note that with proper forms for ey and o the number of inde-~
pendent elememts is the same on both sides and we shall work in terms

of Hys ¥o and (;) 's.and not the Z, We now put

n p q

v\ p Ty .ol op s 5
r o 7 so that o T T2 . S11 12

T 14 LY L) a 12 Soo

We next observe that, a. c., Y¥! is p.d. (which means that S11 and 82r are

p.d.) and 812 is of rank p, so that, a., e., all the p characteristic roots

1 1
11 S10 S S

Mqhd “1(13/"(-5‘ 0) uj
/

of S are » 0 and <1, We next note that

mp DS gt
i
w0 I(P) 0 (0) @ 0 w0
\o “2( 5 R O 0 D= O \ 0w}
j\o ; © 0 I(q-p);/’
so that

-1 -1

-
- -1
S LI ° PRams ° | Re7me fame ©




( u£l o \
b4
-1
0 Hy /
Except for the factor (-1/2), the argument under the exponential in the

probability density of Yl and Y2 can be now written as )
: 1]
e / N | K
R Df‘"ff‘ 0
| -/ RNejie | M Y*{ /1 o Yo l,‘
| 0 I B
Lo \ L

T =1
|
tr {

If we now put

(6.2.1) z Y, and 7, /DJo/lo 'l'r fJ—/"i_-“ Oty

111 W 2 1o
0 \o T

1 -1
= - Sl“l Y, + é;2“2 Y, (say, for shortness))

1t le easy to check that the probability demsity of Z1 and 22 is

(p+a)n

- 2 -
/1/(2x) ] Exp [ - tr (2,21 +2,28)_/
Here we shall be interested in a set of simultaneous confiderce bounds on a
certain class of arbitrary p.d. quadratic functions (to be brought out in

(6.2.9) of the elements of the population metrix ui-l(p X p)

.(beia 0 ) (v) ug (¢ x q). For all pairs of non-null and non-
D 9-p
stochastic 8y {(p x 1) and N (¢ x 1), consider nov the set of statements

that

(6.2.2) (8] 2,24 2,) 2 (8] 2, 2] &) (8} 2, 2} 8, ) £ P

For a given Zl’ Z2 and 02 this is precisely equivalent to the statement
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that
Su (al 2. 2! a )2/ (at 2. 2! a,) (8! 2. 2! & y L o2

P 21 %1 %2 2 1 %1 41 B/ B fp %p B

8,

85 8

-2
(the sup being with respect to varistion over &, and 32) or that

(6.2.3) o % o2,

where ©_ 1s the largest (and of course positive) characteristic root of

- -1
(lei) (leé) (ZQZé) : (ZQZi). The relevant distribution on the null

hypothesis, i.e., when the true population matrix is Z, being known,

let us determine c2 from the relatlon:

P(é)p £.c® | trus populetion matrix = £) = 1 - {, and then write o2

as & or & (p,q,n), Next note that, with

A &
Do DS
o/l -
(6.2.4) 5, = V1O P ang 4, - [VI/A0 O P oo,
0 /ap 0 I(a-p)} a-p
P P

we heve from (6.2.1)

-1 -1 -1 - -1 -1 -
t . - ot . ! = - !
(6.2.5) 292 = awy " 8w 75 ZyZy = T [ =Syt 8] + Sppmy T 6y L/

- 1. -1 1, -1 “l., -1
T 1 Y ' - gt
2p23 =n [ 8 w Sy M T 6] - 8w Spobd By - Byuy Siowm T 8]
-l -1 -
+ Bl Sy T 8y L/
1 a Nijie %) [Pl
H - 1 - 1 -—
If we now put 2k = El and Eé BoHy = 85 My = Eé:
0 I q-p
L
P q-p

and
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tie up all relations from (6.2.2) to (6.2.5), we have for all non-null

3 and 25 and all permissible Hys Bp and (;) s the following set of

gimultaneous confidence interval statements (with a confidence coeffi-

cient 1 - a)f

1

iy 2
16,71p * S1p) By T

5

e o = e 1 e £

(6.2.6) £01(=8q1f

e e et e . S et s et ™

1, -1 -1 ,
(018401 )/ DA (HoBy By0y Syqud 6152 wh=o0, 51‘*1 810-C )

+ 8y5) By 7 58,(p, a, m)

Note that
(6.2.7) 616'1=pD/~——-—— 0} {D 0 p =0( 0 ) P
2 AP/1-0 A/1- O @ ’
0 I/ gp -
P qQ-p p P

P q-p

so that putting
p aQ-p

(6.2.8)  Blpxa) =p{™ (pxp) Ry © ) usla x q)

we have, for this B, the set of confidence statements

(6.2.9) Ly Sy 883 5, 7 :

R - o f QG(P;Q:H)

(6.2,9) gives a set of simultaneous confidence bounds on a class of
arbitrary p. d. quadratic functions of the elecmamts of the population

matrix B such that the clemants of the observed sample matrices

S S,, and S

11 ~22 12
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also enter into the coefficients of the class of arbitrary functions.
It is interesting to observe that when p = q = 1, we may take By = By = Oy

Bp = up =0, and D = p, 80 that B = alp/o2 and check that (6.2.9)
A TD .
reduces to (6.1.4) for the regression coefficient. Indeed the B given

by (6.2.8) can really be regarded as the regression of the set of P
variates on the set of q variates or in other vords, an appropriate
generalization of bivariate regression coefficient.

It is easy to check by inversion of (6.2.9) that for the
associated hypothesis H =20, 1.e., D =0, i.e., 212 = Q, we have

A
the critical region obtained in the previous raper Zfi _7, ramely

(6.2.10) g_> 0,(Pa,n),

P

when ¢ 1s the largest characteristic root of the matrix
-1 -l
(YlY ) (Y Y')(Y 2) (Y Y! ), .e., of the matrix Sll 10550815
The shortness of the confidence bounds (6,2.9) 1s tied up with
the power of (6.2.10) and the properties of this pover have been already

discussed in the previcus paper /1 7.
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