
Domain Decomposition via Explicit/Implicit Time Marching 1Polynomial Collocation Using a Domain Decomposition Solution to ParabolicPDE's via the Penalty Method and Explicit/Implicit Time MarchingKelly Black1AbstractA domain decomposition method is examined to solve a time dependent parabolicequation. The method employs an orthogonal polynomial collocation technique onmultiple subdomains. The subdomain interfaces are approximated with the aid of apenalty method. The time discretization is implemented in an explicit/implicit �nitedi�erence method. The subdomain interface is approximated using an explicit Dufort-Frankel method while the interior of each subdomain is approximated using an implicitbackwards Euler's method. The principal advantage to the method is the direct im-plementation on a distributed computing system with a minimum of interprocessorcommunication. Theoretical results are given for Legendre polynomials while compu-tational results are given for Chebyshev polynomials. Results are given for both asingle processor computer and a distributed computing system.Key Words: domain decomposition, parallel processing, orthogonal polynomials.AMS(MOS) Subject Classi�cations: 65C20, 65D99, 65L20, 65M70, 65N12, 65P05.(1) Introduction We examine a domain decomposition method for solving a parabolicequation using orthogonal polynomials. The model for the parabolic problem is a heatequation: ut = uxx � k2u x 2 
 ; t > 0u(x; 0) = f(x) x 2 
u(x; t) = 0 x 2 @
 ; t > 0 (1.1)The treatment of the multi-domain approach and the subdomain interfaces has receiveda great deal of attention. Methods that have enforced strict continuity and smoothness con-ditions are among the many candidates that have been examined. While the solutions suchmethods generate are accurate and robust they require a global knowledge of the approxi-mation. The approximation across all of the subdomains is used to insure the smoothnessnecessary. Examples of these techniques can be found in [7].Requiring that the approximation be considered across all of the subdomains can be adrawback. The principal thrust of our work focuses on applications to high speed paral-lel computing on distributed memory machines. The resources that are expended on thetechniques described above is expensive on such machines. In order to get around this weexamine methods that use more relaxed requirements on the boundary. Rather than enforcestrict smoothness conditions the method places a penalty on approximations that are notsmooth. The method examined is similar to the penalty method in [4], however, we examinethe technique for parabolic problems and retain a time dependency. Other techniques thatutilize a relaxation on the boundary include [3, 10].The spatial approximation technique that we use is a Chebyshev collocation method.Orthogonal polynomial techniques su�er from many drawbacks. For example, the conditionnumbers of the matrices generated tend to be large; the condition number for the Chebyshev1Center for Research in Scienti�c Computation, North Carolina State University, Box 8205, Raleigh, NC27695-8205. (black@crsc1.math.ncsu.edu)Work supported by DARPA grant N-00014-91-J-4016 and AFOSR Grant No. 90-0093.



2 Kelly Blacksecond derivative matrix on a grid of size N is O(N4) compared to O(N2) for a �nitedi�erence method.Despite the disadvantages orthogonal polynomials do give accurate approximations whenthe solutions are smooth. When the solutions have up to p continuous derivatives the accu-racy of the approximation is of the order N�p. More importantly the solutions generatedcan be calculated using a smaller number of points than other techniques such as �nite dif-ference and �nite element methods. Because the equation examined is a heat equation thesolution approximated tends to an in�nitely smooth solution and orthogonal polynomialso�er an accurate estimation of the solution.Finally, the most unique aspect of the work demonstrated here is the method of thetime discretization. The method presented is an explicit/implicit method. The subdomaininterfaces are calculated using the explicit Dufort-Frankel method scheme and the interiorof the subdomains are calculated using an implicit backwards Euler scheme.(2) Chebyshev and Legendre Polynomial Collocation Before examining the penaltymethod the basic properties of the Chebyshev and Legendre polynomials are examined. Thecollocation formulation and the second derivative matrices for both are examined.(2.1) Chebyshev Polynomials The �rst class of orthogonal polynomials examined arethe Chebyshev polynomials of the �rst kind. Chebyshev polynomials are generated by theweight w(x) = 1p1�x2 . The advantage to these polynomials is that the Gauss-Lobattoquadrature is known in a closed form.The Gauss-Lobatto quadrature can be calculated in a closed form [2]:xl = cos �lN (2.1)wl = � �2N l = 0; N�N 1 � l � N � 1The collocation formula can be calculated in a straightforward manner. The approxima-tions are projected onto the �nite space of all polynomials of degree less than or equal to Nand the space is denoted PI N . Note that the projection operator yields the unique polyno-mial interpolating the Gauss-Lobatto quadrature points, and the extrema of the Chebyshevpolynomial TN (x) coincide with the Gauss-Lobatto quadrature points. Since TN (x) is apolynomial and continuous it's derivative is zero on the grid points. The Lagrange polyno-mial that interpolates the points �ij can be written in terms of TN (x):tj(x) = (�1)jcjN2 T 0N(x)(1� x2)(x� xj) (2.2)The collocation projection operator yields the interpolating polynomial on the grid pointsand is written in terms of tj(x) [1]:PNf(x) = NXj=0 f(xj)tj(x) (2.3)Derivatives of PNf are calculated by �nding the derivatives of tj(x). When the projection



Domain Decomposition via Explicit/Implicit Time Marching 3is written as a column vector, the derivatives can be written as a matrix multiplication:d2dx2PNf(xl) = NXj=0 f(xj)t00l (xl) (2.4)d2dx2 2666664 f(x0)f(x1)...f(xN�1)f(xN )
3777775 = D2N 2666664 f(x0)f(x1)...f(xN�1)f(xN )

3777775The Chebyshev second derivative matrix is found by evaluating the second derivative ofthe interpolating polynomial, tj(x), on the Gauss-Lobatto quadrature [6]:
D2N = [d2lj ] = 8>>>>>>>>>><>>>>>>>>>>:

N4�115 l = j; l = 0; N� (N2�1)(1�x2j )+33(1�x2j )2 l = j; 1 � j � N � 123 (�1)jcj (2N2+1)(1�xj)�6(1�xj)2 l = 0; 1 � j � N23 (�1)N+jcj (2N2+1)(1+xj)�6(1+xj)2 l = N ; 0 � j � N � 1(�1)(l+j)cj x2l+xlxj�2(1�x2l )(xl�xj)2 1 � l � N � 1; 0 � j � Nl 6= j (2.5)
The second derivative matrix is modi�ed slightly in applications to accommodate bound-ary conditions. The top and the bottom rows are replaced with zeros. This is used to solvethe heat equation with zero boundary conditions. In their work, Gottlieb & Lustman showedthat the matrix is stable and the eigen values are real, distinct, and negative [6, p. 5]. Theseresults were further generalized in [8] for generalized boundary conditions.(2.2) Legendre Polynomials One simple weight function is the identity, w(x) = 1.Polynomials generated by this weight are known as the Legendre polynomials and are de-noted as Lk(x). Unfortunately the Gauss-Lobatto quadrature is not known in a closed form.The quadrature has to be calculated and the grid points are denoted as xj and the weightsare denoted as wj for 0 � j � N . The collocation derivatives can be calculated using theLagrange polynomial that interpolates the points �ij :lj(x) = (�1)jwj L0N (x)(1� x2)x� xj (2.6)The result is the second derivative collocation matrix is written in terms of the associatedLagrange polynomial: D2N = [l2ij ] = [ d2dx2 li(xj)] (2.7)The derivative matrices are established using the same method as the Chebyshev deriva-tive matrices. The second derivative Legendre matrix has similar properties to that of thecorresponding Chebyshev matrix. The order of the matrix is O(N4) and all of the eigenvalues are real, negative, and distinct [11, p. 313].



4 Kelly Black(3) The Penalty Method in One Dimension The penalty method is introduced forproblems in one dimension. First an example using two subdomains is presented includingstability restrictions. Also the stability conditions for the general case are presented.(3.1) Example of Two Subdomains The penalty method adds a penalty for solutionsthat are not smooth during the time stepping. At each time step the derivatives on thesubdomain interfaces are calculated by averaging the approximations on either side of theinterface. Along with this a proportion of the di�erence between the �rst derivatives betweenthe subdomain interfaces is added as a penalty. The problem we examine is a heat equationwith Dirichlet boundaries:ut(x; t) = uxx(x; t) x 2 
; t > 0u(x; 0) = f(x) x 2 
; t = 0u(x; t) = 0 x 2 @
; t > 0 (3.1)Figure 1: The domain [�1; 3] divided into two subdomains-1 1 3uIt = uIxx uIIt = uIIxxuI (�1; t) = 0 uII (3; t) = 0uI (1; t) = uII (1; t)The �rst example will examine a heat equation on two domains. In order to simplifythe analysis a simple domain is chosen and the number of collocation points is the same onboth subdomains. The domain is [�1; 3] which is chosen because it can be easily dividedinto two subdomains: subdomain I is [�1; 1] and subdomain II is [1; 3] (�gure (1)). Withinsubdomains I and II the functions uI and uII are solutions to the heat equation. On theboundaries of the full domain the Dirichlet boundaries are enforced. A stability conditioncan be found by examining the time derivative of a weak energy. The stability is shown fora Legendre collocation method and the quadrature used is the Gauss-Lobatto quadrature.The equations generated can be rewritten as a system:~u = ~u(x; t) = � uI(x; t)uII(2� x; t) � x 2 [�1; 1] (3.2)Note that the approximation uII is mapped so that the value of x is translated and\
ipped" onto [�1; 1]. This way it is mapped onto a single domain by 
ipping it over andit can be written as a system of equations. This has the advantage that it maintains thesubdomain interface within the mapping which makes it easier to apply the subdomaininterface boundary conditions.A few important properties arise from the system:~u(�1; t) = � uI(�1; t)uII(3; t) � (3.3)~ux(1; t) = � uIx(�1; t)�uIIx (3; t) �



Domain Decomposition via Explicit/Implicit Time Marching 5~uxx(1; t) = � uIxx(�1; t)uIIxx(3; t) �The system is solved by using an orthogonal polynomial method. The resulting analysisbegins by showing the stability of this system for Legendre polynomials approximations. Thesystem is approximated using Legendre polynomials and the Gauss-Lobatto quadrature isemployed. The weights on the grid are denoted as wIi and wIIi for subdomains I and IIrespectively. The values for the approximations on the grid are denoted uIi and uIIi whereuIi = PNIuI(xi; t) and uIIi = PNIIuII(xi; t).In the spacial discretization a penalty method is employed to approximate the solutionat the subdomain interface. First the second derivative is approximated by averaging thesecond derivatives across the subdomain interface: �I (uI0)xx+�II(uIINII )xx. Next, a penaltyis added that is in proportion to the di�erence between the �rst derivatives at the subdomaininterface: �((uIINII )x�(uI0)x). The values for �I ,�II , and � are found in the following stabilityanalysis. The result is an approximation for the time derivative at the subdomain interface:(uI0)t = (uIINII )t = �I (uI0)xx + �II(uIINII )xx (3.4)+�((uIINII )x � (uI0)x)This equation is examined in terms of the collocation method. Note that the collocationmethod yields a solution on the grid points [4]:uINI = 0 (3.5)(uIi )t = (uIi )xx 1 � i � N I � 1(uI0)twI0 + (uIINII )twIINII = (uI0)xxwI0 + (uIINII )xxwIINII+(uI0)xwI0 � (uIINII )xwIINII(uIIi )t = (uIIi )xx 1 � i � N II � 1uIINII = 0With these equations and for �I 2 PI NI and �II 2 PI NII the following systems arede�ned[4]: NIXi=1 �Ii (uIi )twIi = NIXi=1 �Ii (uIi )xxwIi (3.6)�I0(uI0)twI0 + �IINII (uIINII )twIINII = �I0(uI0)xxwI0 + �IINII (uIINII )xxwIINII+�I0(uI0)xwI0 � �IINII (uIINII )xwIINIINII�1Xi=0 �IIi (uIIi )twIIi = NII�1Xi=0 �IIi (uIIi )xxwIIiThe sums on the right hand side of equations (3.6) are collected into one sum:NIXi=0 �Ii (uIi )twIi + NIIXi=0 �IIi (uIIi )twIIi = NIXi=0 �Ii (uIi )xxwIi + NIIXi=0 �IIi (uIIi )xxwIIi (3.7)+�I0(uI0)xwI0 � �IINII (uIINII )xwIINII



6 Kelly Black= Z 1�1 �IuIxxdx+ Z 31 �IIuIIxxdx (3.8)+�I0(uI0)xwI0 � �IINII (uIINII )xwIINII= � Z 1�1 �IxuIxdx� Z 31 �IIx uIIx dx (3.9)The solution is written as a column vector on the Legendre Gauss-Lobatto points:PN~u = ~uN = �uINI � � �uI0; uIINII � � �uII0 �T (3.10)The derivatives are written in terms of the collocation matrix from equation (2.7). Thetop and the bottom rows of the second derivative matrix are modi�ed such that the matrixmirrors the interface conditions:D̂2NI = [d̂2ij ] (3.11)= 8><>: 0 i = N Il2ij 1 � i < N I ; 0 � j � N IwIwI0+wII0 l2NIj + 1wI0+wII0 l0NI (xj) i = 0; 0 � j � N ID̂2NII = [d̂2ij ] (3.12)= 8><>: wIwI0+wII0 l2NIIj + 1wI0+wII0 l0NII (xj) i = N II ; 0 � j � N IIl2ij 1 � i < N II ; 0 � j � N II0 i = 0The resulting operator for the penalty method is written in terms of the two matrices [4]:S = [sij ] = � D̂2NI 00 D̂2NII � (3.13)(~uN )t = S~uN (3.14)This system is equivalent to the system in (3.6) where the weights given in equation (3.4)are set according to the Legendre Gauss-Lobatto weights:�I = wI0wI0 + wII0 (3.15)�II = wII0wI0 + wII0� = 1wI0 + wII0Theorem 3.1.1 Given the system of equations in equation (3.6) the discretization by theLegendre polynomial collocation method is stable for a di�erent number of grid points in thetwo subdomains. Subdomain I has N I grid points and subdomain II has N II grid points.Proof: For the test function � substitute ~uN . Since each wIi ; wIIi > 0 and from equation(3.7) the result from equation (3.9) gives a bound on the time derivative:12@t0@NIXi=0(uIi )2wIi + NIIXi=0(uIIi )2wIIi 1A = NIXi=0 uIi (uIi )twIi + NIIXi=0 uIIi (uIIi )twIIi (3.16)



Domain Decomposition via Explicit/Implicit Time Marching 7= � Z 1�1(~uN )x(~uN )Tx dx� 0The last step follows since the integrand is positive. 2(3.2) The Generalized Penalty Method A more generalized stability condition can befound by looking at more than two subdomains with varying grids. The averaging weightsare denoted as �l0 and �l1. �l0 is the averaging weight for the right side of the domain l while�l1 is the averaging weight for the left side of domain l. Also, the penalty is di�erent foreach subdomain interface. The penalties are denoted �l for the subdomain interface on theright side of domain l.For a given subdomain, l, the penalty method gives the following equation on the interiorof a subdomain:(ulN l(x; t))t = (ulN l(x; t))xx x 2 (2l� 3; 2l� 1) l = 1; 2; � � � ; L (3.17)The averaging and penalty weights give a condition on the subdomain interfaces fort > 0:@t(ulN l(2l � 3; t)) = �l1(ulNl(2l� 3; t))xx + �l�10 (ul�1N l�1(2l � 3; t))xx (3.18)+�l((ulN l(2l� 3; t))x � (ul�1N l�1(2l� 3; t))x) l = 1; 2; � � � ; L(ulN l(2l� 1; t))t = �l0(ulNl(2l� 1; t))xx + �l+11 (ul+1N l+1(2l � 1; t))xx (3.19)+�l((ul+1N l+1(2l� 1; t))x � (ulN l(2l� 1; t))x) l = 0; 1; � � � ; L� 1u1N1(�1; t) = uLNL(2L� 1; t) = 0 (3.20)ulN l(x; 0) = PN lf(x) x 2 (�1; 2L� 1) (3.21)Figure 2: Domain Divided into L Subdomains for the One Dimensional Case
� � �1 2 3 4 L-1 1 3 5 7 2L� 3 2L� 1



8 Kelly BlackTheorem 3.2.1 Given the system of equations de�ned by equation (3.17) with boundaryconditions given by equations (3.18), (3.19), (3.20), and (3.21) the discretization by theLegendre polynomial collocation method is stable for L subdomains with varying numbers ofgrid points per subdomain. The number of grid points for a domain l is denoted as N l andthe Legendre weights are denoted wli. Stability is insured for averaging weights and penaltiesset dependent on the quadrature: �l0 = wl0wl0 + wl+10�l1 = wl0wl0 + wl�10�l = 1wl0 + wl+10Proof: The proof proceeds as before by examining the time derivative of the weak energyand showing that it is bounded. The subdomains in question are assumed to be uniformwith length equal to 2 (�gure (2)).The subdomains are folded so as to preserve the subdomain interfaces and the solution,~uN , is written as a vector. Assuming that L is an even number the solution is written invector form: ~uN (x; t) = 0BBBBBBB@ u1N1(x; t)u2N2(2� x; t)u3N3(4 + x; t)u4N4(6� x; t)...uLNL(2L� 2� x; t)
1CCCCCCCA x 2 [�1; 1] (3.22)The elements within the vector satisfy the conditions given by equation (3.17) and thevector solves the heat equation:(~uN )t = (~uN )xx x 2 (�1; 1) (3.23)The boundary conditions for the equation are given by equations (3.18), (3.19), (3.20), and(3.21).The averaging and penalty weights yield a similar collocation matrix as in equation(3.13) and the results from equations (3.9) and (3.7) still hold when extended to the generalcase. Just as in theorem 3.1.1 the time derivative of the weak energy can be shown to bebounded and the method is stable. 2(4) Time DiscretizationThe spatial approximations used are an orthogonal polynomial collocation method. Thespatial discretizations are written in terms of families of orthogonal polynomials. The timediscretizations, on the other hand, are made using standard �nite di�erence techniques.The two techniques we use are the Dufort-Frankel method to solve for the solution on thesubdomain interface and the implicit backwards Euler method to solve for the solution onthe interior of each subdomain. The two methods are combined in an explicit/implicitmethod.



Domain Decomposition via Explicit/Implicit Time Marching 9(4.1) The Explicit/Implicit Method The penalty method can be implemented usingan explicit/implicit technique. The interior of the subdomains are approximated usingan implicit technique. In particular, a backwards Euler scheme is used. However, to usethe implicit method an a priori knowledge of the subdomain interface is needed. Thisinformation is calculated using an explicit method. Working together the two methods areused to calculate a solution on each subdomain.First the explicit method is used to calculate a solution on each subdomain interface.This is done with the penalty method via the Dufort-Frankel scheme. Once a future valueis known on the interface the interior is calculated using an implicit method.The advantage to such an approach is to take advantage of the inherent stability ofan implicit scheme. Domain decomposition is an ideal way to exploit this. The principledisadvantage of an implicit scheme is the di�culty in inverting the associated matrices.Using a domain decomposition method, however, allows the use of a smaller grid on eachindividual subdomain. Consequently, smaller matrices are generated within each subdomainand the matrices can be inverted in parallel.(4.2) The Explicit Method Before the implicit method is used to calculate the value ofthe interior of a subdomain the future value on the subdomain interface is calculated usingan explicit method. On the subdomain interface the future time step is calculated using theDufort-Frankel method:un+1 � un�124t = Sun � 
 14x2 (un+1 � 2un + un�1) (4.1)The operator S is the penalty method approximation at the subdomain interface (equa-tions (3.18) and (3.19)) and 4x is calculated at the endpoints, 4x = x0 � x1. The Dufort-Frankel scheme has been shown to be unconditionally stable when used on the interior of asingle domain problem [5] and in particular for the Chebyshev approximation [6].The scheme is consistent with the heat equation if the ratio 4t4x goes to zero. The methodis time accurate with order O(4t2) + O��4t4x�2� . One way to maintain accuracy is tomake the ratio 4t4x2 constant, which will insure that the ratio 4t4x ! 0. The scheme isconsistent with a wave equation [5]:ut + 
 �4t4x�2 utt = uxx (4.2)The new equation retains the same steady state solution as the heat equation. 
 is chosensuch that the scheme is unconditionally stable [5].(4.3) The Implicit Method Once the future value at the subdomain interface is knownthe interior of a subdomain is calculated using an implicit method. In the one-dimensionalcase this is done using a backwards Euler equation. In the two-dimensional case, however,a splitting method is used. The method is solved in an implicit manner in alternatingdirections.(4.3.1) One Dimensional Implicit Method On the interior of the domain the heatequation is approximated using a backwards Euler equation:un+1 � un4t = D2Nun+1 (4.3)



10 Kelly BlackWhere D2N is the second derivative operator on PI N . In the case examined we use aChebyshev second derivative collocation matrix. As shown in [6, p. 5] the Chebyshev secondderivative matrix has real, negative, and distinct eigen values when used with Dirichletboundary conditions.(4.3.2) Two Dimensional Implicit Method Implementing an implicit method in thetwo dimensional case requires solving a larger system than the one dimensional case. Inorder to reduce the complexity of the problem a splitting method is used. In the splittingmethod an implicit solution is sought at each time step but in alternating directions [9, p.180].In the two dimensional case, in one step an implicit solution is sought in the y-directionwhile in the following step an implicit solution is sought in the x-direction:Step n: un+ 12�un4t2 = D2x(un)T +D2yun+12Step n+ 12 : (un+1)T�(un+12 )T4t2 = D2x(un+1)T +D2yun+12 (4.4)In practice, for grids of size Nx in the x-direction and size Ny in the y-direction, thesecond derivative matrices are of size NxxNx and NyxNy for the x and y derivative matrices,respectively. The approximation un is a NxxNy matrix and the inverse operation takes placeon a column by column basis. The resulting operation proceeds in each of the columns ofthe matrix un.The analysis of the splitting method proceeds in a di�erent manner. First the approx-imation un is arranged in a vector. The entries are formed by arranging the column suchthat the �rst Nx entries are from the �rst row of the matrix un and the next Nx entriesare from the second row of un. This process proceeds until all of the rows of un have beenassigned.The derivative matrices are constructed accordingly:D2x = 26664 D2x 0 00 D2x 00 0 . . . 00 0 D2x 37775 (4.5)The second derivative matrix in the y direction is constructed to approximate the yderivative and so the entries must skip over the rows of x values. To display this we �rstde�ne a matrix, ~D2y: � ~D2y�i;j = 26664 d2i;j 0 00 d2i;j 0. . .0 0 d2i;j 37775 (4.6)The entries d2i;j correspond to the entries (i; j) in the one-dimensional second derivativecollocation matrix.



Domain Decomposition via Explicit/Implicit Time Marching 11The second derivative matrix is constructed using this new matrix:D2y = 266666664
� ~D2y�0;0 � ~D2y�0;1 � � � � ~D2y�0;Ny� ~D2y�1;0 � ~D2y�1;1 � � � � ~D2y�1;Ny...� ~D2y�Ny;0 � ~D2y�Ny;1 � � � � ~D2y�Ny;Ny

377777775 (4.7)The steps in equation (4.4) are �rst solved in terms of the highest time level:Step n: (I � 4t2 D2y)un+12 = (I + 4t2 D2x)unStep n+ 12 : (I � 4t2 D2x)un+1 = (I + 4t2 D2y)un+12 (4.8)The approximation of un+12 from step n gives an implicit system:un = (I � 4t2 D2y)�1(I + 4t2 D2x)un�1 (4.9)Substituting this result into step n+ 12 for the approximation un+12 gives an approxima-tion for un+1:un+1 = (I � 4t2 D2x)�1(I + 4t2 D2y)(I � 4t2 D2y)�1(I + 4t2 D2x)un (4.10)Adopting the notation of [9, p. 113] this gives a matrix operator:T = (I � 4t2 D2x)�1(I + 4t2 D2y)(I � 4t2 D2y)�1(I + 4t2 D2x) (4.11)Again, as shown in [6, p. 5], the Chebyshev second derivative operator is stable and thesplitting method is a stable method.(5) Results Results are presented for four di�erent cases. The results of the penaltymethod are given for the penalty method in one-dimension with a single processor and for adistributed machine. Results are also given for the two-dimensional case for both the singleprocessor and the distributed machines. The single processor machine examined is an IBMRISC/6000 and the distributed machine is an Intel iPSC/i860 with thirty-two nodes.For the one-dimensional case the following equation is examined:ut = uxx � k2u x 2 (0; 16); t > 0u(x; 0) = sin(! 2�16x) + ekx x 2 [0; 16]u(0; t) = 1 t > 0u(16; t) = e t > 0 (5.1)For the two-dimensional case the following equation is examined:ut = uxx + uyy � 2k2u (x; y) 2 (0; 16)x(0; 16); t > 0u(x; y; 0) = sin(! 2�16x) sin(! 2�16 y) + ek(x+y) (x; y) 2 (0; 16)x(0; 16)u(x; 0; 0) = ekx x 2 (0; 16)u(x; 16; 0) = ek(x+16) x 2 (0; 16)u(0; y; 0) = eky y 2 [0; 16]u(16; y; 0) = ek(y+16) y 2 [0; 16] (5.2)



12 Kelly BlackFor each of the test runs, the tables give the number of subdomains, the number of gridpoints within each subdoman, the number of steps required to reach steady state, the L1and the L1 errors, the ratio 4t4x2 or 4t� 14x2 + 14y2� , and the time required. Note thatthe 4t given in the tables coresponds to the 4t2 used in equation (4.4).(5.1) Single processor in One Dimension Results are presented for the one-dimensionalcase. The values for the initial conditions are ! = 5 and k = 116 . The cases presented arefrom runs on a single processor machine. Tables (1) and (2) are for test runs where the timestep, 4t, is constant while tables (3) and (4) modify the time step so that the ratio 4t4x2 isconstant (4x is taken to be the minimum distance between grid points). Tables (2) and (4)are the ideals and are used to compare the results of the penalty method.In table (1) the increase in the number of subdomains requires an increase in the numberof iterations to solve for the steady state. However, once the ratio 4t4x2 becomes smallenough the number of iterations is reduced. This is demonstrated in table (3) where thenumber of iterations decreases. Once the number of subdomains is more than 16, though,more iterations are required.Figure (3) represents the times given in tables (1) and (2). Figure (4) is from tables(3) and (4). In �gure (3) the time required to calculate the steady state solution decreasesconsistently but the rate of decrease is not as rapid as for the ideal case. In �gure (4),however, the rate of decrease is steeper than the ideal case until the number of subdomainsis more than 16.Table 1: Single processor test run. (1-D Case) 4t constant: 
 = 0:2Calculated BoundariesFrequency = 5.0 k = 0.0625 dt = 0.125# Grid ElapsedX Points # L1 L1 4t4x2 TimeDom In X Steps Error Error (msec.)1 256 20 1.07e-05 1.67e-05 3.44e+05 391002 128 20 1.06e-05 1.67e-05 8.61e+04 50804 64 1820 2.68e-05 4.08e-05 2.15e+04 53108 32 2510 1.78e-05 3.70e-05 5.39e+03 371016 16 2020 2.63e-05 4.18e-05 1.35e+03 155032 8 1320 1.12e-05 1.91e-05 3.45e+02 860(5.2) Distributed Machine in One Dimension Results are presented for the one-dimensional case. The values for the initial conditions are ! = 5 and k = 116 . The casespresented are from runs on a distributed machine. Tables (5) through (7) are for testruns with constant time step 4t. Tables (8) through (10) are for test runs with constantratio 4t4x2 . In tables (6) and (9) the true time dependent solution is enforced at thesubdomain interface but the interprocessor communication is retained. In tables (7) and(10), however, the true solution is enforced at the subdomain interface and the interprocessorcommunication is retained. The later case is an ideal and is used to measure the overheadassociated with communication costs.
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Table 2: Single processor test run. (1-D Case) 4t constant with true boundaries.True BoundariesFrequency = 5.0 k = 0.0625 dt = 0.125# Grid ElapsedX Points # L1 L1 4t4x2 TimeDom In X Steps Error Error (msec.)1 256 20 1.07e-05 1.67e-05 3.44e+05 389302 128 20 1.06e-05 1.67e-05 8.61e+04 51204 64 70 1.78e-05 2.79e-05 2.15e+04 8508 32 30 4.88e-06 1.08e-05 5.39e+03 14016 16 10 6.96e-06 1.67e-05 1.35e+03 2032 8 10 5.17e-10 1.27e-09 3.45e+02 10

Figure 3: Graph of the time required on the single processor machine to solve the onedimensional problem. 4t constant
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14 Kelly Black
Table 3: Single processor test run. (1-D Case) 4t4x2 constant: 
 = 0:2Calculated BoundariesFrequency = 5.0 k = 0.0625 4t4x2 = 100.0# Grid ElapsedX Points # L1 L1 4t TimeDom In X Steps Error Error (msec.)1 256 50000 5.79e-04 9.10e-04 3.63e-05 4801802 128 17680 3.18e-05 5.00e-05 1.45e-04 878704 64 46300 3.18e-05 5.00e-05 5.80e-04 1175608 32 2190 3.18e-05 4.99e-05 2.32e-03 325016 16 170 5.42e-06 1.20e-05 9.23e-03 15032 8 360 1.88e-05 4.65e-05 3.62e-02 240

Table 4: Single processor test run. (1-D Case) 4t4x2 constant.True BoundariesFrequency = 5.0 k = 0.0625 4t4x2 = 100.0# Grid ElapsedX Points # L1 L1 4t TimeDom In X Steps Error Error (msec.)1 256 50000 5.79e-04 9.10e-04 3.63e-05 4795102 128 17680 3.18e-05 5.00e-05 1.45e-04 859804 64 21210 3.18e-05 4.99e-05 5.80e-04 528908 32 1680 2.17e-05 4.81e-05 2.32e-03 247016 16 120 1.42e-05 3.42e-05 9.23e-03 11032 8 20 3.98e-08 9.44e-08 3.62e-02 20



Domain Decomposition via Explicit/Implicit Time Marching 15Figure 4: Graph of the time required on the single processor machine to solve the one-dimensional problem. 4t4x2 constant
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Figure (5) is a plot of the times from tables (5) through (7). Figure (6) is a plot of thetimes from tables (8) through (10). The rate of rate of decrease in time required in �gure(5) is not as steep as the ideal. In �gure (6), however, the rate of time savings is greaterbut as the numbers of subdomains goes beyond 16 the time required increases.Table 5: Distributed processor test run. (1-D Case) 4t constant, 
 = 0:2Calculated BoundariesFrequency = 5.0 k = 0.0625 dt = 0.125# Points ElapsedX Per # L1 L1 4t4x2 TimeDomains Domain Steps Error Error (Sec.)1 256 20 1.07e-05 1.67e-05 3.44e+05 26.992 128 20 1.06e-05 1.67e-05 8.61e+04 3.994 64 1820 2.68e-05 4.08e-05 2.15e+04 4.918 32 2510 1.78e-05 3.70e-05 5.39e+03 2.9316 16 2020 2.63e-05 4.18e-05 1.35e+03 1.5532 8 1320 1.12e-05 1.91e-05 3.45e+02 0.87



16 Kelly BlackTable 6: Distributed processor test run. (1-D Case) 4t constant, true boundariesTrue Boundaries With CommunicationFrequency = 5.0 k = 0.0625 dt = 0.125# Points ElapsedX Per # L1 L1 4t4x2 TimeDomains Domain Steps Error Error (Sec.)1 256 20 1.07e-05 1.67e-05 3.44e+05 27.002 128 20 1.06e-05 1.67e-05 8.61e+04 3.994 64 70 1.78e-05 2.79e-05 2.15e+04 0.748 32 30 4.88e-06 1.08e-05 5.39e+03 0.1316 16 10 6.96e-06 1.67e-05 1.35e+03 0.0332 8 10 5.17e-10 1.27e-09 3.45e+02 0.01Table 7: Distributed processor test run. (1-D Case) 4t constant, no communicationTrue Boundaries Without CommunicationFrequency = 5.0 k = 0.0625 dt = 0.125# Points ElapsedX Per # L1 L1 4t4x2 TimeDomains Domain Steps Error Error (Sec.)1 256 20 1.07e-05 1.67e-05 3.44e+05 27.002 128 20 1.06e-05 1.67e-05 8.61e+04 3.974 64 70 1.78e-05 2.79e-05 2.15e+04 0.708 32 30 4.88e-06 1.08e-05 5.39e+03 0.1116 16 10 6.96e-06 1.67e-05 1.35e+03 0.0232 8 10 5.17e-10 1.27e-09 3.45e+02 0.01Table 8: Distributed processor test run. (1-D Case) 4t4x2 constant, 
 = 0:2Calculated BoundariesFrequency = 5.0 k = 0.0625 4t4x2 = 100.0# Points ElapsedX Per # L1 L1 4t TimeDomains Domain Steps Error Error (Sec.)1 256 50000 5.79e-04 9.10e-04 3.63e-05 1203.132 128 17680 3.18e-05 5.00e-05 1.45e-04 126.404 64 46300 3.18e-05 5.00e-05 5.80e-04 111.818 32 2190 3.18e-05 4.99e-05 2.32e-03 2.6816 16 170 5.42e-06 1.20e-05 9.23e-03 0.1532 8 360 1.88e-05 4.65e-05 3.62e-02 0.25
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Figure 5: Graph of the time required on the distributed processor machine to solve theone-dimensional problem. 4t constant
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Table 9: Distributed processor test run. (1-D Case) 4t4x2 constant, true boundariesTrue Boundaries With CommunicationFrequency = 5.0 k = 0.0625 4t4x2 = 100.0# Points ElapsedX Per # L1 L1 4t TimeDomains Domain Steps Error Error (Sec.)1 256 50000 5.79e-04 9.10e-04 3.63e-05 1200.522 128 17680 3.18e-05 5.00e-05 1.45e-04 127.364 64 21210 3.18e-05 4.99e-05 5.80e-04 52.878 32 1680 2.17e-05 4.81e-05 2.32e-03 2.1716 16 120 1.42e-05 3.42e-05 9.23e-03 0.1232 8 20 3.98e-08 9.44e-08 3.62e-02 0.02
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Table 10: Distributed processor test run. (1-D Case) 4t4x2 constant, no communicationTrue Boundaries Without CommunicationFrequency = 5.0 k = 0.0625 4t4x2 = 100.0# Points ElapsedX Per # L1 L1 4t TimeDomains Domain Steps Error Error (Sec.)1 256 50000 5.79e-04 9.10e-04 3.63e-05 1200.522 128 17680 3.18e-05 5.00e-05 1.45e-04 114.964 64 21210 3.18e-05 4.99e-05 5.80e-04 40.728 32 1680 2.17e-05 4.81e-05 2.32e-03 1.2916 16 120 1.42e-05 3.42e-05 9.23e-03 0.0732 8 20 3.98e-08 9.44e-08 3.62e-02 0.01

Figure 6: Graph of the time required on the distributed processor machine to solve theone-dimensional problem. 4t4x2 constant
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Domain Decomposition via Explicit/Implicit Time Marching 19(5.3) Single Processor in Two Dimensions Results are presented for the two-dimensional case. The values for the initial conditions are ! = 1 and k = 116 . The casespresented are from runs on a single processor machine. Tables (11) and (12) are for trialruns from the single processor case and both use a constant time step. Table (11) is a trialin which the penalty method is employed while table (12) is a trial in which the true timedependent solution is enforced at the subdomain interface.Figure (7) is a plot of the times from tables (11) and (12). Once the number of subdo-mains increases beyond four the amount of time required begins to grow. The time requiredto calculate the extra iterations grows faster than the time savings of calculating the smallermatrices. There were di�culties implementing the penalty method in two dimensions. Toavoid instabilities the values at the subdomain interfaces were �rst calculated using thepenalty method and the �nal value was calculated by averaging the new approximation andthe two previous time levels.Table 11: Single processor test run. (2-D Case) 4t constant: 
 = 10:0Calculated BoundarysFrequency = 1.0 k = 0.0625 dt = 0.0125# # Grid Grid ElapsedX Y Points Points # L1 L1 4t� 14x2 + 14y2� TimeDom Dom In X In Y Steps Error Error (msec.)1 1 64 64 1920 2.00e-04 4.92e-04 2.69e+02 1486301 2 64 32 1920 2.00e-04 4.93e-04 1.68e+02 1051402 2 32 32 1920 2.00e-04 4.94e-04 6.74e+01 681702 4 32 16 2460 1.76e-04 4.90e-04 4.22e+01 735304 4 16 16 10000 7.48e-05 9.44e-04 1.69e+01 2560604 8 16 8 10000 7.70e-04 4.28e-03 1.06e+01 252980
Table 12: Single processor test run. (2-D Case) 4t constant, true boundariesTrue BoundariesFrequency = 1.0 k = 0.0625 dt = 0.0125# # Grid Grid ElapsedX Y Points Points # L1 L1 4t� 14x2 + 14y2� TimeDom Dom In X In Y Steps Error Error (msec.)1 1 64 64 1920 2.00e-04 4.92e-04 2.69e+02 1486001 2 64 32 1920 2.00e-04 4.93e-04 1.68e+02 1027302 2 32 32 1920 2.00e-04 4.93e-04 6.74e+01 648302 4 32 16 800 1.92e-04 4.73e-04 4.22e+01 241004 4 16 16 520 1.97e-04 4.85e-04 1.69e+01 144304 8 16 8 340 1.68e-04 4.42e-04 1.06e+01 10530



20 Kelly BlackFigure 7: Graph of the time required on the single processor machine to solve the two-dimensional problem. 4t constant
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(5.4) Distributed Machine in Two Dimensions Results are presented for the two-dimensional case. The values for the initial conditions are ! = 1 and k = 116 . The casespresented are from runs on a distributed machine. Tables (13) through (15) are for trial runson the distributed machine. Table (13) is a trial in which the penalty method is emplyed,table (14) is a trial in which the true time dependent solution is enforced at the subdomaininterface but the interprocessor communication is retained, and table (15) is a trial usingthe true solution at the subdomain interfaces with no interprocessor communication.Figure (8) is a plot of the times from tables (13) through (15). Here the amount oftime required decreases until the number of subdomains becomes greater than eight. As thenumber of subdomains increases to four the rate of decrease in the time required matchesthat of the ideal case.(6) Acknowledgments Special thanks go to David Gottlieb of Brown University whoinitiated this work and thanks for his guidance and support. Also, the computing systemused is the iPSC/2 860 at ICASE, NASA Langley. Thanks go to the sta� at ICASE forallowing the use of the machine and for their guidance and support.



Domain Decomposition via Explicit/Implicit Time Marching 21Table 13: Distributed processor test run. (2-D Case) 4t constant: 
 = 10:0Calculated BoundarysFrequency = 1.0 k = 0.0625 dt = 0.0125# # Grid Grid ElapsedX Y Points Points # L1 L1 4t� 14x2 + 14y2� TimeDom Dom In X In Y Steps Error Error (sec .)1 1 64 64 2000 1.45e-04 3.59e-04 2.69e+02 454.621 2 64 32 2000 1.46e-04 3.62e-04 1.68e+02 193.522 2 32 32 2000 1.46e-04 3.62e-04 6.74e+01 86.352 4 32 16 2600 1.22e-04 4.19e-04 4.22e+01 53.614 4 16 16 11800 5.95e-05 4.73e-04 1.69e+01 127.434 8 16 8 12000 8.34e-04 3.48e-03 1.06e+01 75.91Table 14: Distributed processor test run. (2-D Case) 4t constant, true boundariesTrue Boundaries with CommunicationFrequency = 1.0 k = 0.0625 dt = 0.0125# # Grid Grid ElapsedX Y Points Points # L1 L1 4t� 14x2 + 14y2� TimeDom Dom In X In Y Steps Error Error (sec .)1 1 64 64 2000 1.45e-04 3.59e-04 2.69e+02 454.621 2 64 32 2000 1.46e-04 3.59e-04 1.68e+02 198.362 2 32 32 2000 1.46e-04 3.60e-04 6.74e+01 91.702 4 32 16 800 1.93e-04 4.76e-04 4.22e+01 18.454 4 16 16 600 5.79e-05 1.43e-04 1.69e+01 7.544 8 16 8 400 3.86e-05 1.01e-04 1.06e+01 3.13Table 15: Distributed processor test run. (2-D Case) 4t constant, no communicationTrue Boundaries with no communicationFrequency = 1.0 k = 0.0625 dt = 0.0125# # Grid Grid ElapsedX Y Points Points # L1 L1 4t� 14x2 + 14y2� TimeDom Dom In X In Y Steps Error Error (sec .)1 1 64 64 2000 1.45e-04 3.59e-04 2.69e+02 454.531 2 64 32 2000 1.46e-04 3.59e-04 1.68e+02 185.052 2 32 32 2000 1.46e-04 3.60e-04 6.74e+01 77.422 4 32 16 800 1.93e-04 4.76e-04 4.22e+01 14.464 4 16 16 600 5.79e-05 1.43e-04 1.69e+01 5.264 8 16 8 400 3.86e-05 1.01e-04 1.06e+01 2.11
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Figure 8: Graph of the time required on the distributed processor machine to solve thetwo-dimensional problem. 4t constant
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