Abstract

CHISWELL, KAREN ELIZABETH. Model Diagnostics for the Nonlinear Mixed Effects Model
with Balanced Longitudinal Data. (Under the direction of Dr. John Monahan.)

Longitudinal data, where the response for each experimental unit is measured repeatedly
on several occasions, are common in biomedical (e.g., pharmacokinetic) and agricultural (e.g.,
growth and yield) studies. When each unit is measured at the same time points, the data are
termed balanced. The methods developed in this dissertation assume balanced longitudinal
data with a normally distributed response variable.

The nonlinear mixed effects model (NLMM) provides a useful statistical framework for
characterizing longitudinal data when a nonlinear regression function describes the trend for
each experimental unit or subject. In a simple NLMM with two stages, a nonlinear model
describes the expected trajectory for each subject at the first stage. Coefficients in the first
stage model are specific to each subject. At the second stage these subject-specific coefficients
are modeled as random variables (random effects) from a probability distribution. Within-
subject variability (e.g., due to measurement errors or fluctuations in within-subject response)
is modeled at the first stage. Variation between subjects is characterized by the second stage
model for the random effects, some of which may be trivial (the coefficient value is the same
for all subjects).

Our methods explore the structure of variation in the longitudinal data using traditional
tools of multivariate analysis (principal component analysis, factor analysis, and multivariate
regression). Assuming that preliminary estimates of the NLMM model parameters are available,
a first-order linearization of the subject specific model allows us to use the multivariate results
to check assumptions about the variance structure defined by the NLMM. In particular, we
propose methods for identifying the non-trivial random effects, for assessing the presence of
within-subject heteroscedasticity (non-constant variance), and for testing evidence of within-

subject autocorrelation.



In simulation studies our methods demonstrated high power to correctly identify random
effects, to detect heteroscedasticity, and to find strong AR(1) structure in within-subject resid-
uals. We applied our methods to two examples. Data in the first example were collected from
a gas uptake experiment in rats. Our methods identified significant evidence of within-subject
heteroscedasticity, and suggested that between-subject variation could be explained by random
effects on the two rate parameters in an open two-compartment model, or by the V;,,,, metabolic
parameter and rat body weight in the PBPK model. In the second example, pharmacokinetic
data were collected from human subjects dosed orally with theophylline. Our analysis identified
random effects on the absorption rate and clearance parameters of the open one-compartment

model, and suggested heteroscedasticity in within-subject errors.
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Nomenclature and List of Symbols

We use italic roman characters such as b, © and y to denote random variables, except in some
cases where the context makes it clear that the realizations of these random variables are
intended. Bold face italic characters such as b, u and y denote random (column) vectors, while
we use bold face uppercase non-italic characters such as V or E for matrices. The subscript 7
denotes the transpose of a vector or matrix. The letter ¢ will generally indicate time. In most
cases we assume that time (e.g., time when an observation is made) is not random, but fixed
by design. When used in a context like f(¢), letters such as f denote a known function of ¢.
Greek characters such as 3 and o are used to denote parameters in a statistical model. When
used in a context like p(t), Greek characters such as p denote an unknown function of .

The following symbols are used frequently in this dissertation with the same meaning

throughout.
E - Expectation: E(y) = [ ydF where F is the distribution of y
V - Variance: V(y) = E{y — E(y)}?
yi;j - Random variable denoting the response on the i-th subject at time ¢;
n - Number of subjects that are observed
P - Number of observations made on a subject
y;, - Random vector containing the p responses on subject %
Y - n xpdata matrix with i-th row yZT
p - Vector of means, e.g., p = E(y;)
¥ - Covariance matrix, e.g., X = V(y,)
Ar - p Xk matrix of common factor loadings
¥ - pxpdiagonal matrix of specific variances
fs - Partial derivative of function f with respect to parameter (3
Fg - p X g matrix, the columns of which are realizations of fzu), ..., fzw
Hy - Null hypothesis
Hy - Alternative hypothesis
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Chapter 1

Introduction

In many biological studies, repeated measurements are made on a set of experimental units
over time. For example, in a forestry experiment to compare the effect of spacing between
adjacent seedlings on tree growth and yield, the diameters of trees in each plot are measured
annually over a period of years. In an early-phase clinical trial to determine how a new drug is
absorbed, distributed, metabolized and eliminated, several human subjects receive a dose of the
drug. Samples of blood are drawn repeatedly from each subject over a period of hours, and the
plasma concentration of the drug at each time point is measured. Such data are referred to as
repeated measures data, or longitudinal data when the repeated measurements are made over
time. In this dissertation we focus on longitudinal repeated measures data, but the methods
developed could be applied to other types of repeated measures data where the same variable
is measured repeatedly on an experimental unit or subject, and the sequence of measurements
is determined by an ordered variable such as distance or length.

In the examples given above, the data are balanced by design: each experimental unit is
measured the same number of times and at the same set of time points. Missing observations
due, for example, to a lost blood sample, or fire damage in one corner of the forestry spacing
experiment, will disrupt this balance. As the title of this dissertation implies, our methods apply
to longitudinal data that are balanced. We also restrict our attention to cases where the response
variable measured at each time point is a continuous variable such as concentration, blood
pressure, or tree diameter, which can reasonably be assumed to follow a normal distribution.

There are several approaches to the analysis of continuous repeated measures data; for ex-

ample, multivariate analysis of variance, linear or nonlinear mixed effects models, and functional
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data analysis. All methods have to take account of the correlation structure that is induced
in the data because the repeated measurements made on one experimental unit are likely to
be correlated with one another due to latent (unobserved) subject differences. The choice of
analysis method depends to a large extent on the scientific objectives of the study. For exam-
ple, in the forestry experiment, a parametric growth curve may be a reasonable model for how
the diameter of an individual tree changes over time. Forestry planners would be interested in
estimating the parameters of the growth curve model by fitting the model to the experiment
data, and in seeing how the different spacing treatments are reflected in changes in parameter
values. A nonlinear mixed effects model analysis is appropriate for this purpose. For the clinical
example, a nonlinear mixed effects model analysis would also be typical.

Rice (2004) compared the functional and the more traditional longitudinal data analysis
approaches (e.g,. nonlinear mixed effects models) for analyzing longitudinal data. He viewed
functional data analysis as primarily an exploratory approach, whereas mixed model approaches
tend to be more inferential. Sometimes the same conceptual model may be implemented in
different approaches. For example, one of the structural models proposed by Jennrich and
Schluchter (1986) for modeling within-subject covariance structure in a linear mixed model
framework, is the factor-analytic model. Multivariate factor analysis (discussed in Chapter 2)
fits this same model to describe marginal covariance structure, but does not focus on modeling
the expected value of responses, as is usually the primary objective in the mixed model approach.
The choice of method also depends on the structure of the data. For example, multivariate
methods for repeated measures analysis require balanced data, but mixed effects approaches
may be able to handle unbalanced, sparsely-sampled data, depending on the choice of covariance
model.

In the nonlinear mixed model analysis, the expected trajectory for an individual subject is
modeled with a parametric nonlinear function. Examples of such models are given in Section 1.2
of this chapter. Coefficients in the nonlinear model typically represent quantities with biological

meaning such as absorption or elimination rates. The nonlinear mixed effects model approach
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provides estimates of typical values of the coefficients for the collected data, as well as estimates
of how these coefficients vary between subjects. The estimated between-subject variation in
coefficients provides important information for setting safe but effective doses for future clinical
testing of the drug. In this dissertation we assume that fitting a nonlinear mixed effects model
is the ultimate objective of the analysis. Section 1.3 of this chapter reviews the terminology
and notation of a simple two-stage nonlinear mixed effects model.

In his 2002 Fisher Lecture titled “Variances are not always nuisance parameters,” Carroll
(2003) made the point that understanding the structure of variation in data is very important.
His view was that accurately modeling variance structure can be an important goal in itself
(e.g., in understanding patient variability in drug response), and may have a large impact on
other parts of an analysis (e.g., in predicting the working range of an assay). He included
heteroscedasticity in regression (where the variance depends on known factors such as mea-
surement time, or the predicted response), and the selection and modeling of random effects as
two important components of variance structure. These components of variation are explicitly
dealt with in the two stages of the nonlinear mixed effects model.

Although there remains much interest in estimation and inference for nonlinear mixed ef-
fects model parameters, these topics are not addressed in this dissertation. Instead we assume
that a preliminary fit of the nonlinear mixed effects model has been made, and that estimates
of the coefficients in the nonlinear function are in hand. For example, perhaps some coeflicients
in the model were set at reasonable guesses, and the remaining coefficients estimated by fitting
the model separately to each subject, assuming a simple homoscedastic structure for within-
subject variation. Preliminary estimates of mean coefficient values might then be obtained by
averaging the subject-specific estimates. We view our methods as providing a set of diagnostic
tools for assessing certain assumptions of the nonlinear mixed effects model. Our methods
provide guidance for formulating a realistic but parsimonious version of the nonlinear mixed
effects model that could be fitted (by state-of-the art estimation methods) after the preliminary

analysis. We believe that having tools to assist with formulating the model (e.g., by choosing
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which coefficients should be specified as random) is valuable because state-or-the-art methods,
such as those that numerically integrate out the random effects to construct a numerical ap-
proximation of the marginal likelihood, are computationally expensive, or may fail, when there
is an unnecessarily large number of random effects.

The methods developed in this dissertation examine three model specification issues for
the nonlinear mixed effects model: selection of random effects, identification of within-subject
heteroscedasticity, and identification of within-subject serial correlation. These issues and our
approaches to diagnosing them are laid out in more detail in Section 1.5 of this chapter. Methods
for selecting random effects and identifying within-subject heteroscedasticity are developed in
Chapter 2; these methods are tested in the simulation experiments presented in Chapter 3.
Chapter 4 develops a method for detecting within-subject serial correlation, in the presence of
potential bias of the nonlinear regression function. In Chapter 5 we apply our methods to two
real examples. Chapter 6 concludes the dissertation with a brief discussion of the limitations
of our methods, which provide motivation for possible future extensions.

The remainder of this chapter is laid out as follows. We introduce the two real examples
that provide context and motivation for our work in Section 1.1. In Section 1.2 we describe the
mechanistic models and resulting nonlinear regression functions that could be used to model
the expected trajectory for each subject in the two examples. We review notation and terminol-
ogy of the nonlinear mixed effects model in Section 1.3. In Section 1.5 we give an overview of
the three model specification issues that our methods are developed to address. Our methods
for exploring marginal covariance structure and within-subject autocorrelation are based on
first-order linearization of the nonlinear mixed effects model; we formulate the first-order linear
approximation in Section 1.4. We conclude Chapter 1 with a brief review of recent literature
on the topics of random effects selection in linear and nonlinear mixed effects models, testing or
modeling heteroscedasticity in nonlinear regression models, detecting autocorrelation in nonlin-
ear models, and goodness-of-fit tests for nonlinear models. (The standard tools of multivariate

analysis that are the basis for our methods are reviewed at the beginning of Chapter 2.)

4
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Figure 1.1: Data from US-EPA CCly gas uptake experiment. Each panel plots data for a dif-

ferent exposure concentration. Different plotting symbols are used for the three animals exposed
at each dose.

1.1 Motivating Examples

1.1.1 Carbon tetrachloride gas uptake experiment

Carbon tetrachloride (CCly) is a volatile liquid that causes chemical injury to the liver through
necrosis and fat accumulation (Plaa and Charbonneau, 2000). These properties as well as the
chemical’s extensive use as a grain fumigant, in the production of chlorofluorocarbons, and
as a solvent in dry cleaning, makes it of interest as an air pollutant. Evans, Crank, Yang,

and Simmons (1994) described a gas uptake experiment in which twelve rats were individually

exposed to CCly in a closed chamber. Four initial exposures were used in the experiment:

1000, 250, 100 and 25 ppm. Concentration of the chemical in the chamber was measured
approximately 36 times per rat over a period of 6 hours. Measurements were made at the same
(or very similar) time points for all rats in the study. Figure 1.1 presents the data for the twelve
rats in the gas uptake experiment.

The graphs illustrate the similarities and differences between the different subject profiles

over time. While the typical pattern of change over time was similar across subjects, there
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were small differences between subjects, manifest in a clear separation of a few of the subject
profiles from others. The observed profile on each subject was relatively smooth. For a given
subject, we might attribute the small fluctuations around a smooth curve to measurement error
or small within-subject fluctuations. We will call this latter variation, within-subject variation.
The variation between trajectories will be termed between-subject variation. This might be
attributed to random differences between the treatment or physiology of different subjects.

A goal of the gas uptake experiment was to predict the concentration of CCly over time in
the liver (these concentrations were not observed directly). This concentration can be estimated
using a model that predicts the concentration of CCly in the liver at a given time after initial
exposure to the chemical. Mechanistic models such a compartment model or a physiologically
based pharmacokinetic (PBPK) model are typically used for this type of prediction. We describe
a few examples of mechanistic models in Section 1.2. Fitting the PBPK or the compartment
models to the gas uptake experiment data using the nonlinear mixed model framework would
allow scientists to estimate typical model coefficients characterizing the toxicokinetics of CCly

in rats, and to quantify the expected rat-to-rat variation in these coefficients.

1.1.2 Pharmocokinetics of theophylline

Theophylline is a drug used to prevent wheezing and difficulty breathing caused by lung diseases
such as asthma, emphysema, and chronic bronchitis. Davidian and Giltinan (1995, Chapter
5) described pharmacokinetic data collected from twelve human subjects given an oral dose of
theophylline. On each subject, a measurement of the blood serum concentration (mg/L) of
theophylline was taken before the dosing, and at ten subsequent time points over the next 24
hours. All subjects received the same dose (320 mg) of theophylline, therefore dose per unit
of body weight (mg/kg) varied slightly from subject to subject. Figure 1.2 plots the measured
serum concentration profiles for the twelve subjects.

As in the CCly example, the theophylline trajectories for different subjects showed the same

overall pattern, but also exhibited some between-subject variation. For example, the peak



Chapter 1. Introduction

Theophylline conc. (mg/L)

Time (hr)

Figure 1.2: Serum concentration of theophylline following oral dose of 320 mg in twelve subjects.

concentration varied between subjects. This could be explained by variation in subject body
weights, or by differences in the absorption rates of different subjects. Within-subject variation
appeared to be small relative to the between-subject variation.

An open one-compartment (O1C) model with extravascular administration of drug is com-
monly used to describe the absorption and elimination of theophylline following an oral dose.
We describe this model in more detail in Section 1.2. Under the O1C model, no drug is in the
body at time zero. The concentration of drug increases as absorption proceeds until a peak
concentration is reached. The subsequent decrease in concentration is due to elimination (ex-
cretion and metabolism) of the drug from the body. This model is typically parameterized in
terms of an absorption rate k,, and an elimination rate parameterized as C1/Vy, where C1 is the
clearance and V; the volume of distribution. Fitting this model to the theophylline data using
the nonlinear mixed model framework provides estimates of typical values of these parameters,

and an estimate of subject-to-subject variation in absorption or elimination rates.
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1.2 Mechanistic models

We use the term mechanistic model to refer to a mathematical model developed based on as-
sumptions about the functional mechanics of a system. For example, most models used in
pharmacokinetics are mechanistic—they make assumptions about how a drug is circulated,
absorbed, metabolized, and eliminated. Mechanistic models may be simple (e.g., the open
two-compartment model described in Section 1.2.1), or more complex (e.g., the PBPK model
described in Section 1.2.2). Mechanistic models are typically parametric functions; their eval-
uation depends on parameters which often have a physical interpretation (e.g., a metabolic

rate).

1.2.1 Compartment models
Open two-compartment model for CCl, gas uptake experiment

A simple model for the CCly gas uptake data represents the exposure chamber with one com-
partment and the entire rat with a second compartment. The model is represented in Figure 1.3.
In this simple model, we assume that CCly is eliminated from the system (via metabolism, ex-

cretion, etc.) at a rate proportional to the concentration in the rat. Following from these

chamber

krh

ke

Figure 1.3: Schematic representation of the open two-compartment (O2C) model for for CCly
gas uptake experiment. D is the exposure concentration, kp, and k., are the rates of exchange
between the chamber and rat and vice versa, and k. is the elimination rate (due to metabolism
and excretion,).
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assumptions, the system of linear differential equations

Zh = —knr 2n + kpp zr - [chamber]

(1.1)
Zr = kpyr 2z — (kpp + ke) 2 [rat]
describes this model. The initial conditions are z,(0) = D and z,(0) = 0.

The concentration of CCly in the chamber at time ¢ is given by z,(t) and the concentration
in the rat is given by z.(¢). The dot-notation represents a derivative with respect to time ¢,
Zp = dzp(t)/dt. These quantities are model predictions, not observed data, hence our choice
of the notation z instead of y; y is reserved for observed data or for random variables. Initial
exposure (at time 0) in the chamber was D (dose) and we assume that initial concentration
of CCly in the rat was 0. Transfer from the chamber to the rat due to inhalation takes place
at rate kp,. The rate of transfer from rat to chamber due to exhalation is k,;. The rate of
elimination from the rat is k.; this combines the effects of metabolism and excretion.

The differential equations (1.1) can be solved analytically for zj(t) and z,(t) and have the

following closed form solution for the concentration in the exposure chamber

zn(t) = D { B exp(~BP1) + B exp(—pDe) }

where D is initial exposure concentration. The coefficients (1), ..., 3% are functions of the
rates kyp,., k-1, ke and the initial exposure D. Because of the dependence of the model prediction
zp(t) on ), ..., B4 we will use the notation f(t,3; D) instead of zj,(t). If we assume that a
dose exactly equal to D was administered at time 0 then it is reasonable to constrain g3 W456) =
1. Under this assumption we will write the model predicting the chamber concentration of CCly

at time ¢t as

f(t, a,wV w®:D)y=D {a exp(—wMt) + (1 — a) exp(—w(z)t)} (1.2)
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Figure 1.4: Schematic representation of the O1C model for oral administration of theophylline.
D is the administered dose, f the fraction absorbed, k, the absorption rate constant, k. the
elimination rate constant, and Vg the volume of distribution.

where o = V) =1 — B M = @) and W@ = W,

Open one-compartment model for oral dose of theophylline

The pharmacokinetics of theophylline in a human following oral dosing can be modeled with the
open one-compartment (O1C) model with extravascular administration of drug (Ritschel and
Kearns, 1998, Chapter 14). The O1C model represents the body with a single compartment
and assumes a unidirectional input and output into and out of the system. This model assumes
that drug entering the body distributes immediately between blood and other body tissues so
that the entire body can be represented with one compartment. Figure 1.4 gives a schematic
representation of the O1C model with extravascular (e.g., oral) administration of a dose D of
drug. Sometimes only a fraction £ of the drug may be absorbed into the body, but in the
theophylline example we assume that this fraction is 100%. We assume that subjects have no
previous exposure to theophylline so that theophylline concentration in the body at time zero
is zero. The concentration of drug increases as absorption of drug from the gut proceeds until a
peak concentration is reached. The subsequent decrease in concentration is due to elimination
(excretion and metabolism) of the drug from the body.

If we assume that theophylline is absorbed at a rate proportional to the amount remain-

ing in the gut (initially Df), and is eliminated from the body at a rate proportional to the

10
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concentration in the body, then the differential equation
. Df
Zp = ka7 exp(—kqt) — ker2p (1.3)
d

with initial condition z;(0) = 0 describes this model (Rodda, Sampson, and Smith, 1975). The
concentration of theophylline in the body at time ¢ is given by z4(t). Absorption from the
gut occurs at rate k,, and k; is the rate of elimination from the body due to metabolism and
excretion.

The differential equation (1.3) can be solved analytically for z,(¢) (Rodda et al., 1975) and

has the following closed form solution

Df  ky
) =355

{exp(—keit) — exp(—kqt)} .

It is common to parameterize the elimination rate k. in terms of clearance and volume of
distribution, k., = C1/V;. Writing the model to show explicit dependence on the parameters

(kq, Cl,Vy) gives the nonlinear function

kq Cl
f(t ke, Cl,Vg; D) = ik D_f oIV {exp <—‘/dt) — exp(—k‘at)} (1.4)

for predicting the serum concentration of theophylline at time t. We assume the dose D is

known (a covariate) and that £ = 1.

1.2.2 A physiologically based pharmacokinetic (PBPK) model

In a physiologically based pharmacokinetic (PBPK) model, the body is subdivided into com-
partments representing organs or groups of tissues. For example, the model considered here
divides the body into four compartments: the liver, fat, well-perfused tissues (central ner-
vous system and viscera except liver), and poorly-perfused tissues (muscles and skin). A fifth

compartment represents the exposure chamber. A system of differential equations describes the

11
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Figure 1.5: Schematic representation of PBPK model for CCly inhalation exposure in rats

patterns of change in amounts or concentrations of the chemical over time in each compartment.

The model is parameterized by a large number of physiological, physiochemical and bio-
chemical model parameters. PBPK models are useful for prediction of target tissue (e.g., liver)
concentrations, which are often not easily observed, and are believed to provide a fairly sound
basis for extrapolation to different exposure routes or to different species (Evans et al., 1994).

The PBPK model that we consider here has been established as a reasonable model in
rats for describing the absorption, distribution, metabolism and elimination of CCly and other
volatile chemicals after exposure in a closed chamber (e.g., Evans et al., 1994; Bois, Zeise,
and Tozer, 1990). A schematic representation of the PBPK model is presented in Figure 1.5.
This model assumes that metabolism takes place in the liver compartment via saturable enzy-
matic reactions, the kinetics of which can be described by a so-called Michaelis-Menten term,

{Vinazz1/ViP} [{Km + 21/ViP}. Kinetics in all other compartments are described by linear

12



Chapter 1. Introduction

differential equations.

Zn, = RATS Qp (co — 21/ Vi) — K21, [chamber]

2 =Qr{ca —zr/(VsPyr)} [fat]

Zr = Qr{ca — 2 /(V:P)} [rapidly perfused] (1.5)
Zm = Qm{ca — 2m/(VinPm)} [poorly perfused]

L Vmale .

2] = Ql {Ca - Zl/(wpl)} — m [llver]

Initial conditions at ¢ = 0 are given by

2(0) = 20, 2p(0) =0, 2(0) =0, 2zn(0)=0, z(0)=0.

In the differential equations, the zs denote the predicted amount of CCly at a given time
in a particular compartment, according to the model. Subscripts indicate model compartment:
subscript A is for exposure chamber, p is for pulmonary, « is for arterial, f is for fat, r is
for rapidly-perfused tissue, m is for poorly-perfused tissue, and [ is for liver. The function
zp(t) models the expected amount of CCly in the chamber compartment for a particular rat.
The Vs represent compartment volumes, Ps represent partition coefficients, and Qs represent
blood flow or ventilation rates. The variable ¢, is arterial concentration at time t, ¢, is venous
concentration at time ¢, ¢, is concentration in exhaled breath at time ¢, K, is loss rate from the
empty chamber, V}, is volume of the empty exposure chamber, and B,, is rat body weight. The
parameters Vi,.. and K, characterize the rate of metabolism in the liver compartment. The
parameter K, is the Michaelis-Menten constant, and V},,, is the maximum rate of metabolism.

Table 1.1 lists typical values of the PBPK model parameters for CCly; metabolism in
male rats. Other quantities are computed from these. A single rat was housed in each
chamber in the CCly experiment so that RATS = 1. The initial amount in the chamber is

zpo = CONC x Vj, x W,,, /24450 (mg) where V}, = Voo — RATS x By, (liters) is the net chamber

13
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Table 1.1: Typical values of CCly PBPK model input parameters (adapted from Evans et al.,
1994)

F344 Male rats body weight (B,,) 0.182 kg
Cardiac output (Q.) 4.0 liter /hr
Ventilation rate (Qp) 4.0 liter /hr
Fat blood flow percentage (Q .) 5%
Liver blood flow percentage (Q;.) 15%
Slowly perfused blood flow percentage (@) 32%
Fat volume percentage (V) 8%
Liver volume percentage (Vi) 4%
Slowly perfused volume percentage (Vi) 74%
Pliver/air (Pia) 16.17
Prat fair (Pra) 281.48
Pslow/air (Pina) 13.3
Prapid/air (Pra) 16.17
Pblood/air (Fb) 5.487
Molecular weight (W,;,) 153.8 (g/mol)
Chamber volume (V4,) 3.8 liters
Loss rate from empty chamber (K7,) 0.02 1/hr
Michaelis-Menten constant (K,) 1.3 mg/liter
Maximum rate of metabolism (V;4z) 0.11 mg/hr

volume. Compartment/blood partition coefficients (P¢, P, Py, P,) are computed from the
compartment/air coefficients (Ptq, Pla; Pra, Pra) respectively, divided by the blood/air par-
tition coefficient (Fy). Tissue volumes (Vy, Vi, Vi) equal the respective volume percentages
(Ve, Vies Vine) times body weight (B,,) (liters). Tissue blood flow rates (Qf, @i, @Qm) equal the

respective blood flow percentages (Qfc, Qic, @me) times cardiac output (Q.) (liter/hr). The
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following difference equations define relationships between other quantities in the model,

Qe=Qr+Qr+Qm+Qi, Vi+V,+V,+V,=091B,

e X 3 Qeze Qo+ Qpzn/Vi
! Qc VP’ ¢ Qc+Qp/Pb ’ ’ Pb

*:f7/r’m’l

The two metabolic parameters, K,, and V4., are usually the focus of estimation based on
data from a gas uptake experiment. Other parameters in the model (such as volumes, partition
coefficients, blood flow rates) may be assigned values based on other studies (e.g., partition
coefficients are measured in separate in vitro studies) or from literature. This fixing of many
parameters in the model at assigned values is usually done out of necessity. In most cases it
is impossible to estimate all model parameters: either there are not enough observations on
each subject (sometimes fewer than the number of parameters), or parameters are not well-
identified. Many authors (e.g. Gelman, Bois, and Jiang, 1996) address this problem through
Bayesian analysis, placing informative prior distributions on parameters. When needed, we
will distinguish between those model parameters that are fixed at assigned values (we will call
these parameters &), and those that are estimated from the data in hand (we will call these
parameters (3). However, parameter estimation is not the focus of this dissertation and we will
say little more about estimation.

The CCly concentration in the exposure chamber and amount in the liver that are predicted
by the PBPK model over a six hour period are shown in Figure 1.6 for an initial exposure of
250 ppm. Model parameters were set at the values given in Table 1.1. Because of the nonlinear
differential equation in the liver compartment, there is not an analytical (closed-form) solution
to the system of ODEs. To evaluate the model prediction for a given set of parameter values,
we computed a numerical approximation using the ode45 differential equation solver in Matlab
(Version 7.0 (R14), The MathWorks, Inc.).

The O2C model described in Section 1.2.1 has some similarities with the PBPK model. If

K,, =~ 0, then the differential equations describing the PBPK model is approximately linear
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Figure 1.6: PBPK model predictions for concentration or amount of CCly in chamber and
liver compartments for an initial exposure of 250 ppm. Other model parameters are given in
Table 1.1.

and has an approximate closed form solution. In this case, the solution for the concentration in
the chamber is a sum of 5 exponential terms. If some of the exponential rates are very small,

or rates in different compartments are similar, then the predicted chamber concentration from

the PBPK model looks like that from the O2C model of equation (1.2).

1.3 Nonlinear mixed effects model (NLMM)

The CCly gas uptake experiment data and the theophylline pharmacokinetic data described in
Section 1.1 had a longitudinal structure: repeated measurements were made on each subject
over time. This induces a correlation structure in the data: measurements made on the same
subject are likely to be correlated with one another due to latent (unobserved) subject differ-
ences. The mechanistic models of Section 1.2 describe the expected trajectory for an individual

subject. The nonlinear mized effects model (NLMM) is a statistical approach that describes the
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expected trajectory (for example with with a parametric nonlinear regression function defined
by a mechanistic model), but also accounts for the correlation structure in the data by modeling
between- and within-subject variability using random effects.

We will use the following notation for longitudinal data such as that collected in the two
motivating examples. Suppose that n subjects are all measured p times at the same time
points t1,%2,...,t,. Let y;; be the response (e.g., CCly concentration in the chamber, or serum
concentration of theophylline) measured on subject ¢ at time ¢;. It will often be convenient to

write the observations made on the i-th subject as a vector of length p,

Y = (Yi1, Yizs - - - Yip) -

It is usual to assume that the random vectors, y,...,y,, are independent and identically
distributed (i.i.d.) according to some probability distribution, for example a multivariate normal
distribution. The assumption of equal time points (i.e., balanced data) is necessary for the
methods developed in Chapters 2 and 4.

In Section 1.2 we described mechanistic models for modeling the expected CCly concentra-
tion over time in the exposure chamber for a given rat, or the expected serum theophylline
concentration in a particular subject. Assuming that these models adequately describe the ex-
pected response for a subject, the observed trajectory might still differ slightly from the model
prediction due to other sources of variation such as measurement error and within-subject fluc-
tuations in metabolism rates, etc. The trajectories plotted in Figures 1.1 and 1.2 also differ
between subjects. In the NLMM approach, we assume that between-subject differences are
due to variation in the mechanistic model parameters over the population of subjects. The
NLMM (also known as hierarchical nonlinear model) incorporates the mechanistic model, and
the between- and within-subject variation into a statistical framework appropriate for describing
longitudinal data.

We propose the following simple NLMM with two-stages (a subject-specific stage and a
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between-subject stage) to describe longitudinal data such as those observed in the gas uptake

or theophylline examples:

Stage-1:  yi; = f(t;,8;,& xi) + €ij, €ij independent N (0, 1;5)

Stage-2: B; =B+b;, b;iid. Ny(0,D)

forj=1,...,pandi=1,... n.

In the first (subject-specific) stage of the model, y;; is the observed response for subject i
at measurement occasion t;, where 3; is a ¢ X 1 vector of coefficients specific to subject i, £
is a vector containing other model coefficients that are assumed known and are to be fixed at
assigned values, and «; is a vector of covariates specific to subject i (such as exposure dose).
The additive term €;; is the within-subject error (due to measurement error, and other within-
subject fluctuations from the mean trajectory) which is assumed to be normally distributed
with variance 1;; > 0. The regression function f is the nonlinear function of 8; and & that
is defined by the mechanistic model. In the case of the PBPK model where the differential
equations cannot be solved analytically, the regression function f is defined implicitly, and f
has to be evaluated numerically at ¢1,...,t, for given values of 3;, £ and =;.

In the stage-1 model we have assumed the within-subject errors to be independent, but
have allowed for a different variance, v;;, at each time point. It is common to assume a more
parsimonious model for the variance of these errors. For example, we might assume the within-
subject variance to be homoscedastic, 1;; = o2 for j = 1,...,p, or to assume that pij is
proportional to a power of the expected response, v;; = o2{f(t;, B;, & x;) }*7.

The regression function f may also depend on subject-level covariates x;. In the methods
developed in Chapters 2 and 4, we assume that all subjects have the same covariates, or that the
data can be scaled to eliminate the effect of covariates. For example, in the models for concen-
tration of CCly or theophylline, dividing by exposure or administered dose, D, eliminates this

covariate from the stage-1 regression function. We will assume that this scaling also simplifies
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the model for within-subject variation; i.e., makes variances approximately homoscedastic.

In the second (between-subject) stage, we assumed that the subject-specific coefficients 3;
are independent across subjects, and normally distributed with mean 3 and between-subject
covariance matrix D. The random vectors b; are called random effects. Parameter estimation for
the NLMM usually focuses on the population mean parameters 3 and the covariance parameters
1;; and distinct elements in D. There is substantial literature on methods for estimating
these parameters. Most methods are based on maximizing the marginal likelihood (based on
the marginal distribution of the observed data yq,...,y,,) defined by the two-stage model in
equation (1.6). For more details about the NLMM, its applications, and methods of estimation
and inference, the interested reader is referred to a recent review by Davidian and Giltinan
(2003).

One difference between the NLMM specification given in equation (1.6) and that found more
commonly in the literature, is that we have parameterized the regression model f by two types
of coefficients: B; and &. Recall that & contains the coefficients that are assumed known and
are not to be estimated. These assigned coefficients must, by necessity, be assumed fixed across
subjects, although it is possible that they too might actually vary from subject to subject.
When we need to distinguish between the true and assigned values of &, we will let &, denote
the true value and E the assigned value. At some points in this dissertation where we do not
concern ourselves with possible misspecification of the values of & (for example in Chapter 2),
we have dropped & from our notation.

The coefficients denoted by 3, are potentially also of two different types: those that vary
randomly between subjects, and those whose variation over subjects is comparatively small
so that these coefficients could be considered fixed across subjects. We do not have separate
notation for these fixed parameters. We can think of them as being part of @; with their
components of the random effect vector b; equal to zero with probability one, or equivalently,
their corresponding elements in the covariance matrix D equal to zero. If a random effect is

zero (has zero variance) we will call it a trivial random effect.
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1.4 First-order linearization

For now, suppose that the within-subject variances are homoscedastic, 1;; = o? for all i and
j. First-order linearization (FOL) was introduced by Beal and Sheiner (1982) as a way to
approximate the marginal likelihood and compute estimates of the NLMM parameters 3, o2
and D. While the FOL approximation to the marginal likelihood may be poor, and more
refined methods such as Laplace’s approximation (e.g., Wolfinger, 1993) are often favored for
parameter estimation, we will make extensive use of the FOL approximation in the methods
developed in this dissertation.

Let &€, be the true value of the known parameters, and E be the assigned value. Assuming
that the random effects, b;, and the differences, (&, —E), are small, a first-order linear expansion

of the true subject-specific (stage-1) regression function f(¢;, 8 + b;,&,;x;) about b; = 0 and

£, = € gives
vij ~ f(t;, 8, & ;) +ng(m> ONNIEDE +Zf§(h> t, B, & xi)- (6 — €M) ey (17)

where fgm) = af o™, feay = df /0™ | and the partial derivatives are evaluated at (t5, 8, E; Ti).
The partial derivatives are also referred to as sensitivity functions or parameter sensitivities.
In Section 1.4.1 we discuss approximation of the sensitivities when f is evaluated numerically
by solving a system of differential equations.

Let _f(i) = [f(tl,ﬂ,g; Ti)y .y f(tp,,B,E; x;)|7, F(ﬁi) be a p X ¢ matrix with (j, m)-th element
fam (5 B,E; x;), and Fg) be a p X s matrix with (j, h)-th element fem (tj,ﬂ,g; ;). Then (1.7)

can be written in vector notation as
g~ FO+FY b+ FY (6, - €) + e (1.8)

The approximate model (1.8) is linear in the random effect vector b;. Substituting the FOL

approximation for the subject-specific regression function into the two-stage NLMM of equa-
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tion (1.6) with t;; = 02, we can see that the marginal distribution of y; is approximately

normal, with marginal mean and covariance given approximately by the following expressions:

1) e

E(y;) = E[E(y;[b)] ~ E[f© + F)b + B (¢, — )] = FO + F (€. - &) =y,
and

Cov(y;) = E[V(y,;|bi)] + V[E(y;|b;)]

E[V(ei)] + VIFD + FPb + F (€, - €)]

%

= o, +F; DF}"

3.

The mean vector p(? and the covariance matrix ¥; depend on the parameter values 3 and E
(this dependence is suppressed in the notation). In this dissertation, since our focus is not on
estimating 3 or &, approximate values will be substituted. For example, for the PBPK model
we could use values in Table 1.1.

The dependence of these expressions on ¢ is through the covariate vector x;. If all subjects
have the same covariate values, ; = @ (e.g., they all have the same initial dose D), then the
vectors y,,% = 1,...,n will be independent and approximately identically distributed according

to the multivariate normal distribution with approximate marginal mean vector

and approximate marginal covariance matrix

¥ =F3DF} +0°L,,. (1.9)
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In this case, an approximate model for y; is

If the random effects, b;, or the misspecification errors, &, — E, are not small, then the FOL
approximation of equation 1.10 will be poor. In Chapter 2, we assume that an approximation
that is linear in the random effects b; is adequate. However, if some random effects are large,
then second-order terms may need to be added to the Taylor series approximation of equa-
tion (1.7). This will involve second order partial derivatives of f, and quadratic functions of
the random effects in b;.

One of the model diagnostic objectives to be discussed in Section 1.5 is to discriminate
between two parameterizations of a model based on the structure of the marginal covariance.
The FOL approximation is also the basis of this diagnostic. Let f*(¢,d;,&; ) be an alternative
parameterization of f with subject-specific coefficients d; = d + d;. Assuming that the random
effects d; and the misspecification errors (£, — E) are small, the first-order linear expansion of

the alternative stage-1 regression function f*(t;,0 + d;,&,;x;) about d; =0 and &, = E gives

q* s
yij ~ [, 8. &) + > Frio (5, 8.6@) - d + 37 fl (5,8, & ) - (67 — €M) + 5
h=1

r=1

where ff,) = 0f* /06" evaluated at (tj,0 ,E; x;). Assuming constant covariates and, we arrive

at the approximate model for y,; based on the parameterization f*,
Yy, ~p" +F5d +ei (1.11)

where p* and Fj are defined for the alternative parameterization f* in the same manner that
p and F3 were defined for parameterization f.

If the parameter B is a one-to-one function of &, then for any value of § there exists a
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value of B such that f*(¢;, 5,5; x;) = f(tj,ﬁ,g’; x;). At this value of 3 it will also be the case
that fg(h) (tj,(s,g; xi) = fem (tj,ﬁ,g; x;). Thus p = p* and comparing the approximations in
equations (1.10) and (1.11), we see that the difference between parameterizations f and f* will
potentially be manifest (to first-order) by the terms involving the random effects and sensitivity

functions, Fg b; and Fj3 d;. We develop this idea further in Section 2.3.3 of Chapter 2.

1.4.1 Approximating 0f/03 when f is the solution of a system of differential

equations

The partial derivative 0f /9 of a parametric model function f(¢, 3) with respect to a parameter
0 is known as a parameter sensitivity. The sensitivity is a function of the variable ¢, and depends
on the value of the parameter 3, where it is evaluated. The sensitivity reflects how rapidly the
function f changes for small changes in 8 when [ is near (.

The sensitivities are often used to reflect the degree of dependence of model predictions on
particular parameter values. Since the true parameter values in a model are seldom known,
knowing how sensitive a model’s predictions are to small changes in parameter values provides
useful information about the degree of uncertainty due to misspecification of a particular param-
eter value. The sensitivities are also used in other ways. For example in statistical applications
such as nonlinear regression, the large sample estimate of the covariance matrix of the param-
eter estimates can be computed from the partial derivatives of the function with respect to
the parameters. Numerical optimization methods will often make use of the partial derivatives
of the objective function with respect to its arguments; these partial derivatives are typically
functions of the parameter sensitivities.

If the function f can be written down in closed form, then the sensitivities can be de-
rived by analytical differentiation of f with respect to elements of 3. However in the PBPK
model, the function describing the concentration time curve in the exposure chamber is not

available in closed form. Instead it is computed as one component of the numerical solution
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to a system of ordinary differential equations (ODEs). In this case the sensitivities must be
approximated numerically. Suppose that (3 is a single model parameter under consideration and
let f(t,3) = z(t, 3) be the required model prediction obtained by solving a differential equation
in z. The partial derivative of f with respect to 8 could be computed using a finite difference

approximation, for example a central difference

[2(t, B+ h) = 2(t, 8 = h)]/(2h).

An alternative approach when z is defined by a system of differential equations is to solve a
new system of differential equations called the sensitivity equations. The latter approach (also
know as internal differentiation or variational equations) is preferable to the finite difference
approximation: the computational costs being similar to the costs of finite differencing, but the
accuracy being higher, especially when low accuracy methods are used to approximate z (e.g.,
Ostermann, 2004; Dalgaard and Larsen, 1990).

In order to explain the derivation of the sensitivity equations, suppose that the solution

z(t, ) depends on a single parameter [ and is defined by a single differential equation

é(tvﬂ) = f(Z(t,ﬂ),ﬂ)

with initial condition z(tg, 5) = z0(3). Recall that the dot-notation denotes differentiation with
respect to time, Z = dz/d¢. Taking partial derivatives with respect to § on both sides of the

differential equation gives

0

9, 9 9
96

’ %Z(tvﬂ) + 7?(2,&)

0
(t.0) = 5-F(=0) 5

by the Chain Rule for derivatives. Let z(g(t, 3) = 0z(t, 3)/0 denote the partial derivative of
z(t, 3) with respect to 5. This is the sensitivity function that we seek. Assuming that we may

swap the order of partial differentiation with respect to t and 3, and suppressing the dependence
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of z and 2[5 on (t,3), we can re-write this last equation as

0 0
A = 5T (2,0) - 219 + %]‘"(z,ﬁ). (1.12)

This is a differential equation for the required sensitivity function zjg. The initial condition
for this equation is obtained by differentiating the original initial condition with respect to (3,
giving

9 o(B).

zg/(to, B) = o5

The differential equation for z(g is a function of z, and must be solved simultaneously with
the original differential equation for z. In Appendix D we derive the sensitivity equations for

several parameters of the PBPK model.

1.5 Diagnostics for the NLMM

In this dissertation we assume that a preliminary fit of the has been made, and that estimates
of the coefficients in the nonlinear function are in hand. We view the methods developed in
the following chapters as providing a set of diagnostic tools for assessing certain assumptions
of the NLMM. Our methods provide guidance for formulating a realistic but parsimonious
version of the NLMM to be fitted after the preliminary analysis. The methods developed in
this dissertation examine three model specification questions for the nonlinear mixed effects
model.

The first question we address is identifying how many, and which, coefficients in the NLMM
should be specified as random in order to adequately characterize between-subject variation.
Mechanistic models may have many parameters. For example the PBPK model described in
Section 1.2.2 has approximately 20 parameters. If the model is believed to be a good description
of the expected trajectory for a single subject, then the observed between-subject differences

could be described by allowing each subject to have a different set of parameter values. However
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it is likely that some of the parameter values will be more similar across subjects than others.
Our goal is to identify the subset of parameters that require non-trivial random effects.

Our approach to identifying the non-trivial random effects is based on the FOL approxima-
tion,

yi%p,—l-FBbi-i-Ei for izl,...,n.

This approximation is similar to a multivariate common factor model,

Yi =+ Agu; + e

that explains the structure of the marginal covariance with & linear random effects called com-
mon factors. By fitting the common factor model to the data and looking at the relationship
between the p x k loadings matrix Ay and the p x ¢ sensitivity matrix Fg we identify which
elements in B require non-trivial random effects. This approach is developed in Chapter 2.
The question of random effects selection can also be looked at from the viewpoint of identify-
ing a parameterization of the nonlinear function that characterizes the between-subject variation
with a few random effects. As pointed out in Section 1.4, under a different parameterization

f* of the nonlinear regression function, the FOL approximation for the data becomes

Y, %H‘l-ngi-l-Ei.

By examining the relationship between Aj and Fj, and comparing results with those for the
original parameterization f, we may be able to pick one parameterization that provides a simpler
explanation of between-subject variation than another.

The second model-specification issue that we address, is whether there is strong evidence
that within-subject variation is heteroscedastic; i.e., does the magnitude of variation change
over time? Our approach for detecting heteroscedasticity is also based on the multivariate

factor model, which models within-subject variation as V(e;;) = ¢; > 0 for j = 1,...,p. By
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comparing the fits of factor models with different assumptions about ;, we can detect the
presence of within-subject heteroscedasticity, and possibly also propose an appropriate model
for within-subject variation. For example, comparing two factor models, the first with v; = o?
(homoscedasticity) and a second with ¢; = 02/@7 (power-of-the-mean), we can judge whether
the power-of-the-mean model provides a better description of within-subject variation than the
homoscedastic model.

The factor model and the simple NLMM of equation (1.6) assume that the within-subject
residuals €;; in the stage-1 model are independent within subject. Examining whether this
is a reasonable assumption, or whether there is evidence of within-subject serial correlation,
is the third issue addressed in this dissertation. Exploring this question is complicated by
potential bias in the nonlinear regression function. Even if the mechanistic model is true, it
could be difficult to estimate all the coefficients from one data set, especially if there are many

parameters, as in the PBPK model for the CCly example. Some coefficients might be assigned

known values that are erroneous, E # £,, leading to model misspecification and bias,

Model bias makes it difficult to tease out the presence of time-dependence in the within-subject
residuals. A method for detecting within-subject correlation in the presence of misspecified co-
efficient values is developed in Chapter 4. Our approach is based on the FOL of equation (1.8).
For subjects ¢ and ¢ with the same covariate values, the between-subject difference is approxi-
mately

Y, — Yy =~ Fg(b —by) + (g, — i)

and the effect of misspecification of £ cancels out, at least approximately. Diagnosis of within-
subject serial correlation is then based on the residuals after regressing vectors of differences,

Y; — Y, on the sensitivity matrix Fg.
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1.6 Literature review

The methods that we develop in Chapters 2 and 4 for constructing, or assessing the appropri-
ateness of, the covariance structure in a NLMM, are based on standard multivariate analysis
tools. We review these tools in Section 2.2 of Chapter 2.

Few diagnostic tools have been developed specifically for the NLMM. In the current sec-
tion, we touch on a sampling of literature discussing approaches to modeling covariance struc-
ture in mixed models (mostly linear or generalized linear mixed models), or detecting bias,
heteroscedasticity, and autocorrelation in linear and nonlinear regression. Our review of the
literature is far from comprehensive, but we hope that it provides some insight into possible
approaches for assessing statistical model assumptions.

There is interplay among the issues of model bias, variance heteroscedasticity, and autocor-
relation. Under the assumption that residuals are homoscedastic and uncorrelated, lack-of-fit or
bias in the deterministic part of the model may be assessed by examining residuals for evidence
of autocorrelation or heteroscedasticity. A test of autocorrelation (Section 1.6.3) is often used
as an instrument to detect model bias, for example, due to omission of important predictors.
In linear regression, responses may be transformed to meet the homoscedasticity assumption.
However, it is often common in nonlinear regression applications to encounter heteroscedastic
variance, where a transformation of the response may not be an option.

Methods for formulating an appropriate mixed effects model, or detecting lack-of-fit in
nonlinear models are reviewed in Section 1.6.1. In Section 1.6.2 we review methods that diagnose
within-subject heteroscedasticity in residuals. We review methods for detecting autocorrelation
in linear and nonlinear models in Section 1.6.3. The selection of random effects in mixed models,

and the related topic of picking an appropriate covariance model, is covered in Section 1.6.4.
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1.6.1 Model formulation and lack-of-fit of the regression function for non-

linear and mixed effects models

Molenberghs and Verbeke (2004) highlighted the importance of formulating a model that is
sound from both a mathematical point of view, and adequate to answer the scientific questions
posed. For mixed models, they focused on the difference between the hierarchical and marginal
views of mixed models. The NLMM described in Section 1.3 is an example of a hierarchical
model, with random effects defined at the subject-level inducing a correlation structure at the
marginal level. Under the hierarchical model the parameters representing the variances of the
random effects are constrained to be positive (because they are variances). In the marginal
view, the marginal mean and covariance structure are modeled directly. In linear mixed models
with normally distributed responses, the hierarchical and marginal models are equivalent (they
produce the same marginal likelihood), However, even in the linear case, the choice of view has
implications on appropriate tests for variance components (touched on in Section 1.6.4). For
discrete responses and generalized or nonlinear mixed effects models, the differences between
the hierarchical and marginal views are more fundamental.

In the motivating examples of this dissertation, the scientific question demands fitting a
hierarchical NLMM. Our methods are based on linearization of the subject-level model, giving
an approximate linear mixed effects model. The multivariate factor model, which is the basis
of the methods developed in Chapter 2, is also a hierarchical model (the common factors are
linear random effects), but modeling of the covariance structure occurs at the marginal level.

For nonlinear regression models, Diebolt and Zuber (1999) constructed a test for adequacy
of the nonlinear regression function using a marked empirical process of residuals. Their test al-
lowed for heteroscedastic variance in residuals, and they claimed that the test could be extended
to a model with first-order autoregressive residuals.

Crainiceanu and Ruppert (2004a) proposed a likelihood ratio goodness-of-fit test for the

adequacy of a parametric nonlinear regression function. Their approach was to embed the
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parametric function into a larger family consisting of the parametric nonlinear regression func-
tion plus a nonparametric spline. Using the mixed model representation of penalized splines,
the (restricted) likelihood ratio test of the adequacy of the parametric regression function essen-
tially tests whether the variance component corresponding to the spline is zero. Their approach
assumed that residuals were homoscedastic and uncorrelated. If observations are made on inde-
pendent samples then the assumption of no serial correlation may be realistic. However, without
a strong assumption about the structure of residuals, the method cannot assess lack-of-fit of
the regression function.

Pan and Lin (2005) proposed graphical and numerical methods for checking the determin-
istic part of a generalized linear mixed model (GLMM). Deterministic components include the
functional form of a covariate, and form of the link function. The method did not check model-
ing assumptions about the random effects. Their approach was based on the marginal residuals
of the model. Plots of marginal residuals may be difficult to interpret because residual variabil-
ity is unknown. However, the asymptotic distribution of cumulative sums of residuals can be
derived under the null hypothesis that the GLMM has been correctly specified. Their method
was based on the cumulative sums of residuals.

Dey, Chen, and Chang (1997) applied Bayesian methods of model selection to a nonlinear
regression example, and to a nonlinear mixed effects model (the random effects in their example
entered the model linearly). The Bayesian approach was used to assess adequacy of the form
of the nonlinear regression function, as well as the choice of random effects. Competing models

were compared using diagnostics computed from the predictive distributions of different models.

1.6.2 Within-subject heteroscedasticity

The paper by Karlsson, Beal, and Sheiner (1995) illustrated with several simulation experiments
the impact that incorrect residual error models can have on parameter estimation in nonlinear
mixed effects models. They showed that ignoring serially correlated errors, that might occur due

to misspecification of the nonlinear regression function, led to biased estimates of random-effect
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variance parameters. Misspecification of the model created bias in mean parameter estimates.
Ignoring heteroscedasticity in within-subject errors created bias in all parameter estimates.
These results emphasize the potential usefulness of the methods developed in this dissertation
that aim to detect within-subject residual heteroscedasticity and serial correlation in repeated
measures data.

Cook and Weisberg (1983) published a seminal paper on diagnostics for heteroscedastic vari-
ance in linear regression without true replicates. They developed a score test for heteroscedas-
ticity, and suggested a graphical diagnostic procedure. The score test involves modeling the
weight function for the variances as a function of predictors, or the expected response. The test
for heteroscedasticity is equivalent to a test about the value of parameters in the weight func-
tion. Because the score test is sensitive to outliers and deviations from normality, the authors
recommended a graphical procedure to complement their test. They suggested plots similar to
those now in common practice; for example plotting standardized unweighted residuals versus
predictors, versus the log of predictors, or versus fitted values. They also proposed the use of
studentized residuals.

Chapter 2 of the book by Carroll and Ruppert (1988) deals with estimation of the coefficients
of a nonlinear regression model when variance is heteroscedastic. These authors argued that
in many applications, variability, as well as the mean, can be modeled as a smooth function of
predictors, often through the mean function. They extended the graphical procedure suggested
by Cook and Weisberg (1983) to nonlinear regression, and explained how graphical plots of
residuals may assist with detecting and modeling heteroscedasticity. For example, plotting
unweighted least-squares residuals against predicted values will expose a relationship between
residual variation and mean response. Various transformations of residuals (e.g., squared,
absolute value, 2/3 power) or using studentized residuals may assist with picking a model for
variability.

A slightly different issue regarding heteroscedasticity in a nonlinear mixed effect model was

addressed by Zeng and Davidian (1997). This issue pertains to immunoassay experiments.
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In these experiments it is standard to assume that residual variance in one run of the assay
increases with mean response. The variance is typically modeled as being proportional to
some power of the mean function. These authors proposed a test for determining whether the
parameters in the variance model change significantly from one run of the assay to another.
Lin and Wei (2003) proposed score tests for detecting different types of heteroscedasticity
that might occur in nonlinear regression. Their first test was based on a proposed model for
the residual variance (an extension of the score test of Cook and Weisberg (1983)). Under this
model, the test for homoscedastic variance is equivalent to testing that the parameter(s) in
this model are zero. The other tests are based on “randomizing” parameters in the mean or
variance functions, and testing hypotheses about the variance structure of these randomized
parameters. The proposed tests depend critically on the adequacy of the variance model, and

postulating such a model is difficult in practice.

1.6.3 Tests for autocorrelation in linear and and nonlinear models

The Durbin-Watson test (Durbin and Watson, 1950, 1951) is commonly used to test for serial
correlation in a linear regression model, y = X3+ ¢e. The null hypothesis assumes uncorrelated
residuals, and the alternative hypothesis assumes the residuals follow a first-order autoregres-
sive, AR(1), process. The test statistic is based on the residuals, e;, from the least-squares fit
of the regression model,

> olej —ej—1)?

P 2
j=1€j

d =

Rejection of the null hypothesis is usually based on upper, dy(«), and lower, dr(«), bounds of
the level-« critical values. For example, to test for positive autocorrelation, d < dr(«) indicates
significant evidence that the error terms are positively autocorrelated, and d > dy(«) provides
significant evidence that the error terms are not positively autocorrelated. Durbin and Watson
(1971) investigated methods for computing the exact null distribution of the d statistic and

various approximations to the exact distribution.
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The Durbin-Watson test only applies when the predictors in the regression are fixed. Bhar-
gava, Franzini, and Narendranathan (1982) extended the Durbin-Watson test to panel data
(e.g., longitudinal data), but only in the case where subject effects are modeled as fixed. The
Durbin-Watson test statistic, d, can also be computed to test for autocorrelation in a nonlinear
regression model, y = f(X,3) + . White (1992) approximated the null distribution of d for
a nonlinear regression model using a first-order Taylor series expansion of f(X,3) around the

least-squares estimates B, resulting in the approximate nonlinear Durbin-Watson test.

1.6.4 Random effects selection in linear and nonlinear mixed effects models

There are two main approaches to selection of random effects in mixed models. The first
approach uses model and variable selection methods. The second approach relies on formal
tests about the covariance parameters of random effects, in particular, tests that the variance

of a random effect is zero.

Model / variable selection methods

Since parameters in mixed models are often estimated by likelihood methods, the adequacy
of an assumed mean and covariance structure can be tested using likelihood methods such as
Akaike’s information criterion or likelihood ratio tests comparing a sequence of nested models.
Vonesh, Chinchilli, and Pu (1996) developed a pseudolikelihood ratio test for assessing the
adequacy of a given covariance structure using only the model in hand. This test is based
on comparing the the robust sandwich estimator of the covariance matrix of the fixed effect
parameters, with the model-based version of this covariance. The disadvantage of likelihood-
based methods is that they tend to be sensitive to departures from the assumed distribution
of responses (often normality). Vonesh et al. (1996) also derived a measure of concordance
between fitted and observed responses, similar to the R? measure in univariate linear models,
that can be used to simultaneously assess the mean and covariance models. This measure does

not require specification of a likelihood function, and so is robust to departures from an assumed
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distribution.

Bayesian approaches to selection of random effects in linear and generalized linear mixed
models (e.g. Chen and Dunson, 2003; Cai and Dunson, 2006; Kinney and Dunson, 2007) typi-
cally focus on model and variable selection methods, such as stochastic search variable selection.
For example, these authors used variable selection-type mixture priors that place point mass

on random effects with zero variance, allowing random effects to drop out of the model.

Likelihood ratio tests and score tests

Formal hypothesis tests about the covariance parameters of random effects are based on the
likelihood (or restricted likelihood) function. Likelihood ratio tests and score tests are commonly
used; these are discussed below. For a linear random coefficient model, Morgan (1996) suggested
an F-test based on treating the model coefficients as fixed (non-random) but different across
subjects. This model can be fitted with ordinary least squares. The test that a particular
coefficient was equal across subjects (i.e., a fixed parameter not a random effect) is the usual
full versus reduced F-test comparing the full model to a restricted model constraining the values
of the parameter of interest to be equal across subjects. This test had an exact F' distribution
under the null hypothesis that the variance of the random effect was zero.

The seminal reference for likelihood ratio tests concerning variance components in the linear
mixed effects model is the paper by Stram and Lee (1994). This paper was based on the
theoretical results about asymptotic properties of likelihood ratio tests developed by Self and
Liang (1987) for cases where the parameter being tested is on the boundary of the parameter
space under the null hypothesis. This is the setup when testing a hypothesis about a variance
component O'g, that is constrained to be positive: Hg: ag = 0 versus Hjy: ag > 0. In such
boundary situations, the asymptotic null distribution of -2 times the loglikelihood is not chi-
squared (as in standard testing situations), but may be approximated by a mixture of chi-
squared random variables in some cases.

Crainiceanu and Ruppert (2004b) derived the finite sample distribution of the likelihood
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ratio test for one variance component in a linear mixed model. These results would be useful
when the number of independent subjects remains small, since the asymptotic results of Stram
and Lee (1994) assume that the number of independent subjects approaches infinity while the
number of observations per subject remains fixed.

Verbeke and Molenberghs (2003) discussed the use of score tests for inference on variance
components. They pointed out that when variance components are constrained to be positive
(as in the case of a hierarchical mixed model), the traditional two-sided score test is inappropri-
ate; a one-sided hypothesis must be used. As with the likelihood ratio tests, since the variance
component is on the boundary of the parameter space under the the null hypothesis, standard
asymptotic results about the distribution of the score test cannot be leaned on. These authors
showed that the likelihood ratio test and the score test are asymptotically equivalent when the
variance component is constrained to be positive. (By standard theory, Wald tests, score tests
and likelihood ratio tests are asymptotically equivalent in the unconstrained case.) They com-
mented that the constrained likelihood ratio test often has practical computational advantages
over the score test, despite the fact that the null and alternative models must be fitted for the
likelihood ratio test, and only the null model for the score test.

Savalli, Paula, and Cysneiros (2006) presented a score-type test (with constrained alterna-
tive) for assessing the variance components in a linear mixed model when the random effects
and stage-1 residuals have an elliptical distribution. The elliptical class includes all symmetric

continuous distributions.
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Exploring the marginal covariance structure

2.1 Introduction

This chapter describes two multivariate approaches, principal component analysis and mazximum
likelihood factor analysis, for exploring the structure of the marginal covariance matrix V(y;)
where y; = (yi1, Y2, - - - ,yip)T. We assume that the data are balanced: there are p observations
made at time points t1,t2, ..., ?, on each of n subjects. The methods explore the structure of the
observed covariance matrix of a random sample y;,ys,..., ¥y, in order to check the covariance
modeling assumptions made at both stages of the nonlinear mized effects model (NLMM).
The two-stage NLMM described in Section 1.3
Stage Iy = f(t;,B;,& @) +eij, i =~ N(0,5)

Stage 2: B8, = B+b, bii"i"“d'quvD)

models the structure of the marginal covariance in the two stages: through the covariance of the
within-subject residuals €;; in the stage-1 model, and through the covariance D of the random
effects b; in the stage-2 model. The methods of this chapter explore the covariance models at

the two stages.

1. Firstly we explore how to characterize between-subject variation. We identify the number
of random effects needed to capture between-subject variation, select which coefficients in
the stage-1 model require non-trivial random effects, and identify an appropriate model

parameterization.
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2. Secondly we explore whether an assumption of homogeneous variance across time points,

V(eij) = ¥ = o2, in the stage-1 model is reasonable.

If the function f is nonlinear in the random effects b;, then the marginal covariance of y;

will be a complicated function of the variance models at the two stages,
V(y;) = E{V(y,|bi)} + V{E(y;|b;)}

(by the law of total variance). Under the first-order linear (FOL) approximation described in

Section 1.4, the stage-1 model becomes

g, ~ fO+FPb +FV(E, — &) +e

= p; +FPbi+ e

where the (i,m)-th element of F(ﬁi) is df /0™, and the (i, h)-th element of Fg) is Of J0cM),
These partial derivatives are sometimes called called sensitivity functions in applied mathemat-
ics literature (see Section 1.4 of Chapter 1). In the approximation, the function and partial
derivatives are evaluated at (t;, B,E; x;). Recall that E is the assigned (possibly misspecified)
value of parameters that are considered known.

If we assume that all n subjects have the same covariates, ; = @, then the stage-1 model
is approximately

yi%;,l,—i-FBbi—l—Ei. (2.1)

If in addition we assume homoscedastic within-subject variation, 1);; = o2, then the marginal
covariance is approximately

V(y;) = FﬁDFg +0%1, =3 (2.2)

Thus an approximate marginal model for the data is y; R Np(p,3).

In Section 1.4 we considered an alternative parameterization f*(¢, d, &; ) of model f(¢, 3,&; x).
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If B is a one-to-one function of §, then under parameterization f*, the first-order linear approx-
imation, will give

y;, ~ p+Fid; +¢,.

If there is strong expression of one or more random effects, then difference between parameter-
izations will be captured by the two sensitivity matrices Fg and F}.

In this chapter, we use traditional multivariate methods for analysis of a random sample of
n vectors from N, (p, 2) to explore the structure of the approximate covariance matrix 3. We
review these techniques in Section 2.2. We use principal component analysis (Section 2.3) and
factor analysis (Section 2.4) to model the marginal covariance matrix with a factorization such
as

Y =AAT +

where Ay, is a p x k matrix of rank k, and ¥ is a diagonal matrix, ¥ = diag{«1,...,p}. This

factorization corresponds to a common factor model for the data on the i-th subject,
Y =p+ Ayu; +¢€; (2.3)

where wu; "~ Nk (0,I), independently of g; RS N,(0,%). Note in this model that the within-
subject variance structure is the same across subjects (¥ does not depend on 7).

In Section 2.3 we use principal component analysis (PCA) to determine the number, k, of
independent random effects necessary to characterize between-subject variation. In Section 2.4
we fit an orthogonal common factor model using maximum likelihood factor analysis (MLFA).
By fitting factor models with different assumptions about the variance ¥ of the within-subject
errors €;, we identify and model within-subject heteroscedasticity. To identify an appropriate
model parameterization, and to select which parameters have non-trivial random effects, we

compare the fitted common factor model (2.3) obtained by PCA or MLFA to the approximate
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first-order linear approximations of the stage-1 model
Y; %[JJ—FFQbZ‘—i—EJi or vy, %u—FF;di—FEi

suggested by linearization of the NLMM under parameterizations f and f* respectively. Finally
we use multivariate regression to select columns from the matrices Fg or F that best explain
the columns of the estimate of A;. The selected columns correspond to the model coeflicients

that have non-trivial random effects.

2.2 Background: multivariate methods

This section gives a brief review of some traditional methods of multivariate analysis: factor
analysis, principal component analysis, and multivariate multiple regression. Further details
can be found in the books by Johnson and Wichern (2007), Mardia, Kent, and Bibby (1979),
and Anderson (2003).

In the longitudinal data view, the response for each subject is measured at p time points.
In multivariate analysis, the p observations on each subject may be measurements of entirely
separate characteristics or variables. For balanced data with the same observation times on
each subject, let Y be an n x p data matrix with i-th row y! = (vi1,vi2,...,¥ip) containing
the p responses on subject 7. Assume that the n vectors are randomly sampled from N,(p, X).
Let I,, be the n-dimensional identity matrix, 1,, be an n-vector of ones, and Py = %17115 be
the n x n matrix that projects a vector in R™ onto the subspace spanned by 1,,. The sample

mean is the p-vector

n
=5 vi=3Y 1
=1

and the sample covariance matrix is the p x p matrix
n
Sn=2>wi-9w -9 =Y (I,-P)Y.
i=1
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The maximum likelihood estimator (MLE) of p is y. When n > p, S,, is the MLE of ¥. When
n < p the likelihood can be made arbitrarily large at singular matrices, including S,,.
2.2.1 Factor analysis

Factor analysis seeks to describe the covariance of p variables in terms of a few unobserv-
able latent random variables called the common factors. The orthogonal factor model with k

independent common factors assumes
Yy =p+Ayu;+¢g, for i=1,....n (2.4)

where p is p-vector of unknown means, u; is k-vector of independent unobserved random
variables (common factors), Ay is a p X k matrix of unknown factor loadings, and €; is p-vector
of unobserved random variables called the specific factors. We assume that the common and

specific factors are independent with distributions
id.

u; R Nk(O, Ik) and g; RS Np(O, ‘I’)

where W is diagonal with j-th element v; > 0. Under model (2.4), the marginal distributions

of the vectors y; are independent and identically distributed (i.i.d.) N,(p,3) where
Y= AAT + 0. (2.5)

If H is a k x k orthogonal matrix (H”H = HH” = I},), then an alternative parameterization

of model (2.4) that still satisfies the requirements of the orthogonal k-factor model is

Yy, = p+ (AHD)(Hu) +e;

= u-i—AZuf—l—ei
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where u* = Hu; "~ N(0,I;). Under the rotation H, the marginal covariance matrix 3 is

parameterized as

AMAT + 0 = ALHTHAL + W = ApAp + 0.

Thus the factor model is unique only up to orthogonal rotations. For identifiability we choose
a particular rotation: we constrain AL W~1A; = A to be diagonal. For identifiability, we also
require k to be small enough so that the total number of parameters in the factor model is

smaller than the number of distinct elements in the unrestricted model for 3,

pk+p — gk(k —1) < 3p(p + 1),

In cases where n < p, k must also be small enough so that the total number of parameters

estimated (including the mean p) is smaller than the total number of observations,
pk + 2p — %k‘(k‘ —1) < np.

The parameters p, A, and ¥ can be estimated by maximum likelihood estimation based on
the marginal distribution of y;,¥,,...,vy,. Standard implementations of maximum likelihood
factor analysis (e.g., SAS proc factor and factanal() in R) require more observations than
variables (n > p); in Section 2.4.1 we discuss maximum likelihood estimation when n < p.

A key question in factor analysis, and for our use of factor analysis discussed in Section 2.4,
is the choice of k, the number of common factors to include in the model. When n > p,
maximum likelihood factor analysis provides a likelihood ratio goodness-of-fit test comparing
the MLE of X under the k-factor model to the unrestricted MLE, S,,. If ik is the MLE of X

under the k factor model, the likelihood ratio statistic T) is given by

—2log Ty =np(a—logg —1)
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where @ and g are the arithmetic and geometric means of the eigenvalues of f:,;lsn. When the

k-factor model is true, the statistic —2log T has an asymptotic chi-squared distribution with
s=3(p—k?—3(p+k)
degrees of freedom. In practice it is common to use Bartlett’s small-sample corrected statistic,
Ur = (W' /m)T = 'p(@ — logg — 1)

wheren’ =n—1— %(2p—|—5) — %k‘ When the k-factor model is true, the approximate distribution
of Uy, is chi-squared with s degrees of freedom. Mardia et al. (1979, Section 9.5) recommend
trusting this test when n > p + 50.

When n < p, the unrestricted model cannot be fitted (S,, is singular), and the likelihood
ratio test cannot be used. We might attempt to use a likelihood ratio test to compare the
k-factor model to a model with more factors, but this approach is not tenable. Geweke and
Singleton (1980) pointed out that when the k-factor model is true, any model with more than
k common factors is not identifiable. We reproduce their argument in Section 2.4.2. Since
no consistent estimator for ¥ can then exist, standard theory for the asymptotic distribution
of the likelihood ratio test cannot be invoked. Thus we cannot use a likelihood ratio test to
compare the k-factor model to the (k+1)-factor model, or any larger common factor model.

A less formal approach to determining an appropriate number of common factors, is to
measure how much variation is explained by the common factors. The k-factor model is deemed
sufficient when including additional common factors in the model does not substantially increase
the amount of variation explained. The contribution of the common factors to the overall

variation in the data can be measured in two ways. Let \;,, be the (j,m)-th element in Ay.

1. The first measure looks at how the common factors explain variation of each of the

individual variables. From the covariance model (2.5) we see that the variance of the j-th
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variable, 02, can be decomposed as

]7
The sum of the squares of the elements in the j-th row of Ay, hjz« = /\?1 + )\?2 +...+ )\JQ.k,,

is called the j-th communality. The variance 1; of the j-th specific factor is called the

j-th specific variance.

2. The second measure, looks at how much of the total variation is explained by the m-th

common factor. The total variation in the sample is measured by

trace(X) =

M=
o

<.
I
-

I
M=

.
Il
=

I
e

3
Il

p
M+ A3+ A2+ D 0.
j=1

Thus (A%, + A3, + ...+ A%,)/trace(X) is the proportion of total variation explained by
the m-th common factor, and depends on the sum of the squares of the elements in the

m-th column of Aj.

Other aspects of factor analysis that we shall not consider here are rotations of the factor
loadings, and prediction of the factor scores, u;. In our method described later we shall regress
the estimated factor loadings on F3 or on Fj, and there is no advantage to doing the regression

on rotated loadings. Our approach also does not have any use for the estimated factor scores.

2.2.2 Principal component analysis

Principal component analysis (PCA) seeks a few weighted sums of the p variables that explain

most of the covariance of the variables. There are several motivations for PCA; we begin with
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the empirical orthogonal functions view that is popular in meteorological applications.

Let Y* be the centered n x p data matrix
Y'=Y-113" =(1,-Py)Y
with i-th row y;7 = (y;, — ¥)?. The sample covariance matrix

S, =iY'1-P)Y =1y7Ty*

1
n “n
is symmetric. By the spectral decomposition theorem (e.g., Mardia et al., 1979, page 469) there

exist matrices G and L where G is orthogonal and L is diagonal such that
p . .
S, = GLG" = "1,g0g\)T. (2.6)
j=1

The diagonal elements of L are the eigenvalues of S,,, with corresponding normalized eigen-
vectors g\9) given by the columns of G. The covariance matrix S, is non-negative definite,
therefore its eigenvalues are non-negative. We will assume that the eigenvalues are ordered,
Lh>lp>--->1,>0.

For k < min(n,p), the empirical orthogonal functions view of the goal of PCA is to ap-
proximate Y* by a rank k£ matrix Y* that minimizes the sum of squared differences between

elements of Y* and the approximating matrix \?*,
n
~s\T ~x
PCASSE, = Y (y; —9))" (y; — ;). (2.7)

i=1

According to this criterion, PCA seeks vectors y; that approximate the rows y! of the centered

data matrix. See Johnson and Wichern (2002, Supplement 8A) for more on the geometry of
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this approximation. The criterion PCASSE, is minimized by
Y* = Y*G,Gl = V,GF

where Gy, contains the first & columns of G from decomposition (2.6); i.e., the eigenvectors
corresponding to the k largest eigenvalues of S,,. The m-th column of V;, = Y*G contains

the scores for the m-th principal component (PC),
p(™ = y*g(m),

The columns of Gj are called the principal component loadings. The predicted value for the

centered observation vector on the i-th subject is

k
y; = Z vimg ™ where v, = y;T g™
m=1
The analysis with k principal components therefore gives the approximation
yY; ~y+ Gpv;, for i=1,....n (2.8)

where viT is the i-th row of Vi. Note the similarity between the principal component ap-
proximation and the k-factor model in (2.4). One difference is that the principal component
approximation makes no distributional assumptions about y,.

It is worth mentioning briefly the more traditional view of PCA. In this view, the m-
th principal component v(™ = Y*g(m) is the weighted sum of the columns of Y* that has

maximum sample variance g(™7T'S,,g(™), subject to the constraints

lgt™ =1 and g™ Lg" for 1<r<m.
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The normalized eigenvector g™ of S, corresponding to the eigenvalue [,,,, maximizes gmTs, g(m)
subject to the normalization and orthogonality constraints.

One of the motivating problems introduced in Chapter 1 had n > p; the second problem
had n < p. Let r = min(n,p). An efficient way to compute the eigenvalues of S,, when n < p

or n > p is to use the singular value decomposition (SVD) of the n x p matrix,
n 1/?Y* = HTG! (2.9)

where H is n x r with H'H = I,, G, is p x r with GI'G, = I, and T is an r x r diagonal
matrix. Implementations such as Matlab’s svd () function have options to compute “economy”
versions of the singular value decomposition where the dimension of T is the smaller of p and n.
Using the SVD in equation (2.9) we can compute the first r terms of the spectral decomposition
of S,
-
S, = :Y"Y* = G,TTH'HTG! = G,L,G] = > 1;g¥g")7"
j=1

where L, = TTT = T2, an r x r diagonal matrix containing the squared elements of T on
the diagonal. The diagonal of L, contains the largest r eigenvalues of S,,, and the r columns
of G, contain the corresponding normalized eigenvectors. Relating this back to the spectral

decomposition in (2.6), when r < p we have
0
L= and G =[G,,Q]

where Q is a p X (p—r) matrix with orthogonal columns that are also orthogonal to the columns
of G,. Using the SVD avoids having to compute zero eigenvalues and their corresponding
eigenvectors when S,, is rank deficient, as in the case where n < p. It also ensures that the
diagonal elements of L are real and non-negative, as they should be since S,, is symmetric and

non-negative definite.
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As in factor analysis, a key question in PCA is the choice of k, the rank of the approximating
matrix ?*, or the number of principal components retained. The minimum of the PCASSE,
criterion

min(PCASSEy) =n (lgy1 + -+ + lp)

quantifies the amount of total sample variation not captured by k principal components. The
total variation is trace(S,) = trace(L) = l; + 12+ - - - + 1, so that the proportion of total sample

variation explained by the k£ principal components is

(Iy + - - -+ Ix) /trace(S,).

The approximation with k principal components is deemed sufficient when including additional
components does not substantially increase the proportion of total variation explained.

A formal likelihood ratio test for adequacy of the approximation with k principal components
can be derived by assuming that y; RS N(p,X). If ¥ = ®&+0%1 where ® is a rank k symmetric,
non-negative definite matrix, then the smallest (p — k) eigenvalues of 3 all equal o2. A test that
the smallest (p — k) eigenvalues of 3 are equal is used to test adequacy of the approximation
with k principal components (e.g., Mardia et al. (1979, Section 8.4.3), Anderson (2003, Section
11.7.3)). Under the null hypothesis Hy: ¥ = ®+ 021, the smallest (p—k) eigenvalues correspond
to random noise which is evenly spread in all directions. The largest k eigenvalues correspond
to “signal” or correlation structure among the variables.

When n > p, the likelihood ratio test statistic T) is given by

—2log T\ = n(p — k) log(ao/g0)

where ag = (lgy1 + 1) /(p — k) and go = (Ig1 % -+ x I,)"/®7F) are the arithmetic and

geometric means of the smallest (p — k) eigenvalues of S,. Under the null hypothesis, the
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asymptotic distribution of —2logT) is chi-squared with
s=3p—k+2)(p—k—1)
degrees of freedom. In practice it is common to use Bartlett’s small-sample correction

Uy, = n'(p — k) log(ao/g0)

where n’ = n — (2p 4+ 11)/6. Under the hypothesis that the smallest (p — k) eigenvalues of X
are equal, the approximate distribution of Uy is chi-squared with s degrees of freedom.

When n < p, the sample covariance matrix S, is singular and has rank n—1 (with probability
1). The smallest p — n + 1 eigenvalues will be zero, l,, = l,41 = --- =1, = 0, and go = 0.
Thus the likelihood ratio test given above is not defined. In Section 2.3.1, we develop a test for

adequacy of the approximation with £ principal components for the case when n < p.

2.2.3 Comparison of factor analysis and PCA

Factor analysis models y;, = p + Agu; + €;, whereas PCA approximates y; =~ y + Grv; where

T

v; is the i-th row of V. Factor analysis models the marginal covariance as 3 = AkAf + v,
whereas PCA decomposes S, = GLG”T ~ GkLkGf.

Suppose that the population covariance matrix has the form X = ® + JQI,, where ® is a
rank k, symmetric, non-negative definite matrix. This is the form of the approximate marginal
covariance matrix (2.2) under first-order linearization of the NLMM when within-subject vari-
ance is homoscedastic, ¢;; = o2, If 07 > 05 > --- > 0; > 0 are the k non-negative eigenvalues
of @ (the remaining (p — k) will be zero), then the eigenvalues of X are 1 > 6 > --- > 0,
where 6; = 67 + o?for j=1,...,k and 0; = 02 for j = k+1,...,p (Harville, 1997, page 545).
Thus the (p — k) smallest eigenvalues of X all equal o2.

Let 3 = I'OTI'7 be the spectral decomposition of ¥. Partition ® and T into blocks of size
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k and (p — k) corresponding to the first & and smallest (p — k) eigenvalues,

O 0
0= and T = [Fk, F(p—k)]

0 oy

Since the matrix T is orthogonal, FkI‘;-g + I‘(p_k)I‘%';F k) = I,. Therefore we can decompose

2 =IO} + 0T I,y
=T40,T] +0? (I, - T\I'}) (2.10)

=T} (©f — oI;) T} + o°I,,.

This is the factor decomposition with ¥ = ¢%I, and Ay = T'y(©y, — 02Ik)1/2. Recall that the

diagonal elements of @, are the largest k eigenvalues of ¥ and are therefore larger than o2.

For Ay, = I'y(®y, — o21;)/2,
AT@IA, = 072(0), — o’ 1) 2T T (0, — 021})Y2 = 672(0), — 0°1y,)

which is diagonal so that the decomposition (2.10) also satisfies the identifiability constraint
for the factor model. Thus when ¥ = oI, the principal component and factor decompositions
of the population covariance matrix X are identical.

For large n, S,, = 3 since S,, converges in probability to 3 as n — oo. For the distinct eigen-
values of 3, the sample eigenvalues and eigenvectors converge to the corresponding population
counterparts (e.g., Mardia et al., 1979, page 229). Thus the principal component decomposi-
tion of S,, converges to the decomposition (2.10) in large samples. Similarly, the maximum
likelihood factor model approximation Kk./A\;‘g + ¥ will converge to this same decomposition.
Thus when ¥ = ¢2I, the principal component and factor decompositions of the population

covariance matrix are asymptotically equivalent.

49



Chapter 2. Exploring the marginal covariance structure

In Appendix C.6.1 we derive the maximum likelihood factor estimator of Ay when ¥ = 0211,.
We show that the columns of Ay, are the (unnormalized) eigenvectors of S,, corresponding to the
largest k eigenvalues. Thus in the case of homogeneous within-subject variation, the maximum

likelihood factor loadings are just scaled versions of the principal component loadings.

2.2.4 Regularized or functional versions of PCA

Multivariate factor analysis and PCA ignore the fact that the p responses in vector y, are
measurements of the same variable made over time. Functional principal component analy-
sis (FPCA) views the vectors y,; as realizations of a smooth function y;(¢) observed at times
t1,t2,...,t,. In FPCA, we seek a set of k orthonormal functions 7;(¢),...,nx(t) so that the

approximation y;(t) = 22:1 CimMm (t) where ¢, = [ iy, minimizes
n
FPCASSE, = Y / (5i(s) — ()} ds.
i=1

Note the similarity between the FPCA criterion above, and the criterion (2.7) leading to the
multivariate PCA approximation. In practice it is common to use regularized FPCA to ensure
smoothness of the functions 7,,. By smoothness we mean that [{n”(¢)}?dt is small. For more
details on FPCA, refer to chapters 8 & 9 of Ramsay and Silverman (2005).

We did some work on penalized maximum likelihood estimation of a functional factor anal-
ysis model when k& = 1 (our approach is sketched in Appendix A) but did not to pursue
the functional or regularized approach because it did not gain us anything for our applica-
tion. In particular, asymptotic theory for the functional approach (e.g., Cardot, 2000; Pezzulli
and Silverman, 1993; Dauxois, Pousse, and Romain, 1982) did not help us with asymptotic
approximations for the variance of the principal component loadings g(m). Asymptotic the-
ory for functional estimators has tended to focus on convergence in a functional norm, e.g.,
|7m — Mml|2, or mean integrated squared error, rather than the distributional properties of a

vector, 7),,, whose components are 7,, evaluated at the time points, ti,t,..., ).
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One advantage of the functional approach for our application might be the natural way
in which it handles slightly unbalanced data through interpolation or smoothing, as long as
observations on each curve are dense. A second gain might be that the functional estimators,
which exploit smoothness, do not suffer the same asymptotic biases seen in multivariate PCA
when p is large and n is small (e.g., Hall, Miiller, and Wang, 2006; Johnstone, 2001), however
we have not explored this in any depth.

A naive approach to smoothed PCA is to smooth the eigenvectors computed by usual
multivariate PCA. This has the advantage that the smoothed loadings are a linear function
of the unsmoothed loadings. This approach to smoothed PCA when k = 1 is discussed in

Section 2.3.4.

2.2.5 Multivariate multiple regression

A tool that we shall use later in this chapter and in Chapter 4 is multivariate multiple regression.
In multivariate multiple regression we examine the linear relationships between the p columns
in the n x p data matrix Y, with ¢ variables in the columns of the n x ¢ matrix Z. The
multivariate regression model is

Y=ZB+E (2.11)

where the ¢ xp matrix B has (h, j)-th element by ;, which is the coefficient of the h-th explanatory
variable z(" for the j-th response y@). If the first column of Z is 1,,, then the first row of B
corresponds to an intercept for each column in Y. The n X p matrix E contains the residual
terms. We assume the rows of E are independent with zero mean and p X p covariance matrix
|

Without making further distributional assumptions about the residuals E, the coefficients

may be estimated by least-squares

B=(2"2)"'Z2"Y.
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Sometimes it is of interest to partition BT = [B%’;) | B{b)], where B,y is 7 X p and By, is

(¢ —r) x p and to test the hypothesis
H(): B(b) =0.

If we assume that the rows of E are independent and identically distributed normal random
variables, N,(0,T"), then a likelihood ratio test of this hypothesis is given by Wilks’ lambda
statistic. Under the normality assumption, the least-squares estimator is also the maximum
likelihood estimator (MLE) of B under the unrestricted model; call this estimator B,. The

MLE of the p x p covariance matrix I' is
~ ~\T N
I =1(Y-zB)) (Y-2ZB).

Let ]§0 and f‘g be the corresponding MLEs under Hg. Wilks’ lambda statistic is a function of

the likelihood ratio test statistic, and is given by
A* = A% = det(T) /det(Ty)

and Hy is rejected when A* is too small. When n—q and n—p are large, Bartlett’s approximation

(Mardia et al., 1979, page 84)
—[(n—q) = 3(p—gq+7r+1)]log A*

has an approximate chi-squared distribution with s = p(q — r) degrees of freedom.
Of particular interest to us will be the test comparing a model with r — 1 variables (r =

1,...,¢q) to a model with one additional variable. In this case, the exact distribution of Wilks’
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lambda under the model with » — 1 variables is given by

Uy = 22 (1 A /A" ~ By pin (212)

where F,, , is the central F' distribution with u and v degrees of freedom (Mardia et al., 1979,
page 83).

To measure how well the multivariate regression model captures the variation in Y we
propose using the trace correlation and determinant correlation coefficients defined by Mardia
et al. (1979, page 171). We define these correlations for the uncentered data matrix Y. Let
E =Y — ZB be the estimated residuals after fitting the multivariate regression model (2.11).
Define D = (YTY)_lﬁTE. If Y were a centered data matrix, then the matrix D would be a
generalization of 1 — R? in the univariate multiple regression case. The matrix I, — D ranges
between 0 and the identity matrix. If the model gives an exact prediction of Y, Y = Zf’:,
then I, — D will be I,. On the other hand, if ZB = 0 so that the model explains none of the
variation in Y then I, — D = 0.

The trace correlation rp, and the determinant correlation rp, are defined as
r% =p tr(I, - D) and 7% = det(I, — D). (2.13)

If the matrix of predictors, Z, has column rank ¢ that is smaller than p then some of the
eigenvalues of I, — D will be zero and rp = 0. To see this let Z have rank ¢ and Pz be the

matrix that projects onto the column space of Z. The rank of Pz is ¢. The matrix D is
D= (Y'Y)'E'E = (YY) 'YT(I, -P,)Y =1, — (Y'Y) 'YP,Y”

and I, — D = (YY) 'YP,Y7T which has rank less than or equal to min(p,q). If ¢ < p
then p — ¢ of the eigenvalues of I, — D will be zero and the determinant correlation rp will

be zero. As Mardia et al. (1979) point out, rp will be zero if just one eigenvalue of I, — D is
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zero, but 77 will be zero only if all the eigenvalues of I, — D are zero. Both rp and r7 will be
1 if and only if all the eigenvalues are 1. Thus if the model explains none of the variation in
just one of the variables, rp will be zero, but rr will be positive. The determinant correlation
rp thus gives a low score to models that perform poorly on one variable, even if the model is
good for other variables. If we want to ensure good predictions for all columns of Y, then the
determinant correlation rp is the appropriate measure. However, rp is meaningless when Z
has fewer predictors than there are columns in Y, so we will tend to use the trace correlation
r.

Having introduced some of the standard multivariate tools that we will use, we move on to
discussing two approaches to exploring the marginal covariance structure. The first is based
on principal component analysis and is discussed in in Sections 2.3. We discuss the second

approach, based on maximum likelihood factor analysis, in Section 2.4.

2.3 Exploring marginal covariance structure with principal com-

ponent analysis

Assume that covariates are constant across the n subjects. Then first-order linearization of the

NLMM gives the approximation of the stage-1 model,
y; =~ p+Fgb; +¢;.

The columns of Fg are the partial derivatives (sensitivities) of the nonlinear function f with
respect to each coefficient in 3, evaluated at the time points ¢, 2, ..., ?,. Under the assumption
that the stage-1 residuals ¢;; in the NLMM are independent and identically distributed with

variance o2, the first-order linearization gives the approximate marginal covariance structure

V(y;) ~ B = FgDF} + 0°I,,. (2.14)
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Under the assumption that V(g;) = aQIp it is appropriate to use principal component analysis
(PCA) to approximate the marginal covariance matrix (see Section 2.2.3). As outlined in

Section 2.2.2, PCA gives the approximation

Y, 2y + Gpy;

where the columns of Gy, are the eigenvectors of the sample covariance matrix S,, corresponding

to the largest k eigenvalues. PCA approximates the sample covariance matrix by

S, ~ G,L;GT (2.15)

where Ly is diagonal and contains the k largest eigenvalues of S,,. This estimates the factor-
ization

Y = ArAT + 0%,

of the population covariance matrix where Ay is a p X k matrix with rank k.

One question in exploring the structure of the marginal covariance matrix is to choose
how many random effects are necessary to explain between-subject variation. Our first step in
answering this question is to choose the number of principal components, k, required to give
a good approximation to the marginal covariance matrix of the form (2.15). We address the
problem of choosing k in Section 2.3.1.

The next step is to compare the PCA loadings matrix Gy to the matrix of sensitivity
functions F 3 in order to identify which elements of the coefficient vector 3; require non-trivial
random effects. This comparison is complicated by several issues. Firstly the random effects in
the NLMM may not be independent within subjects so it may not be straightforward to compare
Gy, with Fpg; for example, it is unlikely that a particular column of Gy, will be proportional to
a single column of Fg. Secondly, although the PCA factorization may identify the need for a

single random effect, a particular parameterization of the stage-1 model may require random
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effects on two or more parameters in order to characterize the variation seen between subjects.
Thirdly, for random effects with large magnitude, the first-order linear approximation may
not be adequate, and second-order terms that are quadratic in elements of b; may be needed
to characterize between-subject variation. In this case, the PCA factorization which depends
linearly on any latent variables, may identify the need for two random effects, whereas in fact
a single large random effect on one parameter in the stage-1 model may suffice to capture the
pattern of between-subject variation. These issues are addressed below. In Section 2.3.2 we
discuss identifying which parameters in the NLMM need random effects; and in Section 2.3.3 we
discuss choosing amongst several parameterizations the one that will give a simple explanation of
the between-subject variation. We conclude the discussion of the principal component approach

in Section 2.3.4 with an aside on smoothing the principal component loadings.

2.3.1 Selecting the number of principal components

In Section 2.2.2 we discussed informal ways to judge whether k principal components are suffi-
cient, based on the proportion of variation explained by the & components. If the approximate

covariance matrix can be factored as

¥ = ApAT + 0%

where Ay is p x k with rank &, then the smallest (p — k) eigenvalues of 3 all equal 0. A formal
test that k& principal components are sufficient is equivalent to testing the hypothesis that the
smallest (p — k) eigenvalues of ¥ are equal. As discussed in Section 2.2.2, when n > p, we can
use the usual likelihood ratio test of this hypothesis. However, when n < p, this test does not

exist. We propose an appropriate test for the case where n < p below.
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Case 1: n>p

When n > p, can use the usual (Bartlett corrected) likelihood ratio test for the hypothesis that

(p — k) eigenvalues of 3 are equal that we introduced in Section 2.2.2. The test statistic is

Ur = n'(p — k) log(ao/go0) (2.16)

where ag and gg are respectively the arithmetic and geometric means of the (p — k) smallest
eigenvalues of the sample covariance matrix S,,, and n’ = n—(2p+11)/6. Under the hypothesis
that the (p — k) smallest eigenvalues of ¥ are equal, the asymptotic distribution of Uy is chi-

squared with s = $(p — k + 2)(p — k — 1) degrees of freedom.

Case 2: n<p

When n < p, the sample covariance matrix S,, is rank deficient and gyo = 0, so the test described
above does not exist. Let Y be the n x p data matrix. Recall that the p x p matrix Y'Y and
the n x n matrix YY7 both have rank n, and have the same positive eigenvalues. When n < p
we base our test on the eigenvalues of %YYT rather than on the eigenvalues of the sample
covariance matrix S,, = %Y*TY*.

The key result is that if the i-th row of Y, y;fp, can be modeled as

Y, = p+ Apui + €

where A has rank k, and u; and &; are independent random vectors with w; R (0,1)

and g; "~ (O,O'QIp), then as p — oo, the n X n matrix %YYT converges in probability to
3* = ®* + ¢2I,, where ®* is a positive definite matrix with rank k£ + 1. In Theorem 2.3.1 we

prove this result for k = 1. A similar argument extends the proof to general k < n.

Theorem 2.3.1. Let Y be a n X p data matriz, and suppose that the i-th row, sz can be
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modeled as

Y; = K+ Au; +€;

where A is a px 1 vector, u; are independent and identically distributed (i.i.d.) random variables
with mean 0 and variance 1, €; are i.i.d. random vectors with mean 0 and covariance matriz
JQIp, and u; and €; are independent. Then as p — oo, the n X n matrizc %YYT converges in

probability to ®* + o%1,,, where ®* is a positive definite n x n matriz with rank 2.

Proof. Given in Appendix B.1.

The n x n matrix %YYT is not the sample covariance matrix of a data matrix with p
independent rows. Nonetheless, under the hypothesis that there are k common factors and
homogeneous within-subject variation, %YYT converges in probability to * = &* + 21,
where ®* has rank k + 1. The smallest {n — (k + 1)} eigenvalues of * equal o2

The usual (i.e., when n > p) likelihood ratio test that the smallest (p — k) eigenvalues of a
p X p matrix X are equal, is equivalent to the test that 3 = & + 021p where ® has rank k (e.g.,
Anderson, 2003, Section 11.7.3). For the n < p case, we propose using the test statistic that
one would use, based on p independent observations, to test the hypothesis that the smallest
{n — (k + 1)} eigenvalues of the n x n covariance matrix £* are equal.

Following this strategy, we define a formal test of the hypothesis that X = AkAf + 0?1,
when n < p, as follows. Let [ > 15 > ... > 7 be the eigenvalues of ]%YYT. Let ay and gg be
the arithmetic and geometric means of the n —k —1 smallest eigenvalues, I 5,1} 3,...,1;. The
likelihood ratio test statistic Ty for the hypothesis that the smallest {n — (k + 1)} eigenvalues

of ¥* are equal (or equivalently that £ = AyAT + 02I,) is given by

—2log Ty = p(n — k — 1) log(ag/gq)-
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Under the null hypothesis, the asymptotic distribution of —2log Ty is chi-squared with
s=s{n—(k+D)+2Hn—(k+1) -1} =In—k+1)(n—k—2)

degrees of freedom.
As in the n > p case, we recommend using the Bartlett small-sample corrected version of

the test statistic

Ui = p/(n— k — 1) log(a} /) (2.17)

where p’ = p — (2n + 11)/6. Under the hypothesis that there are k common factors, the
approximate distribution of U} is chi-squared with s = 2(n — k + 1)(n — k — 2) degrees of
freedom.

Our proposed test is based on the uncentered data matrix Y. Since we did not correct for
the mean, one of the large eigenvalues of %YYT represents the “signal” due to p. We could
have proposed a similar test based on the centered data matrix Y* = (I, — P;)Y. However,
it is more difficult to derive the limiting distribution of %Y*Y*T than that of %YYT. A
potential disadvantage of the uncorrected version is that estimation of the mean signal from
the covariance matrix is probably less precise than estimation by ¥y, however we have not
investigated the possible improvement of the test based on the centered matrix Y*, over that

based on Y.

2.3.2 Selection of random effects

In the previous section we proposed a test for choosing k, the number of principal components

to give an approximation of the form

y; ~9y+Gpv; or S, ~ G,L,GIL.
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Thus the between-subject variation is captured by a linear combination of the k£ orthogonal

vectors gV, g@ ... g®). Under the linearized model (2.1), we have
y;~p+Fpb+¢e; and V(y,)~X= FgDFg + 01,

where Fg has ¢ columns. Under the linearization of the NLMM, the between-subject varia-
tion is characterized by the ¢ vectors in Fg that are realizations of the sensitivity functions
8f/8ﬁ(m)(m =1,...,q) at times t1,t2,...,ty. The first-order approximation will be adequate
if the magnitude of random effects is small, and for now let us assume that this is the case.
However, if one or more random effects are large, then a second-order approximation may be
needed. In this case we may supplement Fg with several columns determined by the second
partial derivatives of the function f. For example, if the variance of the random effect bl(-l)
is expected to be large, then we may include a column which is the realization of §%f/ op1)2
evaluated at the time points ¢1,t2,...,%,.

Our approach to selecting which of the ¢ parameters in 8 have non-trivial random effects
is to investigate the relationship between the columns of Gy and those of Fg. Multivariate
multiple regression (reviewed in Section 2.2.5) is one tool for doing this. To do this we fit the

multivariate regression model

G,=ZB+E (2.18)

where Z contains a subset of the columns of F g, and we assume the rows of the residual matrix E
to be independent with zero mean and covariance matrix I'. We hope to identify k sensitivity
functions that explain most of the variation in Gg. To choose the most important random
effects from amongst the columns of F 3 we propose using forward selection with Wilks’ lambda
test statistic defined in (2.12) as the inclusion criterion. This statistic compares a model with
r — 1 variables to a model with one additional variable.

The forward selection procedure begins by fitting the null model G = E. Let f‘o denote the
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maximum likelihood estimator of T" based on this null model. At the first step of the procedure
we examine all ¢ columns of Fg, including them in the model one at a time. Let f‘gm) denote
the maximum likelihood estimator of I' based on the model including the intercept and the

m-th predictor. For each predictor, we compute the Wilks’ Lambda statistic

A;(m) = det(f‘&m))/det(fo), m=1,...,q.
Under the hypothesis that the m-th predictor has zero coefficient, the distribution of Ai(m) is
given by
pn—p-

of = = A ~

(m)

Letting m* be the index of the predictor with the smallest value of A", we decide whether

to include the m*-th predictor in the model by comparing Ul* () With its a-level critical value
obtained from the above F' distribution. If the test statistic is significant, we include the m*-th
predictor in the model, and proceed to the next step where the remaining candidate predictors
are tested for inclusion into the model. If the test is not significant, we stop adding predictors
to the model.

At the r-th step of this stepwise procedure (r = 1,...,¢q) we proceed similarly. At this step,

the null model contains 7 — 1 sensitivities from Fg. We consider the ¢ — r + 1 sensitivities still

not in the model. For the m-th remaining predictor, we compute Wilks Lambda
A = det(T0™) /det(T,_1)

where f‘r—l is the MLE of T based on the model including » — 1 sensitivities, and f&m) is
the MLE of T' based on the model that also includes the m-th sensitivity. In this case, the

distribution of the Wilks’ Lambda test statistic under the hypothesis that the m-th predictor
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has zero coefficient is given by

Um = %ﬁ”“(l — Ay A0 Fynrpi1-

This is the test statistic given in (2.12).

Exact test when £ =1

The forward selection procedure with selection criterion given by (2.12) assumes that the rows of
the residual matrix E in model (2.18) are independent and normally distributed. Although this
will not be strictly true, we expect the procedure to work adequately in practice. When k =1,
we have derived an exact test for strength of association between the principal eigenvector, g(l),
and an arbitrary p-vector k. When PCA has identified one significant component of between-
subject variation, we may use this test to choose the most strongly associated sensitivity. Under
the hypothesis that 3 = 02Ip (no principal components), the distribution of g(l) equals that
of z/||z|| where z ~ N,(0,I,). This is the uniform distribution on the unit sphere in RP.
This result is implied by Theorem 13.3.3 of Anderson (2003) and work of Stewart (1980); in

Theorem 2.3.2 we prove a version of this result that suits our application.

Theorem 2.3.2. Let Y be a n X p data matriz with each row independent and identically
distributed according to the Ny(p, 02Ip) distribution. Let S,, be the sample covariance matrix,
and let gV be the normalized eigenvector of S, corresponding to its largest eigenvalue. Then

the distribution of g") is the same as the distribution of z/||z|| where z ~ N,(0,T).

Proof. Given in Appendix B.2.

Let k be an arbitrary p-vector. For identifiability we will usually constrain the norm of k,

e.g., |k||?> = p or ||k|| = 1. We make use of the above result about the distribution of g(!) to
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test the hypothesis

Hy: > =o%I, versus

Hy: Y =olre! + 021p where % > 0.

We propose the following test statistic. Let r, = kg™ /||k|| and t, = (p — 1)'/2r, (1 — r2)~1/2.
Reject Hg in favor of H; when ¢, is large. In Theorem 2.3.3 we prove that under Hy, ¢, has a

student’s t-distribution with p — 1 degrees of freedom.

Theorem 2.3.3. Let Y be a n X p data matriz with each row independent and identically
distributed according to the N,(p,X) distribution. Let S, be the sample covariance matriz, and
let gV be the normalized eigenvector of Sy, corresponding to its largest eigenvalue. Let k be an

arbitrary p-vector. Define
re=k"TgW/|k|| and t.=(p—1)"r.(1—r2)/2 (2.19)

Then |ry| < 1 with |r,| = 1 if and only if gV and K are linearly dependent. If & = o1, then r,
has the distribution of a sample correlation coefficient with p =0 and p — 1 degrees of freedom,

and t, has a t-distribution with p — 1 degrees of freedom.

Proof. Given in Appendix B.3.

Note that 7, is an uncentered correlation. The lack of centering accounts for the extra degree
of freedom; the distribution for a centered correlation coefficient based on p data points would
have p — 2 degrees of freedom (Anderson, 2003, Theorem 4.2.1).

In Theorem 2.3.2 we derived the distribution of g(!) under the assumption that ¥ = O'QIp.
When ¥ is not o2I,, the exact distribution of the eigenvectors of nS,, is not known. The
asymptotic distributions of the eigenvalues and eigenvectors of nS, as n — oo have been

derived for general ¥ by several authors (e.g., Anderson, 2003, Theorem 13.5.1). While these
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results are not particularly useful in our case where the number of subjects n is likely to be
small, and sometimes smaller than the dimension p of S,,, the asymptotic results do give some

justification for using the test statistic defined in Theorem 2.3.3. When ¥ = o?kk! + O'QIp,

Yk = oik|kl? + o’k = (o}||k|> + 0Pk

so that o +0? is the largest eigenvalue of 3 with corresponding normalized principal eigenvector

k/||k||. The largest eigenvalue has multiplicity one, so according to the asymptotic results

referred to above, the limiting distribution of n'/?(g() — k/||k||) under H, is asymptotically

normal with mean 0. Since /| k|| is a constant, we have g(!) — k /||| in probability as n — oco.
2

Therefore, under Hy, |r,| — kTk/||k||?> = 1 in probability as n — co. When ¥ = ofkr! + 01,

we can expect |t,.| to be large.

2.3.3 Selection of an appropriate parameterization

Let f(t,8,&x) and f*(t,d,&;x) be alternative parameterizations of a nonlinear regression
model. As discussed in Section 1.4, if B is a one-to-one function of &, then the difference
between parameterizations will be revealed by the difference between the terms Fgb; and Fjd;

in the first-order linear approximations of equations (1.10) and (1.11) of Chapter 1, namely

yi%u—}—ngi-i-Ei and yi%u+F§di+Ei.

To select the parameterization that best (most parsimoniously) characterizes between-
subject variation, our strategy is to compare the multivariate multiple regressions of Gj on
F3 and Gy on Fj. For each model, the multivariate forward selection procedure described in
Section 2.3.2 may be used to select columns from Fg or Fj, that best explain the variation in

Gy. We would like to answer the following questions.

1. Does one parameterization give a simpler characterization of the between-subject variation
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than the other?
2. Which parameterization gives a better overall fit?

The first question may be answered by comparing the number of columns of selected from
Fj or from Fj. For example, suppose that k¥ = 1, and that one column from Fj is selected by
forward selection, but two are selected from Fg. If both regressions account for a similar propor-
tion of the variation in Gy, then we would conclude that the parameterization f*(t,d,&; x) gives
a simpler characterization of between-subject variation than the parameterization f(t,3,&;x).
The second question may be answered by quantifying the proportion of variation in Gy that is
explained by the each of the two multivariate regressions. For an overall measure of how each
model simultaneously explains variation in all the columns of Gy, we propose using the trace
correlation, rp, defined in equation (2.13).

Answering these question may be complicated by the fact that our method is based on a first-
order linear approximation in the random effects. If a random effect in one parameterization is
large, then the linear approximation on which the PCA and the multivariate regression analysis
are based, may be poor for this parameterization. In this case, we recommend supplementing
the matrices Fg or F; with second-order partial derivatives to account for the need for a
second-order approximation to the stage-1 regression model.

Our ability to detect differences in parameterizations has several limitations. Firstly, our
method which is based on linearization in the random effects, will only be able to detect
differences between certain types of parameterizations. For example, consider the function

describing plasma concentration in an open one-compartment model,

1(t.8) = 1V exp(=pP1t) — 5P exp(—611).
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Consider the following three parameterizations of the first term of this function,

FO, 80,62 = 5O exp(-521)
f(z)(t, 5(1)7(5(2)) _ ea(1> exp(—em)t)

3 1 2 _ c 2 1

3) mimics the volume-clearance parameterization of the open one-

The parameterization f(
compartment model, with v() = V (volume of distribution) and 42 = CI (clearance). For
simplicity, we assume for now that ¢ is a known constant. The parameter vector (601, 5()) is

a one-to-one function of the elements of (§(1), §()) and also of the elements of (y(1),~y(2)).

The partial derivatives of these three functions with respect to their two parameters are

oD/ = exp(—®1),  afM /95 = —pWtexp(—50);
af® o6V = o exp(—ew)t), af? /962 = —65(1)65(2)texp(—e5(2)t); and

NG NG
3) (1) — COPEATEA) T ey @) ) @) /(1)
aft” /o 7(1)2(6_7(2)/7(1))[ 1—vy /{7 (c=7/y )}+7 t/y
8f(3)/8 (2) _ CeXp(_’Y@)t/’y(l))

T T A (=@ /40

{~1/(c=1@/y®) —¢}.

The sensitivities df1) /931 and 9f(3) /95() differ only by a constant, as do the partial deriva-
tives of these two functions with respect to 32 and 6. Since Fg) x F((;Q), our method will
not be able to discriminate between the parameterizations f() and f2). For example we would
not be able to use our method to determine whether a random effect on the scale parameter
has the form ) + bl(-l) or exp(é(l) + dl(-l)). Suppose that the true parameterization is f. If
b; and d; are small then the differences between these two parameterizations will not matter

since

exp(61) + dM) ~ exp(6M) + dM exp(51)) = g + bV

(1)

However as the random effect d; "’ gets larger, one dataset will be multivariate normal and the
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other will not. In practice the parameterization f(2) may be selected in preference to f(*) on the
basis that the distribution of coefficients in the population is expected to be lognormal rather
than normal, or to ensure positivity of estimated coefficients.

The sensitivities 9f3) /9y and f©®) /942 are not constant multiples of df1) /931 and
8f(1)/66(2). If there were one random effect on say v(!) then we could use our method to
identify parameterization f®) as being preferable to parameterization f(1). The key is that (1)
is a non-trivial function of both v and v, whereas 1) is a function of ) only, and 52
is a function of 6@ only.

The second limitation to our method’s ability to identify an appropriate parameterization
is that if all ¢ parameters in a particular parameterization require random effects, then our
method will not be able to discriminate between alternative parameterizations. Notice that in
the above example 9f®) /9y and 9f®) /942 can each be written as a linear combination of
ofM/0pM and oM /933, Since Fgg) = F(ﬁl)R for some 2 x 2 matrix R, our method will not
be able to discriminate between parameterizations f(1) and f®) if there are two random effects.
By applying the Chain Rule for partial derivatives we see that this is true in general. If the
q x 1 vector 8 = B(9) is a one-to-one function of a ¢ x 1 vector § then the m-th column of F}

is given by evaluating

aofr of apM  af 9p? af 9@

86m) — 9p® " 9sm) T 93@  9sm) 9B@  gsm)

at the time points t1,ts,...,t,. Let J be the ¢ x ¢ matrix with (7, j)-th element 2™ /961). We
can write F; = FgJ. Thus the multivariate regression of Gy, on all ¢ columns of F} will fit as
well as the multivariate regression of Gy, on all ¢ columns of Fg and we cannot use our method
to choose between the two parameterizations.

To summarize, we expect our method to be able to discriminate between two parameter-
izations f(t,3,&;x) and f*(t,d,&; x) only if one or more elements in (3 are each functions of

several elements in d, and the number of random effects needed in the true parameterization is
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smaller than ¢, the dimension of 3 and 9.

2.3.4 Smoothing the PCA loadings

In this section we give a brief review of a naive approach to ensuring that the principal compo-
nent loadings are smooth. The columns in Fg are realizations of the sensitivity functions, fgm),
m =1,...,q, evaluated at the time points ?1,...,,, and hence are expected to be smooth. It
seems sensible to require columns of Gj to be similarly smooth. To ensure this, we could em-
ploy functional PCA (mentioned in Section 2.2.4) instead of multivariate PCA, or the functional
factor approach outlined in Appendix A. A naive alternative is to smooth each column of Gy
directly using a cubic smoothing spline.

In Appendix A we describe our approach to functional factor analysis when & = 1. In that
discussion we show that when the smoothing parameter approaches zero (no smoothing), the
estimator of the functional factor is the natural cubic spline interpolator of gV, the principal
eigenvector of the sample covariance matrix. When the smoothing parameter approaches infin-
ity (maximum smoothing), the estimator is the best linear approximation of g(!). These obser-
vations motivate smoothing g(*) (and subsequent eigenvectors) directly using a cubic smoothing
spline. In general, this naive approach does not give the same estimator as the functional factor
analysis approach. However, for zero or infinite smoothing, the naive approach will give the
same fit as the functional factor estimator. For values of the smoothing parameter between zero
and infinity, the naive estimator will have smoothness somewhere between exact interpolation
of gV and a linear approximation.

The naive approach has the advantage over a more rigorous approach like functional PCA,
that each smoothed eigenvector is a linear function of the unsmoothed eigenvector. So for
example, if k = 1 it is straightforward to extend the exact test defined in Theorem 2.3.3 to the

smoothed eigenvector. Assume the following model for the j-th element of the eigenvector g

o =(t;) + ¢ (2.20)
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where 7 is a smooth function (e.g., twice continuously differentiable) and e; are independent

and identically distributed N (0, 03) random variables. In vector notation, the model is
1) — 2
g’ =n+e, wheree~ Ny(0,0.1).

Note that this model is only a working model; it is not logically derived from the original
NLMM, the first-order linear approximation, or the common factor model. In fact, the vector
g will have a non-diagonal covariance structure because of the normalization.

To estimate 17 by cubic smoothing splines, we minimize the penalized least squares objective

function

p
Jj=

M _ (. 2 o 2
(o e} + Jan

over the space of appropriately smooth functions. The solution is the natural cubic spline

interpolator of §§1), a linear transformation of the original eigenvector,

gV = A(a)gW. (2.21)

S

The subscript s indicates that §gl) is the smoothed eigenvector. The matrix A («) is the so-called
smoothing matrix, which depends on the measurement points ¢; and the smoothing parameter
a (e.g., Green and Silverman, 1994, equation (2.11)). The smoothing matrix is symmetric
but not idempotent (unless & = 0). The smoothing parameter o may be selected using cross
validation. We used the Hutchinson and de Hoog algorithm described in Green and Silverman
(1994, Section 3.2.2) for computation of the cross validation criterion.

The eigenvector was constrained so that gWTg() = 1. However, we have not constrained
the smoothed estimator §g1) to have norm 1. This does not cause an identification problem:
the cubic spline smooth of g™ is unique if g(!) is unique. Any scaling of §§1) by a constant
(e.g., to correct the norm), will pull the estimator §§1) away from the principal eigenvector g).

Since the smoothed estimator defined in equation (2.21) is a linear transformation of g,
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we may easily obtain its distribution from that of g(). By Theorem 2.3.2, when ¥ = JQIP,
3 = Aa)g"
has the same distribution as A(«)z/||z|| where z ~ Nj(0,1I,). To compare the hypotheses

Hy: > =021, versus

Hy: > =olke! + 0'21p where o} > 0.

we can define a test statistic based on the smoothed eigenvector. Let kK, = A(a)k be the
result of smoothing the vector k. Note that the smoothing parameter « is chosen (e.g., by
cross-validation) in order to smooth the eigenvector g1, not the vector k. Recall that A(a) is

symmetric so that A(a)k = AT (a)k. Consider the ratio

L maY  kT{AgM) (sTA)}g"  Alg")
T lRallllg™] 1Ral ol [Rall”

This the same ratio defined in (2.19), except that the smoothed vector K, is used in place of k.
Therefore the distribution of ry is the same as that of 7., namely that of a correlation coefficient

with p = 0 and p — 1 degrees of freedom. As in the original case, we can define a ¢ statistic,
ts=(p— 1) ry(1—r2)7 12

Under Hy, this statistic has a ¢ distribution with p — 1 degrees of freedom, and should be large
when H;j is true.

For the purpose of comparing Gy, to Fg, we have not seen any advantage (e.g., in power
to pick correct random effects) in using the naive smoothed eigenvector over the unsmoothed
eigenvector, and have not pursued this approach (or the more sophisticated functional PCA

approach) further.
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This completes our discussion of the PCA approach to exploring the marginal covariance
structure of the data. In the next section, we discuss how maximum likelihood factor analysis

may be used to conduct a similar exploration of the marginal covariance structure.

2.4 Exploring marginal covariance with maximum likelihood

factor analysis

Mazimum likelihood factor analysis provides an alternative to the principal component approx-
imation of the stage-1 model and the marginal covariance matrix. When all subjects have the

same covariate values, first-order linearization of the NLMM gives the approximation

y; ~ p+Fgb; +¢€;.

As outlined in Section 2.2.1, factor analysis with £ common factors proposes the model

Y, =p+Ayu;+e; for i=1,...,n

where the unobserved common factors w; TN (0,1;) are independent of the specific factors,
g R N,(0,¥). The columns of the p x k matrix A contain the common factor loadings. The

k factor model gives the factorization of the approximate marginal covariance matrix,
Y= A AT+

where Af\IlflAk = A is constrained to be diagonal.

PCA assumes that ¥ = V(g;) = 0%I,; i.e., that within-subject variation is constant over
time. However, in practice we may see heteroscedasticity in within-subject variation. Factor
analysis provides a more flexible model, V(g;) = ¥ where W is diagonal with diagonal elements

;> 0for j =1,...,p. The factor model assumes that the p specific factors (the within-subject
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errors at each time point) are uncorrelated, but allows for differing magnitudes of variation
across time points. Note however, that the factor model assumes that the variance at time ¢;
is the same across subjects, V(e;;) = v;, whereas the NLMM as defined in equation (1.6) of
Chapter 1 allowed this variance to differ across subjects, V(g;;) = 1;;. For now we assume that
Vi fori=1,...,n.

There are several approaches to fitting the factor model; we choose maximum likelihood
factor analysis (MLFA). Standard implementations of MLFA require the sample correlation
matrix to be nonsingular. This requires more observations than time points, n > p. In the next
section we show that maximum likelihood can also be used to fit the factor model when n < p.
Details of the maximum likelihood estimation when n < p are presented in Appendix C.

As in the PCA approach to exploring marginal covariance, one of the key questions is
choosing the number of random effects required to characterize between-subject variation. In
factor analysis, this corresponds to choosing the number of common factors k; we discuss this
in Section 2.4.2. In Section 2.4.3 we propose two restricted models for the diagonal elements
of . Comparing the fits of the different models provides a strategy to detect and model
within-subject heteroscedasticity. In Section 2.4.4 we end our discussion of the factor analysis
approach by outlining a strategy for selecting random effects, or identifying an appropriate
model parameterization. This strategy is very similar to the one used in the PCA approach,
but is based on the estimated factor loadings ./AXk instead of on the principal component loadings

Gy.

2.4.1 Maximum likelihood factor analysis when n < p

The algorithm published by Joreskog (1967) for maximum likelihood factor analysis is the basis
of many commercial implementations; for example, proc factor in SAS or factanal() in R.
This algorithm requires the sample covariance matrix S,, to be nonsingular. When n < p, S,
is singular, but the k-factor model can be fitted by maximum likelihood, with some restrictions

on the number of factors, k.
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For identifiability, we require k£ to be small enough to satisfy two constraints. Firstly, the
usual constraint applies, namely that total number of parameters in the k factor representation

of ¥ must be smaller than the number of distinct elements in the unrestricted model for X,
pk+p — gk(k —1) < 3p(p + 1),

Secondly, in cases where n < p, k must also be small enough so that the total number of

parameters estimated (including the mean p), is smaller than the total number of observations,
pk +2p — %k‘(k‘ —1) < np.
Our algorithm for maximum likelihood factor analysis minimizes the objective function
Fi(Ay, ¥) = log |Z| + trace (S, ) (2.22)

where ¥ = AkAg—HII, subject to the constraint that A;;F\Il_lAk = A is diagonal. This objective
function is derived in Appendix C.1. The subscript k& denotes that this is the objective function
assuming k common factors. The objective function in (2.22) differs from that used in most

implementations of maximum likelihood factor analysis,
Fy(Ag, ¥) = log|X| + trace (SnE_l) —log|S,| —p

which includes the additional terms — log |S,,| —p. When n < p, |S,,| = 0 and the usual objective
function is not defined. When n > p, the additional terms are free of the unknown parameters,
so the objective function in (2.22) and the usual objective function F} are minimized at the
same value of (A, ¥).

To minimize Fy, we follow the strategy of Joreskog (1967) and Lawley and Maxwell (1971).

First we find the conditional minimum of Fj, for a given value of ¥, giving the function fi(¥) =
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Fr(Ax (), ®) where Aj(®) is the value of A, that minimizes F, for a given ®. Then we find
W (numerically) to minimize f;. Appendix C.2 describes the details involved in minimizing F.

We highlight the main results below. For given ¥, define
S* = w128 w12,

Let 61 > 02 > ... > 0, be the eigenvalues of S* and define the k£ x k diagonal matrix © =
diag{0i,...,0r}. Let Q = (w1,...,wy) be a p X k matrix whose columns are the normalized
eigenvectors of S* corresponding to the k largest eigenvalues. Then for fixed ¥, F} is minimized,

subject to the constraint that AE‘I’flAk = A is diagonal, at
A, =¥'20(0 —1,)/2. (2.23)

Note that if any of the eigenvalues on the diagonal of ® are less than one then there will
be no real solution for Aj. We will avoid this problem by choosing &k small enough so that
01 > 0y...> 0 > 1. This is justified in Appendix C.3 where we show that for fixed ¥, when
; < 1, setting the j-th column of A to 0 minimizes the objective F.

Evaluating the objective function Fj, at A}, defined in (2.23) gives the objective function to

be minimized in W,

D k p
fe(®) = Fu(Ap(®), %) =k + > logthm + > loglpm+ Y O (2.24)
m=1

m=1 m=k+1

When n < p, S,, and hence S* will have rank (n—1) < p. In this case, 0,, = 0 for m =n,...,p,
but the objective function f; will still be defined as long as k < n.

When k& = 0 (no common factors), the maximum likelihood estimator (MLE) of W is just the
diagonal of the sample covariance matrix S,, and K.Q = 0. When k£ > 1, the MLE of ¥ is found

by minimizing fi, and then substituting this for ¥ in equation (2.23) to obtain the MLE of
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the factor loadings, Kk Recall that 0,, is the m-th largest eigenvalue of 8* = ¥~1/28, ¥—1/2,
so the eigenvalues are functions of ¥. The objective fj in (2.24) is therefore a complicated
function of ¥, but may be minimized numerically, for example using a Quasi-Newton line
search method such as fminunc() in MATLAB. The gradient of f; with respect to ¥ may be

computed analytically using

af 1 b

k 2 .

—_ = — Om — D)ws, +1— 55/, for =1,...,p
oy {mZ: _—1( ) ’ J]/w]} ’

where wj,, is the j-th element in the m-th eigenvector w,,. Appendix C.4 describes further
details about implementing the maximum likelihood factor analysis estimation.

In Appendix C.5 we examine briefly the behavior of the objective function f; and the
likelihood as W gets small or as k increases. These cases are informative as they explore the
boundaries of the parameter space. For example, as W gets smaller, the likelihood approaches
zero. However, for fixed ¥, the likelihood increases (to infinity) as the number of factors

increases.

2.4.2 Selecting the number of common factors

The maximum likelihood estimation of the factor model described in the previous section as-
sumes that the number of common factors k is known. However, a standard question in factor
analysis is to determine the smallest number of common factors, k, that is necessary to provide
an adequate approximation

Y= A AT+

to the marginal covariance matrix. As in the PCA approach of Section 2.3.1, different methods
are needed in the cases where n > p and where n < p. These are discussed below.
A note of caution is worth mentioning at this point. It may occur that no k factor model

adequately describes the sample covariance matrix. For example, if the data are a nonlinear
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function of unobserved latent variables, then the factor model (which is linear in the common
factors) may not be able to explain the marginal covariance adequately. Since in our application,
the latent variables arise due to random effects on parameters in a nonlinear model, we would
expect the linear factor model to be somewhat inadequate when the magnitude of one or more
random effects is large. This concern may be mediated somewhat by supposing that a second-
order approximation is adequate in cases where a random effect is large. For example, a single
random effect in the NLMM may be manifest as two linear latent variables, b; and b%, in the

factor model approximation.

Case 1: n>p

When n > p, we may use the usual (Bartlett corrected) likelihood ratio test that was introduced
in Section 2.2.1. This test compares the fit of the model with £ common factors to that of an
unrestricted model for X. Let f)k = f&kf&f + W be the maximum likelihood estimator of X
under the model with k¥ common factors. The MLE under the unrestricted model is S,,. The
test statistic is

U =n'p(@a—1logg—1) (2.25)

where @ and ¢ are the arithmetic and geometric means of the eigenvalues of ZA],;lSn, and
n=n—-1-— %(2]9 +5)— %kz When the k-factor model is true, the approximate distribution of
Uy is chi-squared with

s= - k7= 3+ h)

degrees of freedom. Recall that under the unrestricted model for ¥ the maximum likelihood
estimator of 3 is S,. Let Fry = log |S,| 4+ p be the objective function in (2.22) evaluated at
S,.. Based on the minimized value ﬁk achieved from fitting the k-factor model, the likelihood

ratio test statistic defined in (2.25) may also be computed as
Uk - n/(ﬁk - F\full) - TI,/F\’:.
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This partly explains the choice of F}; as the usual objective function for maximum likelihood
factor analysis. It is also worth noting that the minimized value ﬁk equals the minimized value
i of the concentrated objective function defined in (2.24).

As pointed out in Section 2.2.1, it is often recommended that the test in equation (2.25)
should be used with caution when n < p+ 50. Less formal approaches based on the proportion
of variation explained by the common factors may be used to complement the likelihood ratio

test. These are discussed below.

Case 2: n<p

When n < p, the usual likelihood ratio test does not exist because S,, is singular and the
likelihood evaluated at S,, is infinite. We might attempt to use a likelihood ratio test to
compare the fit of the k-factor model to a model with more factors, but this approach is not
tenable. Geweke and Singleton (1980) pointed out that when the k-factor model is true, any
model with more than k factors is not identifiable. To see this suppose that A is a p X r matrix
with rank k& < 7. Then there exists Q, a r x (r — k) matrix for which AQ = 0 and Q7 Q =1I,_;.
Let M be any p x (r — k) matrix with mutually orthogonal rows, where the rows have norms

01,...,0p. Then MMT = diag{d%, e ,52}. Since AQ = 0 we can write

AAT + ¥ = (AAT +MMT) + (¥ - MMT)
= (A+MQ")(A+MQ")T + diag {v1 — 07,..., ¢, — 55}

Thus when A has less than full column rank, the parameters of the factor model are not fully
identified. Since no consistent estimator of ¥ will exist, standard theory about the asymptotic
distribution of the likelihood ratio statistic does not apply. Thus we cannot use a likelihood
ratio test to compare the k-factor model to a model with k + 1 factors, or to any larger model.

Consequently, when n < p, we must rely on less formal approaches to judge adequacy of
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the k-factor model. These methods are based on the proportion of variation explained by the
common factors, and were outlined in Section 2.2.1. Let A;,, be the (j,m)-th element in the
maximum likelihood estimator Kk The first measure is the ratio of the j-th communality to

the sample variance of the j-th variable
AL+ X+ 4+ A5 /55 (2.26)

This quantifies the proportion of variation in responses at the j-th time point that is explained

by the model with k£ factors. The second measure
A\, + M+ .+ /\zm)/trace(sn) (2.27)

looks at how much of the total variation in the data is explained by the m-th common factor.
The k-factor model is deemed sufficient (when compared with a larger model) when including
additional common factors in the model does not substantially increase the amount of variation

explained, as measured by (2.26) or by (2.27).

2.4.3 Identifying and modeling within-subject heteroscedasticity

The usual factor analysis model allows the specific variance (i.e., the within-subject variance)

to be different at each time point,
V(e;) = ¥ where ¥ is diagonal and ¢; > 0 for j =1,...,p.

By fitting the factor model and estimating v;, we may explore whether the assumption of the

NLMM that V(g;) = 021, is reasonable, or whether the within-subject variation shows evidence

of heteroscedasticity; i.e., does the magnitude of within-subject variance change across time.
Furthermore, by making some assumptions about the structure of within-subject variation,

we may fit versions of the factor model that restrict the elements of W. For example, we might
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assume constant variance across time,
Yj=o0’forj=1,....p or =0, (2.28)

A reasonable alternative often proposed in pharmacokinetic analysis is that the within-subject

variance at time ¢; is proportional to some power of the mean ; at that point,
;= 02/@7 for j=1,...,p or W=cg>diag(u®") (2.29)

where diag(u??) is a diagonal matrix with diagonal elements u%v, M?’ ..., 12 In Appendix C.6
we give details of how these two restricted factor models may be fitted by maximum likelihood
or pseudo-maximum likelihood respectively.

Note that the homoscedastic model (2.28) is nested within the power-of-the-mean model
(2.29) which is nested within the unrestricted factor model. Therefore we may use a likelihood
ratio test to examine the assumption of homoscedasticity. This test could compare the model
with homogeneous variance against the power-of-the-mean model, or against the unrestricted
factor model. Similarly, we may use a likelihood ratio test to determine whether the power-of-
the-mean model is an adequate representation of within-subject variation, by comparing the fit
of this model against the fit of the unrestricted model.

Let F\,Eh) be the minimum value of the objective function for the factor model assuming
homogeneous variance, 1); = o? for j =1,...,p. Similarly, let F\,gp ) and ﬁ]gu) be the minimized
values of the objective functions for the factor models with, respectively, the power-of-the-

mean and unrestricted models for ¥. Since -2 times the loglikelihood equals nF}y,, we define the
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following test statistics.

~

Ty, = n(FM — EP))

Ty = n(E™ — F™) (230)

Tpu = n(EP — FM)
for comparing the homogeneous variance model to the power-of-the-mean model, the homoge-
neous model to the unrestricted model, and the power-of-the-mean model to the unrestricted
model respectively. If ¥ = O'ZIp, then the asymptotic distribution of T}, ,, is chi-squared with
1 degree of freedom, and the asymptotic distribution of T}, ,, is chi-squared with p — 1 degrees

of freedom. If ¥ = ¢2u?7 then the asymptotic distribution of T}, is chi-squared with p — 2

degrees of freedom.

2.4.4 Selection of random effects and an appropriate parameterization

Under the k-factor model
Yy, =+ A +e; and X =ApAl + .

Having identified the number of common factors k (Section 2.4.2) and a model for the within-
subject (or specific) variances in ¥ (Section 2.4.3), we can compute the maximum likelihood

estimator of the factor loadings

A, = U2Q(0 —1;,)/?
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by substituting the maximum likelihood estimator of ¥ into equation (2.23). The linearized

model (2.1) with parameterizations f(t,3,€&;x) and f*(t,d,&; x) gives the approximations

y,;~pu+Fgbi+e; and  V(y,)~ X =F3DFj +0°L, or

y;~pu+Fidi+e and V(y,) =X =FDF + o0,

As in the PCA approach (Sections 2.3.2 and 2.3.3), we investigate the relationship between
the columns of the estimated loadings matrix Kk and the columns of Fg or F5 using multivariate

multiple regression (Section 2.2.5). We fit the multivariate regression model
A,=ZB+E (2.31)

where Z contains a subset of the columns of F5 or Fj, and we assume the rows of the residual
matrix E to be independent with zero mean and covariance matrix I'. To choose the most
important random effects from amongst the columns of Fg or Fj we propose using forward
selection. The forward selection procedure was outlined in Section 2.3.2, with the Wilks’ lambda
test statistic (2.12) used to test whether the m-th column of Fg should be included into the
model that already contains r — 1 other columns of Fg.

In Section 2.3.2 we developed an exact test when k& = 1 to compare the hypotheses

Hy: > =o%I, versus

Hy: Y=okl + 021p where o} >0

based on the first principal component loading g(). We do not have an equivalent of this
test for the maximum likelihood factor estimator of A;. However, since at least in the case
where W = 0'21p we expect the principal component and factor loadings to be similar, we

anticipate that the test statistic defined in equation (2.19) will be useful also for the factor
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analysis approach. To apply this test to ./Ah define

e~
M= &7{1 and tM = (p— 1)V%r.(1 —12)71/2,
[l ll Al

Then under Hy we expect tM to have approximately a ¢ distribution with p — 1 degrees of
freedom.

To compare parameterizations f and f* we follow the same strategy used with the PCA
approach. The trace correlation rp defined in (2.13) can be used to compare how well the
multiple regressions on Fg or F} explain variation in the columns of ka The regression that
explains a high proportion of variation in all columns of Kk based on a model that includes
a small number of columns from Fg or from Fj will be associated with the more appropriate
parameterization for the data set in question.

This concludes our development of methods to explore the marginal covariance structure
of longitudinal data collected for the purpose of fitting of a nonlinear mixed effects model.
In Chapter 3 we test performance of these methods in several simulation experiments. In
Chapter 5 we use our proposed methods to analyze the covariance structure in the CCly gas

uptake experiment data, and the theophylline pharmacokinetic data introduced in Section 1.1.
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Chapter 3

Simulation experiments: methods to explore the

marginal covariance structure

3.1 Introduction

In this chapter we report results of simulation experiments testing the performance of the
methods developed in Chapter 2. These methods explore the marginal covariance structure
of repeated measures data that are collected for the purpose of fitting of a nonlinear mixed
effects model (NLMM). The simulation experiments are based on four NLMM examples. We
tested the ability of our methods to identify the correct number of random effects, to pick out
the correct parameter sensitivities from among several candidates, and to distinguish between
homoscedastic and heteroscedastic within-subject variance.

In the first example, the data were linear in the random effects. Since the principal compo-
nent and factor analysis approaches assume linear common factors, we expect our methods to
work well for the linear example.

In the next three examples we tested our methods on data generated with nonlinear random
effects. In the nonlinear examples we also explored the ability to identify an appropriate model
parameterization when there was a single random effect in one parameterization (the appropri-
ate parameterization) that would require two random effects in a different parameterization. For
nonlinear random effects the first-order linear approximation on which our methods are based
may be inadequate when random effects are large. In this case a second-order approximation
that includes quadratic functions of the random effects may be required.

For each example we generated data with either one or two normally distributed random
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effects. In the case of two random effects, we assumed that the two random effects were
uncorrelated within subjects. To simulate within-subject heteroscedasticity we used the power-

of-the-mean model for residual variance at each time point

V(ei;) = GQ{f(tj,,@;$)}2’y for j=1,...,p

where the model f, that describes the expected trajectory for each subject, was evaluated at
time ¢; and at the population mean parameter 3. Note that the variance model was a function
of the marginal mean, not on the conditional mean for each subject. We set ¢ to be small
(o = 0.01). In each simulation experiment we investigated the effects of several factors on
performance of our methods:

e number of subjects (n),

e number of observations per subject (p),

e magnitude of the random effect variance, and

e amount of within-subject heteroscedasticity ().

The simulation experiments were run using MATLAB 7.0.0, R14 (The MathWorks, Inc.).
The maximum likelihood fit of the factor model required an iterative optimization algorithm.
We used MATLAB’s implementation of an unconstrained optimizer, fminunc. This implements
a Quasi-Newton line search algorithm with BFGS update of the Hessian. For the simulation
experiments we set the termination tolerances at TolX = 107% and TolFun = 1073. The
algorithm terminates (“converges”) if the infinity norm of the gradient of the objective function
(relative to the value of this gradient at the starting value) is smaller than TolFun, or failing
that, if the relative change in x (the argument of the optimization) is less than TolX. When
analyzing results of the simulation experiments, we only used results from cases where the
minimization algorithm converged.

In the next section we describe the data generating models for each example. In Section 3.3

we describe the endpoints collected from each simulation experiment and how simulation results
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were analyzed. In Sections 3.4 to 3.7 we report the results for the four examples. We conclude
the chapter with a summary of results in Section 3.8. Readers wishing to avoid the finer details

of the simulation results are encouraged to skip directly to the summary section.

3.2 Data generating models

In this section we describe the models used to generate the simulation data for examples A, B,
C, and D. In each example, the model f was used to generate the subject-specific trajectories

at the first stage of the (nonlinear) mixed effects model,

vij = f(tj, Bi5@) +eij for j=1,....p

where €;; were independent normal random variables with mean 0 and variance

V(eij) = o*{f(t;,B; @)},

The vector 3; = B+ b; contains the model coefficients specific to the i-th subject. We assumed
that the random effects b; were independent normal random vectors with mean zero that were
independent of €;;. For simplicity, we also assumed that the elements of b; were uncorrelated
within each subject. The vector x of covariates was held constant across subjects. Note that
we have temporarily dropped from our notation the dependence of the model f on the known
parameters &.

In example A, the data generating model was based on a linearization of the open two-
compartment model (O2C). Example B used the O2C model. This model was used to describe
the trajectories for the CCly gas uptake experiment described in Section 1.1. In example
C we generated data using the open one-compartment (O1C) model assuming extravascular
administration. This is the model used to describe the pharmacokinetics of theophylline in the

second motivating example of Section 1.1. Example D is based on the three-parameter logistic
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model, a common growth curve model.

In Section 3.2.5 we set out and compare relevant characteristics of the nonlinear models
used in examples B, C, and D. These characteristics may help to explain differing performance
of our methods in the different examples.

3.2.1 Example A: linear random effects

In this example data were generated with either one or two linear random effects. The data
generating model was based on linearizing the open two-compartment (O2C) model that was
described in Section 1.2.1. Under the O2C model with unit dose, the concentration of compound

can be described by the function
Ft, 0,0 w®) = qexp(—wWt) + (1 — ) exp(—wPt), te€0,1]
and we chose parameter values
a=025 w® =05 and w® =5

which produce a trajectory similar to that seen for the CCly data. Assuming independent
random effects on the large rate parameter wZ@) = w® 4 w,;, and on the scale parameter

a; = a + a;, first-order linearization gives

£t a0 wP) & pu(ty) + wif o (t) + ai falty)
where

uwt) = ft o0 w®) =aexp(—wMt) + (1 — @) exp(—wPt)
fom(t) = 0f(t)/0w® = —(1 - a)texp(-w@t), and

falt) = 0f(t)/8a = exp(—wVt) — exp(—w@t).
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Figure 3.1: Mean function (left panel) and factor loadings (center and right panels) for gener-
ating data with linear random effects in example A.

The linearized model is linear in the random effects w; and a;.

The data generating model used for example A was

Yij = Hj + G1u§1))\§-1) + Uzu(2))\§-2) + &ij (3.1)

)

where

wi=u(ty), A= o)/ Ifel, and AP = fo(t;)/1fall.

We scaled the loadings functions in the data generating model to have norm 1,

1/2

1
A = {/ A(m)Q(t)dt} =1.
0

Note that if A™ = A (21), ..., At (£,)]T is the m-th loadings vector, then under this scaling,
A(™) will have norm approximately equal to pt/2, or AT \(M) p. Figure 3.1 displays the
mean and loadings functions.

(1)

7

2)

The random effects u;’ and u,” were generated as i.i.d. N(0,1) random variables, in-

dependently of €;; which were independent N (0,02/@7).

The parameters o1 and oy control
the amount of signal in the random effects or common factors. The parameter v controls the

amount of heteroscedasticity. To illustrate the amount of between-subject variation expressed
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signal = 0.25 signal = 0.5 signal =1 signal =2

Figure 3.2: Mean (solid curve) and subject trajectories (dotted curves) generated for example
A with one random effect on XV . From left to right, the plots show increasing magnitude of
random effect signal = o1 /0.

in example A, Figure 3.2 illustrates 5 trajectories generated with one random effect ugl) with
random effect signal o1/0 = 0.25,0.5,1, or 2. For the second random effect o9 = 0.

We ran two simulation experiments for example A. In the first, there was a single random

)

effect uil with loadings function A(Y). In the second experiment we simulated two independent

(1) (2)

random effects: u,”’ with o1/0 = 2, and a second random effect u;

of varying magnitude.

Table 3.1: Simulation treatment factors for example A. The first column gives the number of
random effects, k.

k Random effects Factor Settings
k=1 ul(-l) number of subjects n = 10, 25,50
number of time points p = 10,25, 50
heteroscedasticity v=20,0.5,1
signal for u\") o1 /o =0,0.25,0.5,1,2
k=2 ugl), u£2) number of subjects n = 10, 25,50
number of time points p = 10,25, 50
heteroscedasticity ~v=0,0.5,1
signal for ugl) o1/o =2
signal for u!” o2/ =0,0.25,0.5,1,2
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Table 3.1 gives the levels of each of the factors studied in the simulation experiments for
example A. Each simulation experiment had a 3 x 3 x 3 x 5 factorial treatment design and we

generated 1600 Monte Carlo replicates of each treatment combination.

3.2.2 Example B: O2C model with nonlinear random effects

In example B we generated data using the open two-compartment (O2C) model described in
Section 1.2.1 that was used to model the chamber concentration of CCly;. We assumed a dose
D of 1, and used two parameterizations of the function describing concentration time course of

compound in the chamber,

Flt,,w® W@y = qexp(—wMt) + (1 — a) exp(—w@1t) (3.2)

£t 0,60 52y = (1_a>exp<_5<2>t>{ exp<_5<l>t>+1} (3.3)

1l -«

defined for ¢ € [0, 1]. In the first parameterization we used parameter values
a = 0.25, w® = 0.5, and w® =5

which produce a trajectory similar to that seen for the CCly data. In the second parameteriza-
tion

a = 0.25, s =M _ @) = —4.5, and §@ =@ =5,

In the first experiment with one random effect, we generated data using the parameterization
f* in equation (3.3) with a random effect on the rate parameter 51(2) = 0® 4+ d;. The data
generating model was

Yij; = f*(t7 «, 6(1)) 5(2) + dl) + Eij

where ¢;; were independent N (0, 0?{ f*(t;)}*?) random variables, and the random effects d; were

independent normal random variables with mean 0 and standard deviation v;|6(®)|. Note that
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W Qi «? and o

Yi

Figure 3.3: Mean (solid curve) and random subject trajectories (dotted curves) described by
parameterization (3.2) of the 02C model of example B with random effects on w®) (left panel),
on a (center panel), and on w® and o (right panel). In the figure, v, = vq = 0.5 and o = 0.01.

the random coefficient 51-(2) induces two correlated random effects in the first parameterization
f, one on each of the rate coefficients.

In the second experiment with two random effects, we generated data using the parameter-
ization f in equation (3.2). We put random effects on the scale parameter, o; = a4 a;, and on

the large rate parameter, wZ(Q) = w® 4 w;. The data generating model was
Yis = f(t7 a + aj, w(l)aw(g) + wl) + €ij

where ¢;; are independent N(0,02{f(¢;)}*7) random variables, and the random effects a; and
w; are independent normal random variables with mean 0 and standard deviations v,|a| and
Uw|w(2)] respectively. We set the random effect a; to be large (v, = 0.4) and varied the
magnitude of the second random effect w;. Note that the function f is a [linear function
of the rate parameter «; therefore the data generating model is linear in the random effect
a;. Figure 3.3 illustrates three trajectories generated according to parameterization (3.2) with
random effects on w®, «, and both w® and a.

In this example, vq, and v,, control the magnitude of the random effect “signal”. However,

that amount of signal is not necessarily equal to that in the linear random effect simulation of
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Table 3.2: Simulation treatment factors for example B. The first column gives the number of
random effects, k.

k Random effects Factor Settings

k=1 6@ 44, number of subjects n = 10, 25,50
number of time points p = 10,25, 50
heteroscedasticity v=0,0.5,1
signal (d;) vs = 0,0.0125,0.025,0.05,0.1

k=2 a+a number of subjects n = 10, 25, 50

w® 4 w; number of time points p = 10,25, 50

heteroscedasticity v=20,0.5,1
signal (a;) ve =04
signal (w;) v, = 0,0.05,0.1,0.2,0.4

example A which was based on linearizing the O2C model. In example A, the signal for the
common factor corresponding to the scale parameter was o2 = v,|a|||0f/0c||. Similarly, the
signal for the common factor defined by the large rate parameter was o1 ~ v,|w®|||0f /0w ||
In the case of a random effect on «, the relationship is exact because the function f is linear in
«. The amount of signal that v, and v, contribute to the marginal covariance depends on the
magnitudes of & and w(® as well as on the norms of their sensitivity functions.

Table 3.2 gives the levels of each of the factors studied in the two simulation experiments
of example B. We had to keep vs small in the first simulation based on parameterization f*
to ensure that the value of §(1) + (552) (the small rate parameter in the parameterization f)
remained positive. Each simulation experiment had a 3 x 3 x 3 x 5 factorial treatment design

and we generated 1600 Monte Carlo replicates of each treatment combination.

3.2.3 Example C: O1C model with nonlinear random effects

In example C we generated data using the open one-compartment (O1C) model, described pre-
viously in Section 1.2.1, and used to model the pharmacokinetics of theophylline. We assumed

that 100% of the drug was absorbed (f=1), and used two parameterizations of the function
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describing the concentration time course of compound in the body,

Dk, Cl
t. ko, Vi, CL: D) = “ ) — exp(—kgt* 4
FtbaViCiD) = g2 Lo (<0 ) —encht) ) G
74,060,562 63.p) = ps {exp(—6(2)t*) —exp(—5(3)t*)} (3.5)
where ¢t* = 25¢ for ¢t € [0,1]. In the first parameterization the elimination rate has been

parameterized in terms of clearance rate and the volume of distribution. We assumed that the
covariate dose was D = 5mg/kg and used the following values of model coefficients in the first

parameterization f,
ke =1.5/hr, Cl=0.05L/hr/kg, and V;=0.5L/kg

which are similar to the mean coefficients estimated by Davidian and Giltinan (1995, Table 5.3)

In the second parameterization f* the corresponding coefficients were
6N = ko /{Vy(ky — Cl/Vy)} = 2.14kg/L, 6% =C1/V;=0.1/hr, and &3 =k, = 1.5 /hr.

In the first experiment with one random effect, we generated data using the parameterization
f in equation (3.4) with a random effect on the volume of distribution, Vy; = Vy+v;. The data
generating model was

Yij = f(t,ka, Va+vi, Cl; D) + 45

where the errors e;; were independent N(0,02{f(t;)}?) random variables, and the random
effects v; were independent normal random variables with mean 0 and standard deviation
vy |Va|. Assuming that the volume of distribution varied across subjects induced two correlated
random effects in the second parameterization f* of equation (3.5), one on the scale W and
one on the elimination rate §(2).

In the second experiment with two random effects, we generated data using the parameter-
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Vi Cl; V; and Cl|,

Yi

Figure 3.4: Mean (solid curve) and random subject trajectories (dotted curves) described by
parameterization (3.4) of the O1C model of example C with random effects on Vy (left panel),
on Cl (center panel), and on Vg and Cl (right panel). In the figure, vy = vc = 0.25 and
o =0.01.

ization f in equation (3.4). We put random effects on the volume of distribution, Vg = Vi +v;,

and on the clearance, Cl; = Cl + ¢;. The data generating model was

Yij = f(t7 kav Vd + v;, Cl+ Ci; D) + Eij

where the errors g;; were independent N (0,02{f(t;)}*”) random variables, and the random
effects v; and ¢; were independent normal random variables with mean 0 and standard deviations
vy |Vy| and ve|Cl| respectively. We assumed that the random effect v; was small (vy = 0.025)
and varied the magnitude of the second random effect ¢;. Figure 3.4 illustrates three trajectories
generated using parameterization (3.4) with random effects on Vy, Cl, and both V; and CI.
We initially ran a version of the experiment with two random effects where we set the
first random effect on Vj to be large (Juy| = 0.2). Unfortunately we did not take account of
the possibility that the large nonlinear random effect would be detected as two or more linear
common factors by our method. Consequently, we could not get a meaningful assessment of the
endpoints of interest in this experiment. This experiment does emphasize that the user of our

methods should be mindful of the presence of large random effects, and we discuss its results
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Table 3.3: Simulation treatment factors for example C. The first column gives the number of
random effects, k.

k Random effects Factor Settings

k=1 Vi+u; number of subjects n = 10, 25,50
number of time points p = 10, 25,50
heteroscedasticity v=20,0.5,1
signal (v;) vy = 0,0.025,0.05,0.1,0.2

k=2 Vi+4u number of subjects n = 10,25,50

Cl+¢ number of time points p = 10, 25,50

heteroscedasticity v=20,0.5,1
signal (v;) vy = 0.025
signal (¢;) ve = 0,0.025,0.05,0.1,0.2

briefly at the end of Section 3.6.

Table 3.3 gives the levels of each of the factors studied in the simulation experiments for
example C. In this example, vy and ve control the magnitude of the random effect “signal”.
Each simulation experiment had a 3 x 3 x 3 x 5 factorial treatment design and we generated

1600 Monte Carlo replicates of each treatment combination.

3.2.4 Example D: Logistic model with nonlinear random effects

In example D we generated data using the three parameter logistic model that is commonly
used to describe growth of crops. For example, Davidian and Giltinan (1995, Section 1.1.3)
used this model to describe the average leaf weight of plots of soybean plants sampled over the
growing season. In example D we used two parameterizations of the logistic model describing

yield as a function of time,

faw® L@y — a d 3.6
f(7a7w 7w ) 1+exp{—w(2)(t—w(1))}’ al ( )
“(t.a, 6 5@y = @ 3.7
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for t € [0,1]. In both parameterizations the coefficient « is the asymptotic limit of yield; as
time increases, yield approaches the limit . The parameter w®@ in parameterization f, and
the parameter 62 in parameterization f*, quantify growth rate. Coefficient w(*) in parameter-
ization f represents the time at which 50% of the asymptotic limit of yield is achieved; it can

be thought of as the half-life of the growth curve. In the first parameterization f we set
a=2 wM =05 and w® =10

for an asymptotic yield of 2 units, 50% of which is achieved at 0.5 hr, and a growth rate of

10 /hr. In the second parameterization f* the corresponding coefficients were
a=2, s — ew(l)w@) — 1484, and 5@ — ,@ —10.

In the first experiment with one random effect, we generated data using the parameterization
f in equation (3.6) with a random effect on the growth rate parameter, wl@) =w® 4 wZ@). The

data generating model was
Yi; = f(ta a)w(l)vw(Z) + wz(2)) + €ij

where the errors e;; were independent N(0,02{f(t;)}?) random variables, and the random

(2)

effects w;”” were independent normal random variables with mean 0 and standard deviation
Ug]w(2)|. Assuming that the growth rate w® in parameterization f varies across subjects
induced two correlated random effects in the second parameterization f* of equation (3.7), one
on the growth rate 62, and a second on the coefficient 5.

In the second experiment with two random effects, we generated data using the parameter-

ization f in equation (3.6). We put random effects on the the growth rate, w® = L@ + w(2),

% %
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and on the half-life parameter, %(1) =w® 4 wgl). The data generating model was

yij = F(ta,w® +wl W@ +w®) 4

where the errors e;; were independent N(0,02{f(t;)}*) random variables, and the random

(1) 2)

effects w,’ and w,

were independent normal random variables with mean 0 and standard

deviations v1|w™| and vy|w®| respectively. In the experiment with two random effects we

2)

assumed that the random effect w;” on the growth rate was small (vy = 0.05), and we varied

(1)

the magnitude of the random effect w; ’ on the half-life parameter. Figure 3.5 illustrates three
trajectories generated using parameterization (3.6) with random effects on w®, w® and both
w® and w®.

We initially ran a version of the experiment with two random effects where we set the first
random effect on w® to be large (Juz| = 0.4). As with a similar experiment for example C
we did not take account of the possibility that the large nonlinear random effect would be

detected as two or more linear common factors by our method. Consequently, we could not get

a meaningful assessment of the endpoints of interest in this experiment. This experiment again

(1) (2) (1) (2)
W @ w "~ and
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Figure 3.5: Mean (solid curve) and random subject trajectories (dotted curves) described by
parameterization (3.6) of the logistic model of example D with random effects on w® (left
panel), on w® (center panel), and on w® and w? (right panel). In the figure, v1 = 0.25,
vg = 0.5, and o = 0.01.
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Table 3.4: Simulation treatment factors for example D. The first column gives the number of
random effects, k.

k Random effects Factor Settings

k=1 w® + w§2) number of subjects n = 10, 25, 50
number of time points p = 10, 25,50
heteroscedasticity v=20,0.5,1
signal (w'®) vy = 0,0.05,0.1,0.2,0.4

k=2 w® 4 wgz) number of subjects n = 10, 25,50

w4 wgl) number of time points p = 10, 25,50

heteroscedasticity v=20,0.5,1
signal (wl@)) ve = 0.05
signal (wz(l)) v1 = 0,0.05,0.1,0.2,0.4

emphasizes that the user of our methods should be mindful of the presence of large random
effects, and we briefly discuss its results at the end of Section 3.7.

Table 3.4 gives the levels of each of the factors studied in the simulation experiments for
example D. In this example, v; and vy control the magnitude of the random effect “signal”.
FEach simulation experiment had a 3 x 3 x 3 x 5 factorial treatment design and we generated

1600 Monte Carlo replicates of each treatment combination.

3.2.5 Comparison of the nonlinear models used in examples B, C and D

In examples B, C, and D with nonlinear random effects, we set the magnitude of the random
(m)

effect standard deviation equal to a fraction of the mean parameter value. For example, if b;

)

was the random effect on a parameter 8(™), then we set the standard deviation of bgm equal to

U | 5(’“)]. Suppose that bgm) is the only random effect, then a first-order linear approximation
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of the first stage of the NLMM gives

yij =~ [(t;, B) + 0™0f () /08 + ey
= 1 + (vl 8105/08 ) uf™A™ 4 &5 (3.8)

= [ + O'mugm))\gm) + €ij5

(m)

where the common factor scores u; ~ are independent N (0, 1) random variables and

A = a1 (t;) /05 /|0 f /95|

is the j-th element in a vector with norm p'/2. In the last line of equation (3.8) we have written

the model in the form of a linear common factor model like the data generating model (3.1)
(m)

,  had unit variance. Thus the “signal” of the linear common

(m)

factor associated with the random effect bim

where the common factor u

is approximately

o vl 80 /057

Thus we might expect our methods, which assume a linear common factor model, to perform
differently for the different nonlinear examples because the common factor “signal” is stronger
in some examples than in other examples, due to the magnitude of the mean parameter |5,
or the norm of the sensitivity function ||0f/83™|. Table 3.5 gives the numerical values
of [B™)|[|af/0™)| for different random effect parameters for the nonlinear models used in
examples B, C and D. Recall that for example B with the O2C model, we generated data for
the experiment with one random effect using parameterization f*, and using parameterization
f when there were two random effects. Hence there are two sets of entries in Table 3.5 for this
model.

To aid in interpretation of results, the values in the column labeled |3(™)|||0f/03(™)|| may

be used to multiply the values of v, used in each simulation experiment. For example, for a
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Table 3.5: Properties of the random effect parameters and sensitivities for the nonlinear models
of examples B, C and D. The first column gives the model with parameterization in parenthesis.

Corr. between sensitivities

Model B type |3™)||0f /08|  centered uncentered

02C (f*) 6@ nonlinear 0.619

02C (f) o linear 0.167 0.130 —0.816
w®  nonlinear 0.152

01C (f) 14 nonlinear 2.860 0.276 —0.225
Cl nonlinear 3.421

Logistic (f) w®  nonlinear 1.291 1.25¢—3 —5.86e—5
w®  nonlinear 0.292

given value of v,, we expect the signal of the random effects in the O1C model of example C to
be quite a bit larger than for random effects in the other models. The reader should also bear in
mind that different levels of v,,, were used in the different nonlinear examples. For example, the
maximum value of v, used in example C was half that of the maximum v,, used in experiment
D. Comparison of results across examples promises to be complicated.

The column “type” in Table 3.5 denotes whether a particular parameter enters the model
linearly or nonlinearly. The O2C model is linear in the random effect on «. In all other cases,
the models are nonlinear in the random effects that we chose to study. Because our methods
are based on a linear approximation, we will pay particular attention to what happens to the
performance of the methods when the random effect standard deviation becomes large. In such
cases the linear approximation will be poor, and an adequate approximation may require terms
that are quadratic in the random effects.

The last two columns of Table 3.5 give the centered and uncentered correlations between
the sensitivities for the two random effect parameters considered in each example. Because the
principal component analysis (and the factor analysis for the case of homogeneous variance)

compute orthogonal factor loadings, we expect results to be easier to interpret when the sensi-
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tivities of random effects used to generate data are approximately orthogonal. The uncentered
correlation is of primary interest because this measures departure from orthogonality. The
sensitivities for the two random effects of the logistic model used to generate data in example
D were approximately orthogonal and uncorrelated. This should make it easier to interpret
results for this example than in other examples where the sensitivities were more oblique or

correlated.

3.3 Experiment endpoints and analysis of simulation results

To assess performance of our methods for exploring the marginal covariance structure we looked

at the following measures.

Number of random effects

First we are interested in checking whether our methods were able to detect the number of
random effects necessary to characterize between-subject variability. In each experiment with
k = 1 or 2 random effects, we used the likelihood ratio tests defined in Section 2.3.1 (equa-
tion (2.16) when n > p and (2.17) when n < p) for testing whether the principal component
model with £ — 1 principal components was adequate. When n > p, we fitted a factor model
with £ — 1 common factors and unrestricted ¥, and used the likelihood ratio test defined in
Section 2.4.2 (equation (2.25)) to test adequacy of the approximation with £ — 1 common fac-
tors. We estimated the power of each test to reject (at the 5% significance level) the hypothesis
that a model with k& — 1 principal components or common factors was adequate.

As mentioned in previous sections, our methods are based on an approximation of the stage-
1 model that is linear in the random effects. When the stage-1 model is nonlinear in a random
effect with large variance, we expect that an adequate approximation will involve quadratic
functions of the large random effect. In this case, an adequate principal component or factor

model will require two or more linear principal components or common factors to capture
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the effect of a single large nonlinear random effect. However, in our simulation experiments
we fixed the number of principal components or common factors to equal k, the number of
random effects. In future work, we may allow the methods to determine an adequate number

of components or common factors on the fly, based on the analysis of each simulated data set.

Test for homogeneous variance

Let MLFA-H denote the k-factor model with homogeneous within-subject variance, ¥ = O'2Ip;
let MLFA-P be the k-factor model with v; = 02/67 (power model); and let MLFA-U be the
unrestricted k-factor model. In Section 2.4.3 we proposed likelihood ratio tests (equation (2.30))
for comparing the fit of the homogeneous k-factor model MLFA-H, with the fit of model MLFA-
P or model MLFA-U. The simulated data had 1; = 02/%27 where v = 0, 0.5 or 1. In each
experiment we fitted the three models and computed the two likelihood ratio tests. For each
test we estimated power of the tests to reject (at the 5% significance level) the hypothesis that
v = UQIp.

Based on the fit of the k-factor MLFA-P model, we estimated the parameters v and o2.
Examining the bias in estimates of these parameters is another way to track how well the
common factor model fitted the simulated data. For example, if too few common factors were
included, then we would expect the estimate of o® to be inflated to capture the unexplained

variation in the data.

Selecting random effects

In Sections 2.3.2 and 2.4.4 we discussed our approach to identifying which parameters in the
stage-1 model require non-trivial random effects. When k& = 1, we used the exact test (equa-
tion (2.19)) to assess the strength of the relationship between the first principal component
loading and the sensitivity corresponding to the true random effect parameter. We estimated
the power of the exact test to reject (at the 5% significance level) the hypothesis that ¥ = aQIp.

Although the exact test was derived based on the first principal component loading, in our sim-
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ulation experiments we also computed the test statistic using the maximum likelihood estimate
of the factor loading vector for a the one-factor MLFA-U and MLFA-P models.

Let Fg be the matrix with columns defined by the sensitivity functions of parameters that
are candidates for random effects in the stage-1 model. The matrix may also include second-
order sensitivities corresponding to a second-order approximation of the stage-1 model involving
quadratic functions of nonlinear random effects with large variance. For £ = 1 and k = 2,
we fitted a principal component model with k£ components and the k-factor MLFA-U and
MLFA-P models. Then we used the multivariate forward selection algorithm described in
Section 2.3.2 to select columns from Fgz. For each simulation replicate we recorded which
sensitivities were included in the selected model. We estimated the mean number of sensitivities
selected, the proportion of times particular sensitivities were included, and the trace correlation

rp (equation (2.13)) of the selected model.

Comparing two parameterizations

In the nonlinear examples (B, C, and D), we generated data with a single random effect in one
parameterization, which induced two correlated random effects in the alternative parameter-
ization. Let the sensitivities for the alternative parameterization be the columns of a matrix
Fs. Based on the loadings for the principal component and factor models with k& common
factors, we used the multivariate forward selection procedure to select columns from Fz. We
calculated the mean number of sensitivities selected, and the trace correlation rp for the mul-
tivariate regression based on the alternative parameterization. We would expect the mean
number of sensitivities selected from Fy (the alternative parameterization) to be larger than
the mean number selected from Fg (the actual parameterization), or for the trace correlation

of the model selected from Fs to be smaller than that of the model selected from Fg.
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Analysis of the effect of simulation factors

We used analysis of variance to assess how the different simulation factors (n, p, v, and random
effect signal) affected each of the endpoints described above. Since in many cases the endpoints
could not be expected to be normally distributed, we batched the MC replicates into groups
of size 10, and used analysis of variance (ANOVA) based on batch means. The simulation
experiments were well replicated (1600 MC reps each, or 160 batches), and it turned out that
for many endpoints, all four factors as well as most of their interactions were statistically
significant (e.g., at the 0.0001 level). In the following sections we have identified the factors
that accounted for a large percentage of the variation in the simulation endpoints (measured
by the R? statistic of the batched ANOVA), and have ignored other factors and higher order
interactions.

When selecting random effects, results based on the principal components analysis were
generally indistinguishable from results based on the k-factor MLFA-U or MLFA-P models, even
when within-subject variance was heteroscedastic. For the sake of brevity, we have presented
the exact test results only for the PCA analysis, and the multivariate forward selection results
only for the unrestricted k-factor model, MLFA-U.

The results for the simulation experiments for examples A, B, C, and D are presented in

the following sections.

3.4 Simulation results: example A

The first simulation experiment for example A had a single linear random effect with standard
deviation o1 where o1 /0 was varied from zero to two. The second experiment had two indepen-
dent linear random effects: the first with large standard deviation (o1/0 = 2) and the second
with standard deviation oo where o3 /0 was varied from zero to two. The results for these two

experiments are described in Sections 3.4.1 and 3.4.2.
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3.4.1 One linear random effect

The convergence rate for maximum likelihood estimation of the one-factor MLFA-U model was

above 99% in all cases. The convergence rate for the one-factor MLFA-P model was 100%.

Number of random effects

In the case of linear random effects, we expect the power of the likelihood ratio tests for
adequacy of zero common factors or principal components to increase with o1/0, and to have
size close to the nominal level of 0.05 when o1/0 = 0 (no random effect). The PCA test and
the MLFA-U test for n > p rely on large-n asymptotics; the PCA test for n < p relies on large-p
asymptotics. We used the small-sample corrected versions of the likelihood ratio tests to improve
the approximate chi-squared distributions of the test statistics under the null hypothesis. Thus
when n > p or when n < p we expect the tests to maintain size close to 0.05 and to readily reject
the hypothesis of no common factors when o1/0 > 0. When n & p asymptotic behavior cannot
be expected. When v = 0 (homoscedastic within-subject variance), the principal component
and maximum likelihood factor analysis methods should give similar results. The PCA analysis
assumes that v = 0 and actually tests the hypothesis that the smallest p — k eigenvalues of the
marginal covariance matrix are equal. When ~ > 0, the smallest eigenvalues will not be equal,
even when there are no common factors. When v > 0 we would expect the PCA test to reject
the null hypothesis even when there were no common factors.

In the batched ANOVA of simulation results, the magnitude of -y, the number of subjects n,
the magnitude of the random effect o1 /0, and interactions between these three factors explained
76% of the variation in power of the PCA test. The magnitude of o1 /0, v, and the interaction
between o1 /0 and 7 explained 92% of variation in the power of the MLFA-U test.

Figure 3.6 displays estimated power of the PCA test against the magnitude of the random
effect signal o1/0 when p = 25. Results for p = 10 and p = 50 were similar to those presented

in the figure except for a slight increase in power as p increased for cases where o1/0 > 0.

104



Chapter 3. Simulation experiments: methods to explore the marginal covariance structure

0
N
o o o - N
| | | | | | | | | | | | | | |
n=10, p=25 n=25, p=25 n=50, p=25

) - 4 — = e —— A — = A A sl
: 1.00 et + 1—,_‘ g A= e A—/g:_—a S ——A /@- —- ——£
(@] / / __ o ’
S 0.80 , S le---o , i
Y— . / 12
o 7 / /
o 0.60 K / s L
5 P .
£ 0.40 / , -
b e ° 0
© 020 4477 L . L
(2) 0.05 — @ om0 s e e A L

I I I I I I I I I I I I I I I

o 19 1 “ N o 0 0 - N

g 3 g3
o,/0
--0- y=0 ~A - y=05 - y=1

Figure 3.6: Estimated power of the PCA test for 0 common factors when p = 25 and there was
one linear random effect. Nominal size of the test was 0.05. Based on 1600 MC replicates, the
standard error of estimated power was less than 0.0125.

The three panels in the figure show the effect of a different number of subjects n for fixed p.
As n increased, power increased. The three curves in each panel represent power for different
amounts of within-subject heteroscedasticity: v = 0 (homoscedastic within-subject variance),

v=0.5,or y=1. When v=0and n < p or n > p, the test had approximately the correct size

Table 3.6: FEstimated size of the PCA test for 0 common factors when v = 0 and there was
one linear random effect with o1/0 = 0. Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated size was approrimately 0.005.

p
n 10 25 50

10 0.161 0.034 0.038
25 0.044 0.819 0.054
50 0.054 0.060 1.000
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(0.05) when o1/0 = 0. Table 3.6 gives estimated size of the PCA test at 01/0 =0 when v =0
for different values of n and p. Clearly when n = p (center panel in the figure and diagonal
in the table), the large-p asymptotics cannot be leaned on and the PCA test was not useful.
As anticipated, when v > 0, the PCA test rejected the hypothesis that there were no principal
components too often. When v = 0 and n < p or n > p, the test had greater than 80% power
to detect a random effect with o1/0 = 2.

The test of no common factors that is based on fitting the MLFA-U model only exists when
n > p. Figure 3.7 presents the power curves for the MLFA-U test for the cases where n > p.
The size of the test was close to the nominal 0.05 level except in the cases when n = 50 and
p = 25 where the test rejected the hypothesis of no common factors in approximately 8% to
10% of replicates (see Table 3.7). In all cases where n > p, the test had greater than 90% power

to detect a random effect with o1/0c = 1. For o1/0 > 0, power increased with increasing n
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Figure 3.7: Estimated power of the MLFA-U test for 0 common factors when n > p and there
was one linear random effect. Nominal size of the test was 0.05. Based on 1600 MC replicates,
the standard error of estimated power was less than 0.0125.
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Table 3.7: Estimated size of the MLFA-U test for 0 common factors when n > p and there was
one linear random effect with o1/0 = 0. Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated size was approximately 0.005.

Y
n op 0.0 0.5 1.0

25 10 0.063 0.049 0.060
50 10 0.063 0.063 0.044
50 25 0.087 0.102 0.107

and p. Interestingly, power to reject the hypothesis of no common factors also increased with
increasing v. When n > p and the within-subject variation was homoscedastic (y = 0), the
PCA and MLFA-U tests had approximately the same power, although the size of the MLFA-U

test was marginally higher than the PCA test when n = 50 and p = 25.

Test for homogeneous variance

For estimating p-values of the likelihood ratio tests for homogeneous variance, we relied on the
asymptotic chi-squared distribution under the hypothesis that v = 0 (we have not developed a
finite-sample correction for these statistics). Therefore we expect the chi-squared approximation
to be adequate when n is large relative to p. More parameters (p — 2 more) are estimated in
fitting the MLFA-U model than in fitting the MLFA-P model, and so we expect that the test
based on the MLFA-P model may have size closer to the nominal level of 0.05 than the test based
on the MLFA-U model. Power to reject the hypothesis of homoscedasticity should increase with
increasing v.

In the batched ANOVA of simulation results, the magnitude of «, p, n, and interactions
between these factors explained 95% of variation in the power of the likelihood ratio test com-
paring the MLFA-U and MLFA-H models. The magnitude of v explained 97% of variation in

power of the test comparing the MLFA-P model with the MLFA-H model. Since magnitude
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Figure 3.8: Estimated power of the likelihood ratio tests for Hy: v = 0 when there was one
linear random effect and o1/0 = 0.5. The first test compared the homoscedastic factor model
with the unrestricted model MLFA-U. The second test compared the homoscedastic model with
the power model MLFA-P. Nominal size of the test was 0.05. Based on 1600 MC replicates, the
standard error of estimated power was less than 0.0125.

of the random effect signal did not have a large impact, we have presented results only for
o1/o = 0.5 in Figure 3.8.

In all cases, the size of the test comparing the homoscedastic model to the unrestricted
model MLFA-U was larger than the nominal level of 0.05 (see Table 3.8). When n = 10, the
MLFA-U test was close to useless, rejecting the hypothesis of v = 0 in almost 50% of cases when
p = 50. The test comparing the homoscedastic model to the power model MLFA-P performed
better, although its size was larger than the nominal level when n = 10 or when p = 10. When
n > 10 or p > 10, this test had greater than 90% power to detect heteroscedasticity when

was as large as 0.5.
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Table 3.8: FEstimated size of the likelihood ratio tests for Hy: v = 0 when there was one linear
random effect and o1/0 = 0.5. The first test compared the homoscedastic factor model with the
unrestricted model MLFA-U. The second test compared the homoscedastic model with the power
model MLFA-P. Nominal size of the test was 0.05. Based on 1600 MC replicates, the standard
error of estimated size was approximately 0.005.

MLFA-U MLFA-P
n p=10 p=25 p=350 p=10 p=25 p=350
10 0.304 0.426  0.497 0.094  0.091  0.098
25 0.126  0.117  0.132 0.075  0.059  0.048

50 0.082  0.083  0.094 0.060  0.059  0.056

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model, V(eij) = o? ,u?v, by
fitting the one-factor power model MLFA-P. On average, the bias in 5 was approximately zero,
but the estimate of o was smaller on average than the true value of 0.0001. In the batched
ANOVA of simulation results, the simulation factors explained little of the variation in the bias
of 4 (all factors and their interactions explained less than 4% of variation). The magnitude
of the random effect, o1/0, and the number of subjects, n, explained 44% of the bias in &>
(all simulation factors and their simulation factors explained 47% of the variation). Figure 3.9
illustrates the pattern in the estimate of o for p = 10. The pattern was similar for p larger
than 10 except that there tended to be less variation between results for different settings of ~.
The three panels in the figure show the effect of increasing n for fixed p; bias decreased with

2 was largest when o1/0 = 0. In this case, the true model

increasing n. On average, bias in &
had no common factors, but one factor was forced into the model at the expense of the specific
variance part of the model. This resulted in an estimate of o2 that was too small on average.

The three curves in each panel represent the mean estimate of o2 for each setting of 7. The

value of v had no consistent effect on bias of the estimate of o2.
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Figure 3.9: Mean estimate of o from fitting the one-factor MLFA-P model when there was
one linear random effect and p = 10. The true value of 0> was le—4. Based on analyzing the
simulation data in batches of 10, we estimated the standard error of each plotted MC mean to
be less than 2e—6.

Selecting random effects

When k = 1 we used the exact test where where the j-th element of kK was determined by the

true common factor loading,

kj o< f o (tj) = —(1 — a)tjexp (—w@)tj) :

We present power of the exact test based on the PCA (results based on the one-factor MLFA-U
and MLFA-P models were virtually indistinguishable from these). Since the test is based on the
exact distribution of the first principal component loading under the null hypothesis, we expect
the test to have the nominal size (0.05) when o1/0 = 0 and v = 0. The power should increase
for increasing signal, o1 /0 > 0. Sample size, n, and number of time points, p, should have no

effect on size of the test when v = 0, but may affect power when the alternative hypothesis is
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Table 3.9: FEstimated size of the PCA exact test when there was one linear random effect.
Nominal size of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated
stze was approximately 0.005.

p=10 p =25 p =50

n y=0 y=3 =1 y=0 y=3 y= ¥=0 y=1 y=1
10 0.048 0.147 0.171  0.049 0.05 0.109  0.054 0.088 0.062
25 0.058 0.167 0120 0056 0.114 0.052  0.050 0.087 0.042
50 0.054 0.159 0.064  0.050 0.086 0.027 0051 0.072 0.024

true. When v > 0, the principal component model that assumes homogeneous within-subject
variance is incorrect, and we would expect size and power of the test to deviate somewhat from
those in the case where v = 0.

Based on the batched ANOVA, the random effect signal, o1 /0, 7, and interaction between
these factors, explained 94% of variation in the power of the exact test. Table 3.9 gives the
size of the test under the null hypothesis. When v = 0 (homoscedastic case) the size was not
significantly different from the nominal 0.05 level regardless of n and p. However when v > 0,
the size of the test was not preserved; in general when v > 0 the size was larger than 0.05, but
was smaller than 0.05 when v =1 and n = 50.

In Figure 3.10 we present estimated power of the PCA exact test to detect the true random
effect. We only present power for the case where v = 0 since size of the test was not preserved
for v > 0. Power increased for increasing random effect magnitude, o1/0. The three panels
in the figure show the effect of p; power increased with increasing p. In each panel, the three
curves show power for sample of different size; power increased with increasing n. Except in the
case where n = p = 10, the exact test had greater than 90% power to detect the true random
effect when the magnitude of random effect variation was given by o1/ = 0.5.

For the multivariate forward selection we used three candidate predictors proportional to
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Figure 3.10: FEstimated power of the PCA exact test when v = 0 and there was one linear
random effect. This test rejects Hy: X = 021p in favor of one random effect with loadings
function AV . Nominal size of the test was 0.05. Based on 1600 MC replicates, the standard
error of estimated power was less than 0.0125.

the sensitivity functions of the O2C model,

falt) = exp(—wMt) —exp(—w®t)
foo(t) = —at exp(—w(l)t)
foo®t) = —(1—a)texp(—w®t).

The true loadings function, A(V), was proportional to fo,@. When o1/c = 0 the forward
selection should select one or more sensitivities in about 5% of cases. As o1/0 gets larger,
the forward selection should select the sensitivity f 2 in a high proportion of cases. Since
the candidate predictors (parameter sensitivities) were not orthogonal, we might expect the

incorrect sensitivity to be selected in more cases than if all the sensitivities were orthogonal.
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We would expect the power to select the correct sensitivity to increase with p, the number of
time points (also the number of rows in the multivariate regression model). Power should also
increase with n as the estimator of the loadings vector should become more precise with larger
n.

The multivariate regression results based on the PCA, the MLFA-U and the MLFA-P models
were very similar. We present results for the unrestricted MLFA-U model. Based on the batched
ANOVA of simulation results, the magnitude of the random effect o1 /0, 7, and the interaction
between these factors explained 91% of the variation in the mean number of random effects
selected, and 93% of the variation in the proportion of times that the true sensitivity, f, ), was

selected. For the sake of brevity, we present results only for the cases where v =0 or v = 1.

n
N Te)
o o o — N
| | | | [ | | | | | | | | |
p=10 p=25 p=50
B 1.00 oo p::ng-‘;::‘t-;_ ............ ;:,:.,_/;%:;:__#{3' g ';ge:-;j SIS Sy N
ko i I’ e
Qo075 /e i "y B
— [ fro f,
8 { /+I ’ /I'/l d/ l”I
— ; Ya: / ! —
g 050+ )y, i Y
5 i , / fu, //
c Jel i, ’
c 025 f/°. b, I =
2l ¢ é
Q
s 0.05 — - Teerer e T T —
I I I I [ I I I I I I I I I
o n [Te) — N o |Te] Te) — N
N o P S
o o
0,/0
--0-- y=0,n=10 --A-- y=0,n=25 -—+-- y=0,n=50
-O - y=1,n=10 A - y=1,n=25 4_4+4_ y=1,n=50

Figure 3.11: Mean number of sensitivities selected by multivariate forward selection when there
was one linear random effect. Results presented are for the regression using the factor loading
estimated from the one-factor MLFA-U model where v = 0 or v = 1. At each step of the
forward selection the 0.05 critical value of the test statistic was used. Based on analyzing the
stmulation data in batches of 10, we estimated the standard error of each plotted MC mean to
be less than 0.015.
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Table 3.10: Mean number of sensitivities included by forward selection for the experiment with
one linear random effect with o1 /0 = 0. Results presented are for the regression using the factor
loading estimated from the one-factor MLFA-U model where v = 0 or v = 1. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on analyzing
the simulation data in batches of 10, we estimated the standard error of each MC mean to be
less than 0.015.

p=10 p=25 p =250

n y=0 ~v= 7y=0 ~r=1 =0 ~r=1
10 0.101  0.152 0.101 0.147 0.096 0.116
25 0.102  0.140 0.098 0.118 0.102 0.119
50 0.078 0.116 0.097 0.123 0.098 0.108

Figure 3.11 displays the mean number of sensitivities selected by multivariate forward selec-
tion based on the factor loading estimated from the one-factor MLFA-U model. As the random
effect signal, o1 /0, increased, the mean number of sensitivities selected approached 1 (the true
number of random effects). When there was no random effect (01 /0 = 0), the forward selection
procedure selected a model with one or more sensitivities in more cases than should be the
case at the 0.05 nominal level (see Table 3.10), especially in the presence of heteroscedasticity
(v = 1). This could be due to the non-normality of the estimated loadings vector, due to
multiple testing (we used the nominal 0.05 critical value at each step of the forward selection),
or perhaps because the means in the table include some models that included more than 1
sensitivity. The three panels in the figure show the effect of increasing p; as expected, the mean
number of sensitivities selected increased toward 1 as p increased. In each panel the dashed
curves are for the case where v = 0 and the dot-dash curves are for v = 1. Different plotting
symbols represent the different levels of n. The mean number of sensitivities selected increased
toward 1 as n increased. The forward selection procedure tended to select a larger model in the

presence of heteroscedasticity (v = 1) than when within-subject variation was homoscedastic

(v=0).
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Figure 3.12: Proportion of cases where multivariate forward selection picked the correct sensi-
tivity f, ) when there was one linear random effect. Results presented are for the regression
using the factor loading estimated from the one-factor MLFA-U model where v =0 or v = 1.
At each step of the forward selection the 0.05 critical value of the test statistic was used. Based
on 1600 MC replicates, the standard error of each plotted proportion was less than 0.0125.

Figure 3.12 shows the proportion of cases where multivariate forward selection picked the
sensitivity f 2 corresponding to the actual random effect. When there was no random ef-
fect (o1/0 = 0), the sensitivity f, 2 was selected in slightly fewer than 5% of cases when
within-subject variation was homoscedastic (7 = 0) (see Table 3.11). In the presence of het-
eroscedasticity (y = 1), the sensitivity f 2 was selected in approximately 10% of cases. When
there was no random effect, we should not expect f_ 2 to be selected in preference to other
sensitivities. Based on comparing the values in Table 3.10 and Table 3.11, when o1/0 = 0,
the sensitivity f 2 was not included in every model that included one or more sensitivities.
As shown in the figure, as the random effect signal o1 /0 increased, the correct sensitivity was

included in the model in a high proportion of cases. The three panels in the figure show the
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Table 3.11: Proportion of cases where forward selection picked f ) when o1/c = 0 in the
experiment with one linear random effect. Results presented are for the regression using the
factor loading estimated from the one-factor MLFA-U model where v = 0 or v = 1. At each
step of the forward selection the 0.05 critical value of the test statistic was used. Based on 1600
MC replicates, the standard error of the estimated proportion was approximately 0.005.

p=10 p=25 p =50

n =0 y=1 vy=0 ~v=1 vy=0 =1
10 0.036 0.133 0.039 0.128 0.036 0.104
25 0.041 0.117 0.041 0.107 0.039 0.104
50 0.038 0.101 0.048 0.108 0.044 0.100

effect of increasing p; the correct sensitivity was picked more often when p was larger. In each
panel the dashed curves represent the cases where v = 0 and the dot-dash curves are for v = 1.
Different plotting symbols represent different levels of n. The correct sensitivity was selected in
a greater proportion of cases as n increased. The sensitivity f, ) was selected more often in the
presence of heteroscedasticity (7 = 1) than when within-subject variation was homoscedastic
(v = 0). To summarize briefly: when o1/0, n, and p were large, the forward selection procedure

tended to pick a model with one sensitivity that corresponded to the true random effect.

3.4.2 Two linear random effects

In this experiment there were two independent linear random effects. The first had large
standard deviation (o1/0 = 2). The second random effect had standard deviation oo where we
varied oy/0 from zero to two. The convergence rate for maximum likelihood estimation of the
two-factor MLFA-U model was above 97% in all cases. The convergence rate for the two-factor
MLFA-P model was 100%. We expect results to be similar to the case of one linear random
effect, except that power may tend to be lower because more parameters have to be estimated

in a model with two factors than in a model with one factor.
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Number of random effects

When n > p or when n < p (for the PCA test) we expect the likelihood ratio tests to maintain
size close to 0.05 and to readily reject the hypothesis of one common factor when o2/0 > 0.
When n ~ p asymptotic behavior cannot be expected. When v = 0 (homoscedastic within-
subject variance), the principal component and maximum likelihood factor analysis methods
should give similar results. When v > 0 we would expect the PCA test to reject the null
hypothesis even when there was only one common factor.

In the batched ANOVA of simulation results, the magnitude of -, the number of subjects
n, number of time points, p, the magnitude of the second random effect o/, and two-way
interactions of all four factors, explained 76% of the variation in power of the PCA test. The
signal, o9/0, magnitude of ~, and interaction between these two factors explained 94% of

variation in the power of the MLFA-U test.
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Figure 3.13: Estimated power of the PCA test for 1 common factor when p = 25 and there were
two linear random effects. Nominal size of the test was 0.05. Based on 1600 MC replicates, the
standard error of estimated power was less than 0.0125.
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Figure 3.13 shows estimated power of the PCA test against the magnitude of the second
random effect signal o2/ when p = 25. Results for p = 10 and p = 50 were similar to those
presented in the figure except for a slight increase in power as p increased for cases where
Uy > 0. The three panels in the figure show the effect of a different number of subjects, n,
for fixed p. As n increased, power increased. The three curves in each panel represent power
for different amounts of within-subject heteroscedasticity: v = 0 (homoscedastic within-subject
variance), v = 0.5, or v = 1.

Table 3.23 gives estimated size of the PCA test at v, = 0 when v = 0 for different values
of n and p. When n was much larger than p, or p was much larger than n, then test had
approximately the correct size (0.05) when v = 0. When the ratio of n to p was closer to one,
the size was larger than the nominal value. Clearly when n = p (center panel in the figure
and diagonal in the table), the large-p asymptotics cannot be leaned on and the PCA test was
not useful. As anticipated, when v > 0, the PCA test rejected the hypothesis that there was
one principal component too often and would not be useful in the presence of heteroscedastic
within-subject variance. In most cases, when v = 0 and n < p or n > p, the test had greater
than 80% power to detect a random effect with o9/0 = 2, although as expected, the test was
less powerful when there were two linear random effects than when there was one linear random

effect.

Table 3.12: Estimated size of the PCA test for 1 common factor when v = 0 and there were
two linear random effects, the second one with oo/c = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.

p
n 10 25 50

10 0.287 0.043 0.052
25 0.071 0.889 0.072
50 0.048 0.098 1.000
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Figure 3.14: FEstimated power of the MLFA-U test for 1 common factor when n > p and there
were two linear random effects. Nominal size of the test was 0.05. Based on 1600 MC replicates,
the standard error of estimated power was less than 0.0125.

Figure 3.14 presents the power curves for the MLFA-U test for the cases where n > p. The
size of the test was close to the nominal 0.05 level when n = 50 and p = 10. When the ratio of
n to p was closer to one, the size of the test was larger than the nominal level (see Table 3.13).
Except in the case where v = 0, n = 25 and p = 10, the test had greater than 90% power to
detect a second random effect with o3/ = 1 or larger. For o3/0 > 0, power increased with
increasing n and p. Interestingly, power to reject the hypothesis of one common factor increased
with increasing v. When n > p and the within-subject variation was homoscedastic (v = 0),

the PCA and MLFA-U tests had approximately the same power.

Test for homogeneous variance

For the likelihood ratio tests comparing the fits of the MLFA-H, MLFA-U, and MLFA-P models,
we expect the chi-squared approximation of the null distribution to be adequate when n is large

relative to p. More parameters (p — 2 more) are estimated in fitting the MLFA-U model than
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Table 3.13: Estimated size of the MLFA-U test for 1 common factor when n > p and there were
two linear random effects, the second one with o9/c = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.

Y
n op 0.0 0.5 1.0

25 10 0.068 0.064 0.058
50 10 0.050 0.058 0.059
50 25 0.096 0.096 0.094

in fitting the MLFA-P model, and so we expect that the test based on the MLFA-P model may
have size closer to the nominal level of 0.05 than the test based on the MLFA-U model. Power
to reject the hypothesis of homoscedasticity should increase with increasing .

The magnitude of v, p, n, and two-way interactions between these factors explained 94% of
variation in the power to reject the hypothesis of homoscedasticity by comparing the MLFA-H
model with the unrestricted MLFA-U model. The magnitude of v explained 96% of variation
in power of the test comparing the MLFA-H model with the MLFA-P model. Since magnitude
of the second random effect signal did not have a large impact, we have presented results only
for o03/0 = 0.5 in Figure 3.15.

In all cases, the size of the test comparing the homoscedastic model to the unrestricted
MLFA-U model was larger than the nominal level of 0.05 (see Table 3.14). When n = 10 or
n = 25, the MLFA-U test was close to useless, rejecting the hypothesis that v = 0 in 85% of
cases when n = 10 and p = 50. The test comparing the homoscedastic model to the MLFA-P
performed better, although its size was larger than the nominal level in all cases except where
n = 50 and p = 50. Compared with the results when there was a single linear random effect,
when there were two random effects, the null distributions were less well approximated by the
asymptotic chi-squared distribution. When n > 10 or p > 10 the test based on the MLFA-P

model had greater than 90% power to detect heteroscedasticity when v was as large as 0.5.
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Figure 3.15: Estimated power of the likelihood ratio tests for Hy: v = 0 when there were two
linear random effects and o9/ = 0.5. The first test compared the homoscedastic factor model
with the unrestricted model MLFA-U. The second test compared the homoscedastic model with
the power model MLFA-P. Nominal size of the test was 0.05. Based on 1600 MC replicates, the
standard error of estimated power was less than 0.0125.

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(eij) = 02/@7
by fitting the two-factor MLFA-P model. On average, the bias in 4 was approximately zero.
In the batched ANOVA, all simulation factors and their interactions explained less than 10%
of variation in the bias of 4. The estimate of ¢? was smaller on average than the true value of
0.0001. Bias of 5% was larger in this experiment than when there was only one random effect.
The number of subjects n, the magnitude of the random effect, o9/0, and 7 explained 65%
of variation in bias of 52 (the ANOVA with all main effects and interactions explained 67%
of variation). Figure 3.16 shows the mean estimate of 6> when p = 10 for different values of

n, v and o9/0. The pattern was similar for p larger than 10. The three panels in the figure
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Table 3.14: Estimated size of the likelihood ratio tests for Hy: v = 0 when there were two linear
random effects and oo/o = 0.5. The first test compared the homoscedastic factor model with the
unrestricted model MLFA-U. The second test compared the homoscedastic model with the power
model MLFA-P. Nominal size of the test was 0.05. Based on 1600 MC replicates, the standard
error of estimated size was approximately 0.005.

MLFA-U MLFA-P
n p=10 p=25 p=>50 p=10 p=25 p=>50
10 0.424 0.698  0.856 0.138 0.141 0.114

25 0.169  0.232  0.260 0.073  0.077  0.069
50 0.137  0.114  0.117 0.070  0.068  0.049

show the effect of increasing n for fixed p; bias decreased with increasing n. The three curves
in each panel represent the mean estimate of o2 for each setting of v. On average, bias in 2

was smaller when the second random effect signal was large (02/0 = 2) or when v = 1.

Selecting random effects

We used multivariate forward selection to identify the correct random effect loading functions
from amongst several possible predictors, with the first two PCA or factor loadings as mul-
tivariate response variables. The three candidate predictors were proportional to the three

sensitivity functions of the O2C model,

falt) = exp(—wMt) — exp(—w@t)
o) = —at exp(—w(l)t)
foo () = —(1—a)texp(-w®t).

The true loadings function, AV, of the first random effect was proportional to f@. The true
loadings function, A2 of the second random effect was proportional to fa- When o9/0 =0, the

forward selection should select a model with one sensitivity corresponding to the first random
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Figure 3.16: Mean estimate of o from fitting the two-factor MLEA-P model when there were
two linear random effects and p = 10. The true value of 0% was le—4. Based on analyzing the
simulation data in batches of 10, we estimated the standard error of each plotted MC mean to
be less than 2e—6.

effect (f,2)). As oa/0 gets larger, the forward selection should additionally select the sensitivity
fo in a high proportion of cases. Since the candidate predictors (parameter sensitivities) are
not orthogonal, we might expect the incorrect sensitivity to be selected in more cases than if all
the sensitivities were orthogonal. We would expect the power to select the correct sensitivity
to increase with p, the number of time points (also the number of rows in the multivariate
regression model). Power should also increase with n because the estimator of the loadings
should become more precise with larger n.

The multivariate regression results based on the MLFA-U and the MLFA-P models were
very similar. The results for the PCA analysis were similar to the MLFA results when ~ = 0.
When v > 0 and the second random effect signal was small (02/0 = 0.25), multivariate forward
selection based on the PCA loadings selected a smaller model than when selection was based

on the MLFA-U or MLFA-P loadings. For the sake of brevity, we present results only for the
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unrestricted MLFA-U model.

The sensitivity f 2 corresponding to the first random effect was included in the multivariate
regression model in almost all cases. The magnitude of the second random effect (o2/0),
magnitude of , number of time points (p), number of subjects (n), and two-way interactions
of these factors explained 94% of the variation in the mean number of random effects selected,
and 93% of the variation in the proportion of times that the sensitivity f, (corresponding to
the second random effect) was selected.

Figure 3.17 displays the mean number of sensitivities selected by multivariate forward se-
lection based on the factor loading estimated from the two-factor MLFA-U model. We have

only presented the results for v = 0 and v = 1. As the random effect signal o9/0 increased,
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Figure 3.17: Mean number of sensitivities selected by multivariate forward selection when there
were two linear random effects. Results presented are for the regression using the factor loadings
estimated from the two-factor MLFA-U model wherey = 0 ory = 1. At each step of the forward
selection the 0.05 critical value of the test statistic was used. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each plotted MC mean to be less than
0.015.
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Table 3.15: Mean number of sensitivities included by forward selection in the experiment with
two linear random effects when oo/0 = 0. Results presented are for the regression using the
factor loading estimated from the two-factor MLFA-U model where v =0 or~ = 1. At each step
of the forward selection the 0.05 critical value of the test statistic was used. Based on analyzing
the simulation data in batches of 10, we estimated the standard error of each MC mean to be
less than 0.015.

p=10 p=25 p =250

n y=0 ~v= 7y=0 ~r=1 =0 ~r=1
10 1.070 1.034 1.077 1.018 1.074  1.012
25 1.066 1.023 1.074  1.009 1.069 1.015
50 1.049 1.019 1.054 1.023 1.068 1.011

the mean number of sensitivities selected approached 2 (the true number of random effects).
When there was only one random effect (02/0 = 0), the mean model size chosen by the forward
selection procedure was slightly larger than one (see Table 3.15). The three panels in the figure
show the effect of increasing p; as expected, the mean number of sensitivities selected increased
toward 2 as p increased. In each panel the dashed curves are for the case where v = 0 and
the dot-dash curves are for v = 1. Different plotting symbols represent the different levels of
n. The mean number of sensitivities selected increased toward 2 as n increased. Except when
o9/o = 0, the forward selection procedure selected a larger model on average in the presence
of heteroscedasticity (7 = 1) than when within-subject variation was homoscedastic (v = 0).
Figure 3.18 shows the proportion of cases where multivariate forward selection picked the
sensitivity f, ) corresponding to the first random effect, and f, corresponding to the second
random effect. We have plotted results only for the case where n = 25. Results were similar for
other values of n, with a slight increase in selection proportion when n was larger. In all cases,
the sensitivity f, ) corresponding to the first random effect was selected in greater than 95% of
replicates. When there was only one random effect (02/0 = 0), the sensitivity f, corresponding

to the second random effect was selected in fewer than 5% of cases although the multivariate
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Figure 3.18: Proportion of cases where multivariate forward selection picked the correct sen-
sitiwities, f, 2 (dashed curves) and f, (dot-dash curves), when there were two linear random
effects. Results presented are for the regression using the factor loading estimated from the
one-factor MLFA-U model where n = 25. At each step of the forward selection the 0.05 critical
value of the test statistic was used. Based on 1600 MC' replicates, the standard error of each
plotted proportion was less than 0.0125.

forward selection used a 0.05-level critical value at each stage (see Table 3.16). When there
was only one random effect with loading proportional to f ), we should not expect f, to be
selected in preference to the other sensitivity (f u)). This may account for the smaller than
0.05 selection rate of f, when oo/0 = 0.

As the second random effect signal oy/0 increased, the sensitivity f, was included in the
model in an increasing proportion of cases. The three panels in the figure show the effect of
increasing p; the sensitivity corresponding to the second random effect was picked more often
when p was larger. In each panel the different plotting symbols represent different levels of ~.
The sensitivity f, was selected more often when v was larger.

It is interesting to compare Figure 3.18 for the experiment with two linear random effects,
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Table 3.16: Proportion of cases where forward selection picked f, in the experiment with two
linear random effects with oa/o = 0. Results presented are for the regression using the factor
loading estimated from the one-factor MLFA-U model. At each step of the forward selection
the 0.05 critical value of the test statistic was used. Based on 1600 MC replicates, the standard
error of the estimated proportion was approximately 0.005.
p=10 p =25 p =50

n y=0 y=3 y=1 4=0 =3 =1 =0 y=3 y=1

10 0.028 0.025 0.023 0.037 0.021 0.013 0.032 0.019 0.008

25 0.033 0.027 0.018 0.030 0.028 0.008 0.032 0.016 0.011

50 0.018 0.024 0.013 0.029 0.024 0.018 0.034 0.016 0.010

to Figure 3.12 for the experiment with a single linear random effect. For a given magnitude of
random effect signal, the sensitivity corresponding to the second random effect was selected in
fewer cases than was the sensitivity corresponding to the first random effect in the experiment
with just one linear random effect.

To summarize the multivariate regression results briefly: when oy/0, n, and p were large,
the forward selection procedure tended to pick a model with two sensitivities that corresponded
to the true random effects. Power to detect a second random effect in the presence of another

large random effect was lower than power to detect a single random effect.

3.5 Simulation results: example B

The first simulation experiment of example B had a single nonlinear random effect on the rate
parameter 6(2) in parameterization f* of equation (3.3). The standard deviation of this random
effect was vs|0®)| where we varied vs from zero to 0.1. The second experiment generated
data based on the parameterization f in equation (3.2). This experiment had two independent
random effects. The first was on the linear scale parameter, o, and had large standard deviation,

Vo], where v, = 0.4. The second random effect was on the rate parameter w®, with standard
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deviation vw\w(2)| where v, varied from zero to 0.4.

We present results for these two experiments in Sections 3.5.1 and 3.5.2 below. We expect
the results to play out a little differently than was seen in example A, where random effects were
linear. In the simulation experiments, when data were generated with k£ random effects we fitted
a model with k£ common factors or principal components. When the magnitude of the nonlinear
random effect standard deviation becomes large, the first-order linear approximation that our
methods rely on will be poor. For a large nonlinear random effect, a second-order approximation
that includes quadratic functions of the random effects may be required; i.e., a model with more
than k& common factors or principal components may be necessary to adequately capture the
between-subject variation.

As a consequence, if there is one nonlinear random effect, our tests may declare a model
with one principal component or one common factor to be inadequate. For nonlinear random
effects, the number of common factors or principal components apparent in the data may be
larger than the actual number of random effects. When a model with k£ factors or principal
components is fitted for data with & large nonlinear random effects, estimates of the within-
subject variation (specific variances) will tend to be too large, and will possibly be confounded by
unexplained between-subject variation (the quadratic terms in the second-order approximation).
As a result, our tests for detecting departure from within-subject homoscedasticity may reject
the null hypothesis too often when it is true.

In the multivariate regression, we have included relevant second-order sensitivities as can-
didate predictors, and would expect these to be selected in addition to the correct first-order

sensitivities when the nonlinear random effects become large.

3.5.1 One nonlinear random effect

The convergence rate for maximum likelihood estimation of the one-factor MLFA-U model
was above 99% in all cases. The convergence rate of maximum likelihood estimation for the

one-factor MLFA-P model was 100%.
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Number of random effects

We expect the power of the likelihood ratio tests to reject the hypothesis of no common factors,
to increase with the random effect signal, vs, and to have size close to the nominal level of
0.05 when vs = 0 (no random effect) and n > p or n < p (for the PCA test). When n ~ p
asymptotic behavior cannot be expected. Since the signal of the nonlinear random effect is
different from the signal of the linear random effect in example A, it is difficult to compare
the power for a linear versus nonlinear random effect. However, we might expect higher power
for a nonlinear random effect than for a linear random effect, when second-order effects of the
nonlinear random effect become larger for large vs. When v = 0 (homoscedastic within-subject
variance), the principal component and maximum likelihood factor analysis methods should
give similar results. When v > 0 we would expect the PCA test to reject the null hypothesis
even when there were no common factors.

In the batched ANOVA of simulation results, the magnitude of the random effect (vs), the
magnitude of v, the number of subjects (n), and two-way interactions between these factors
explained 74% of the variation in power of the PCA test. The magnitude of the random effect
(vs) explained 99% of the variation in the power of the MLFA-U test.

Figure 3.19 displays the estimated power of the PCA test as a function of the magnitude

of the random effect signal, vs, when p = 25. Results for p = 10 and p = 50 were similar to

Table 3.17: Estimated size of the PCA test for 0 common factors when v = 0 and there was
one nonlinear random effect in the O2C model with vs = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approzimately 0.005.

p
n 10 25 50

10 0.176 0.031 0.048
25 0.034 0.807 0.048
50 0.041 0.054 0.999
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Figure 3.19: Estimated power of the PCA test for 0 common factors when p = 25 and there
was one nonlinear random effect in the O2C model. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.

those presented in the figure except for a slight increase in power as p increased for cases where
vs > 0. The three panels in the figure show the effect of a different number of subjects n for
fixed p. As n increased, power increased. The three curves in each panel represent power for
different amounts of within-subject heteroscedasticity: 7 = 0 (homoscedastic within-subject
variance), v = 0.5, or v = 1. When v = 0 and n < p or n > p, the test had approximately
the correct size (0.05) when vs = 0. Table 3.17 gives estimated size of the PCA test at v; =0
when v = 0 for different values of n and p. As in the linear example, when n = p (center panel
in the figure and diagonal in the table), the large-p asymptotics cannot be leaned on, and the
PCA test was not useful. As anticipated, when v > 0, the PCA test rejected the hypothesis
that there were no principal components too often. When v =0 and n < p or n > p, the test
had greater than 80% power to detect a random effect with vs as small as 0.0125.

Figure 3.20 presents the power curves for the MLFA-U test for the cases where n > p. The
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Figure 3.20: Estimated power of the MLFA-U test for 0 common factors when n > p and there
was one nonlinear random effect in the O2C model. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.

size of the test was close to the nominal 0.05 level except in the cases when n = 50 and p = 25

where the test rejected the hypothesis of no common factors in approximately 8% to 10% of

replicates (see Table 3.18). In all cases where n > p, the test had greater than 90% power to

Table 3.18: Estimated size of the MLFA-U test for 0 common factors when n > p and there was
one nonlinear random effect in the O2C model with vs = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.

v

D 0.0 0.5 1.0

25
50
50

10 0.049 0.054 0.056
10 0.055 0.058 0.050
25 0.084 0.081 0.097
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Figure 3.21: FEstimated power of the likelihood ratio tests for Hy: v = 0 when there was one
nonlinear random effect in the O2C model with vs = 0.025. The first test compared the ho-
moscedastic factor model with the unrestricted model MLFA-U. The second test compared the
homoscedastic model with the power model MLFA-P. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.

detect a random effect with vs as small as 0.0125, and there was little effect of n, p or v on
power for this amount of random effect signal. When n > p and the within-subject variation

was homoscedastic (7 = 0), the PCA and MLFA-U tests had approximately the same power.

Test for homogeneous variance

For the likelihood ratio tests comparing the fit of the MLFA-H, MLFA-U, and MLFA-P models,
we expect the chi-squared approximation of the null distribution to be adequate when n is large
relative to p. More parameters (p — 2 more) are estimated in fitting the MLFA-U model than
in fitting the MLFA-P model, and so we expect that the test based on the MLFA-P model

may have size closer to the nominal level of 0.05 than the test based on the MLFA-U model.
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Table 3.19: FEstimated size of the likelihood ratio tests for Hy: v = 0 when there was one
nonlinear random effect in the O2C model. The first test compared the homoscedastic factor
model with the unrestricted model MLFA-U. The second test compared the homoscedastic model
with the power model MLFA-P. The table reports results for vs = 0.0125 or 0.1. Nominal size
of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated size was
approximately 0.005.

p =10 p =25 p =50

n  v;=0.0125 wv;=0.1 v5=0.0125 wv5=0.1 v5=0.0125 ©v5=0.1
MLFA-U

10 0.231 0.262 0.352 0.359 0.432 0.524

25 0.100 0.348 0.091 0.439 0.129 0.541

50 0.084 0.591 0.084 0.695 0.083 0.805
MLFA-P

10 0.091 0.102 0.076 0.084 0.077 0.092

25 0.056 0.092 0.049 0.079 0.054 0.071

50 0.054 0.096 0.060 0.086 0.059 0.086

Power to reject the hypothesis of homoscedasticity should increase with increasing . As the
magnitude of the nonlinear random effect increases, we expect that the one-factor models will
fail to explain between-subject variation adequately. As a result, we expect the tests to reject
the null hypothesis more often than the nominal 0.05 level for v = 0 when vy is large.

The number of time points (p), and two-way interactions between magnitude of ~, number
of subjects (n), and random effect signal (vs), explained 91% of variation in the power of the
test comparing the MLFA-H to the MLFA-U model. The magnitude of v explained 97% of
the variation in the power of the test comparing the fit of the MLFA-H model with that of the
MLFA-P model.

In all cases, the size of the test comparing the homoscedastic model to the unrestricted
model MLFA-U was significantly larger than the nominal level of 0.05. Size of both tests

increased in the presence of large random effect signal; this was especially noticeable for the
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Figure 3.22: Mean estimate of v from fitting the one-factor MLFA-P model when there was one
nonlinear random effect in the O2C model. The figure plots the case where n = 50 and p = 25.
The true value of v is given by the dotted horizontal lines. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each plotted MC mean to be less than
0.003.

MLFA-U test. Estimated size for both tests is presented in Table 3.19 for small random effect
variation (vs = 0.0125) and large random effect variation (vs = 0.1). The test comparing
the homoscedastic model to the power model MLFA-P performed better, although its size was
larger than the nominal level when n = 10 and in the presence of a large nonlinear random
effect. The magnitude of the random effect signal did not have a large impact on power (for
~v > 0), so we have presented estimated power only for vs = 0.025 in Figure 3.21. When n > 10
or p > 10 the MLFA-P test had greater than 90% power to detect heteroscedasticity when ~

was as large as 0.5.

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(eij) = Jz,u?’ by

fitting the one-factor MLFA-P model. On average, the bias in 4 was approximately zero except
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Figure 3.23: Mean estimate of o from fitting the one-factor MLFA-P model when there was
one nonlinear random effect in the O2C model and p = 25. The true value of 6 was le—A4.
Based on analyzing the simulation data in batches of 10, we estimated the standard error of
each plotted MC mean to be less than 2e—6.

when the nonlinear random effect was large (vs = 0.1) and 4 = 1. In this case the maximum
likelihood estimator of v was too small. The interaction between v and random effect signal
explained 82% of the variation in bias of 4 (all simulation factors and their interactions explained
85% of variation). Figure 3.22 displays the mean of 7 plotted against vs for different values of
~ in the case where n = 50 and p = 25.

The estimate of 02 was smaller on average than the true value of 0.0001 except when
vs = 0.1. In this case the estimate of 0 was substantially larger than the true value. When
the nonlinear random effect was large, the MLFA-P model with one common factor did not
adequately explain the between-subject variation. The interaction between magnitude of the
random effect (vs) and magnitude of v, and the number of subjects (n) explained 82% of the
variation in bias of 52 (all simulation factors and their interactions explained 88% of variation).

Figure 3.23 illustrates the pattern in the estimate of o for p = 25. The pattern was similar for
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other values of p. The three panels in the figure show the effect of increasing n for fixed p; the
estimate of o2 increased with increasing n. The three curves in each panel represent the mean
estimate of o2 for each setting of ~. Bias in 2 in the presence of the large nonlinear random

effect was smallest when v = 0.

Selecting random effects and an appropriate parameterization

We used the exact test where where the j-th element of k was the sensitivity function of the

actual random effect, evaluated at t;,

Kj X fg(g) (tj)) =—(1—a)t; exp(—5(2)t]~) { exp(—5(1)tj) + 1} )

l1—a

We present results for the test based on the PCA analysis; results for the tests based on the
estimated factor loading for the one-factor MLFA-U and MLFA-P models were virtually indis-
tinguishable from those based on the first principal component loading. Since the test is based
on the exact distribution of the first principal component loading under the null hypothesis,
we expect the test to have the nominal size (0.05) when vs = 0 and v = 0. The power should
increase for increasing signal vs > 0. Sample size (n) and number of time points (p) should have

no effect on size of the test when v = 0, but may affect power when the alternative hypothesis

Table 3.20: Estimated size of the PCA exact test for a random effect on 5 when there was
one nonlinear random effect in the O2C model with vs = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.
p=10 p=25 p =50
n y=0 y=3 y=1 4=0 =3 =1 =0 y=3 y=1
10 0.049 0.016 0.002 0.051 0.007 0.001 0.049 0.013 0.001
25 0.046 0.005 0.000 0.048 0.005 0.000 0.061 0.003 0.000

50 0.051 0.002 0.000 0.043 0.003 0.000 0.058 0.001  0.000
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Figure 3.24: Estimated power of the PCA ezact test when there was one nonlinear random effect
in the O2C model and n = 10,p = 25. This test rejects Hy: X = O'2Ip i favor of one random
effect with sensitivity function fi,, . Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated power was less than 0.0125.

is true. When v > 0, the principal component model that assumes homogeneous within-subject
variance is incorrect, and we would expect size and power of the test to deviate somewhat from
those in the case where v = 0.

The interaction between magnitude of the random effect (vs) and magnitude of v explained
over 99% of the variation in power of the PCA exact test. Table 3.20 gives the size of the
test under the null hypothesis. When v = 0 (homoscedastic case) the size was not significantly
different from the nominal 0.05 level regardless of n and p. However when v > 0, the size was
smaller than 0.05. This is different from the simulation with one linear random effect, but since
vs = 0 for cases in the table, this difference cannot be explained by the nonlinear random effect,
but rather the different sensitivity functions used in the linear and nonlinear examples.

In Figure 3.24 we present estimated power of the PCA exact test to detect a random effect
with sensitivity function ff., (the true random effect). We only present power for the case

where n = 10 and p = 25 since n and p did not have have much effect on the power of the
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exact test for the levels of vs examined. Power increased rapidly for increasing random effect
magnitude. In all cases the exact test had greater than 90% power to detect the true random
effect when the magnitude of random effect variation was given by vs = 0.0125. The three
curves in the figure show power for different amounts of within-subject heteroscedasticity, ~.
As seen in Table 3.20, the effect of increasing v was decreased size at vs = 0.

We used multivariate forward selection, with the first PCA or factor loading as response
variable, to identify the first- and second-order sensitivity functions corresponding to the correct
nonlinear random effect from amongst several possible predictors. For parameterization f*
we considered the following sensitivity functions, including a second-order sensitivity for the

parameter §(2),

) = exp{—(00 +5@)t} - exp(—5))

fsm(t) = —at exp{—((i(l) 4 (5(2))t}
fio(t) = —(1—a)texp(—6Pt) { 1 f exp(—6WMt) + 1}
Fser (1) = at®expf{—=(8M 4+ 6P} + (1 — )t exp(—=5)).

When vs > 0, we would expect the forward selection to pick a model including f§(2). As vg
becomes large, we would expect the second-order sensitivity f;‘(z) sz to be included too.

The random effect on 62 induced two correlated random effects on parameters w™®) and w(?)
in the alternative parameterization f of equation (3.2). We also used multivariate regression

to select sensitivities for the parameterization f. We included the following sensitivities and
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second order sensitivities as candidates for the parameterization f,

falt) = exp(—wMt) — exp(—w®t)

foo@t) = —atexp(—wi)

fonr(t) = —(1—a)texp(—w®t)
fomum () = at?exp(—wMi)
foou@ () = (1—a)t*exp(-w?t).

We did not include the second-order sensitivity f, ), which is the zero function. For vs > 0 we
would expect the multivariate regression model to include the two sensitivities f, 1) and f, ). As
vs becomes large, the second-order sensitivities f_),a) and f ) may also be included. We
distinguished between the appropriateness of the two parameterizations based on the number
of sensitivities selected for each, and the trace correlation rp of the selected models. The more
appropriate parameterization should have give a smaller multivariate regression model, and/or
larger trace correlation. We expect that a smaller model should be selected for parameterization
f* than for parameterization f, indicating that the true data generating model was based on
I

The multivariate regression results based on the PCA, the MLFA-U and the MLFA-P models
were very similar. We present results only for the unrestricted MLFA-U model. On average
the trace correlation of the selected model did not differ for the parameterizations f* and f.
The main effects of the magnitude of the random effect (vs), the magnitude of v, number of
subjects (n), and number of time points (p) explained 94% of the variation in the mean number
of sensitivities selected for the true parameterization, f*, and 95% of the variation in the mean
number selected for the alternative one, f. For the sake of brevity, we present results only for
the cases where v = 0 or v = 1. Figure 3.25 summarizes the mean number of sensitivities

included in the multivariate regression models for parameterizations f* and f. The plots on
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the lower row are for v = 0, with v = 1 on the upper row. As was the case with one linear
random effect, a larger model was selected in the presence of heteroscedasticity than when

within-subject variation was homoscedastic. The effect of n, the number of subjects, is shown
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Figure 3.25: Mean number of sensitivities selected by multivariate forward selection when there
was one nonlinear random effect in the O2C model. Results presented are for the parameteri-
zations f* (true) and f (alternate), and the regression using the factor loading estimated from
the one-factor MLFA-U model where v = 0 or v = 1. At each step of the forward selection
the 0.05 critical value of the test statistic was used. Based on analyzing the simulation data in
batches of 10, we estimated the standard error of each plotted MC mean to be less than 0.02.
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by the three panels in each row of the figure. As n increased, the average model size increased.

Within each panel the dashed curves show the mean size of the selected model for the
true parameterization f*. The dot-dash curves show the mean model size for the alternative
parameterization. On average, for vs > 0, fewer sensitivities were selected for the true parame-
terization f* than for the alternative parameterization f. The different plotting symbols in each
panel show the effect of increasing p, the number of time points. As p increased, the average
size of the selected model increased. When the nonlinear random effect was small, forward
selection picked a single sensitivity for the true parameterization f*, but picked a larger model
for parameterization f, especially when p, n or v were large. As the magnitude of the random
effect increased, a second or third sensitivity was included for f*, and additional sensitivities
were also included for the parameterization f.

Table 3.21 summarizes the mean number of sensitivities selected for the true parameteriza-
tion f* when there was no random effect (vs = 0). When ~ = 0, multivariate forward selection
picked a model with one or more sensitivities slightly more often than might be expected by
the 0.05 nominal level of the tests at each stage of the forward selection. In the presence of

heteroscedasticity (y = 1), one or more sensitivities were selected less often than we might

Table 3.21: Mean number of sensitivities included for the true parameterization f* by forward
selection for the experiment with one nonlinear random effect in the O2C model when vs = 0.
Results presented are for the regression using the factor loading estimated from the one-factor
MLFA-U model where v = 0 or v = 1. At each step of the forward selection the 0.05 critical
value of the test statistic was used. Based on analyzing the simulation data in batches of 10,
we estimated the standard error of each MC mean to be less than 0.015.

p=10 p =25 p =250
n =0 y=1 vy=0 ~v=1 y=0 ~v=1
10 0.082 0.029 0.082 0.021 0.083 0.019
25 0.070 0.036 0.078 0.029 0.087 0.016
50 0.063 0.027 0.069 0.021 0.080 0.022
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Table 3.22: Proportion of cases where forward selection picked f(;‘@) when vs = 0 in the ex-
periment with one nonlinear random effect in the O2C model. Results presented are for the
regression using the factor loading estimated from the one-factor MLFA-U model where v = 0
or v = 1. At each step of the forward selection the 0.05 critical value of the test statistic
was used. Based on 1600 MC replicates, the standard error of the estimated proportion was
approximately 0.005.

p=10 p =25 p =50

n 1=0 7= 7=0 =1 =0 =1
10 0.012 0.001  0.009 0.003  0.012 0.003
25 0.013 0.004  0.012 0.003  0.016 0.003
50 0.006 0.006  0.012 0.002  0.011 0.004

expect.

Next we examine which sensitivities from the true parameterization f* were selected. The
main effects of the simulation factors vg, v, n and p explained 96% of variation in the proportion
of times the sensitivity f7, was selected, and 84% of variation in the proportion of times fi@s2
was selected. These sensitivities correspond to the true random effect on §(2). Figure 3.26
plots the proportion of cases where multivariate forward selection picked these sensitivities.
The figure only shows the case where p = 25. Results for other values of p were similar,
but with higher proportion selected for larger values of p. When there was no random effect
(vs = 0), the sensitivity fs2) was selected in about 1% of cases when within-subject variation
was homoscedastic (7 = 0) (see Table 3.22), and in less than 0.5% of cases in the presence of
heteroscedasticity (v = 1).

As the random effect signal vy increased, the first-order sensitivity f5,, was included in the
model in an increasing proportion of cases (dashed curves). The second-order sensitivity fi252
(dot-dash curve) was included when the random effect magnitude became large. This confirms
that the factor analysis detected a common factor related to the square of the random effect

on 6@ when this random effect was large. The three panels in the figure show the effect of
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Figure 3.26: Proportion of cases where multivariate forward selection picked sensitivities corre-
sponding to a random effect on 52 in the O2C model. Results presented are for the regression
using the factor loading estimated from the one-factor MLFA-U model where v =0 or~y =1 and
p = 25. The dashed curves plot the proportion of times the sensitivity f§(2) was selected. The
dot-dash curves plot the proportion of times the second-order sensitivity f§(2>5(2> was selected.
At each step of the forward selection the 0.05 critical value of the test statistic was used. Based
on 1600 MC replicates, the standard error of each plotted proportion was less than 0.0125.

increasing n; the selection proportions increased when n was larger. Different plotting symbols
represent different levels of . The sensitivity functions were selected in higher proportions in

the presence of heteroscedasticity than when within-subject variation was homoscedastic.

3.5.2 Two random effects (one linear and one nonlinear)

In this experiment there were two independent random effects for parameterization f of equa-
tion (3.2). The first random effect on the linear scale parameter « had large standard deviation,

Vol where v, = 0.4. The second random effect on the nonlinear rate parameter w® had stan-
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dard deviation v,,|w®| where we varied v,, from zero to 0.4. The convergence rate for maximum
likelihood estimation of the two-factor MLFA-U model was above 95% except when v = 1 and
n = p = 10. In this case the convergence rate was between 85% and 90% with convergence
failing more often when v, = 0. The convergence rate for the two-factor MLFA-P model was
100%.

Since the large random effect on o was linear, we expect results for this experiment to
be similar to the case of two linear random effects when v, is small, but to play out a little
differently when v, is large. As in the experiment with one nonlinear random effect, when the
nonlinear random effect becomes large, the principal component and factor analyses may detect
additional common factors due to the need for second order terms in the approximation to the

stage-1 model. We also expect that the multivariate regression analysis will select second-order

sensitivities when v,, becomes large.

n
o — N <
o o o o
| | | | [ | | | [ | | | |
n=10, p=25 n=25, p=25 n=50, p=25
® 1.00 bk (A Al — 8 [ — b b -
8 0.80 ~ ! . n
“6 K o/ !
o 0.60 - ’ / / -
6 K // !
£040 ) / -
— . i
® 020 |4 /! / -
(@) _ -0
2 005 — @..’ ............................................................... o ............................... [ -
I I I I I I I I I I I I
o [Te) — N < o [Te) — (q\] <
o o o o o o o o
o o
Uy
--0- y=0 -A - y=05 ——+—- y=1

Figure 3.27: Estimated power of the PCA test for 1 common factor when p = 25 and there were
two random effects in the O2C model. Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated power was less than 0.0125.
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Number of random effects

When n > p or when n < p (for the PCA test), we expect the power of the likelihood ratio tests
to reject the hypothesis of one common factor to increase with v,, and, since the first random
effect was linear, to have size close to the nominal level of 0.05 when v,, = 0 (one random effect).
When n &~ p, asymptotic behavior cannot be expected. When v = 0 (homoscedastic within-
subject variance), the principal component and maximum likelihood factor analysis methods
should give similar results. When v > 0 we would expect the PCA test to reject the null
hypothesis even when there was only one common factor.

In the batched ANOVA of simulation results, the magnitude of v, magnitude of the second
random effect (v, ), the number of subjects (n), and two-way interactions between these factors
explained 72% of the variation in power of the PCA test. The magnitude of the second random
effect explained 95% of variation in power of the MLFA-U test.

Figure 3.27 plots estimated power of the PCA test against the magnitude of the second
random effect signal (v,) when p = 25. Results for p = 10 and p = 50 were similar to those
presented in the figure except for a slight increase in power as p increased for cases where v, > 0.
The three panels in the figure show the effect of a different number of subjects n for fixed p.

As n increased, power increased. The three curves in each panel represent power for different

Table 3.23: Estimated size of the PCA test for 1 common factor when v = 0 and there were
two random effects in the O2C model, the second one with v, = 0. Nominal size of the test

was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

p
n 10 25 50

10 0.296 0.043 0.047
25 0.061 0.885 0.062
50 0.053 0.096 1.000

145



Chapter 3. Simulation experiments: methods to explore the marginal covariance structure

amounts of within-subject heteroscedasticity: v = 0 (homoscedastic within-subject variance),
v = 0.5, or v = 1. Table 3.23 gives estimated size of the PCA test at v,, = 0 when v = 0 for
different values of n and p. When n was much larger than p, or p was much larger than n, the
test had approximately the correct size (0.05) when v = 0. When the ratio of n to p was closer
to one, the size was larger than the nominal value. When n = p (center panel in the figure
and diagonal in the table) the PCA test was not useful. As anticipated, when v > 0, the PCA
test rejected the hypothesis that there was one principal component too often and would not
be useful in the presence of heteroscedastic within-subject variance. When v =0 and n < p or
n > p, the PCA test had greater than 80% power to detect a random effect with v, = 0.2.
Figure 3.28 presents the power curves for the MLFA-U test for the cases where n > p. The
size of the test was close to the nominal 0.05 level when p = 10 and n = 25 or 50. When
n = 50 and p = 25, the size of the test was larger than the nominal level (see Table 3.24).
In all cases where n > p, the MLFA-U test had greater than 90% power to detect a second
random effect with v, = 0.1 or larger. For v, > 0, power increased with increasing n and p.
Power to reject the hypothesis of one common factor increased with increasing v. When n > p
and the within-subject variation was homoscedastic (7 = 0), the PCA and MLFA-U tests had

approximately the same power.

Table 3.24: Estimated size of the MLFA-U test for 1 common factor when n > p and there were
two random effects in the O2C model, the second one with v, = 0. Nominal size of the test

was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

~
nop 0.0 0.5 1.0

25 10 0.054 0.053 0.061
50 10 0.048 0.049 0.051
50 25 0.093 0.104 0.086
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Figure 3.28: FEstimated power of the MLFA-U test for 1 common factor when n > p and there
were two random effects in the O2C model. Nominal size of the test was 0.05. Based on 1600
MC replicates, the standard error of estimated power was less than 0.0125.

Test for homogeneous variance

For the likelihood ratio tests comparing the fit of the MLFA-H, MLFA-U, and MLFA-P models,
we expect the chi-squared approximation of the null distribution to be adequate when n is large
relative to p. More parameters (p — 2 more) are estimated in fitting the MLFA-U model than
in fitting the MLFA-P model, and so we expect that the test based on the MLFA-P model may
have size closer to the nominal level of 0.05 than the test based on the MLFA-U model. Power
to reject the hypothesis of homoscedasticity should increase with increasing +.

The magnitude of v, n, p, and the interaction between n and v explained 87% of the variation
in power to reject the hypothesis of homoscedasticity by comparing the MLFA-H model with the
MLFA-U model. For the test comparing the MLFA-H and the MLFA-P models, the magnitude
of v explained 95% of variation in power. Table 3.25 presents size of the tests for small random

effect (v, = 0.05) and large random effect (v,, = 0.4).
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Figure 3.29: Estimated power of the likelihood ratio tests for Hy: v = 0 when there were two
random effects in the O2C model and v, = 0.1. The first test compared the homoscedastic
factor model with the unrestricted model MLFA-U. The second test compared the homoscedastic
model with the power model MLFA-P. Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated power was less than 0.0125.

In all cases, the size of the test comparing the homoscedastic model to the unrestricted
model MLFA-U was significantly larger than the nominal level of 0.05 (see Table 3.25), making
this test close to useless. Size was increased by a large random effect signal. The test comparing
the homoscedastic model to the power model MLFA-P performed better, although its size was
significantly larger than the nominal level when there was a large random effect. It is possible
that the size of the MLFA-P test would have been closer to the nominal level if we had fitted
a factor model with more than two factors when the random effect variation was large. In the
presence of a small random effect, the size of the test approached the nominal 0.05 level as n
increased.

Since magnitude of the second random effect signal did not have a large impact on power
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Table 3.25: FEstimated size of the likelihood ratio tests for Hy: v = 0 when there were two
nonlinear random effects in the O2C model. The first test compared the homoscedastic factor
model with the unrestricted model MLFA-U. The second test compared the homoscedastic model
with the power model MLFA-P. The table reports results for v, = 0.05 or 0.4. Nominal size
of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated size was
approximately 0.005.

p=10 p=25 p =50

n v,=0.05 v,=04 v,=0.05 v,=04 v,=0.05 v,=04
MLFA-U

10 0.439 0.409 0.640 0.578 0.777 0.742

25 0.183 0.354 0.191 0.374 0.223 0.494

50 0.080 0.544 0.089 0.580 0.098 0.658
MLFA-P

10 0.141 0.166 0.109 0.159 0.102 0.159

25 0.089 0.203 0.059 0.203 0.071 0.236

50 0.059 0.342 0.058 0.339 0.060 0.403

for v > 0, we have presented results only for v, = 0.1 in Figure 3.29. When n > 10 or p > 10
the test based on the MLFA-P model had greater than 90% power to detect heteroscedasticity

when v was as large as 0.5.

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(eij) = 02/1,57

by fitting the two-factor MLFA-P model. On average, the bias in 7 was approximately zero
except when the nonlinear random effect was large (v, > 0.2). In these cases the maximum
likelihood estimator of v was too large. The interaction between the magnitude of v and v,
explained 78% of variation in bias of 4 (all simulation factors and their interactions explained
84% of variation). Figure 3.30 plots the mean of 5 against v,, for values of 7 in the case where

n = 50 and p = 25. Bias in 4 was slightly larger for larger n and smaller p.
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The estimate of o2 was smaller on average than the true value of 0.0001 except when
v, = 0.4. In this case the estimate of 02 was substantially larger than the true value. When
the nonlinear random effect was large, two factors in the MLFA-P model did not adequately
explain the between-subject variation due to the large nonlinear random effect. The magnitude
of the random effect (v,,), 7, the number of time points (p), and two-way interactions between
these factors had the largest effect, explaining 36% of variation in bias of 7 (all simulation
factors and their interactions explained 40% of variation). Figure 3.31 illustrates the pattern in
the estimate of o2 for n = 25 (note the log scale on the y-axis). The three panels in the figure
show the effect of increasing p for fixed n; bias when v,, = 0.4 decreased with increasing p. The
three curves in each panel represent the mean estimate of o for each setting of . Bias in o2
in the presence of the large nonlinear random effect was smallest when v = 0.

The over-estimation of 02 and v in the case of a large nonlinear random effect suggests that

the two-factor model did not adequately explain between-subject variation when v, was large.
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Figure 3.30: Mean estimate of v from fitting the two-factor MLFA-P model when there were
two random effects in the O2C model. The figure plots the case where n = 50 and p = 25. The
true value of v is given by the dotted horizontal lines. Based on analyzing the simulation data
in batches of 10, we estimated the standard error of each plotted MC mean to be less than 0.007.
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Figure 3.31: Mean estimate of o from fitting the two-factor MLFEA-P model when there were
two random effects in the O2C model and n = 25. The true value of 0> was le—4. Based on
analyzing the simulation data in batches of 10, we estimated the standard error of each plotted
MC mean to be less than le—6.

A model with three or more factors (to account for the second-order terms in the approximation

of the stage-1 model) may have given a better fit.

Selecting random effects

We used multivariate forward selection, with the first two PCA or factor loadings as response
variables, to identify the first- and second-order sensitivity functions corresponding to the cor-
rect random effects from amongst several possible predictors. For parameterization f we consid-

ered the following sensitivity functions, including a second-order sensitivity for the parameter
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W@,

falt) = exp(—wMt) — exp(—w®t)

foo@) = —atexp(—wi)

fon(t) = —(1—a)texp(—w®t)
ooy (@) = (1 —a)t?exp(—w®t).

The second-order sensitivity f, ) is proportional to f 2 and so we did not include this
as a candidate predictor. We also did not include the second-order sensitivity f, a),a) as a
candidate because there was not a good reason to expect this to be selected, except because of
non-orthogonality of the different sensitivities.

When v,, = 0 the forward selection should select a model with one sensitivity, f,, corre-
sponding to the linear random effect on a. As v, gets larger, the forward selection should
additionally select the sensitivity f ) in a high proportion of cases. As mentioned in the
previous sections, when the nonlinear random effect was large, the two-factor model may not
adequately capture the between-subject variation in the data because of second-order terms in
the approximation to the stage-1 model. However, we would still expect the forward selection
procedure based on two common factors to pick the second-order sensitivity f 2,2 in an in-
creasing proportion of cases as v, becomes large. As in the linear case, we would expect the
power to select the correct sensitivity to increase with the number of time points (p), and with
the number of subjects (n).

The multivariate regression results based on the PCA, MLFA-U and the MLFA-P models
were very similar, and for the sake of brevity we present results only for the MLFA-U analysis.
The main effects of the four simulation factors (v, v, p, and n) explained 93% of variation
in the mean number of sensitivities selected. Figure 3.32 summarizes the mean number of

sensitivities included in the multivariate regression model when n = 25. When v, = 0, a
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Figure 3.32: Mean number of sensitivities selected by multivariate forward selection when there
were two random effects in the O2C model. Results presented are for the regression using the
factor loadings estimated from the two-factor MLFA-U model where n = 25. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on analyzing
the simulation data in batches of 10, we estimated the standard error of each plotted MC mean
to be less than 0.015.

model with one sensitivity was selected in most cases (see Table 3.26). As the magnitude of the
random effect on w® increased, a larger model with two sensitivities was selected on average.
When the nonlinear random effect became large (v, > 0.2) the procedure selected a model
with three or more sensitivities in an increasing number of cases. The three panels in the
figure show the effect of increasing p for fixed n; average model size increased with increasing
p. A slightly larger model was also selected for larger n. The three curves in each panel show
the effect of within-subject heteroscedasticity. A larger model was selected in the presence of
heteroscedasticity than when within-subject variation was homoscedastic.

The sensitivity f, corresponding to the linear random effect on « was included in the

multivariate regression model in more than 97% of cases. The main effects of v, =, and the
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Table 3.26: Mean number of sensitivities included by forward selection when there were two
random effects in the O2C model with v, = 0. Results presented are for the regression using
the factor loading estimated from the two-factor MLFA-U model. At each step of the forward
selection the 0.05 critical value of the test statistic was used. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each MC mean to be less than 0.015.
p=10 p =25 p =50

n y=0 y=3 y=1 4=0 =3 =1 =0 y=3 y=1

10 1.118 1.140 1.223 1.108 1.133 1.219 1.100 1.114 1.183

25 1.104 1.126 1.181 1.101  1.135 1.224 1.077 1.131 1.207

50 1.093 1.126 1.179 1.094 1.124 1.194 1.086 1.123 1.205

number of time points (p) explained 96% of variation in the proportion of cases where the
sensitivity f ) was selected, and 73% of variation in the proportion of cases where f )@
was selected. Figure 3.33 displays the proportion of cases where multivariate forward selection
picked the sensitivity f, corresponding to the first random effect, and f 2 and f ) =), the
first- and second-order sensitivities corresponding to the nonlinear random effect on w®). We
have shown results only for the case where n = 25. Results were similar for other values of

n, with a slight increase in selection proportion when n was larger. When there was only one

Table 3.27: Proportion of cases where forward selection picked f ) when there were two random
effects in the O2C model with v, = 0. Results presented are for the regression using the factor
loading estimated from the one-factor MLFA-U model with v = 0 and v = 1. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on 1600 MC
replicates, the standard error of the estimated proportion was approximately 0.005.

p=10 p=25 p =50
n =0 =1 vy=0 =1 vy=0 ~v=1
10 0.043 0.161 0.043 0.150 0.031 0.132
25 0.043 0.136 0.036 0.143 0.026 0.149
50 0.031 0.136 0.029 0.136 0.031 0.134
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Figure 3.33: Proportion of cases where multivariate forward selection picked the correct sensi-
tivities, fo (dashed curves), f 2 (dot-dashed curves), and f 2,2 (long-dash curves), when
there were two random effects in the O2C model. Results presented are for the regression using
the factor loading estimated from the one-factor MLFA-U model where n = 25. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on 1600 MC
replicates, the standard error of each plotted proportion was less than 0.0125.

random effect (v, = 0), the sensitivity f = was selected in less than 5% of cases when within-
subject variation was homoscedastic (7 = 0), and in approximately 15% of cases in the presence
of heteroscedasticity (v = 1) — see Table 3.27.

When the second random effect signal v,, was positive, the sensitivity f ) was included in
the model in a high proportion of cases (dot-dash curves). As v, increased, the second-order
sensitivity f,2),2 was included in the model with increasing frequency (long-dash curves). The
three panels in the figure show the effect of increasing p; both sensitivities corresponding to the
second random effect were picked more often when p was larger than when p was smaller. In

each panel the different plotting symbols represent different levels of v. The sensitivities f, )
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and f (2,2 were selected more often when v = 1 than when v = 0.

3.6 Simulation results: example C

The first simulation experiment of example C had a single nonlinear random effect on the volume
parameter V; in parameterization f of equation (3.4). The standard deviation of this random
effect was vy |Vy| where we varied vy from zero to 0.2. The second experiment generated data
with two independent nonlinear random effects, one on the volume parameter Vy, and the second
on the clearance parameter, Cl. The first random effect on V; had small standard deviation,
vy |Va|, where vy = 0.025. The second random effect on C! had standard deviation ve|Cl|,
where ve varied from zero to 0.2. We present results for these two experiments in Sections 3.6.1
and 3.6.2 below.

As in example B, we expect the results for example C to play out a little differently for the
nonlinear random effects than was seen in example A where random effects were linear. As the
magnitude of the nonlinear random effects becomes large, we expect the models with k& principal
components or common factors to be inadequate, even when the true number of random effects
is k. When a k-factor model is forced to fit, the estimate of within-subject variation will tend
to be too large, and will be confounded with between-subject variation, making it difficult to
test for homoscedastic within-subject variation. In the second experiment of example C, both
random effects were nonlinear, in contrast to the two-effect experiment of example B where
the first of the two random effects was linear. For this reason, in the experiment with two
random effects, we kept the standard deviation of the first random effect on V; small. Initially
we conducted an experiment where the first random effect on V; was large (vy = 0.2). We

discuss these results briefly in Section 3.6.3.
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3.6.1 One nonlinear random effect

The convergence rate for maximum likelihood estimation of the one-factor MLFA-U model
was above 99% in all cases. The convergence rate of maximum likelihood estimation for the

one-factor MLFA-P model was 100%.

Number of random effects

When n > p or n < p (for the PCA test), we expect the power of the likelihood ratio tests to
reject the hypothesis of no common factors, to increase with vy and to have size close to the
nominal level of 0.05 when vy = 0 (no random effect). When n ~ p asymptotic behavior cannot
be expected. When v = 0 (homoscedastic within-subject variance), the principal component

and maximum likelihood factor analysis methods should give similar results. When v > 0 we
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Figure 3.34: Estimated power of the PCA test for 0 common factors when p = 25 and there
was one nonlinear random effect in the O1C model. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.
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Table 3.28: Estimated size of the PCA test for 0 common factors when v = 0 and there was
one nonlinear random effect in the O1C model with vy = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.

p
n 10 25 50

10 0.167 0.043 0.037
25 0.037 0.804 0.049
50 0.039 0.072 1.000

would expect the PCA test to reject the null hypothesis even when there were no common
factors.

In the batched ANOVA of simulation results, the magnitude of the random effect (vy),
magnitude of v, interaction between vy and -, and the number of subjects (n) explained 73%
of variation in power of the PCA test to reject the hypothesis of no common factors. The
random effect magnitude (vy ) explained 99% of variation in power of the MLFA-U test.

Figure 3.34 displays estimated power of the PCA test against the magnitude of the random
effect signal vy when p = 25 (results for p = 10 and p = 50 were similar to those presented
in the figure). The three panels in the figure show the effect of a different number of subjects
n for fixed p. Power to reject the null hypothesis was close to 100% even when the random
effect magnitude was small (vy = 0.025), and there was little effect of n or p on power when
vy > 0. The three curves in each panel represent power for different amounts of within-subject
heteroscedasticity: v = 0 (homoscedastic within-subject variance), v = 0.5, or v = 1. When
v=0and n < porn > p, the size of the test was close to the nominal value (0.05) when vy =0
(see Table 3.28). When n = 50 and p = 25, the size was slightly larger than expected. When
n = p (center panel in the figure and diagonal in the table), the large-p asymptotics cannot be
leaned on and the PCA test was not useful. As anticipated, when « > 0, the PCA test rejected

the hypothesis that there were no principal components too often.
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Figure 3.35: Estimated power of the MLFA-U test for 0 common factors when n > p and there
was one nonlinear random effect in the O1C model. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.

Figure 3.35 presents the power curves for the MLFA-U test for the cases where n > p. The

size of the test was close to the nominal 0.05 level when n = 50 and p = 10, and rejected

the null hypothesis too often when the ratio between n and p was closer to 1 (see Table 3.29).

When n > p, the test had almost 100% power to detect a random effect with vy as small as

Table 3.29: FEstimated size of the MLFA-U test for 0 common factors when n > p and there was
one nonlinear random effect in the O1C model with vy = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.

v

D 0.0 0.5 1.0

25
50
50

10 0.058 0.059 0.071
10 0.045 0.041 0.053
25 0.095 0.097 0.077
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0.025, and there was little effect of n, p or v on power for this amount of random effect signal.

Test for homogeneous variance

For the likelihood ratio tests comparing the fits of the one-factor MLFA-H, MLFA-U, and
MLFA-P models, we expect the chi-squared approximation of the null distribution to be ade-
quate when n is large relative to p. More parameters (p — 2 more) are estimated in fitting the
MLFA-U model than in fitting the MLFA-P model, and so we expect that the test based on
the MLFA-P model may have size closer to the nominal level of 0.05 than the test based on
the MLFA-U model. Power to reject the hypothesis of homoscedasticity should increase with

increasing 7. As the magnitude of the nonlinear random effect increases, we expect that the
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Figure 3.36: FEstimated power of the likelihood ratio tests for Hy: v = 0 when there was one
nonlinear random effect in the O1C model with vy = 0.025. The first test compared the ho-
moscedastic factor model with the unrestricted model MLFA-U. The second test compared the
homoscedastic model with the power model MLFA-P. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.
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Table 3.30: FEstimated size of the likelihood ratio tests for Hy: v = 0 when there was one
nonlinear random effect in the O1C model. The first test compared the homoscedastic factor
model with the unrestricted model MLFA-U. The second test compared the homoscedastic model
with the power model MLFA-P. The table reports results for vy = 0.025 or 0.1. Nominal size
of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated size was
approximately 0.005.

p=10 p =25 p =50

n  vy=0.025 vy=0.1 vy =0.025 vy =0.1 vy =0.025 vy =0.1
MLFA-U

10 0.177 0.678 0.288 0.831 0.429 0.899

25 0.071 0.971 0.104 0.994 0.149 0.998

50 0.069 0.999 0.066 1.000 0.099 1.000
MLFA-P

10 0.071 0.726 0.083 0.808 0.066 0.873

25 0.068 0.984 0.061 0.995 0.058 0.998

50 0.054 1.000 0.049 1.000 0.058 1.000

one-factor models will fail to explain between-subject variation adequately. As a result, we
expect the tests to reject the null hypothesis more often than the nominal 0.05 level for v =0
when vy is large.

The magnitude of ~y, vy, and interaction of these two factors explained 90% of variation in
power of the test comparing the MLFA-H and MLFA-U models, and 96% of variation in power
based on comparing the MLFA-H and MLFA-P models. Figure 3.36 presents power for the two
tests when the random effect signal was small (vy = 0.025). When v > 0.5, power to reject
the hypothesis of homoscedasticity by comparing with the one-factor MLFA-U and MLFA-P
models was above 90% in all cases. Size in the presence of a small random effect (vy = 0.025)
and a large random effect (vy = 0.1) is presented in Table 3.30 for the two tests. In all cases,
the size of the MLFA-U test was significantly larger than the nominal level of 0.05. Size of

both tests was increased beyond usefulness in the presence of a large random effect signal. The

161



Chapter 3. Simulation experiments: methods to explore the marginal covariance structure

size of the MLFA-P test was close to the nominal value when the random effect was small

(vy = 0.025) and when n and p were larger than 10.

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(eij) = 02/@7
by fitting the one-factor power model MLFA-P. When the random effect was small, mean bias
in 4 was approximately zero. However as vy increased, bias in 4 became large, especially for
v =0 and v = 0.5. In these cases, the maximum likelihood estimator of v was too large. The
interaction between magnitude of v and magnitude of the random effect (vy ) explained 98%
of variation in bias of 4. Figure 3.37 displays the mean of 7 against vy for values of 7 in the
case where n = 50 and p = 25. Bias in 4 was similar for other values of n and p. The large
bias in 4 when v = 0 for vy > 0.1 explains why the test for homoscedasticity based on fitting

the MLFA-P model rejected the null hypothesis of v = 0 too often in the presence of a large
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Figure 3.37: Mean estimate of v from fitting the one-factor MLFA-P model when there was one
nonlinear random effect in the O1C model. The figure plots the case where n = 50 and p = 25.
The true value of v is given by the dotted horizontal lines. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each plotted MC mean to be less than
0.004.
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Figure 3.38: Mean estimate of o from fitting the one-factor MLFA-P model when there was
one nonlinear random effect in the O1C model and v = 0.5. The true value of 0> was le—A4.
Based on analyzing the simulation data in batches of 10, we estimated the standard error of
each plotted MC mean to be less than 1le—6.

random effect.

The magnitude of the random effect (vy ), n, and the interaction between these factors ex-
plained 85% of variation in the bias of 52 (all simulation factors and their interactions explained
86% of variation). Figure 3.38 illustrates the pattern in the estimate of o2 for v = 0.5 (note the
log scale on the y-axis). The pattern was similar for other values of v. When the random effect
was small, the estimate of o2 was smaller on average than the true value of 0.0001. When the
the random effect variation was large (vy = 0.2), the estimate of 02 was substantially larger
than the true value. The three curves in each figure show the effect of increasing n. The esti-
mate of 02 was smaller on average when n was smaller than when n was larger. The number
of time points (p) did not have a large effect on bias of 52.

The over-estimation of o2 and 7 in the case of a large nonlinear random effect suggests that

the one-factor model did not adequately explain between-subject variation when vy was large.
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This may explain the inflated size of the likelihood ratio tests of Hy: v = 0 when the nonlinear
random effect was large. A model with two or more factors (to account for the second-order
terms in the approximation of the stage-1 model) may have given a better fit and less biased

estimates of o2 and 7.

Selecting random effects and an appropriate parameterization

We used the exact test where the j-th element of kK was the first-order sensitivity function of

the actual random effect, evaluated at t;,

o o folt) Dk, cl.. cl.
3% Vit V2(kq — CLJVy) | Vg 7 5P

B {1 " Valka c lc*l/vco} {exp (_%ﬁ) ) exp(_k“t;)”

for t* = 25t for t € [0,1]. Since the test is based on the exact distribution of the first principal

component loading under the null hypothesis, we expect the test based on the PCA analysis
to have the nominal size (0.05) when vy = 0 and v = 0, regardless of the magnitudes of n
and p. The power should increase for increasing signal vy > 0. Sample size n and number of
time points p should have no effect on size of the test when v = 0, but may affect power when
the alternative hypothesis is true. When ~ > 0, the principal component model that assumes
homogeneous within-subject variance is incorrect, and we would expect size and power of the
test to deviate somewhat from size and power in the case where v = 0.

When vy > 0, results for the tests based on the estimated factor loading for the one-factor
MLFA-U and MLFA-P models were virtually indistinguishable from those based on the first
principal component loading. When vy = 0 and v > 0, the exact test based on the PCA loading
rejected the null hypothesis in more cases than the test based on the first MLFA loading. The
random effect magnitude (vy ), v, number of time points (p), and two-way interaction between
these factors explained 95% of variation in power of the PCA exact test. Power was close

to 100% for vy > 0.025. Figure 3.39 shows power of the exact PCA test to reject the null
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Figure 3.39: Estimated power of the PCA exact test when there was one nonlinear random effect
in the O1C model and n = 25. This test rejects Hy: 3 = U2Ip i favor of one random effect
with sensitivity function fy . Nominal size of the test was 0.05. Based on 1600 MC replicates,
the standard error of estimated power was less than 0.0125.

hypothesis in favor of a random effect on V; when n = 25. Power and size were similar for
other values of n. Table 3.31 gives the size of the exact PCA and MLFA-U tests under the null
hypothesis. When v = 0 (homoscedastic case) size for both tests was close to the nominal 0.05
level regardless of n and p. However when v > 0, the size was much larger than 0.05. This is
different from the case of a single nonlinear random effect in example B where size of the exact
test tended to be smaller in the presence of heteroscedasticity. Size from fitting the MLFA-U
model was similar to that from fitting the MLFA-P model. When v > 0, size from fitting either
factor model was smaller than that for the PCA test, but was still significantly higher than the
nominal 0.05 level.

We used multivariate forward selection, with the first PCA or factor loading as response
variable, to identify the first- and second-order sensitivity functions corresponding to the correct

nonlinear random effect from amongst several possible predictors. For parameterization f
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Table 3.31: Estimated size of the PCA and MLFA-U exact tests for a random effect on Vg when
there was one nonlinear random effect in the O1C model with vy, = 0. We present the cases
where v = 0 and v = 1. Nominal size of the test was 0.05. Based on 1600 MC' replicates, the
standard error of estimated size was approximately 0.005.

p=10 p=25 p =50
n =0 y=1 vy=0 ~v=1 vy=0 =1
PCA

10 0.053 0.598 0.047 0.358 0.049 0.313

25 0.059 0.729 0.046  0.430 0.053  0.369

20 0.055 0.808 0.050  0.466 0.052  0.400
MLFA-U

10 0.054 0.314 0.054 0.265 0.047 0.237

25 0.063 0.270 0.053 0.254 0.041 0.223

50 0.073 0.251 0.046 0.249 0.051 0.226

we considered the following sensitivity functions, including a second-order sensitivity for the

parameter V,

—clv, ol , , .
fk(t) X m {exp <—V,dt > — exp(—k‘at )} + kat exp(—kat )

e -5)- o g o ) -
Folt) o k—lCl/Vd {exp <—€jt*> - exp(—kat*)} Ft*exp <—§jt*> (3.9)
st oo e+ e (o () - ewton)

+ prep () d g El 201
v,. P\ Ty, Va Valka = Cl/Vy) |

When vy > 0 we would expect the forward selection to pick a model including fy. As vy
becomes large we would expect the second-order sensitivity fyy to be included too.

The random effect on V; induced two correlated random effects on parameters 6 and §(?)

166



Chapter 3. Simulation experiments: methods to explore the marginal covariance structure

in the alternative parameterization f* of equation (3.5). We also used multivariate regression
to select sensitivities for the parameterization f*. We included the following sensitivities and

second order sensitivities as candidates for the parameterization f*,

fit) = D{exp(=@) — exp(—5P1) |
@) = =DMt exp(—5Pt*)
fi@) = —DiWtexp(—6Bt)

fio(t) = DMt exp(—6@t)

for t* = 25t for t € [0,1]. We did not include the second-order sensitivity fj; which is the
zero function, or the second-order sensitivity fi; which is proportional to f5. For vy > 0 we
would expect the multivariate regression model to include the two sensitivities f; and f5. As vy
becomes large, the second-order sensitivity fj, may also be included. We distinguished between
the appropriateness of the two parameterizations based on the number of sensitivities selected
for each, and the trace correlation r of the selected models. The true parameterization (f)
should have give a smaller multivariate regression model, and/or larger trace correlation than
the alternative parameterization (f*).

The multivariate regression results based on the PCA, the MLFA-U and the MLFA-P models
were very similar, except when v > 0 and vy = 0. In this case, the PCA analysis picked a larger
model, including first- and second-order sensitivities corresponding to parameter V; more often
than would be expected at the nominal 0.05 level. We present results only for the unrestricted
MLFA-U model.

The main effects of random effect magnitude (vy ), n, and p explained 93% of variation
in mean number of sensitivities selected for the true parameterization (f). The interaction
between vy and number of time points (p) explained 98% of variation in the mean number of

sensitivities selected for the alternative parameterization f*. Since the level of v did not have
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a large effect on average model size when vy > 0, we present results only for the case where
v = 0.5 in Figure 3.40.

This figure summarizes the mean number of sensitivities included in the multivariate re-
gression models for parameterizations f (dashed curves) and f* (dot-dash curves) of the O1C
model. Contrary to expectations, when p = 10 a smaller model was selected for the alternate
parameterization f* than for the true parameterization f. However, when p = 25 or 50, the
larger model was selected for the alternate parameterization except when the random effect on
Vg was large (vy = 0.2). The effect of n is shown by the different plotting symbols for each

parameterization; as n increased, the average model size increased slightly. When the nonlinear
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Figure 3.40: Mean number of sensitivities selected by multivariate forward selection when there
was one nonlinear random effect in the O1C model. Results presented are for the true pa-
rameterization f (dashed curves) and alternate parameterization f* (dot-dash curves), and the
regression using the factor loading estimated from the one-factor MLFA-U model when v = 0.5.
At each step of the forward selection the 0.05 critical value of the test statistic was used. Based
on analyzing the simulation data in batches of 10, we estimated the standard error of each
plotted MC mean to be less than 0.02.
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random effect was small, forward selection picked a single sensitivity for the true parameteriza-
tion f. As the magnitude of the random effect increased, a second, third, or fourth sensitivity
was included for f, and additional sensitivities were also included for the parameterization f*
when p > 10. When p = 10, the average model size selected for parameterization f* was one,
even when the random effect was large.

Table 3.32 summarizes the mean number of sensitivities selected for the true parameteriza-
tion f when there was no random effect (vy = 0). When = 0, the average model size selected
by the multivariate forward selection was approximately 0.15 — slightly larger than might be
expected by the 0.05 nominal level of the tests at each stage of the forward selection. In the
presence of heteroscedasticity (y = 1), the average model size was approximately 0.5.

The size of the random effect (vy) explained 97% of variation in the trace correlation
(rr) of the model selected for the true parameterization f. When vy > 0, the mean trace
correlation rp was close to 1, and the factors n, p and + had little effect. However, for the
multivariate regression model selected for the alternate parameterization f*, when vy > 0 the
trace correlation was smaller when p = 10 than for other values of p. The factors vy and p

explained 95% of variation in r7 based on f*. The lower value of 7 corresponds to the selection

Table 3.32: Mean number of sensitivities included for the true parameterization f by forward
selection for the O1C model with one nonlinear random effect with vy = 0. Results presented
are for the regression using the factor loading estimated from the one-factor MLFA-U model
where v = 0 or v = 1. At each step of the forward selection the 0.05 critical value of the test
statistic was used. Based on analyzing the simulation data in batches of 10, we estimated the
standard error of each MC mean to be less than 0.02.

p=10 p =25 p =250

n vy=0 =1 vy=0 ~v=1 vy=0 ~v=1
10 0.173  0.647 0.160  0.551 0.146  0.436
25 0.166 0.576 0.163 0.527 0.155 0.441
50 0.165 0.530 0.150 0.514 0.159 0.434
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Figure 3.41: Mean trace correlation for the selected multivariate regression models when there
was one nonlinear random effect in the O1C model. Results presented are for the true pa-
rameterization f (dashed curves) and alternate parameterization f* (dot-dash curves), and the
regression using the factor loading estimated from the one-factor MLFA-U model when n = 25
and v = 0.5. Based on analyzing the simulation data in batches of 10, we estimated the standard
error of each plotted MC mean to be less than 0.01.

of a smaller model for f* when p = 10 than for other values of p. Figure 3.41 shows the trace
correlation for the models selected for f and f* based on the MLFA-U analysis when n = 25
and v = 0.5. Results for other values of n and v were similar. The results for the anomalous
cases where p = 10 illustrate how discrimination between parameterizations f and f* should
be based on the size of the selected model as well as some measure (such as r7) of how well
each multivariate regression model explains variation in the principal component or common
factor loadings.

Next we examine which sensitivities from the true parameterization f were selected. The
simulation factors vy, v, and p explained 98% of variation in the proportion of times the

sensitivity fi was selected, and 88% of variation in the proportion of cases where fiy was
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selected. Figure 3.42 displays the proportion of cases where multivariate forward selection
picked these sensitivities. The figure only shows the case where n = 25. Results for other
values of n were similar. When there was no random effect (vy = 0), the sensitivity fir was
selected in fewer than 5% of cases when within-subject variation was homoscedastic (v = 0),
and in 15% to 25% of cases in the presence of heteroscedasticity (v = 1) (see Table 3.33).
When vy > 0, the first-order sensitivity fy (dashed curves) was selected in close to 100% of
cases, regardless of the magnitude of 7. The second-order sensitivity fiy (dot-dash curves) was

included when the random effect magnitude became large. This confirms that the factor analysis
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Figure 3.42: Proportion of cases where multivariate forward selection picked sensitivities corre-
sponding to a random effect on Vg in the O1C model with one random effect. Results presented
are for the regression using the factor loading estimated from the one-factor MLFA-U model
where v =0 or vy =1 and n = 25. The dashed curves plot the proportion of times the sensitiv-
ity fiv was selected. The dot-dash curves plot the proportion of times the second-order sensitivity
fvv was selected. At each step of the forward selection the 0.05 critical value of the test statistic
was used. Based on 1600 MC replicates, the standard error of each plotted proportion was less

than 0.0125.
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detected a common factor related to the square of the random effect on V; when this random
effect became large, even though a model with only a single common factor was actually fitted.
The three panels in the figure show the effect of increasing p; the selection of fyy increased
slightly when p was larger. Different plotting symbols represent different levels of v. When
vy > 0, the second-order sensitivity function fy1 was selected in a smaller proportion of cases
in the presence of heteroscedasticity than when within-subject variation was homoscedastic.
When the magnitude of the random effect became large, the average model size selected
for parameterization f was three to four. When vy became large, the sensitivities fo and fg
were included into the multivariate regression model in addition to the correct sensitivities fi
and fyy. In most cases, in the presence of large random effect signal, the sensitivity for the
clearance parameter, fo, was included slightly more often than the sensitivity for the absorption

rate, fi.

3.6.2 Two nonlinear random effects

In this experiment there were two independent random effects for parameterization f of equa-

tion (3.4). The first random effect on the volume of distribution parameter V; had small

Table 3.33: Proportion of cases where forward selection picked fy when vy = 0 in the ex-
periment with one nonlinear random effect in the O1C model. Results presented are for the
regression using the factor loading estimated from the one-factor MLFA-U model where v = 0
or v = 1. At each step of the forward selection the 0.05 critical value of the test statistic
was used. Based on 1600 MC replicates, the standard error of the estimated proportion was
approzimately 0.005.

p=10 p =25 p =250

n =0 =1 vy=0 =1 vy=0 ~v=1
10 0.042 0.272 0.039 0.190 0.030 0.183
25 0.045 0.230 0.034 0.186 0.031 0.161
50 0.055 0.212 0.028 0.180 0.037 0.169
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standard deviation, vy |Vy| where vy = 0.025. The second random effect on the clearance
parameter Cl had standard deviation v¢|Cl| where we varied ve from zero to 0.2. The con-
vergence rate for maximum likelihood estimation of the two-factor MLFA-U model was above
95% except when v = 0, vg = 0.2, and n = p = 10. In this case the convergence rate was
approximately 87%. The convergence rate for the two-factor MLFA-P model was 100%.

The first random effect on V; was nonlinear, but since we set this random effect to have
small magnitude, we expect results for this experiment to be similar to the case of two linear
random effects when the magnitude of the second random effect (v¢) is small, but to play out a
little differently when v¢ is large. In Section 3.6.3 we briefly discuss how results changed when
the first nonlinear random effect was large. As in the experiment with one nonlinear random
effect, when the second nonlinear random effect becomes large, the principal component and
factor analyses may detect additional common factors due to the need for second order terms
in the approximation to the stage-1 model. We also expect that the multivariate regression

analysis will select second-order sensitivities when v becomes large.

Table 3.34: FEstimated size of the PCA test for 1 common factor when v = 0 and there were
two random effects in the O1C model, the second one with vo = 0. Nominal size of the test

was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

p
n 10 25 50

10 0.287 0.044 0.040
25 0.058 0.880 0.073
50 0.048 0.110 1.000
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Number of random effects

When n > p or n < p (for the PCA test), we expect the likelihood ratio tests to maintain size
close to 0.05 and to readily reject the hypothesis of one common factor when v > 0. When
n &~ p asymptotic behavior cannot be expected. When v = 0 (homoscedastic within-subject
variance), the principal component and maximum likelihood factor analysis methods should
give similar results. When v > 0 we would expect the PCA test to reject the null hypothesis
even when there was only one common factor.

The number of subjects (n), 7, magnitude of the second random effect ve, and two-way
interactions explained 75% of variation in power of the PCA test. The magnitude of the second
random effect (vc) explained 99% of variation in the power of the MLFA-U test. Figure 3.43
displays estimated power of the PCA test, plotted against the magnitude of the second random

effect signal, vo, when p = 25. Results for p = 10 and p = 50 were similar to those presented
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Figure 3.43: Estimated power of the PCA test for 1 common factor when p = 25 and there were
two random effects in the O1C model. Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated power was less than 0.0125.
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in the figure. The three panels in the figure show the effect of a different number of subjects n
for fixed p. As n increased, power increased. The three curves in each panel represent power
for different amounts of within-subject heteroscedasticity: v = 0 (homoscedastic within-subject
variance), v = 0.5, or v = 1. Table 3.34 gives estimated size of the PCA test at vg = 0 when
~v = 0 for different values of n and p. When n was much larger than p, or p was much larger
than n, then test had approximately the correct size (0.05) when v = 0. Clearly when n = p
(center panel in the figure and diagonal in the table), the large-p asymptotics cannot be leaned
on and the PCA test was not useful. As anticipated, when v > 0, the PCA test rejected the
hypothesis that there was one principal component too often and would not be useful in the
presence of heteroscedastic within-subject variance. When v =0 and n < p or n > p, the PCA
test had greater than 90% power to detect a second random effect with vg = 0.2.

Figure 3.44 presents the estimated power for the MLFA-U test for the cases where n > p.
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Figure 3.44: FEstimated power of the MLFA-U test for 1 common factor when n > p and there
were two random effects in the O1C model. Nominal size of the test was 0.05. Based on 1600
MC replicates, the standard error of estimated power was less than 0.0125.
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Table 3.35: Estimated size of the MLFA-U test for 1 common factor when n > p and there were
two random effects in the O1C model, the second one with vo = 0. Nominal size of the test
was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

~
n o p 0.0 0.5 1.0

25 10 0.054 0.057 0.054
50 10 0.053 0.054 0.049
50 25 0.102 0.081 0.091

The size of the test was close to the nominal 0.05 level except when n = 50 and p = 25;
in that case, the size was larger than the nominal level (see Table 3.35). When n > p, the
MLFA-U test had greater than 90% power to detect a second random effect with vo = 0.025
or larger. The presence of heteroscedasticity, v, had little effect over the range of vo studied
in this experiment. When n > p and within-subject variation was homoscedastic (v = 0), the

PCA and MLFA-U tests had approximately the same size and power.

Test for homogeneous variance

For the likelihood ratio tests comparing the fits of the MLFA-H, MLFA-U, and MLFA-P models,
we expect the chi-squared approximation of the null distribution to be adequate when n is large
relative to p. More parameters (p — 2 more) are estimated in fitting the MLFA-U model than
in fitting the MLFA-P model, and so we expect that the test based on the MLFA-P model may
have size closer to the nominal level of 0.05 than the test based on the MLFA-U model. Power
to reject the hypothesis of homoscedasticity should increase with increasing .

The magnitude of ~, the second random effect (v¢), n, p, and two-way interactions between
these factors explained 90% of the variation in power to reject the hypothesis of homoscedasticity
by comparing the MLFA-H model with the unrestricted MLFA-U model. The interaction

between vo and 7 explained 96% of variation in the power of the test comparing the MLFA-H
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Table 3.36: Estimated size of the likelihood ratio tests for Hy: v = 0 when there were two
nonlinear random effects in the O1C model. The first test compared the homoscedastic factor
model with the unrestricted model MLFA-U. The second test compared the homoscedastic model
with the power model MLFA-P. The table reports results for ve = 0.025 or 0.1. Nominal size
of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated size was
approximately 0.005.

p=10 p =25 p =50

n  vc=0.025 wvc=0.1 vc=0.025 vc=0.1 vc=0.025 vc=0.1
MLFA-U

10 0.308 0.580 0.487 0.740 0.712 0.853

25 0.114 0.839 0.135 0.849 0.201 0.897

50 0.082 0.984 0.094 0.986 0.092 0.994
MLFA-P

10 0.120 0.168 0.105 0.170 0.109 0.217

25 0.054 0.139 0.059 0.171 0.068 0.357

50 0.065 0.140 0.050 0.229 0.059 0.598

model with the MLFA-P model. Table 3.36 presents size of the tests for small random effect
(ve = 0.025) and large random effect (v = 0.1).

In all cases, the size of the test comparing the homoscedastic model to the unrestricted
model MLFA-U was significantly larger than the nominal level of 0.05 (see Table 3.36), making
this test close to useless. Size of both tests was increased by a large random effect signal. The
test comparing the homoscedastic model to the power model MLFA-P performed slightly better
when the random effect on Cl was small, although its size was too large when n was small. It is
possible that the size of the MLFA-P test would have been closer to the nominal level if we had
fitted a factor model with more than two factors when the random effect variation was large.
Since magnitude of the second random effect signal did not have a large impact on power for
~v > 0, we have presented results only for v = 0.05 in Figure 3.45. When n > 10 or p > 10

the test based on the MLFA-P model had greater than 90% power to detect heteroscedasticity
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Figure 3.45: Estimated power of the likelihood ratio tests for Hy: v = 0 when there were two
random effects in the O1C model and vc = 0.05. The first test compared the homoscedastic
factor model with the unrestricted model MLFA-U (dashed curves). The second test compared
the homoscedastic model with the power model MLFA-P (dot-dashed curves). Nominal size of
the test was 0.05. Based on 1600 MC replicates, the standard error of estimated power was less
than 0.0125.

when v was as large as 0.5.

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(eij) = 02u§7

by fitting the two-factor power model MLFA-P. On average, the bias in 5 was approximately
zero except when the nonlinear random effect was large (ve = 0.2). In this case the maximum
likelihood estimator of v was too large, especially for the case of v = 0. The interaction
between the magnitude of 7 and the random effect (v¢) explained 92% of variation in bias of
5. Figure 3.46 plots the mean of 4 against vc for values of v in the case where n = 50 and

p = 25.
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Figure 3.46: Mean estimate of v from fitting the two-factor MLFA-P model when there were
two random effects in the O1C model. The figure plots the case where n = 50 and p = 25. The
true value of v is given by the dotted horizontal lines. Based on analyzing the simulation data
in batches of 10, we estimated the standard error of each plotted MC mean to be less than 0.005.

The magnitude of 7, the random effect ve, number of observations (n), number of time
points (p), and two-way interactions between these factors explained 59% of variation in bias
of 5% (the model including all interactions explained 67% of variation). Figure 3.47 illustrates
the pattern in the estimate of o for p = 25. The estimate of o was smaller on average than
the true value of 0.0001 except in some cases when v = 0.1 or 0.2. In these cases bias in

2 was larger than the true value of 02, and in

the estimate of 02 was large, but sometimes &
other cases it was smaller than the true value. Since the pseudolikelihood estimator of o2 for
the MLFA-P model depends on the estimator of v (equation (C.13)), the behavior of 52 for
ve = 0.2 can perhaps be explained by the fact that 5 was significantly larger than v when
veo = 0.2, especially when the true value of v was zero. Clearly the two-factor MLFA-P model
did not adequately explain the between-subject variation due to the large nonlinear random
effect, but in this experiment, the estimate of v, not o2, was increased to take account of the

unexplained within-subject variation, in contrast to what we saw in example B.

The three panels in Figure 3.47 show the effect of increasing n for fixed p; the estimate of
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Figure 3.47: Mean estimate of o from fitting the two-factor MLFEA-P model when there were
two random effects in the O1C model and p = 25. The true value of o was le—4. Based on
analyzing the simulation data in batches of 10, we estimated the standard error of each plotted
MC mean to be less than le—6.
o2 tended to be larger for larger n, except when vo = 0.2. The three curves in each panel
represent the mean estimate of o2 for each setting of 7. Bias in 2 in the presence of the large
nonlinear random effect was largest when v = 0.

The bias in the estimates of 02 and + in the case of a large nonlinear random effect suggests
that the two-factor model did not adequately explain between-subject variation when vo was

large. We expect that a model with three or more factors (to account for the second-order

terms in the approximation of the stage-1 model) would have given a better fit.

Selecting random effects

We used multivariate forward selection, with the first two PCA or factor loadings as response
variables, to identify the first- and second-order sensitivity functions corresponding to the cor-

rect nonlinear random effects from amongst several possible predictors. For parameterization f
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we considered the sensitivity functions fx, fv, fo, and fyy that were given in equation (3.9).
We did not consider the second-order sensitivity fy ¢ for parameters V; and Cl because it is is
a linear function of fiy and fyy. We also did not include the second-order sensitivity foc for
parameter C'l because there was a linear dependency among fy, fo, fyv and foo. In retrospect
it would have made more sense to consider foo in the place of fi/y, since the magnitude of the
random effect on C1 was larger than that on V; for most of the simulation treatments. However,
our “incorrect” choice of candidate predictors does give some insight into how the multivari-
ate forward selection behaves when an incomplete set of candidate second-order sensitivities is
supplied. Also, since foe is a linear function of the candidate sensitivities, we can make some
inference on selection of foo by the frequency in which fy 1 was selected in the presence of fy
and fc.

When ve = 0 the forward selection should select a model with one sensitivity, fy, corre-
sponding to the random effect on V;. As v gets larger, the forward selection should additionally
select the sensitivity fo in a high proportion of cases. As mentioned in the previous sections,
when the nonlinear random effect is large, the two-factor model may not adequately capture
the between-subject variation in the data because of second-order terms in the approximation
to the stage-1 model. However, we would still expect the forward selection procedure based
on two common factors to pick the second-order sensitivity for parameter Cl when v¢ is large.
Although the sensitivity foc was not included as a candidate, this sensitivity is a linear func-
tion of fy, fyv, and f¢o, so we would expect fyy to be included in an increasing proportion of
cases as v¢ becomes large.

The multivariate regression results based on the PCA, MLFA-U and the MLFA-P models
were very similar when within-subject variation was homoscedastic. When v > 0, and p = 10,
average model size based on the PCA analysis was larger than for the MLFA-U and MLFA-P
analyses. Results were almost indistinguishable in all other cases. For the sake of brevity we
present results only for the MLFA-U analysis. The magnitude of the random effect (v¢), number

of subjects (n), and interaction between p and v explained 93% of variation in the number of
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Figure 3.48: Mean number of sensitivities selected by multivariate forward selection when there
were two random effects in the O1C model. Results presented are for the regression using the
factor loadings estimated from the two-factor MLFA-U model where n = 25. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on analyzing
the simulation data in batches of 10, we estimated the standard error of each plotted MC mean
to be less than 0.02.

sensitivities selected. Figure 3.48 summarizes the mean number of sensitivities included in the
multivariate regression model when n = 25.

When ve = 0, a model with one sensitivity was selected in most cases (see Table 3.37), but
as p or v increased, a model with more than one random effect was selected in an increasing
proportion of cases. When the magnitude of the random effect on Cl was greater than zero but
small, the average model size selected was between two and three. When the nonlinear random
effect became large (vc > 0.1), the procedure selected a model with three or more sensitivities
in an increasing number of cases. The three panels in the figure show the effect of increasing

p for fixed n; average model size increased slightly with increasing p. The three curves in each

panel show the effect of within-subject heteroscedasticity. There was no consistent effect of ~
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Table 3.37: Mean number of sensitivities included by forward selection when there were two
random effects in the O1C model with ve = 0. Results presented are for the regression using
the factor loading estimated from the two-factor MLFA-U model. At each step of the forward
selection the 0.05 critical value of the test statistic was used. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each MC mean to be less than 0.02.
p=10 p =25 p =50

n y=0 y=3 y=1 =0 y=1 =1 =0 y=% y=1

10 1.144 1.290 1.456 1.245 1.331 1.442 1.361 1.295 1.308

25 1177  1.283 1.469 1.305 1.336 1.442 1.450 1.328 1.316

50 1.177 1.263 1.456 1.341 1.344 1.465 1.528 1.351 1.323

on the mean number of sensitivities included in the multivariate regression model.

The sensitivity fy corresponding to the small nonlinear random effect on V; was included in
the multivariate regression model in greater than 95% of cases. The magnitude of the random
effect (ve), 7, and the number of time points (p) explained 99% of the variation in the proportion
of cases where the sensitivity fo was selected. These factors explained 87% of variation in the
proportion of cases in which fy v was selected.

Figure 3.49 displays the proportion of cases where multivariate forward selection picked the
sensitivity fy corresponding to the first random effect, and fo and fyv, the first- and second-
order sensitivities corresponding to the nonlinear random effects on Cl and Vj respectively.
Since the second-order sensitivity foco was a linear function of fy, fo and fyy, inclusion of
fvv in the model could also be interpreted as evidence of second-order behavior of the random
effect on Cl. We plotted results only for the case where n = 25. Results were similar for other
values of n, with a slight increase in selection of fyyy when n was larger.

When the second random effect signal vo was positive, the sensitivity fo was included in
the model in greater than 99% of cases (dot-dash curves). As v¢ increased, the second-order
sensitivity fyy was included in the model with increasing frequency (long-dash curves). The

three panels in the figure show the effect of increasing p; the sensitivity fy was picked more
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Figure 3.49: Proportion of cases where multivariate forward selection picked the sensitivities,
fv (dashed curves), fo (dot-dashed curves), and fyy (long-dash curves), when there were
two random effects in the O1C model. Results presented are for the regression using the factor
loading estimated from the one-factor MLFA-U model where n = 25. At each step of the forward
selection the 0.05 critical value of the test statistic was used. Based on 1600 MC replicates, the
standard error of each plotted proportion was less than 0.0125.

often when p was larger. In each panel the different plotting symbols represent different levels
of 7. The second-order sensitivity fi 1y was selected more often when v = 0 than when v = 1.
When there was only one random effect on V; (vo = 0), the sensitivity fo was selected in
5% to 10% of cases when v = 0, with increased selection as p increased — see Table 3.38. In
contrast, when v = 1, selection of fo decreased from 10% to 1% of cases with increasing p.
The second order sensitivity fiv was selected in about 30% of replicates when v = 0 for the
case where p = 50 and v = 0. This selection of fy when vo = 0 was most likely due to the
presence of the first random effect on V;. This is consistent with results of the experiment with

a single random effect on V; that had standard deviation proportional to vy = 0.25 — see the
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Table 3.38: Proportion of cases where forward selection picked fo when there were two random
effects in the O1C model with vo = 0. Results presented are for the regression using the factor
loading estimated from the one-factor MLFA-U model with v = 0 and v = 1. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on 1600 MC
replicates, the standard error of the estimated proportion was approximately 0.005.

p=10 p=25 p =150

n =0 y=1 vy=0 ~v=1 y=0 ~v=1
10 0.050 0.094 0.073 0.012 0.106  0.006
25 0.052 0.100 0.093 0.013 0.119 0.004
50 0.046 0.109 0.096 0.015 0.119 0.008

last panel of Figure 3.42 in Section 3.6.1.

This experiment exemplifies how the interpretation of the multivariate regression results
may be complicated for large nonlinear random effects. It may be the case that not all param-
eter sensitivities may be included as candidates for the multivariate forward selection because
of linear dependencies between them. The selection of first-order sensitivities seems to be fairly
straight-forward: in the experiments of examples B and C, the correct first-order sensitivities
were included in the model in a high proportion of cases even when the random effect varia-
tion was small. However, interpreting the inclusion of second-order sensitivities may be more
complicated. For example, in the most recent experiment, sensitivity fy could have been
included because of slight second-order behavior of the small random effect on Vy, or because
of the large nonlinear random effect on Cl and the linear dependency between the candidates
fv, fo, fvv and foo. Having said this, perhaps clear identification of second-order sensitivi-
ties is not important if the selection of first-order sensitivities has already clearly identified the
need for random effects on V; and Cl. A “hierarchy of predictors” rule could be adopted in
which second-order sensitivities are added to the multivariate regression only if the first-order
sensitivities have been selected.

In addition, sensitivities are likely to be highly correlated or non-orthogonal, even if not
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linearly dependent. When p was large, a model including all four candidate sensitivities was
picked in a good number of cases when ve = 0.2 (Figure 3.48), although there was no random
effect on the absorption rate, k,. In the linear examples of Section 3.4, selection of incorrect
sensitivities was rare. We conclude that the inclusion of f was due to the presence of a large
nonlinear random effect on parameter Cl, and non-orthogonality of the candidate sensitivities.
As a remedy, we would recommend that the order in which sensitivities are included by the
forward selection procedure should be taken into account when deciding which parameters
truly require non-trivial random effects. Admittedly, we have not presented any evidence here

to suggest that this will be a fool-proof strategy.

3.6.3 Two nonlinear random effects, the first one being large

Before running the experiment described in the previous section, we ran a similar experiment,
with random effects on V; and Cl, except that the magnitude of the first random effect on V,
was large (vy = 0.2). When applying our methods to data generated in this experiment, we
fitted models with two principal components or common factors. However the large nonlinear
random effect on V; mostly likely required second-order terms in the Taylor series approximation
of the stage-1 model. The results of this experiment did not give much information about the
performance of our methods, except that a two-factor model was inadequate to capture the
between-subject variation induced by two large nonlinear random effects.

In the experiment with a large random effect on Vj, the likelihood ratio tests for number
of random effects rejected the null hypothesis that there was one linear latent variable in 100%
of cases even when the magnitude of the second random effect, vo, was zero. The tests for
homoscedastic within-subject variance had size much larger than the nominal 0.05 level due
to unexplained between-subject variation after fitting two common factors. The estimates of
v and o2 were much larger (sometimes 100-fold larger) than truth for most values of vc. In
most cases, more than three sensitivities were included in the multivariate models chosen by

the forward selection procedure, due to the second-order behavior of the large random effect on
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Vy. All four of the candidate sensitivities were included in most cases, especially when n and p
were larger than 25.

If we were to redo such an experiment, we would ensure that sufficient principal components
or common factors were included in the multivariate models to adequately describe the between-
subject variation, before proceeding with the various diagnostic tests based on the fit of these

models.

3.7 Simulation results: example D

The first simulation experiment for example D had a single nonlinear random effect on the

2) in parameterization f of equation (3.6). The standard deviation of

growth rate parameter w(
this random effect was vp|w(®| where we varied v from zero to 0.4. The second experiment
generated data with two independent nonlinear random effects, one on the growth rate param-
eter w@, and the second on the half-life parameter, w¥). The first random effect on w® had
small standard deviation, vs|w®|, where vy = 0.05. The second random effect on w® had
standard deviation v;|w™)|, where v; varied from zero to 0.4. We present results for these two
experiments in Sections 3.7.1 and 3.7.2 below.

As the magnitude of the nonlinear random effects becomes large, we expect the models
with k principal components or common factors to be inadequate, even when the true number
of random effects is k. When a k-factor model is forced to fit, the estimate of within-subject
variation will tend to be too large, and will be confounded with between-subject variation,
making it difficult to test for homoscedastic within-subject variation. In the experiment with
two nonlinear random effects, we kept the standard deviation of the first random effect on w(®

small. In the course of our work we also conducted an experiment where the first random effect

on w?® was large (vy = 0.4). We discuss these results briefly in Section 3.7.3.
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3.7.1 One nonlinear random effect

The convergence rate for maximum likelihood estimation of the one-factor MLFA-U model
was above 95% in all cases. The convergence rate of maximum likelihood estimation for the

one-factor MLFA-P model was 100%.

Number of random effects

When n > p or n < p (for the PCA test), we expect power of the likelihood ratio tests to reject
the hypothesis of no common factors to increase with vy, and to have size close to the nominal
level of 0.05 when vy = 0 (no random effect). When n ~ p asymptotic behavior cannot be
expected. When v = 0 (homoscedastic within-subject variance), the principal component and
maximum likelihood factor analysis methods should give similar results. When v > 0 we expect
the PCA test to reject the null hypothesis even when there were no common factors.

In the batched ANOVA of simulation results, the number of subjects (n) and interaction
between magnitude of the random effect (v2) and v explained 78% of the variation in power of
the PCA test. The magnitude of the random effect (vy) explained 99% of variation in power of
the MLFA-U test.

Figure 3.50 displays estimated power of the PCA test plotted against the magnitude of the

random effect signal (v2) when p = 25. Results for p = 10 and p = 50 were similar to those

Table 3.39: Estimated size of the PCA test for 0 common factors when v = 0 and there was one
nonlinear random effect in the logistic model with vo = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.

p
n 10 25 50

10 0.191 0.039 0.039
25 0.042 0.806 0.051
50 0.039 0.067 1.000
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Figure 3.50: Estimated power of the PCA test for 0 common factors when p = 25 and there was
one nonlinear random effect in the logistic model. Nominal size of the test was 0.05. Based on
1600 MC replicates, the standard error of estimated power was less than 0.0125.

presented in the figure. The three panels in the figure show the effect of a different number
of subjects n for fixed p. Power to reject the null hypothesis was close to 100% even when
the random effect magnitude was small (v2 = 0.05), and there was little effect of n or p on
power when vy > 0. The three curves in each panel represent power for different amounts of
within-subject heteroscedasticity: v = 0 (homoscedastic within-subject variance), v = 0.5, or
v =1. When v =0 and n < p or n > p, the test had size close to the nominal value (0.05)
when vo = 0 (see Table 3.39). When n = 50 and p = 25, the size was slightly larger than
expected. Clearly when n = p (center panel in the figure and diagonal in the table), the large-p
asymptotics cannot be leaned on and the PCA test was not useful. As anticipated, when v > 0,
the PCA test rejected the hypothesis that there were no principal components too often.
Figure 3.51 presents the power curves for the MLFA-U test for the cases where n > p. The

size of the test was close to the nominal 0.05 level except when n = 50 and p = 25. In this case
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Figure 3.51: Estimated power of the MLFA-U test for 0 common factors when n > p and there
was one nonlinear random effect in the logistic model. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.

the test rejected the null hypothesis too often (see Table 3.40). The MLFA test had almost
100% power to detect a random effect with vy as small as 0.05, and there was little effect of n,

p or v on power for this amount of random effect signal. When n > p and the within-subject

Table 3.40: FEstimated size of the MLFA-U test for 0 common factors when n > p and there
was one nonlinear random effect in the logistic model with vo = 0. Nominal size of the test

was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

~
n o p 0.0 0.5 1.0

25 10 0.050 0.055 0.059
50 10 0.052 0.049 0.044
50 25 0.094 0.091 0.100
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variation was homoscedastic (v = 0), the PCA and MLFA-U tests had approximately the same

power.

Test for homogeneous variance

For the likelihood ratio tests comparing the fits of the MLFA-H, MLFA-U, and MLFA-P models,
we expect the chi-squared approximation of the null distribution to be adequate when n is large
relative to p. More parameters (p — 2 more) are estimated in fitting the MLFA-U model than
in fitting the MLFA-P model, and so we expect that the test based on the MLFA-P model
may have size closer to the nominal level of 0.05 than the test based on the MLFA-U model.

Power to reject the hypothesis of homoscedasticity should increase with increasing . As the
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Figure 3.52: FEstimated power of the likelihood ratio tests for Ho: v = 0 when there was one
nonlinear random effect in the logistic model with vo = 0.1. The first test compared the ho-
moscedastic factor model with the unrestricted model MLFA-U. The second test compared the
homoscedastic model with the power model MLFA-P. Nominal size of the test was 0.05. Based
on 1600 MC replicates, the standard error of estimated power was less than 0.0125.
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magnitude of the nonlinear random effect increases, we expect that the one-factor models will
fail to explain between-subject variation adequately. As a result, when vy is large and v = 0,
we expect the tests to reject the null hypothesis more often than the nominal 0.05 level.

The interaction between « and the magnitude of the random effect (v2) explained 86% of
variation in the power of the test comparing the MLFA-H and MLFA-U models. This interaction
explained 94% of the variation in power of the test comparing the MLFA-H model with the
MLFA-P model. Figure 3.52 presents power for the two tests when the random effect signal
was moderate (vy = 0.1). When v > 0.5, power to reject the hypothesis of homoscedasticity by
comparing with the one-factor MLFA-U and MLFA-P models was close to 100% in the presence
of no random effect or a moderate random effect.

Size in the presence of a small random effect (v = 0.05) and a large random effect (vy = 0.2)

is presented in Table 3.41 for the two tests. In all cases, the size of the MLFA-U test was

Table 3.41: FEstimated size of the likelihood ratio tests for Hy: v = 0 when there was one
nonlinear random effect in the logistic model. The first test compared the homoscedastic factor
model with the unrestricted model MLFA-U. The second test compared the homoscedastic model
with the power model MLFA-P. The table reports results for vo = 0.05 or 0.2. Nominal size
of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated size was
approzimately 0.005.

p=10 p =25 p =250

n  v9=0.05 wv9=0.2 v9=0.05 wv9=0.2 v9=0.05 wv9=0.2
MLFA-U

10 0.204 0.334 0.279 0.401 0.424 0.542

25 0.076 0.563 0.111 0.549 0.147 0.667

50 0.074 0.858 0.068 0.837 0.099 0.927
MLFA-P

10 0.094 0.079 0.083 0.074 0.077 0.076

25 0.054 0.036 0.054 0.049 0.062 0.076

50 0.047 0.036 0.059 0.052 0.057 0.121
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significantly larger than the nominal level of 0.05, and increased beyond usefulness in the
presence of a large random effect signal. The size of the MLFA-P test was close to the nominal
value when the random effect was small (v = 0.025) and when n > 25. For p = 10 and 25, the
size decreased slightly in the presence of a large random effect, but increased when p = 50.
When the random effect was very large (v = 0.4 — these results are not shown in the
figure or table), the size of the MLFA-U test was close to 100%, and the power of the MLFA-P
test was very much reduced. Although the likelihood for the fitted MLFA-P model should
be larger than that for the model that assumes homogeneous variance, there were some cases
when vy = 0.4 where the likelihood ratio test statistic was negative. Neither test was useful for

testing the hypothesis of homoscedasticity in the presence of a large random effect on w®).

Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(g;;) = 02/@7 by
fitting the one-factor power model MLFA-P. The interaction between v and magnitude of the
random effect (v2) explained 99% of variation in the bias of 5. Figure 3.53 shows the mean of 7
plotted against vy for values of v in the case where n = 50 and p = 25. Bias in 4 was similar for
other values of n and p. When the random effect was small, mean bias in 4 was approximately
zero, except when v = 1 where 7 was smaller than the true v. However as vo increased, bias
in 4 became large for v = 0.5 and v = 1. In these cases, the maximum likelihood estimator
of v was too small, with the mean of 7 approaching 0 as vo increased. The underestimation
of ¥ when v = 1 for large random effect explains why the test for homoscedasticity based on
fitting the MLFA-P model failed to reject the hypothesis of homoscedasticity in some cases
when v = 1.

The magnitude of the random effect vs, n, and the two-way interaction between these factors
explained 94% of variation in the bias of 2. Figure 3.54 illustrates the pattern in the estimate
of o2 for p = 25 (note the log scale on the y-axis). The pattern was similar for other values of

p. When the random effect was small, the estimate of 0> was smaller on average than the true
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Figure 3.53: Mean estimate of v from fitting the one-factor MLFA-P model when there was
one nonlinear random effect in the logistic model. The figure plots the case where n = 50 and
p = 25. The true value of v is given by the dotted horizontal lines. Based on analyzing the
simulation data in batches of 10, we estimated the standard error of each plotted MC mean to
be less than 0.002.

value of 0.0001. When the the random effect variation was large (v > 0.2), the estimate of
o2 was substantially larger (up to 10-fold larger) than the true value. The three panels in the
figure show the effect of increasing n, and the three curves in each figure show the effect of ~.
The estimate of o2 increased slightly with increasing n and +.

The over-estimation of o2 in the case of a large nonlinear random effect suggests that the
one-factor model did not adequately explain between-subject variation when vo was large. A
model with two or more factors (to account for the second-order terms in the approximation
of the stage-1 model) may have given a better fit and less biased estimates of o and 7. It is
a little puzzling that the estimate of v tended to be biased toward toward zero when vy was
large and v > 0, but that the estimate of o2 did not appear to be affected to a great extent by
the level of ~ in the simulation experiment. Since the pseudolikelihood estimator of o for the

MLFA-P model depends on the estimator of v (equation (C.13)), we would have expected much

larger bias in 0? when the estimate of y was significantly smaller than truth. This contrasts
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Figure 3.54: Mean estimate of o from fitting the one-factor MLFA-P model when there was
one nonlinear random effect in the logistic model and p = 25. The true value of 02 was le—A4.
Based on analyzing the simulation data in batches of 10, we estimated the standard error of
each plotted MC mean to be less than 5e—7.

with results for example C where one or both of o2 and v tended to be too large when the

nonlinear random effect was large.

Selecting random effects and an appropriate parameterization

We used the exact test where the j-th element of kK was the first-order sensitivity function of

the actual random effect, evaluated at ¢;,

J w@\ly [1 + exp{_w(Q) (tj - W(I))}P

Results for the tests based on the estimated factor loading for the one-factor MLFA-U and
MLFA-P models were virtually indistinguishable from those based on the first principal compo-

nent loading. Since the test is based on the exact distribution of the first principal component
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Figure 3.55: FEstimated power of the PCA exact test when there was one mnonlinear random
effect in the logistic model and n = 50, p = 25. This test rejects Hy: X = 021p i favor of one
random effect with sensitivity function f, ). Nominal size of the test was 0.05. Based on 1600
MC replicates, the standard error of estimated power was less than 0.0125.

loading under the null hypothesis, we expect the test to have the nominal size (0.05) when
vy = 0 and v = 0, regardless of the magnitudes of n and p. The power should increase for
increasing signal vg > 0. Sample size n and number of time points p should have no effect on
size of the test when v = 0, but may affect power when the alternative hypothesis is true. When
~v > 0, the principal component model that assumes homogeneous within-subject variance is
incorrect, and we would expect size and power of the test to deviate somewhat from those in
the case where v = 0.

The magnitude of the random effect (vg) explained over 99% of variation in power of the
PCA exact test. Figure 3.55 displays power to reject the null hypothesis in favor of a random
effect on w® when n = 50 and p = 25. Power was close to 100% for vo > 0.05. Power and
size were similar for other values of n and p. Table 3.42 gives the size of the exact PCA test
under the null hypothesis. When v = 0 (homoscedastic case) size was close to the nominal 0.05
level regardless of n and p, and size decreased when v > 0. This is similar to the case of a

single nonlinear random effect in example B where size of the exact test tended to be smaller
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Table 3.42: Estimated size of the PCA exact test for a random effect on w® when there was
one nonlinear random effect in the logistic model with vo = 0. Nominal size of the test was 0.05.
Based on 1600 MC replicates, the standard error of estimated size was approximately 0.005.
p=10 p =25 p =50
n y=0 y=3 y=1 4=0 =3 =1 =0 y=35 y=1
10 0.052 0.026 0.012 0.049 0.037 0.025 0.048 0.046 0.031
25 0.036 0.014 0.006 0.056 0.048 0.021 0.049 0.045 0.026

50 0.048 0.015 0.003 0.049 0.035 0.017 0.054 0.036 0.019

in the presence of heteroscedasticity, and different from example C where size increased in the
presence of heteroscedasticity.

We used multivariate forward selection, with the first PCA or factor loading as response
variable, to identify the first- and second-order sensitivity functions corresponding to the correct
nonlinear random effect from amongst several possible predictors. For parameterization f
we considered the following sensitivity functions, including a second-order sensitivity for the

parameter w® ,

falt) = [1+ exp{—w® (¢t —w)}] 7!
—aw® exp{—w®(t — wM)}
[1+ exp{-w®(t — wl)}]?
ot — D) expw®(t - o)
fo(t) = (]El +exp){—z{(2)(t—(ci(1>)}]2)} (3.10)
—a(t — w2 exp{—w®(t — wM)}
[1 4+ exp{—w®(t — w®))}]2
2a(t — w2 exp{—2w@ (t — wM)}
[1+ exp{—w®@(t —wD)}]3

o (t) =

fo@eo (t) =

When vy > 0 we would expect the forward selection to pick a model including f, ). As vo
becomes large we would expect the second-order sensitivity f 2 ) to be included too.

The random effect on w(? induced two correlated random effects on parameters 62 and §(?)
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in the alternative parameterization f* of equation (3.7). We also used multivariate regression
to select sensitivities for the parameterization f*. We included the following sensitivities and

second order sensitivities as candidates for the parameterization f*,

fro= {14 06Wexp(—0Pt)}1
. —aexp(—6®t)
T = 0 exp(—0@0)2

adMWt exp(—5t)

fio = 50 exp(—600))2
. B 20 exp(—26D)t)
Tosn = {1460 exp(—5@1)}3
. 2001242 exp(—20)t) adWt2 exp(—62)t)
Jswse = {1+ 60 exp(—6@1)}3 {1+ 60 exp(—0@1t)}3
. B —2a6Mt exp(—266)t) at exp(—62t)
f§<1)5<2> - {1+ 5 exp(—5(2)t)}3 {1+ 51) exp(—é(z)t)}?

For vy > 0 we would expect the multivariate regression model to include the two sensitivities
f50) and ffo). As vg becomes large, the second-order sensitivities f5) ), f52)52: and fiose
may also be included. We distinguished between the appropriateness of the two parameteri-
zations based on the number of sensitivities selected for each, and the trace correlation rp of
the selected models. The more appropriate parameterization should have give a smaller multi-
variate regression model, and/or larger trace correlation. We expect that a smaller model, or
a model with larger trace correlation, should be selected for the true parameterization f than
for parameterization f*, indicating that the true data generating model was based on f.

The multivariate regression results based on the PCA, the MLFA-U and the MLFA-P models
were very similar. We present results only for the unrestricted MLFA-U model. The magnitude
of the random effect vy, the interaction between n and v, and the interaction between p
and vy explained 95% of variation in the mean number of sensitivities selected for the true
parameterization f. The interaction between the magnitude of the random effect (vy) and

number of time points (p) explained 96% of variation in the mean number selected for the
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alternative parameterization f*. Since the size of v did not have a large effect on average model
size when vy > 0, we present results only for the case where v = 0.5 in Figure 3.56.

This figure summarizes the mean number of sensitivities included in the multivariate regres-
sion models for parameterizations f (dashed curves) and f* (dot-dash curves) of the logistic
model. As in example C, when p = 10 and vy was large, a smaller model was selected for
the alternate parameterization f* than for the true parameterization f (this is contrary to
expectations). However, when p = 25 or 50, the larger model was generally selected for the
alternate parameterization. The effect of n is shown by the different plotting symbols for each

parameterization; n did not have a consistent effect on average model size. When the nonlinear

Mean number selected
w
|

--0-- f,n=10 --A-- f,n=25 --+-- f,n=50

-:@ -  f,n=10 ~A - fF n=25 -+~ f*,n=50

Figure 3.56: Mean number of sensitivities selected by multivariate forward selection when there
was one nonlinear random effect in the logistic model. Results presented are for the true pa-
rameterization f (dashed curves) and alternate parameterization f* (dot-dash curves), and the
regression using the factor loading estimated from the one-factor MLFA-U model when v = 0.5.
At each step of the forward selection the 0.05 critical value of the test statistic was used. Based
on analyzing the simulation data in batches of 10, we estimated the standard error of each
plotted MC mean to be less than 0.015.
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Table 3.43: Mean number of sensitivities included for the true parameterization f by forward
selection for the logistic model with one nonlinear random effect with va = 0. Results presented
are for the regression using the factor loading estimated from the one-factor MLFA-U model
where v = 0 or v = 1. At each step of the forward selection the 0.05 critical value of the test
statistic was used. Based on analyzing the simulation data in batches of 10, we estimated the
standard error of each MC mean to be less than 0.015.

p=10 p=25 p =50

n =0 y=1 vy=0 ~v=1 vy=0 ~v=1
10 0.187 0.241 0.167 0.201 0.164 0.200
25 0.159 0.196 0.174 0.198 0.153 0.218
50 0.166 0.186 0.145 0.207 0.167 0.210

random effect was small (ve = 0.05), in the majority of cases, forward selection picked a single
sensitivity for the true parameterization f, and three or more sensitivities for the alternate pa-
rameterization f* when p = 25 or 50. As the magnitude of the random effect increased, a second
sensitivity was included for f, and additional sensitivities were also included for the parame-
terization f* when p > 10. When p = 10, the average model size selected for parameterization
f* approached one as the random effect became large.

Table 3.43 summarizes the mean number of sensitivities selected for the true parameteriza-
tion f when there was no random effect (v2 = 0). When v = 0, multivariate forward selection
picked a model with one or more sensitivities in about 15% of cases — slightly more often than
might be expected by the 0.05 nominal level of the tests at each stage of the forward selection.
In the presence of heteroscedasticity (7 = 1), one or more sensitivity was selected in about 20%
of cases.

The random effect magnitude, v, explained 99% of the variation in the trace correlation,
rr, for the multivariate regression model selected for the true parameterization, f. For the
alternative parameterization, f*, the interaction between vs and number of time points (p)

explained 99% of the variation in r7. Figure 3.57 shows the trace correlation for the models
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Figure 3.57: Mean trace correlation for the selected multivariate regression models when there
was one nonlinear random effect in the logistic model. Results presented are for the true pa-
rameterization f (dashed curves) and alternate parameterization f* (dot-dash curves), and the
regression using the factor loading estimated from the one-factor MLFA-U model when n = 25
and v = 0.5. Based on analyzing the simulation data in batches of 10, we estimated the standard
error of each plotted MC mean to be less than 0.01.

selected for f and f* based on the MLFA-U analysis when n = 25 and v = 0.5. Results for
other values of n and v were similar. When v9 > 0, the mean trace correlation r; was close to 1
for f. For the alternate parameterization, f*, the mean trace correlation was smaller than that
for the true parameterization when p = 10 and vo > 0 or when p = 25 and vy = 0.4. The lower
values of rp correspond to the cases where a smaller model was selected for f* than for f. As
in example C, the results for the anomalous cases where p = 10 illustrate how discrimination
between parameterizations f and f* should be based on the size of the selected model as well
as some measure (such as rp) of how well the multivariate regression model explains variation
in the principal component or common factor loadings.

Next we examine which sensitivities from the true parameterization f were selected. The

interaction between the number of time points (p) and magnitude of the random effect (vs)
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Figure 3.58: Proportion of cases where multivariate forward selection picked sensitivities cor-
responding to a random effect on w? in the logistic model with one random effect. Results
presented are for the regression using the factor loading estimated from the one-factor MLFA-U
model where v = 0.5. The dashed curves plot the proportion of times the sensitivity f, ) was
selected. The dot-dash curves plot the proportion of times the second-order sensitivity f 2@
was selected. At each step of the forward selection the 0.05 critical value of the test statistic
was used. Based on 1600 MC replicates, the standard error of each plotted proportion was less
than 0.0125.

explained 98% of variation in the proportion of times that the sensitivity f, ) was selected, and
92% of variation in the proportion of times the second-order sensitivity f ), @) was selected.
These sensitivities correspond to the actual random effect on w®. Figure 3.58 displays the
proportion of cases where multivariate forward selection picked these sensitivities. The figure
only shows the case where v = 0.5. Results for other values of v were similar. When there
was no random effect (v = 0), the sensitivity f ) was selected in less than 5% of cases when
within-subject variation was homoscedastic (y = 0), and in fewer cases in the presence of

heteroscedasticity (y > 0) — see Table 3.44.

As shown in Figure 3.58, when 0 < vy < 0.4, the first-order sensitivity f ) (dashed curves)
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Table 3.44: Proportion of cases where forward selection picked f 2 when va = 0 in the ex-
periment with one nonlinear random effect in the logistic model. Results presented are for the
regression using the factor loading estimated from the one-factor MLFA-U model. At each step
of the forward selection the 0.05 critical value of the test statistic was used. Based on 1600 MC
replicates, the standard error of the estimated proportion was approximately 0.005.
p=10 p =25 p =50

n y=0 y=3 y=1 4=0 =3 =1 =0 y=3 y=1

10 0.047 0.028 0.018 0.038 0.032 0.019 0.042 0.031 0.016

25 0.024 0.026 0.015 0.051 0.036 0.015 0.038 0.030 0.018

50 0.033 0.034 0.013 0.032 0.036 0.014 0.044 0.030 0.010

was selected in close to 100% of cases, regardless of the magnitudes of n or p. Curiously, when
vo = 0.4, this sensitivity was selected in fewer cases, but the selection rate increased with p.
The second-order sensitivity f, )@ (dot-dash curves) was included with increasing frequency
as the random effect magnitude became large. This confirms that the factor analysis detected a
common factor related to the square of the random effect on w(® when this random effect became
large, even though a model with only a single common factor was actually fitted. The three
panels in the figure show the effect of increasing p; the selection proportions increased slightly
as p increased. Different plotting symbols represent different levels of n. When vy > 0, the
proportion of times that the second-order sensitivity function was included, increased slightly
with increasing n.

The multivariate forward selection procedure worked well for this example. As the random
effect became large, the average size of the selected model approached two (Figure 3.56), and
the two selected sensitivities were f 2) and f ), corresponding to the actual random effect
on the growth rate parameter w® (Figure 3.58). One reason that the model selection worked
better in example D than in examples B or C, may be that the sensitivities corresponding to
the parameters w™) and w® in the logistic model were almost orthogonal — see Table 3.5 in

Section 3.2.5.
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3.7.2 Two nonlinear random effects

In this experiment there were two independent random effects for parameterization f of equa-
tion (3.6). The first random effect on the growth rate parameter w® had small standard
deviation, vs|w®| where vy = 0.05. The second random effect on the half-life parameter w®)
had standard deviation v |w(")| where we varied v; from zero to 0.4. The convergence rate for
maximum likelihood estimation of the two-factor MLFA-U model was above 95% except when
v1 > 0.2, and n < p. In these cases the convergence rate was sometimes as low as 80%. The
convergence rate for the two-factor MLFA-P model was 100%.

The first random effect on w(?

was nonlinear, but since we set this random effect to have
small magnitude, we expect results for this experiment to be similar to the case of two linear
random effects when the magnitude of the second random effect (v7) is small, but to play out a
little differently when vy is large. In Section 3.7.3 we briefly discuss how results changed when
the first nonlinear random effect was large. As in the experiment with one nonlinear random
effect, when the second nonlinear random effect becomes large, the principal component and
factor analyses may require additional common factors due to the need for second order terms

in the approximation to the stage-1 model. We also expect that the multivariate regression

analysis will select second-order sensitivities when v; becomes large.

Table 3.45: Estimated size of the PCA test for 1 common factor when v = 0 and there were
two random effects in the logistic model, the second one with vi = 0. Nominal size of the test

was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

p
n 10 25 50

10 0.273 0.042 0.046
25 0.051 0.882 0.083
50 0.051 0.094 1.000
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Number of random effects

When n > p or n < p (for the PCA test), we expect the power of the likelihood ratio tests
to reject the hypothesis of one common factor, to increase with vy and, since the first non-
linear random effect was small, to have size close to the nominal level of 0.05 when v; = 0
(one random effect). When n & p asymptotic behavior cannot be expected. When v = 0 (ho-
moscedastic within-subject variance), the principal component and maximum likelihood factor
analysis methods should give similar results. When v > 0 we would expect the PCA test to
reject the null hypothesis even when there was only one common factor.

The interaction between magnitude of the second random effect (v1) and 7 explained 74% of
variation in the power of the PCA test. The random effect signal vy explained 97% of variation
in power of the MLFA-U test. Figure 3.59 displays estimated power of the PCA test plotted

against the magnitude of the second random effect signal, v, when p = 25. Results for p = 10
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Figure 3.59: Estimated power of the PCA test for 1 common factor when p = 25 and there were
two random effects in the logistic model. Nominal size of the test was 0.05. Based on 1600 MC
replicates, the standard error of estimated power was less than 0.0125.
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and p = 50 were similar to those presented in the figure. The three panels in the figure show the
effect of a different number of subjects n for fixed p. The three curves in each panel represent
power for different amounts of within-subject heteroscedasticity: v = 0 (homoscedastic within-
subject variance), v = 0.5, or v = 1. As anticipated, when v > 0, the PCA test rejected the
hypothesis that there was one principal component too often and would not be useful in the
presence of heteroscedastic within-subject variance.

Table 3.45 gives estimated size of the PCA test at v; = 0 when « = 0 for different values
of n and p. When n was much larger than p, or p was much larger than n, then test had
approximately the correct size (0.05) when v = 0. When the ratio of n to p was closer to one,
the size was larger than the nominal value. Clearly when n = p (center panel in the figure and
diagonal in the table), the large-p asymptotics cannot be leaned on and the PCA test was not
useful. When v = 0 and n < p or n > p, the PCA test had close to 100% power to detect a
second random effect with v; = 0.05.

Figure 3.60 presents the power curves for the MLFA-U test for the cases where n > p. The
size of the test was close to the nominal 0.05 level except when n = 50 and p = 25 or v = 1,
where the size was larger than the nominal level (see Table 3.46). When n > p, the MLFA-U

test had close to 100% power to detect a second random effect with v; = 0.05 or larger. When

Table 3.46: Estimated size of the MLFA-U test for 1 common factor when n > p and there were
two random effects in the logistic model, the second one with vc = 0. Nominal size of the test

was 0.05. Based on 1600 MC replicates, the standard error of estimated size was approximately
0.005.

~
nop 0.0 0.5 1.0

25 10 0.051 0.063 0.061
50 10 0.051 0.058 0.080
50 25 0.084 0.099 0.439
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Figure 3.60: FEstimated power of the MLFA-U test for 1 common factor when n > p and there
were two random effects in the logistic model. Nominal size of the test was 0.05. Based on 1600
MC replicates, the standard error of estimated power was less than 0.0125.

n > p and within-subject variation was homoscedastic (7 = 0), the PCA and MLFA-U tests

had approximately the same size and power.

Test for homogeneous variance

For the likelihood ratio tests comparing the fits of the MLFA-H, MLFA-U, and MLFA-P models,
we expect the chi-squared approximation to be adequate when n is large relative to p. More
parameters (p—2 more) are estimated in fitting the MLFA-U model than in fitting the MLFA-P
model, and so we expect that the test based on the MLFA-P model may have size closer to the
nominal level of 0.05 than the test based on the MLFA-U model. Power to reject the hypothesis
of homoscedasticity should increase with increasing .

The interaction between the magnitude of v and the random effect (v;) explained 80% of
the variation in power of the test comparing the fits of the MLFA-H and MLFA-U models. The

v X vp interaction, and the number of time points (p) explained 93% of the variation in the
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power of the test comparing the MLFA-H model with the MLFA-P model. Figure 3.52 presents
power for the two tests when the random effect signal was small (v = 0.05). When the random
effect was small and v > 0.5, power to reject the hypothesis of homoscedasticity using either
test was close to 100%.

Table 3.47 presents size of the tests for small random effect (v; = 0.05) and moderate
random effect (v; = 0.1). In all cases, the size of the test comparing the homoscedastic model
to the unrestricted model MLFA-U was significantly larger than the nominal level of 0.05,
making this test close to useless. Size of both tests was increased by a moderate random effect
signal. The test comparing the homoscedastic model to the power model MLFA-P performed
slightly better when the random effect on w(? was small, although its size was still a little

higher than the nominal value, except when n and p were 25 or larger.
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Figure 3.61: Estimated power of the likelihood ratio tests for Hy: v = 0 when there were two
random effects in the logistic model and v = 0.05. The first test compared the homoscedastic
factor model with the unrestricted model MLFA-U (dashed curves). The second test compared
the homoscedastic model with the power model MLFA-P (dot-dashed curves). Nominal size of
the test was 0.05. Based on 1600 MC replicates, the standard error of estimated power was less
than 0.0125.
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Table 3.47: FEstimated size of the likelihood ratio tests for Hy: v = 0 when there were two
nonlinear random effects in the logistic model. The first test compared the homoscedastic factor
model with the unrestricted model MLFA-U. The second test compared the homoscedastic model
with the power model MLFA-P. The table reports results for v1 = 0.05 or 0.1. Nominal size
of the test was 0.05. Based on 1600 MC replicates, the standard error of estimated size was
approximately 0.005.

p=10 p=25 p =50

n v1=005 v;=0.1 v1=0.05 v1=0.1 v1=0.06 v1=0.1
MLFA-U

10 0.316 0.350 0.537 0.534 0.696 0.700

25 0.114 0.239 0.152 0.297 0.213 0.386

50 0.087 0.419 0.108 0.416 0.131 0.529
MLFA-P

10 0.089 0.119 0.102 0.128 0.111 0.139

25 0.072 0.077 0.068 0.102 0.064 0.150

50 0.071 0.082 0.058 0.121 0.050 0.165

As was the case in the experiment with a single random effect, the tests for homoscedasticity
were not well-behaved in the presence of a large random effect. When the random effect was
large (v; = 0.4), the size of the MLFA-U test was close to 100%, size of the MLFA-P test was
greater than 50%, and power of the MLFA-P test was very much reduced (these results are
not shown in the figure or table). Although the likelihood for the fitted MLFA-P model should
be larger than that for the model that assumes homogeneous variance, there were some cases
when v; = 0.4 where the likelihood ratio test statistic was negative. Neither test was useful
for testing the hypothesis of homoscedasticity in the presence of a large random effect on w(®).
We expect that the size of the MLFA-P test would have been closer to the nominal level if we
had fitted a factor model with more than two factors when the random effect variation was

moderate or large.
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Estimating v and o2

We estimated the parameters v and o2 of the within-subject variance model V(eij) = 02;1?7 by
fitting the two-factor power model MLFA-P. Patterns in the bias of 7 and &2 for this experiment
were similar to results for the experiment with a single random effect on parameter w®@. The
interaction between v and random effect magnitude (v7), the interaction between p and vy, and
the number of subjects (n) explained 79% of variation in bias of 7 (all simulation factors and
their interactions explained 85% of variation). Figure 3.62 shows the mean of 4 plotted against
v for different values of v in the case where n = 50 and p = 25. Bias in 4 was similar for
other values of n and p. When the random effect was small, mean bias in 5 was approximately
zero. However as v; increased, bias in 4 became large, especially for v = 0.5 and v = 1. The
maximum likelihood estimator of v was too small in the presence of a large random effect, with
the mean of 4 approaching 0 or negative values as v; increased. The underestimation of ¥ when

~v =1 for v; = 0.4 explains why the test for homoscedasticity based on comparing the MLFA-H
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Figure 3.62: Mean estimate of v from fitting the two-factor MLFA-P model when there were
two random effects in the logistic model. The figure plots the case where n = 50 and p = 25.
The true value of v is given by the dotted horizontal lines. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each plotted MC mean to be less than
0.005.
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and MLFA-P models failed to reject the hypothesis of homoscedasticity in some cases when
~v =1 and the random effect variation was large.

The magnitude of 7, and the interaction between the number of subjects (n) and magnitude
of the random effect (v1), explained 90% of variation in bias of the estimate of 0. Figure 3.63
illustrates the pattern in the estimate of o2 for p = 25 (note the log scale on the y-axis). The
estimate of o2 was smaller on average than the true value of 0.0001 when v; was small, but
rapidly became larger on average than the true value as v; increased. The three panels in
Figure 3.63 show the effect of increasing n for fixed p; the estimate of o2 tended to be larger
for larger n. The three curves in each panel represent the mean estimate of o2 for each setting
of 7. The estimate of 2 increased slightly with v when v; > 0.

The over-estimation of o2 in the case of a large nonlinear random effect suggests that the

two-factor model did not adequately explain between-subject variation when v, was large. A

8_ - N <
o o o o o
| | | | | | | | | | | | | | |
n=10, p=25 n=25, p=25 n=50, p=25
le-2 — —
N 5e-3 /$ /ﬁ ~
) /% Va //’
-..6 VA /;’ /7
n’ /y ///
C le-3 ! 4 4 L
8 Se—4 — //7/ i’ /%l L
E e /‘/ /.//D /'//
(@) 7 757 gf/j
= 5% ¥ 7 4
le-4 — ﬁs_,_/t—f :g, .............. . A"“'-"’."‘:#’hz ;g ............... . é.g_:,,_’,tzr.—: .................. -
I I I I I I I I I I I I I I
o 1) “ o~ < o 0 — I <
g o o o g o o o
U;
--0- vy=0 -A- - y=05 ——4—- y=1

Figure 3.63: Mean estimate of o from fitting the two-factor MLEA-P model when there were
two random effects in the logistic model and p = 25. The true value of o was le—4. Based on
analyzing the simulation data in batches of 10, we estimated the standard error of each plotted
MC mean to be less than be—7.
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model with three or more factors (to account for the second-order terms in the approximation
of the stage-1 model) may have given a better fit and less biased estimates of 02 and 7. As in
the previous experiment where there was a single nonlinear random effect, it is a little puzzling
that the estimate of v had such large negative bias when v; was large, but the estimate of o2

did not appear to be affected to a great extent by the level of ~.

Selecting random effects

We used multivariate forward selection, with the first two PCA or factor loadings as multivariate
response variables, to identify the first- and second-order sensitivity functions corresponding to
the correct nonlinear random effects from amongst several possible predictors. For parameter-
ization f we considered the sensitivity functions fo, f ), fo@, fou0m, fo@u@, and f o,
that were given in equation (3.10).

When v; = 0 the forward selection should select a model with one sensitivity, f,

w(2), Corre-

sponding to the random effect on w®. As v; gets larger, the forward selection should addi-
tionally select the sensitivity f ) in a high proportion of cases. When the nonlinear random
effect is large, the two-factor model may not adequately capture the between-subject variation
in the data because of second-order terms in the approximation to the stage-1 model. However,
we would still expect the forward selection procedure based on two common factors to pick the
second-order sensitivity f ) and possibly f,_ )2 when v is large.

The multivariate regression results based on the PCA, MLFA-U and the MLFA-P models
were almost indistinguishable from each other across all the simulation scenarios. We present
results only for the MLFA-U analysis. The number of subjects (n), and interaction between the
magnitude of the random effect (v1) and number of time points (p) explained 97% of variation
in the mean number of sensitivities selected. Figure 3.64 summarizes the mean number of
sensitivities included in the multivariate regression model when v = 0.5. When v; = 0, the
mean model size was approximately 1.25 (see Table 3.48), increasing slightly with p or in the

presence of within-subject heteroscedasticity. As the magnitude of v increased, additional

212



Chapter 3. Simulation experiments: methods to explore the marginal covariance structure

o)
o . N <
o o o o o
| | | | | | | | | | | | | | |
p=10 p=25 p=50
6_ .................................................................. /}ok ............................ 1’//$_
- i / Ve
g #77 /o
-06 ST R R R PPN ///5/1 /{/lp ......... -
2 K /,‘0/ *, 7
(O] . /., gl
n el g A s
o A = AT T SRV CEEE RPN PR S L
) _ - A 7, @
Qo /"‘/ [P ///AD/ /7, e
E sl . . Al A NUUNNEUUURI IUUSURR - P OUURR L
2 & 7
c F A 4 o
(] 2 v/ //’ /’7
Q // /’/// /,”
= & & &
1_II 4444444 I 4444444 I 44444444 I I ....... I 4444444 I 44444444 I 44444444 I II 4444444 I 4444444 I 44444444 I_
o ITe) — N < o 0 - ~ <
o o o o Q o o o
o o
U
|--o-- n=10 -A- n=25 — - n=50]

Figure 3.64: Mean number of sensitivities selected by multivariate forward selection when there
were two random effects in the logistic model. Results presented are for the regression using the
factor loadings estimated from the two-factor MLFA-U model where v = 0.5. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on analyzing
the simulation data in batches of 10, we estimated the standard error of each plotted MC mean
to be less than 0.02.
sensitivities were included into the model. The three panels in the figure show the effect of
increasing number of time points, p; as p increased, the average model size increased. The
three curves in each panel show the effect of increasing number of subjects, n; the number of
sensitivities selected increased with increasing n. When v; = 0.4, all six candidate sensitivities
were included in the model in a high proportion of cases when n and p were large.

The interactions n x v1 and p X vy explained most of the variation in the proportion of
cases where the sensitivity f ) (corresponding to the first random effect on w(2)), and the
sensitivities f a), f, w0, and f )@ (the first- and second-order sensitivities corresponding

to the random effect on w(l)) were included in the multivariate regression model. For f (o),

these two interactions explained 52% of variation (all simulation factors explained 56% of the
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Table 3.48: Mean number of sensitivities included by forward selection when there were two
random effects in the logistic model with v1 = 0. Results presented are for the regression using
the factor loading estimated from the two-factor MLFA-U model. At each step of the forward
selection the 0.05 critical value of the test statistic was used. Based on analyzing the simulation
data in batches of 10, we estimated the standard error of each MC mean to be less than 0.02.

p=10 p=25 p =50

n y=0 y=3 y=1 =0 y=1 =1 =0 y=% y=1
10 1201 1.253 1.239 1204 1.236 1.232 1229 1.271 1.266
95 1.196 1.251 1.260  1.231 1281 1.270  1.252 1.342 1.343
50 1.212 1.265 1.239  1.239 1.320 1.326  1.295 1.387 1.499

variation). For f ), f ) ,m, and f a2, the two interactions explained, respectively, 99%,
88%, and 95% of variation in the proportion of cases where the sensitivities were selected.

Figure 3.65 displays the proportion of cases where multivariate forward selection picked
the sensitivities corresponding to random effects on w® and w(). We plotted results for the
case where n = 25 and v = 0.5. Selection rates were slightly higher when n was larger,
and did not differ much with . The sensitivity f, ) corresponding to the small nonlinear
random effect on w® was included in the multivariate regression model in greater than 65% of
cases (dashed curves with open circles). The proportion of times this sensitivity was included
increased with increasing p and n, but varied with v, depending on which other sensitivities
were included in the model. The first-order sensitivity f_) corresponding to the random effect
on wM was included in almost 100% of cases when v; > 0 (dot-dash curves with open triangles).
The second-order sensitivity f ), was included in an increasing proportion of cases as vi
increased (long-dash curves with crosses). The sensitivity f,_ ) was picked less often, but
its selection rate increased with increasing vy and p (solid curves with plus signs). When there
was only one random effect on w(?) (v1 = 0), the sensitivity f u) was selected in about 5% of
cases — see Table 3.49.

This experiment also exemplifies how the interpretation of the multivariate regression results
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Figure 3.65: Proportion of cases where multivariate forward selection picked the sensitivities,
fo@ (dashed curve), f ) (dot-dashed curves), f o)) (solid curves), and f, ) @ (long-dash
curves) when there were two random effects in the logistic model. Results presented are for the
regression using the factor loading estimated from the one-factor MLFA-U model where n = 25
and v = 0.5. At each step of the forward selection the 0.05 critical value of the test statistic
was used. Based on 1600 MC' replicates, the standard error of each plotted proportion was less
than 0.0125.

may be complicated when there is more than one nonlinear random effect. As discussed in
example C, the candidate sensitivities (especially when second-order sensitivities are included)
are likely to be highly correlated or non-orthogonal. In this experiment, when p was large,
a model including all six candidate sensitivities was picked in a good number of cases when
v1 = 0.4 (Figure 3.64), although there was no random effect on the asymptote parameter
«. This contrasts with the one-effect experiment for example D, where only the two correct
sensitivities were included, even when random effect signal was large. We conclude that the

inclusion of f, was due to the presence of a large nonlinear random effect on parameter w®),

and non-orthogonality of the candidate sensitivities. As a remedy, we would recommend that
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Table 3.49: Proportion of cases where forward selection picked f ) when there were two random
effects in the logistic model with v1 = 0. Results presented are for the regression using the factor
loading estimated from the one-factor MLFA-U model with v = 0 and v = 1. At each step of
the forward selection the 0.05 critical value of the test statistic was used. Based on 1600 MC
replicates, the standard error of the estimated proportion was approximately 0.005.

p=10 p=25 p =150
n =0 y=1 vy=0 ~v=1 y=0 ~v=1
10 0.048 0.059 0.039 0.046 0.039 0.044
25 0.045 0.052 0.039 0.038 0.031 0.035
50 0.048 0.044 0.044 0.034 0.036 0.036

the order in which sensitivities are included by the forward selection procedure should be taken

into account when deciding which parameters truly require non-trivial random effects.

3.7.3 Two nonlinear random effects, the first one being large

Before running the experiment described in the previous section, we ran a similar experiment,
with random effects on the growth rate parameter w® and the half-life parameter w(), except
that the magnitude of the first random effect on w(?) was large (vy = 0.4). When applying our
methods to data generated in this experiment, we fitted models with two principal components
or common factors. However the large nonlinear random effect on w® mostly likely required
second-order terms in the Taylor series approximation of the stage-1 model. As was the case in
example C, the results of this experiment did not give much information about the performance
of our methods, except that a two-factor model was inadequate to capture the between-subject
variation induced by two large nonlinear random effects.

In the experiment with a large random effect on w® and random effect on w®) with varying
magnitude, the likelihood ratio tests for number of random effects rejected the null hypothesis
that there was one linear latent variable in close to 100% of cases even when the magnitude

of the second random effect, vi, was zero. The tests for homoscedastic within-subject variance
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had size much larger than the nominal 0.05 level in the presence of a moderate random effect on
w® (v; = 0.1) due to unexplained between-subject variation after fitting two common factors.
The estimates of v and o2 were much larger (between 10- and 100-fold larger) than truth for
most values of v1. More than three sensitivities were included in the multivariate models chosen
by the forward selection procedure even when v; = 0, due to the second-order behavior of the
large random effect on w(®. All six of the candidate sensitivities were included when v; > 0
and n and p were larger than 25.

If we were to redo such an experiment, we would ensure that sufficient principal components
or common factors were included in the multivariate models to adequately describe the between-
subject variation, before proceeding with the various diagnostic tests based on the fit of these

models.

3.8 Summary of results

In example A where the random effects were linear, our methods performed as anticipated. Re-
sults for the experiment with two linear random effects were similar to those for the experiment
with one linear random effect, with slightly smaller power when there were two random effects.
When there were k linear random effects, the MLFA likelihood ratio test of the hypothesis that
k — 1 common factors are adequate, had approximately the correct size, and had high power
to detect a k-th random effect with moderate magnitude when n > p. The PCA likelihood
ratio test had acceptable size and power when within-subject variation was homoscedastic and
n > porn < p. The PCA test was not useful (its size was too large) when n ~ p, or in the
presence of within-subject heteroscedasticity. For general practice we recommend the (finite
sample corrected) MLFA likelihood ratio test when n > p. We would only recommend the
PCA test if within-subject variation was homoscedastic, or if the test could be applied on a
transformed scale that would ensure homoscedastic within-subject variation.

For testing the hypothesis of within-subject homoscedasticity, the likelihood ratio test com-
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paring the homoscedastic factor model (MLFA-H) to the power model (MLFA-P) had accept-
able size when n and p were large, and had high power to discriminate between the variance
models V(g;;) = 0% and V(g;;) = 02u§7 when v > 0.5. A finite sample correction for this
test to improve the size under the null hypothesis would be useful. The test comparing the
MLFA-H model to the unrestricted factor model (MLFA-U) was not practical, rejecting the
null hypothesis far too often when v = 0. When a k-factor MLFA-P model was fitted to data
generated with k linear factors, the estimate of v was unbiased on average, and the estimate
of 02 was too small, with bias diminishing with increasing n. We recommend use of the test
of homoscedasticity based on fitting the MLFA-P model (or some other model that describes
within-subject variation with a small number of parameters), but caution that size of the test
may be larger than the nominal level unless n and p are large.

In the experiment with a single linear random effect, the exact test of the hypothesis that
3= 02Ip had the correct size when within-subject variation was homoscedastic, and had high
power to detect the true random effect. In the presence of heteroscedasticity, the size of the
test deviated somewhat from the nominal value (sometimes it was smaller than 0.05 and some-
times larger), making this test unpredictable if within-subject variation was heteroscedastic.
Although the exact test was derived based on the first principal component loading, it behaved
similarly when the first factor loading was estimated from fitting the MLFA-U or MLFA-P
models, to how it performed when the test statistic was based on the first PCA loading. The
multivariate forward selection procedure worked as anticipated, picking the sensitivity func-
tions corresponding to the true random effects in a high proportion of cases when random effect
signal was moderate to large. We recommend the multivariate forward selection procedure for
identifying non-trivial random effects (random effects with non-zero variance).

It is worth cautioning that the range over which random effect standard deviation was varied
in example A resulted in a very modest amount of between-subject variation (see Figure 3.2),
but our methods were very sensitive to the presence of these random effects. In practice, we

would advise being mindful that when n and p are large, the methods may identify random

218



Chapter 3. Simulation experiments: methods to explore the marginal covariance structure

effects that are statistically significant but lack much practical importance.

Examples B, C and D tested the performance of our methods when random effects were
nonlinear. The main differences from results in example A can be explained by the need for
higher order (e.g., quadratic) terms in the Taylor series approximation of the stage-1 model
in the presence of a large nonlinear random effect. What this means in practice, is that when
there are k nonlinear random effects, a factor model or principal component model with more
than k& common factors will need to be fitted in order to adequately capture between-subject
variation induced by the nonlinear random effects.

This obviously has an impact on interpreting results of the likelihood ratio tests for adequacy
of the k-factor model. Recall that these tests assume that the common factors are linear.
When a k-factor model appears to be adequate, this does not necessarily mean that there are k
nonlinear random effects. The results of these tests should be interpreted in conjunction with
the multivariate forward selection results that identify which first- and second-order sensitivities
best explain the patterns in between-subject variation. For example, in the experiment with

2) in example D, a model with two

one nonlinear random effect on the growth-rate parameter w'
sensitivities was selected, but these were the first- and second-order sensitivities corresponding
to a single random effect on w®.

When the nonlinear random effects were large, the test for homoscedasticity was greatly
affected by fitting a model with too few common factors. The resulting unexplained between-
subject variation caused large bias in the estimates of v and ¢? in the MLFA-P model, and
clouded the ability of the test based on the fit of the MLFA-P model or the MLFA-U model to
discriminate between homoscedastic and heteroscedastic within-subject variation.

An aspect that was not explored in the linear random effect cases of example A, was the
ability to distinguish between two parameterizations of a model. When a single random effect
on a parameter in one parameterization induced two random effects in an alternate parame-

terization, our methods were able to distinguish between the two parameterizations. In most

cases the multivariate forward selection procedure picked a smaller model for the true param-
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eterization than for the alternate parameterization. In a few cases, the procedure selected a
smaller model for the alternate parameterization. However, in these cases, the smaller model
had smaller trace correlation rp than the model selected for the true parameterization.

There were several marked differences between performance of our methods for the different
nonlinear examples. For example, when there was one nonlinear random effect in example D,
multivariate forward selection picked a model with two sensitivities, even when the random
effect magnitude was large. However a model with three or more sensitivities was picked with
one large random effect in example C. There could be several reasons for these differences. In
Table 3.5 we compared the multiplying factors |3(™)|||0f/05™) || that translate the relative
standard deviation v,, of the random effect on parameter ("™ into a linearized latent variable
“signal”. For example, the parameter V; in the O1C model (example C) induces approximately
10 times larger signal in the linearized model than parameter w(® of the logistic model (example
D), for a given value of v. A second reason for the differences between the different nonlinear
examples could be due to how correlated or non-orthogonal the first- and second-order candidate
sensitivities were for each model. We would expect the multivariate selection procedure to pick
models that were too large in examples where the sensitivities were highly correlated with one
another.

In conclusion, we would recommend our methods for application in examples with nonlinear
random effects, with a few cautions or safety checks. The user should ensure that sufficient
principal components or common factors are included in the multivariate models to adequately
describe the between-subject variation, before proceeding with the various diagnostic tests
based on the fit of these models. To to avoid selecting too many random effects, the order
in which the multivariate forward selection picks sensitivities should be noted, and used to
assist in identifying practically important random effects. The “hierarchy of predictors” prin-
ciple, according to which higher-order sensitivities would be included in the model only if the
corresponding first-order sensitivities were included, could also assist in identifying practically

significant random effects.
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Chapter 4

Detecting within-subject autocorrelation in the

presence of model misspecification

4.1 Introduction

A common assumption when fitting a nonlinear regression model is that the nonlinear function
f correctly specifies the expected trajectory being described. However, it is quite common in
particular applications (e.g., toxicology, pharmacokinetics) to work with mechanistic models
that suffer from some degree of misspecification, or model bias. In mechanistic models with
many parameters, model bias may arise when some regression coefficients are set at “known”
values, rather than being estimated by fitting the model to the data in hand. In the nonlinear
mixed effects model (NLMM) notation developed in Section 1.3 of Chapter 1, we denoted these
coefficients as €, with &, representing the true value, and E the assigned value.

An important implication of model bias, especially where the data being modeled have a
longitudinal structure, is the resulting difficulty in modeling the within-subject covariance struc-
ture. The following sentences quoted from Davidian and Giltinan (1995, Chapter 5) summarize

the difficulty.

“It is likely that there will be some interplay between the mean response function
and an assumed correlation structure. Systematic deviations from the assumed
form for the mean may be attributable to misspecification of mean function or to
autocorrelation; without additional information or assumptions, this may not be

possible to determine.”
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In the presence of model misspecification, the stage-1 regression model of the NLMM introduced

in Chapter 1 becomes
Stage-1: y;; = f(tj,ﬁi,g; x;) + misspecification error + &;;

In this chapter we assume, for simplicity, that the within-subject variances are homoscedastic,
V(eij) = o%. When the coefficients in £ are assigned incorrect values, the misspecification error
will be a function of time. This induces autocorrelation in the conditional residuals of the

misspecified model
Yij — f(tj,ﬁi,g; x;) = misspecification error + ¢;;

even when the true residuals ¢;; are uncorrelated.
Consider, as an example, the PBPK model for the CCly gas uptake experiment. We used

ordinary least-squares to estimate for each rat separately, the metabolic parameters, K,, and
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Figure 4.1: OLS PBPK model fits and residuals for rat 3 (left) and rat 12 (right) from the CCly
gas uptake experiment
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Vinaz, and the true initial exposure in the chamber, y,9. The other coefficients in the model
were set at values in Table 1.1 of Chapter 1. Examples of the fitted model and residual plots
are displayed in Figure 4.1. The inadequacy of the fitted model is clearly apparent in the
smooth pattern in the residual plots. Although experience might suggest that the cause of the
inadequacy is primarily due to model bias (possibly due to parameters such as body weight, B,
being set at incorrect values), other model assumptions may also be incorrect. For example,
the OLS fit assumes that observations made at different times on the same rat are independent
and have constant measurement error variance. However based on the residual plots we cannot
rule out the possibility of some time-dependent structure in measurements on each subject,
over and above that accounted for by the PBPK model bias.

This chapter describes a statistical approach to disentangle the effects of model bias from
genuine AR(1) structure of within-subject variation. The remainder of this chapter is laid out
as follows. In Section 4.2 we describe our method for disentangling the effect of model bias
from inherent serial correlation in the data. In Section 4.3 we present results of three simulation
experiments designed to test our method. Application of the methods of this chapter to the

CCly gas uptake experiment and the theophylline example is postponed until Chapter 5.

4.2 Statistical Method

We begin with the two-stage NLMM described in equation (1.6) of Chapter 1, but assume
homoscedastic within-subject variance, V(g;;) = o? for all 4 and j. Assume that, given the true
values of subject-specific coeflicients, 3,, and known coefficients, &, the regression function f

accurately describes the expected trajectory for subject ¢ in the stage-1 model, i.e.,

E (yij18;) = f(tij, Bis &ss i)
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where £, is the true value of €. If the assigned value E = £, , then model bias occurs due to the

misspecification of &,

E (yi;18;) # f(tij, By, & 5).

We restrict our attention to model bias that occurs through the misspecification of the parameter
&, although other sources of model bias, for example, due to an inadequate choice of the
regression function f, may be encountered in practice.

In earlier work (Chiswell and Monahan, 2004), we looked at estimation of the parameters
of the NLMM 3, D and ¢? when E % €,. We do not revisit this issue here. Instead, as
in previous chapters, we assume that we have estimates of 3 (population mean values of the
regression coefficients) in hand, perhaps from a preliminary analysis at the subject level. We
focus on the problem of teasing apart the effects of model bias from genuine AR(1) structure
of within-subject variation.

Our approach exploits the balanced structure of the data, namely that each subject is mea-
sured at the same, or very similar, time points. This allows us to compute pairwise differences
between the trajectories for subjects with the same covariates. Multivariate regression analysis
of these between-subject differences allows us to analyze the structure of within-subject vari-
ance, (approximately) independently of model bias. This approach is discussed in the following

subsections.

4.2.1 Multivariate regression of between-subject differences

Our approach is based on the first-order linear (FOL) approximation introduced in Section 1.4
of Chapter 1. For two subjects, ¢ and i/, with the same observations times and the same

covariates, we have the approximation given in equation (1.10) for each subject,

Y, =~ f+F (& &) +Fpb+eg;

f+Fe(€—&+Fpby+ei

Q

Y,
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Taking the difference in response vectors for the two subjects gives
w(m/) =Y, Yy = Fﬁ(bi - bi/) + <€i — Si/). (4.1)

If the misspecification errors, &, —E are small, then the bias due to misspecification of E cancels
out, at least approximately.

The matrix Fg is evaluated at the assigned value E; our method assumes that misspecifica-
tion of £ will not have a large effect on the sensitivity functions that make up the columns of
Fj3. We also assume that the correct random effects have been identified, and that a first-order
approximation is adequate. If non-trivial random effects are missing from the model, or are
large (so that the FOL approximation fails), then these effects will also be absorbed into the
conditional stage-1 residuals, contributing to additional autocorrelation in these residuals. It is
not necessary to include all ¢ sensitivities in the matrix Fg. For example, using the methods of
Chapter 2 we may have identified a subset of non-trivial random effects to include. Similarly,
if these methods identified that a random effect was large enough to warrant inclusion of a
second-order effect, then the corresponding second-order sensitivity should be included in Fg.
However, for simplicity of notation we will assume that F3 has ¢ columns.

There are (n—1) linearly independent pairs of differences, y, —y,,. If n—1 > p— g —1, then
we cannot use all of the pairs, but must choose r = min(n—1,p — ¢ — 1) pairs. Unless there is
some reason to choose a particular set, these could be picked at random. We collect the chosen

pairwise differences as the columns of a p X r matrix, for example,

W = [w(1,2)7w(1,3), Sy w(l,rJrl)] .

Based on the approximate relationship in equation (4.1), we fit a multivariate multiple regression
model

W =FsB+E (4.2)
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where B is a ¢ x r matrix of regression coefficients, and E is a p x r matrix containing the
differences of the stage-1 residuals €; — €;;. Let T'g be the r x r covariance matrix of the
j-th row of E. The elements of I'y depend on the choice of pairwise differences included
in W. Since V(g;; — ;) = 202, the diagonal elements of 'y equal 20?. The off-diagonal
elements of I'y will either equal zero (if the two pairwise differences involve no common subject)
or +02 (when the two pairwise differences involve one common subject). For example, if
W = [w(m),w(l,g), e ,w(LTH)], then the off-diagonal elements of T'y all equal o2 so that
Iy =0l + o117,

Note that although the coefficients in B correspond to the random effect differences b; — b/,
we treat these coefficients as fixed, not random, when fitting the multivariate regression model.
Statistical aspects of fitting a multivariate regression model, like the one in equation (4.2),
were discussed in Section 2.2.5 of Chapter 2. These methods assume that the rows of E are
independent, which will be the case if the within-subject residuals are uncorrelated.

If the proposed multivariate regression model (4.2) is adequate, then this model should fit
well, for example have trace correlation rp close to one. The trace correlation was defined in
equation (2.13) of Chapter 2. If the stage-1 residuals ¢;; are uncorrelated within a subject, then
we should see no obvious time-dependent pattern in rows of the residual matrix E of the fitted
multivariate regression. In the next section we derive the expected multivariate autocorrelation
structure amongst the rows of E that would arise if the stage-1 residuals follow a first-order

autoregressive, AR(1), process.

4.2.2 Testing for AR(1) structure in within-subject variation

The primary goal of fitting the multivariate regression model of equation (4.2) is to attempt to
disentangle model bias from possible underlying time-dependent structure in the errors ;5. To
do this we assume a first-order autoregressive, AR(1), model for within-subject time dependence
in the original data,

€ij = P€ij—1 +a;; with a;; ii.d. N(0,0'g) (4.3)
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for j=2,...,pand i =1,...,n. Under model (4.3),
V(i) = 05/(1=p*) =0 and  Cov(ey,eij-1) = pog/(1 - p?) = po?

for 7 = 2,...,p. We assume the residual for the first time point, &1, is i.i.d. N(0,02). The
residuals from different subjects are uncorrelated.

Under the assumptions of model (4.3), time dependence amongst the rows of E follows a
first-order vector autoregressive, VAR(1), process. To see this, let E;[ be the j-th row of E.
The r elements of the vector E; are of the form ¢;; — €;;, and can be written as follows, based

on the AR(1) process in equation (4.3),
eij — €y = p(Eija — €v ja) + (aij — aiy).

The same relation holds for other elements of E;. Let ¢; be a vector with r elements of the
form ¢(; 4 ; = aij — ayj. Since the a;; are i.i.d. N(0,02), the elements of ¢; have mean 0 and
variance 202. Elements of ¢; may be correlated (with covariance +02), but the ¢; vectors are
uncorrelated across time points. Therefore we can write E; as a first-order vector autoregressive,
VAR(1), process,

E;=pE;_1+¢; for j=2,...,p. (4.4)

The lag-1 covariance matrix I'y = Cov(E;,E;) for the j-th and (j —1)-th rows of E,
has elements of three types. On the diagonal, the elements involve the same two subjects, so
this element is 2p02/(1 — p?) = 2po?. The off-diagonal elements are either zero (if the two
pairwise differences involve no common subjects), or +po2/(1— p?) = £po? (if the two pairwise
differences involve one common subject). For example, if W = |:’IU(172),'U)(1’3), . v'w(l,H—l)]?

then the off-diagonal elements of 'y all equal po? so that
Iy = po’l, + po?11T = pI,.
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For any choice of pairwise differences, the diagonal elements of I'y are proportional to the
diagonal elements of I'g, with constant of proportionality p. If p = 0 for all subjects, then there
will be no time-dependence amongst rows of E.

To test whether p = 0, we propose the following (somewhat ad-hoc) approach. Let
B = (FIFy) 'FIW

the the least-squares estimator of B in the multivariate regression model (4.2). Let E =
W — Fgfi be the estimated residual matrix. Since the multivariate regression model does not
necessarily contain an intercept, we center the residuals, E* = I, — Pl)f) where P; = p~ 1117,

An estimator of I'g is

p
Go=(p—q)” Z

where E;T is the j-th row of E*. An estimator of the lag-1 covariance I'y is

p
G = pqlz1*-

As mentioned earlier, for any set of pairwise differences, the diagonal elements of I'; equal p
times the diagonal elements of T'g. Let r(; 7y = (G1)(;,)/(Go) (i) be the ratio of the diagonal
elements of Gy and Gy corresponding to the difference wy; ;. To test whether there is significant

evidence of AR(1) autocorrelation, we compute Fisher’s Z transformation for each of the r

Z/ 1 1 + r(ivi/)
G = -Dlos (= i)/

ratios,

Each diagonal element is based on p — 1 cross-product terms, so using standard results (e.g.,
Steel and Torrie, 1980, Section 11.4), Zéi ) has an approximate normal distribution with mean
BSlog{(1+p)/(1—p)} and variance (p—1—3)"1 = (p—4)~L. Let Z’ be the mean of the r values

of Zéi in)- Then Z' has an approximate normal distribution with mean .5log{(1 + p)/(1 — p)}.
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An estimator of p is
2?7 1

5= (4.5)

22 41
Because the elements ZEZ. ;) are most likely correlated, the variance of Z’ could be larger or

smaller than {r(p —4)}~!. To test the hypothesis Hy: p = 0, we suggest using the test statistic
Totiany = (p = 4)1/22&72'/) (4.6)

for each of the r ratios of the diagonal elements of G1 and Gg. Under the hypothesis Ho, T, )
will have an approximately standard normal distribution. We need to correct for the r multiple
comparisons. We suggest a simple Bonferroni-correction, i.e., to use the «/(2r) critical value
for each of the r two-sided comparisons. The hypothesis is rejected if in one or more tests,
|T}(i,i1)|, exceeds the a/(2r) critical value from the standard normal distribution, z,/(,). In the
simulation experiments of the next section, we test the size and power of the test procedure,

and the estimation of p using p defined in (4.5).

4.3 Simulation experiments

In this section we present results of three simulation experiments designed to test the ability of
our method to detect AR(1) structure in the first stage of the NLMM. In the first experiment,
the data generating model had a single linear random effect, and homoscedastic within-subject
variation, and we investigated power to reject Ho: p = 0 over a range of p. The second exper-
iment was similar to the first, but we investigated the effect of heteroscedastic within-subject
variance. In the third experiment, we generated data according to the open-two compartment
(02C) model, with a random effect on the large rate parameter w® (a nonlinear random ef-
fect). We looked at the effect of possible misspecification of the rate parameter, on which the
sensitivity used as a predictor in the multivariate regression for between-subject differences

depends. In this last experiment we assumed that within-subject variance was homoscedastic.
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4.3.1 Experiment I: one linear random effect and homoscedastic within-
subject variance

In this experiment we generated data according to the following model where an AR(1) process

defined the correlation structure in the stage-1 residuals

Stage-1: yij = wif o (t;) +eij, i ~ N(0,0%), Cov(eyj,eix) = o2 pli =kl
Stage-2: w; 1i.d. N(0,02), 0w = vu|w@)|
for i = 1,...,n subjects, and j = 1,...,p time points, ¢;, that were equally spaced in [0, 1].

We assumed that the residuals ¢;; were independent across subjects, and independent of the

random effects w;. The function f =) was the sensitivity for w®@ in the 02C model,
fo () = =(1 = a)texp(—w®1)

scaled to have norm 1 (i.e., Zé’:l{fw(g) (t;)}> = p). We set parameter values at o = 0.25,
w® =5, 0 =0.01, and v, = 0.1 (random effect standard deviation was 10% of w(®).
We did not consider the effect of misspecification of a linear parameter, because this effect

cancels out completely in the analysis. For example, if the true stage-1 model was

Yij = wif,e (t;) + Efalty) + i

where f»(t) was a function free of w® and &, then the difference between responses of subjects

i and ¢’ is free of &,

Yij — Yirg = (Wi — wir) e () + (€55 — €iry)

and therefore indifferent to the effects of misspecification in the value of &.
Table 4.1 lists the factors and levels considered in this experiment. The number of pairwise

differences, r, used in the multivariate regression approach was limited by the number of time
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Table 4.1: Simulation treatment factors for experiment I

Factor Levels
AR(1) correlation, p 0, 0.05, 0.1, 0.25, 0.5, 0.95
No. time points, p 10, 25, 50

Relative no. subjects, n/p 1/2, 3/4

points, p. Therefore we only considered values of n smaller than p. The value of n used
was (n/p)p rounded up to the nearest integer. We generated 1,000 Monte Carlo replicates of
each treatment combination. We implemented the estimation and hypothesis testing approach
outlined earlier in this chapter, and generated the simulation data, using Matlab (Version 7.0
(R14)).

We used the test defined in equation (4.6) to test for evidence of AR(1) correlation at the
5% significance level. We estimated p using the estimator of equation (4.5). The ability to
detect AR(1) structure should increase as p increases. We would expect the power of the test
to increase with number of time points p. The estimate of p should be more accurate and
more precise with increasing p, and should also improve with larger n. Because the Bonferroni
correction depends on the number of between-subject differences, which is a function of n, we

expect that the test may be more conservative for larger n.

Table 4.2: Estimated size of test for Hy: p = 0 when p = 0 for experiment I. In this experiment,
there was one linear random effect, and within-subject variance was homoscedastic. Nominal
level of the test was 0.05. Based on 1000 MC' replicates, the standard error of estimated size
was less than 0.007.

n/p
p 1/2  3/4
10 0.037 0.040
25 0.030 0.046
50 0.045 0.045
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Figure 4.2: MC means of p plotted against p when there was one linear random effect, and
within-subject variance was homoscedastic. The siz curves show the estimates for different
values of AR(1) correlation, p. The ratio of the number of subjects to number of time points,
n/p had little effect on power; we plot results only for n/p = 1/2. Based on analyzing the
simulation data in batches of 10, we estimated the standard error of each plotted MC mean to
be less than 0.007 when p = 10, less than 0.004 when p = 25, and less than 0.003 when p = 50.

We used analysis of variance to assess how the different simulation factors (p, n/p, and p)
affected the power of the test and the estimate of p. Since these endpoints cannot be expected
to be normally distributed, we batched the MC replicates into groups of size 10, and calculated
the ANOVA on batch means. The ratio of number of subjects to number of time points had
little effect on the estimation of p (p-value = 0.3701), and only marginal effect on power of the
test (p-value = 0.0101). Power of the test, and bias in p were primarily affected by the true
value of p and by p (p-values < 0.0001).

The estimate of p was too small on average. The absolute magnitude of bias was larger for
larger p, and bias decreased with increasing p — see Figure 4.2. The Monte Carlo standard
error of the estimates of p also decreased with increasing p.

Figure 4.3 plots the Monte Carlo estimate of power of the test for Hy: p = 0, as a function
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Figure 4.3: FEstimated power to reject Hy: p = 0 as a function of p when there was one linear
random effect, and within-subject variance was homoscedastic. The three curves show the effect
of increasing number of time points, p. The ratio of the number of subjects to number of time
points, n/p had little effect on power; we plot results only for n/p = 1/2. Nominal size of the
test was 0.05. Based on 1000 MC replicates, the standard error of estimated power was less
than 0.016.

of p. Since the ratio n/p had little effect, we have plotted results only for n/p = 1/2. The
three curves in each plot show that, as expected, power increased with increasing number of
time points, p. When p = 10, power to detect even strong autocorrelation (p = 0.95) was low
(less than 65%). However, when p = 50, a correlation of p = 0.5 was detected in 100% of cases.
When p = 0, the size of the test was close to, although slightly smaller than the nominal 0.05
level (see Table 4.2). This is not surprising since the Bonferroni correction will be conservative

(reject a true null hypothesis less often than suggested by the 0.05 nominal level) when the r

hypotheses are not independent.

4.3.2 Experiment II: one linear random effect and heteroscedastic within-

subject variance

The data generating model for this experiment was similar to that used in Experiment I, except

that here we also examined the effect of within-subject heteroscedasticity on the detection and
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estimation of AR(1) correlation. We generated data according to the following model where a
first-order heteroscedastic autoregressive, ARH(1), process defined the correlation structure in

the stage-1 residuals

Stage-1: Yij = wif @ () +eij,  €ij ~ N0, 02 {u(t;)}*),
Cov(es,ein) = o {ulty)} {p(tr) } "
Stage-2: w; iid. N(0,02), 04 = vy|w®@
for i = 1,...,n subjects, and j = 1,...,p time points, ¢;, that were equally spaced in [0, 1].

We assumed that the residuals ¢;; were independent across subjects, and independent of the
random effects w;.

As in Experiment I, the function f ) was the sensitivity for w® in the O2C model. To
simulate heteroscedasticity, we set the variance of the residuals at time ¢; to be proportional to

{u(t;)}*’ where pu was defined by the O2C model,
u(t) = aexp(—wMt) + (1 — @) exp(—w@t)

scaled to have norm 1. We did not include a fixed mean in the data generating model because
this would cancel out in computing the between-subject residuals. We set parameter values at
a =025 w® =05 w0 =5 0=0.01, and v, = 0.1 (10% of w?).

Since the number of subjects, n, had little effect in the first experiment, we set n = p/2

(rounded up to the nearest integer) in Experiment II. Table 4.3 lists the factors and levels

Table 4.3: Simulation treatment factors for experiment I1

Factor Levels

AR(1) correlation, p 0, 0.05, 0.1, 0.25, 0.5, 0.95

Heteroscedasticity, v 0, 0.5, 1
No. time points, p 10, 25, 50
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considered in this experiment. We generated 1,000 Monte Carlo replicates of each treatment
combination.

We expect results to the same as those in Experiment I when within-subject variation is
homoscedastic, v = 0. When v > 0, the bias in the estimate of p should increase. We expect
that the power and size of the test for Hy: p = 0 will be affected by heteroscedasticity, but we
could not predict before-hand whether it would decrease or increase.

We used analysis of variance (based on means of batches of size 10) to assess whether the
different simulation factors (p, 7, and p) affected the power of the test and the estimator of p.
All three factors affected the power and size of the test for Hg: p = 0, and bias in the estimator

of p (p-values < 0.001). The number of time points, p, and the true value of p, had the largest

N

MC mean of p

--0-- p=0 -—+-- p=01 --&-- p=05
--A-- p=005 --X-- p=025 --y-- p=0.95

Figure 4.4: MC means of p plotted against p when there was one linear random effect, and
within-subject variance was heteroscedastic. The three panels show the effect of heteroscedastic-
ity (v). The siz curves show the estimates for different values of AR(1) correlation, p. Based on
analyzing the simulation data in batches of 10, we estimated the standard error of each plotted
MC mean to be less than 0.008 when p = 10, less than 0.005 when p = 25, and less than 0.004

when p = 50.
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affect on results, but results were also significantly affected by the presence of heteroscedasticity
(v>0).

As in Experiment I, the estimate of p was too small on average. The absolute magnitude
of bias was larger for larger p, and bias decreased with increasing p — see Figure 4.4. The
Monte Carlo standard error of the estimates of p also decreased with increasing p. Comparing
the results in the three panels, we see that the presence of heteroscedasticity increased bias in
p, especially when p was small.

Figure 4.5 plots the Monte Carlo estimate of power of the test for Hy: p = 0, as a function
of p. The three panels show the effect of heteroscedasticity on the power of the test. Het-
eroscedasticity increased the size of the test when p = 25 or p = 50 (see Table 4.4). When
p = 10, power to detect AR(1) structure with p as large as 0.95 was reduced to less than 40%

when v = 1/2, and to less than 15% when v = 1. As in Experiment I, power of the test
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Figure 4.5: FEstimated power to reject Hy: p = 0 as a function of p when there was one linear
random effect, and within-subject variance was heteroscedastic. The three panels show the effect
of heteroscedasticity (v). In each panel, the three curves show the effect of increasing number
of time points, p. Nominal size of the test was 0.05. Based on 1000 MC replicates, the standard
error of estimated power was less than 0.016.

236



Chapter 4. Detecting within-subject autocorrelation in the presence of model misspecification

Table 4.4: Estimated size of test for Hy: p = 0 when p = 0 for experiment I1. In this experiment,
there was one linear random effect, and within-subject variance was heteroscedastic. Nominal
level of the test was 0.05. Based on 1000 MC' replicates, the standard error of estimated size

was less than 0.007.

5
p 0 1/2 1

10 0.039 0.045 0.050
25 0.039 0.081 0.177
50 0.034 0.107 0.382

increased with increasing p.

4.3.3 Experiment III: one nonlinear random effect and misspecification of
one nonlinear parameter
In the third experiment we generated data according to the O2C model with a small random

effect on the large rate parameter, w®, and possible misspecification of this rate parameter. An

AR(1) process (with homoscedastic variance) defined the correlation structure in the stage-1

residuals
Stage-1: Yij = aexp(—w(l)tj) + (1 —a)exp{—(w® + w;)t;} + €ij,
Eig ~ N(07 02)7 COV(&;j, gi,k) = U2p‘j_k|
Stage-2: w; iid. N(0,02), 04 = vp|lw@)|
for i = 1,...,n subjects, and j = 1,...,p time points, ¢;, that were equally spaced in [0, 1].

We assumed that the residuals ¢;; were independent across subjects, and independent of the
random effects w;. We set parameter values at a = 0.25, w® =05, w?® =5, ¢ =0.01, and
vy = 0.1 (random effect standard deviation was 10% of w(®).

Let E = 6w be a possibly misspecified value of the rate parameter, where § takes values
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Table 4.5: Simulation treatment factors for experiment I11

Factor Levels

AR(1) correlation, p 0, 0.05, 0.1, 0.25, 0.5, 0.95
Misspecification, § 0.75,0.9, 1, 1.1, 1.25

No. time points, p 10, 25, 50

0.75,0.9,1,1.1,1.25. We used the true value, & = w®?, to generate the data. In the regression
of the multivariate-between subject sensitivities, we assumed that w? was misspecified at the

value 5, and evaluated the sensitivity f ) at 5 instead of at w®,

foe (t) = —(1 — a)texp(—dwt).

This simulates how our method might work if one parameter in the model was misspecified.
We chose to misspecify w(?) because misspecification of the other rate parameter, w(®, would
have had no effect (f ) is free of w), and misspecification of the scale parameter o gives a
function proportional to the true sensitivity function.

Table 4.5 lists the factors and levels considered in this experiment. As in Experiment I, we

set n = p/2 (rounded up to the nearest integer). We generated 1,000 Monte Carlo replicates of

Table 4.6: Estimated size of test for Hy: p = 0 when p = 0 for experiment III. In this experiment,
there was a random effect on w?, misspecification of w?, and within-subject variance was
homoscedastic. The factor § controls the amount of misspecification in w®, € = dw®. Nominal
level of the test was 0.05. Based on 1000 MC' replicates, the standard error of estimated size
was less than 0.007.

5
p 1 1.1 1.25
10 0.024 0.034 0.027
25 0.031 0.071 0.129
50 0.051 0.123 0.394
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Figure 4.6: MC means of p plotted against p when there was a random effect on w?, mis-
specification of w®, and within-subject variance was homoscedastic. The three panels show the
effect of different amounts of misspecification, & = 6w?. The siz curves in each panel show the
estimates for different values of AR(1) correlation, p. Based on analyzing the simulation data
in batches of 10, we estimated the standard error of each plotted MC mean to be less than 0.008
when p = 10, less than 0.005 when p = 25, and less than 0.004 when p = 50.

each treatment combination.

When ¢ = 1 (no misspecification) we expect results to be similar to those of Experiment I,
because the magnitude of the nonlinear random effect is small. However, when |0 — 1| is large,
our method may detect AR(1) structure when there is none; therefore the size of the test may
be inflated.

We used analysis of variance (based on means of batches of 10 replicates) to assess whether
the different simulation factors (p, d, and p) affected the power of the test and the estimate
of p. All three factors, as well as their interactions had a significant effect on bias in p and
the power of the test for AR(1) structure (p-values < 0.0001). Results did not depend on the

direction of misspecification of w?); for example, results when § = 0.75 were similar to those
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when § = 1.25. For the sake of brevity we have presented results only for the cases where § > 1.

Figure 4.6 shows the average values of the estimates of p, plotted against p. The three panels
show the effect of misspecification of parameter w(®). Within each panel, six curves plot the
estimates for different values of the truth (p). As in the previous two experiments, the estimate
of p was generally too small on average. However, when there was large misspecification, large
number of time points (p = 50), and the true correlation was small (p < 0.25), the estimator p
was larger on average than the true value. That is, when p is small and p is large, our method
may over-estimate AR(1) correlation in the presence of large misspecification error.

Figure 4.7 plots the Monte Carlo estimate of power of the test for Hy: p = 0, as a function
of p. The three panels show the effect of misspecification of parameter w®. When p = 0 and

9 = 1 (no misspecification), the size of the test was close to, or smaller than, the nominal 0.05
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Figure 4.7: Estimated power to reject Hy: p = 0 as a function of p when there was a random
effect on w?, misspecification of w?, and within-subject variance was homoscedastic. The
three panels show the effect of different amounts of misspecification, E = 6w®. The three
curves in each panel show the effect of increasing number of time points, p. Nominal size of
the test was 0.05. Based on 1000 MC replicates, the standard error of estimated power was less
than 0.016.
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level (see Table 4.6). The small nonlinear random effect did not inflate the size of the test.
When the number of time points was few (p = 10), misspecification did not have much effect on
the size or power of the test. However, when p = 25 or p = 50, misspecification error increased
the size of the test (last two columns of Table 4.6). As in Experiments I and II, power of the

test increased with increasing p.

4.3.4 Summary of simulation results

In this chapter, we developed an approach to disentangle AR(1) structure in within-subject
residuals from correlations caused by misspecified regression coefficients. Based on regressing
between-subject differences on random effect parameter sensitivities, we proposed an estimator
for AR(1) correlation p, and a test for the hypothesis Hy: p = 0.

The estimator of the AR(1) correlation coefficient, p, was generally too small on average.
Bias in p decreased with increasing number of time points p. The number of subjects, n did
not have much effect on estimating p, or on testing for evidence of AR(1) structure.

The first simulation experiment showed that the test maintained the correct level (0.05)
when p = 0 and within-subject variance was homoscedastic. Power to detect within-subject
correlation when p was as large as 0.5 was acceptable when the number of time points was 25 or
larger. We would not recommend the test when p is small, but the performance was acceptable
for p > 25.

Our method is based on the assumption of homoscedastic within-subject variance. The
second simulation experiment showed that the size of the test was notably inflated when the
assumption of homoscedasticity was strongly violated (y = 1). This was most evident when
sample size was large (p = 25 or p = 50).

The main purpose of our method was to attempt to disentangle the effects of model bias
caused by misspecification of coefficient values from true within-subject autocorrelation. The
ability of our test to do this was tested in experiment III. This experiment showed that our

test worked as expected when the nonlinear random effect was small. When misspecification
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error was small (10%), our test had slightly inflated size, but provided a useful test for within-
subject autocorrelation. When misspecification error was as large as 25%, our method could
not distinguish between true AR(1) correlation, and dependence caused by the misspecification.

The reader might question the utility of an approach that assumes or accepts bias in the
function that describes the stage-1 trajectories in the NLMM. We agree that parameter es-
timation and modeling using a biased model may not make sense; for example, estimates of
regression coefficients in a biased model may not be meaningful. However, it may be the case
that the modeler cannot decide whether a model is really biased, or whether the observed pat-
tern in residuals is due to true AR(1) structure. Our method provides one way of attempting
to tease apart these two issues. If, according to our method, there appears to be no AR(1)
structure, then any lack of fit may be attributed to model bias. The analyst then has to decide

how to address the issue of model bias.
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Chapter 5

Application: motivating examples

In this chapter we apply the methods developed in Chapters 2 and 4 to the two motivating
examples that were introduced in Section 1.1. In the first example (discussed in Section 5.1),
the open two-compartment (O2C) model and a physiologically-based pharmacokinetic (PBPK)
model are alternative functions used to describe longitudinal measurements of the chamber
concentration of carbon tetrachloride recorded in a gas uptake experiment. In the second
example (discussed in Section 5.2), the open one-compartment (O1C) model is used to describe
repeated measurements of serum concentrations of the drug theophylline recorded in 12 human
subjects.

We apply the methods of Chapter 2 to explore the marginal covariance structure of the two
data sets. We attempt to select the number and identity of random effect parameters in the
nonlinear models that are needed to characterize between-subject variation. For the O1C and
02C models we investigate which of two parameterizations is best suited to describe between-
subject variation. We investigate whether there is evidence that within-subject variation is
heteroscedastic, or whether we can assume this variation to be constant over time. Because
nonlinear models do not always provide an unbiased prediction of subject-level trajectories, it
may be difficult to determine whether observed correlation in within-subject residuals is due
to model bias or true serial correlation in measurements. We use the methods of Chapter 4 to
attempt to disentangle serial correlation in within-subject measurement errors from the effects
of model bias.

We conclude the chapter with a few comments and additional insights about our methods,

gained through applying them to the two examples.
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5.1 Carbon tetrachloride gas uptake experiment

We described the CCly gas uptake experiment in Section 1.1 of Chapter 1. Twelve rats were
individually exposed to CCly in a closed chamber. Four initial exposures were used in the
experiment: 1000, 250, 100 and 25 ppm. Concentration of CCly in the chamber was measured
approximately 36 times per rat over a period of 6 hours. Measurements were made at the same
(or very similar) time points for all rats in the study.

Because our methods require balanced data (the same observation time points for each sub-
ject), we used linear interpolation to impute the few missing values in the data set, and assumed
that measurement times were identical across subjects. Figure 5.1 displays the observed cham-
ber concentrations (including interpolated values) for the 12 rats in the gas uptake experiment.
We divided the plotted concentrations by the initial exposure level to eliminate the scaling effect
due to dose. By undertaking this scaling, we are implicitly assuming that measurement error

variance, on the original scale, is heterogeneous (a function of initial exposure), with larger
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Figure 5.1: Chamber concentration of CCly following inhalation exposure in 12 rats. The plotted
concentrations are scaled by the initial exposure (ppm). Dotted curves represent the observed
trajectories with different plotting symbols distinguishing the four exposure groups. The solid
curve is the predicted concentration profile based on the O2C model with D = 1, a = 0.595,
w® = 0.109, and w?® = 2.41. The dashed curve is the prediction based on the PBPK model
with parameters given in Table 1.1.
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variance for larger response.
In this example we consider two models to describe the chamber concentration for each

animal. The first is the open two-compartment (O2C) model

f(t,o,wV w?; D) = D{aexp(—wWt) + (1 — a) exp(—wPt)}

for t € [0, 6], which predicts the expected concentration at a given time point for each subject.
This model was described in more detail in Section 1.2. Because we scaled the concentration by
initial dose, we will assume that D = 1 ppm for all subjects. To obtain preliminary estimates of
the parameters o, w(M, and w®, we fitted the O2C model to the data for each subject separately
using ordinary least squares (SAS proc nlin), and averaged the coefficient estimates across
the 12 subjects. The mean coefficient values were o = 0.595, w™) = 0.109 1/hr, and w® =241
1/hr. The solid curve in Figure 5.1 plots the predicted concentration trajectory for these
coefficient values.

The second model considered is the PBPK model that was described in Section 1.1.1. This
model divides the body into four compartments: the liver, fat, well-perfused tissues (central
nervous system and viscera except liver), and poorly-perfused tissues (muscles and skin). A fifth
compartment represents the exposure chamber. A system of nonlinear differential equations
describes the patterns of change in amounts or concentrations of the CCly over time in each
compartment. We used Matlab’s ode45 differential equation solver (Version 7 (R14), The
MathWorks, Inc.) to approximate the solution to the system of differential equations, and
to give a prediction of CCly concentration in the chamber. For this analysis, we used the
parameter values listed in Table 1.1 of Chapter 1. The dashed curve in Figure 5.1 plots the
predicted concentration trajectory for the PBPK model.

In the Section 5.1.1 we apply the methods developed in Chapter 2 for exploring the marginal
covariance of the dose-scaled CCly data, and use this analysis to select random effects for the

02C and PBPK models. In Section 5.1.2 we apply the approach of Chapter 4 to test whether
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there is significant evidence of AR(1) structure in the within-subject residuals when the O2C
or PBPK models describe the expected trajectory for each rat. For the interpolated data there
were p = 36 observations on n = 12 subjects. For the purpose of this analysis, we ignore the

exposure covariate, and treat all 12 subjects as though they had the same covariates.

5.1.1 Exploring the marginal covariance structure
Choosing the number of common factors

Figure 5.2 shows the eigenvalues of the the sample covariance matrix S,, (note the log scale on
the y-axis). Since n < p in this example, the covariance matrix has rank 11, and the smallest
p —n+ 1 = 25 eigenvalues of S,, are zero. Recall that the eigenvalues are the variances of the
sample principal components. The first two eigenvalues are more than ten-fold larger than the
other eigenvalues. This suggests that two principal components should be sufficient to capture
the between-subject variation in the data.

We used the Bartlett-corrected likelihood ratio statistic defined in equation (2.17) for n < p
to test whether a model with & = 1,2,3 or 4 principal components is adequate. Results are

presented in Table 5.1. The PCA test results for this example suggest that more than four
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Figure 5.2: Non-zero eigenvalues of the sample covariance matriz, S, for the CCly example.
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Table 5.1: PCA test results for the hypothesis that k principal components are adequate for the
CCly data. The column LRT} gives the value of the likelihood ratio test statistic based on the
PCA model, and dfy, gives the degrees of freedom of the test.

k  LRTp dfy p-value
1 399.1 54 <.0001
2 171.7 44 <.0001
3 1356 35 <.0001
4 993 27 <.0001

principal components are needed. The simulation results of Chapter 3 showed that if within-
subject variation is homoscedastic, then since p = 3n in this example, the size of the PCA
test should be close to the nominal level. However, if there is within-subject heteroscedasticity,
then the smallest eigenvalues of 3 will not be equal, and the PCA test will tend to reject the
hypothesis of k principal components too often when it is true.

Factor analysis allows a more flexible model for the within-subject variation than the prin-
cipal component model, which assumes that V(e;;) = o? for all i and j. The unrestricted factor
model (MLFA-U) allows for a distinct variance at each time point, the only restriction being
that the variances must be positive, V(e;;) = 1; > 0. In Section 2.4.3 we also introduced a
restricted factor model, MLFA-P, that models the within-subject variance as a power of the
mean, V(e;;) = 02/13.7 where f1; is the marginal mean at time ;.

For the CCly example, we fitted the MLFA-U and MLFA-P models with one, two, and three
common factors. The iterative algorithm for fitting the MLFA-U model with four common
factors had trouble converging, so we did not attempt to fit a model with more than three
common factors. Since n < p in this example, we could not use the Bartlett-corrected likelihood
ratio tests to judge the adequacy of the k-factor models. An informal way to judge the adequacy
of the k-factor models is to compute the percentage of total sample variation (tr(S,,)) accounted
for by the k common factors. For this example, we expect within-subject variation to be small

relative to between-subject variation (see Figure 5.1), so an adequate factor model should
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Figure 5.3: Percentage of total sample variation explained by the k-factor MLFA-U and MLFA-
P models for the CCly example. The percentage of variation explained is plotted against the
number of common factors included in the MLFA-U model (dotted curve) or in the MLFA-P
model (dashed curve).

explain a high percentage of the total sample variance. Figure 5.3 displays the percentage of
variation explained plotted against the number of common factors included in the MLFA-U
and MLFA-P models. The two-factor MLFA-U and MLFA-P models explained approximately
98% of the total sample variation. Including a third factor increased the percentage of variation
explained to 99%. Based on the large magnitude of the first two principal components (relative
to smaller eigenvalues) and the high percentage of variation explained by the two-factor models,

we based the next stages of this analysis on models including two common factors.

Within-subject heteroscedasticity

As is common in much biological data, we expect to see within-subject heteroscedasticity for the
CCly data, perhaps with increased variability for larger responses. In Section 2.4.3 we described
an approach to testing the hypothesis of homoscedastic within-subject variance by comparing
the fit of the factor model (MLFA-H) that assumes homogeneous variance, V(g;;) = 1; = o
for all ¢ and j, with the fit of the MLFA-P or MLFA-U models that specify more flexible models

for the specific variances ;.
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Table 5.2: Likelihood ratio test results for structure of the specific variances in the C'Cly example.
The results are based on fitting the MLFA-H, MLFA-P and MLFA-U models with 2 common
factors. The first column denotes the models that are compared

Comparison LRT df p-value
MLFA-H v. MLFA-P 159.3 1 <.0001
MLFA-H v. MLFA-U 276.6 35 <.0001
MLFA-P v. MLFA-U 117.3 34 <.0001

In the simulation experiments of Chapter 3 we saw that the test comparing the MLFA-H
model to the MLFA-P model had approximately the correct size when n and p were small (e.g.,
10), but that the size of the test comparing the MLFA-H model with the MLFA-U model could
be greatly inflated when n and p were small. Both tests were also affected by the presence
of a large random effect, but primarily because we did not include sufficient common factors
in the models used in the simulation experiments. This resulted in the estimates of within-
subject variation being contaminated with unexplained between-subject variation. We would
not expect this to be the case for the CCly example, where two common factors explained
approximately 98% of the total sample variation. We did not examine the behavior of the test
comparing the MLFA-P model with the MLFA-U model in the simulation experiments, but
expect that this test would behave similarly to the test comparing the MLFA-H and MLFA-U
models.

Table 5.2 reports the results of the likelihood ratio tests comparing the fit of the MLFA-H,
MLFA-P and MLFA-U models when two common factors were included. The fit of the MLFA-P
and MLFA-U models were significantly better than that of the MLFA-H model. These tests
provide strong evidence against the hypothesis of within-subject homoscedasticity. However,
the fit of the MLFA-P model appears to be significantly worse than that of the unrestricted
MLFA-U model, suggesting that the power model, V(e;;) = O'QIU,JZ"Y, has some shortcomings.
Based on the simulation experiences reported in Chapter 3, we interpret the tests based on

comparison with the MLFA-U model with some degree of caution since n was small relative to
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Figure 5.4: Estimates of specific variances 1; based on fitting the 2-factor models. In each panel
the estimates are shown for the MLFA-U model (open circles), MLFA-P model (plus signs), and
MLFA-H model (open squares).

p in this example.

Figure 5.4 shows the estimates of the specific variances 1); obtained by fitting the MLFA-U,
MLFA-P and MLFA-H models with two common factors against time. The specific variances
estimated by fitting the MLFA-U model suggest that within-subject variation was large early
in the time course when response was highest, and decreased with time. The specific variances
estimated by the MLFA-P model follow the same pattern as the MLFA-U estimates, although
the power model was not able to capture the steep decline in specific variance during the first
hour. This shortcoming most likely explains the lack of fit of the MLFA-P model compared
to the MLFA-U model. The estimate of (y,0?) obtained from fitting the two-factor MLFA-P
model was (1.86,1.6e—4). The MLFA-H model clearly does not capture the change in within-
subject variation over time. The MLFA-H factor model is equivalent to the PCA model that
assumes homogeneous within-subject variation. After examining evidence of heteroscedasticity,
we conclude that PCA analysis is not appropriate for the CCly example.

Because the MLFA-H and PCA models did not describe within-subject variation adequately,

we have based further analysis on the loadings estimated from fitting the two-factor MLFA-U
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Figure 5.5: FEstimated factor loadings for the CCly example based on the two-factor MLFA-U
model (open circles) and two-factor MLFA-P model (plus signs). Estimates of the first loading
are plotted against time in the left hand panel. Those for the second loading are plotted in the
right hand panel.

and MLFA-P models. Figure 5.5 displays the estimated factor loadings from the two-factor
MLFA-U and MLFA-P models against time. The two models produced similar estimated load-
ings. The differences between the MLFA-U and MLFA-P estimates of the first loading (left
panel in the figure) corresponded to the difference between the estimates of specific variance

for the two models.

Selection of random effects and a parameterization: O2C model

We applied the multivariate forward selection procedure to pick sensitivity functions for the

parameterization
f(t’ avw(l)aw(Q); D) - D{OZ exp(—w(l)t) + (1 — Oé) exp(_w(Q)t)}

of the O2C model. The selected sensitivities explain the variation in the factor loadings from

the two-factor MLFA-U and MLFA-P models. At each step of the forward selection the 0.05
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critical value of the test statistic was used. We considered the following first- and second-order

sensitivities as candidates for forward selection,

fa(t) o exp(—wMt) — exp(—w®t)
fow(t) o —atexp(-wt)
fu(t) o —(1—a)texp(—w?t)
fomem () o at®exp(—w!t)

Fomuo () o« (1—a)t?exp(—w®t).

We did not include the second-order sensitivities foo and f, ),z which equal the zero function.
The sensitivities f, ) and f, ) are proportional to f_ ) and f =), respectively and were also
not included as candidate predictors.

Table 5.3 presents the forward selection results for the five candidate sensitivities correspond-
ing to the parameters o, w") and w® of the 02C model. The analyses based on the two-factor
MLFA-U and MLFA-P models agreed. Our analysis suggests that all three parameters need
non-trivial random effects. However, since the model with two common factors explained most
of the total sample variation, we might consider picking only the first two sensitivities that were
selected, f_ a) and f 2. These correspond to random effects on the two rate parameters, w®

and w®.

Table 5.3: Multivariate forward selection results for the CCly example and parameterization
f of the O2C model. Selection was based on loadings of the 2-factor MLFA-U and MLFA-P
models. Selection at each step was based on the 0.05 critical value of the test statistic. The
p-values are sequential; i.e., calculated at the stage when the sensitivity entered the model.

# Order selected (p-value)

Model selected 71 fa Jo Jo@ S Jo@ 0w

MLFA-U 5 0.991 3 (<.0001) 1 (<.0001) 2 (<.0001) 5 (0.0082) 4 (0.0001)
MLFA-P 5 0.991 3 (<.0001) 1 (<.0001) 2 (<.0001) 5 (0.0089) 4 (0.0001)
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We also considered the alternative parameterization of the O2C model

«

(0,0 63 DY = D(1 — a) exp(—6P1) { 1 exp(—6Wt) + 1} )

The coefficients in the alternative parameterization, corresponding to those used in parameter-
ization f, were D = 1, a = 0.5950, 6 = w® — w@ = 230, 6@ = w® = 2.41. For the
alternative parameterization we considered the following sensitivity functions as candidates for

the multivariate regression model,

2 o exp{—(0W + @)t} — exp(—5Pt)
fin@®) o —atexp{—(sW) + 5Pt}
fio(®) o (1= a)texp(=3*)t) {ﬁa exp(—31t) + 1}
Frnsa (@) o at?exp{— (M + 63t}

Frose () oo at?exp{—(0W + @)t} + (1 — )t exp(—3@t).

We did not include the second-order sensitivities fx, which equals the zero function, or the

second-order sensitivities f* ), [ and f) ) which can each be written as linear combi-

§5(2)7

nations of one or more of the sensitivities listed above.

Table 5.4 presents the forward selection results for the five candidate sensitivities corre-

Table 5.4: Multivariate forward selection results for the CCly example and the alternative pa-
rameterization f* of the O2C model. Selection was based on loadings of the 2-factor MLFA-U
and MLFA-P models. Selection at each step was based on the 0.05 critical value of the test
statistic. The p-values are sequential; i.e., calculated at the stage when the sensitivity entered
the model.

# Order selected (p-value)

Model selected rT fx fgu) f(;"@) fg(1)5(1> f;@)a@)

MLFA-U 5 0.991 3 (<.0001) 1 (<.0001) 2 (<.0001) 5 (<.0001) 4 (0.0459)
MLFA-P 5 0.991 3 (<.0001) 1 (<.0001) 2 (<.0001) 5 (<.0001) 4 (0.0486)
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sponding to parameters o, 6) and §?) in parameterization f*. As in the analysis for the
parameterization f, the sensitivities corresponding to the two rate parameters were picked first
and second for the MLFA-U and MLFA-P analysis, suggesting that random effects on the rate
parameters are largely responsible for between-subject variation in the CCly example.

For this parameterization, it is interesting to note that if the 0.01 critical value had been
chosen instead of the 0.05 value, then the forward selection algorithm would have stopped
after choosing the sensitivity f,; the second-order sensitivities would not have been added to
the model. However, it is not clear that this indicates a preference for the parameterization
f* as all three parameters would still have been identified as requiring random effects. The
trace correlation rp for the multivariate regression selected for f* is the same as that for
the multivariate regression models selected for f. As discussed in Section 2.3.3, our method
cannot distinguish between parameterizations (at least based on first-order sensitivities) when

all parameters have random effects.

Selection of random effects: PBPK model

The physiologically based pharmacokinetic (PBPK) model has many physiological, physiochem-
ical and biochemical model parameters, some of which are listed in Table 1.1, and others are
calculated based on these parameters. Several of the parameters may be considered fixed or
unlikely to vary from subject to subject. For example, the molecular weight (W,,) of CCly
is 153.8 g/mol in all cases. We will also assume that the tissue/air partition coefficients (and
therefore the compartment/blood partition coefficients) do not vary from animal to animal.
Although blood flow rates and tissue volumes are likely to vary from animal to animal, we
assume that this variation can be explained by variation in individual animal cardiac output,
Q., and body weight, B,,, respectively, and that the blood flow percentages and volume per-
centages are relatively constant across animals. Evans et al. (1994) explain that cardiac output
Q. was calculated using an allometric function of body weight, and the pulmonary ventilation

rate @ was set equal to Q.. However, for the purpose of our analysis we will assume that these
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parameters, although probably related to body weight, potentially make their own contribu-
tion to between-subject variation in chamber concentration. Therefore, in order to characterize
between-subject variation we focus on just a few of the PBPK model parameters as candidates
for random effects. These are body weight, B,,, for each animal, the loss rate from an empty
chamber K7, the metabolic parameters V4, and K,,, total cardiac output, @), and pulmonary
ventilation rate, Q.

In order to apply the multivariate forward selection, we need to compute the sensitivity
functions for each of the parameters identified in the paragraph above. In Section 1.4.1 we
discussed numerical approximation of the parameter sensitivities when the model is defined by
a system of differential equations. In Appendix D we have derived the sensitivity equations for
the parameters By, K1, Vinaz, Km, Q¢, and Q,. Using Matlab’s ode45 differential equation
solver (Matlab 7.0 (R14), The MatWorks, Inc.), we numerically approximated the sensitivity
functions for these parameters, evaluating them at values of the parameters given in Table 1.1
of Chapter 1 and at the p = 36 time points t1,%2,...,?,. We applied the multivariate forward
selection procedure to pick a subset of these sensitivities that explain the variation in the factor
loadings from the two-factor MLFA-U and MLFA-P models. We did not consider second-order
sensitivities for the PBPK model.

Table 5.5 presents the forward selection results for the six PBPK model candidate sensi-
tivities corresponding to body weight (zj(p,]), loss rate from the empty chamber (24x, 1), the
maximum rate of metabolism (zy(y;,,,]), the Michaelis-Menten constant (zj(x,,]), cardiac output
(24]Q.]), and ventilation rate (zj(q,]). Five out of the six candidate sensitivities were included in
the multivariate regression model fitted to the loadings of the two-factor MLFA-U and MLFA-P
models. Figure 5.6 shows the first three PBPK sensitivities selected, those corresponding to
Viaz, Bw, and K.

The gas uptake experiment was primarily designed to allow estimation of the parameters
describing metabolism of CCly in the liver, V4, and K,,. The multivariate regression results

indicated strong evidence that the maximum rate of metabolism V4, varied from animal to
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Table 5.5: Multivariate forward selection results for the CCly example and the PBPK model.
Selection was based on loadings of the 2-factor MLFA-U and MLFA-P models. Selection at each
step was based on the 0.05 critical value of the test statistic. The p-values are sequential; i.e.,
calculated at the stage when the sensitivity entered the model.

Order selected

# (p-value)
Model selected  rp Zh[By) Zh[K L) ZhVimas]  Ph[Km] Zh[Q.] Zh[Qy)
MLFA-U 5 0.999 2 3 1 - 5 4
(<.0001) (<.0001) (<.0001) - (<.0001) (<.0001)
MLFA-P 5 0.999 2 3 1 - 5 4
(<.0001) (<.0001) (<.0001) - (<.0001) (<.0001)

animal, but that the Michaelis-Menten constant K, could be treated as fixed. As might have
been anticipated, there was strong evidence that variation in body weight B,, also contributed
to between-animal variation in chamber concentration. Evans et al. (1994) reported that the
body weight for the twelve subjects at time of exposure ranged from 0.165 to 0.205 kg. A
reasonable approach would be to treat body weight as an observed animal-level covariate when
fitting the PBPK model.

A multivariate regression model containing only the sensitivity zjy;, .1 had trace correlation
rr = 0.706; including the sensitivity zj(p,,) increased rp to 0.958. Since a factor model with two
common factors explained 98% of total sample variation, putting a random effect on V4, and
substituting the true values of each animals body weight, would explain most of the observed
between-subject variation.

The third sensitivity to be selected, zj(f,], corresponds to the loss rate from the empty
chamber, K. According to the experimental protocol reported in Evans et al. (1994), the loss
rate from the empty chamber was determined before each exposure. These authors reported
that typical values for K ranged between 0.02 and 0.025 /hr, and were independent of the
initial concentration in the chamber, CONC. These estimates of K, could not be used directly as

covariates, because after measuring K, the chamber was opened and aired before placing an
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Figure 5.6: Sensitivities for parameter Viae (left panel), By, (center panel), and Ki, (right
panel) for the PBPK model. The sensitivities were evaluated at the parameters given in Table 1.1
of Chapter 1 and scaled to have norm p'/2.

animal in the chamber and resealing it. It is likely that the loss rate depended on the quality
of the seal (a stainless steel lid clamped to a jar, with a thin layer of vacuum grease used as a
sealant), which changed each time the chamber was opened.

The fourth and fifth sensitivities picked, correspond to the cardiac output, )., and ventila-
tion rate, (), parameters. As mentioned earlier, these parameters are assumed to be strongly
related to individual body weight. Their inclusion in the multivariate regression model further
supports the inclusion of B,, as a measured covariate when fitting the PBPK model. However,
the effect of body weight on between-subject variation in chamber concentrations appears to
be mediated through the cardiac output, ventilation rate and derived tissue blood flow rates,

not only through the compartment volumes.

5.1.2 Within-subject serial correlation

We applied the method developed in Chapter 4 to test for evidence of first-order autoregressive,
AR(1), structure in the within-subject residuals for the CCly data. As in the previous sections,
we scaled the observed chamber concentrations by exposure dose, and pooled the data from

the four exposure groups. In this example, n = 12 and p = 36. A set of r =n —1 =11
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linearly independent between-subject differences, {y; —vyy, y1 -3, ..., Y; — Y12}, were selected
for the columns of the response matrix W for the multivariate regression of equation (4.2) in
Chapter 4.

For the analysis of the O2C model, we set the parameters at the average of the least-squares
estimates for each subject, a = 0.595, w®) = 0.109 1/hr, and w?@ =241 1/hr. We set the
exposure dose D equal to one, which could be a source of misspecification error. In the previous
section, we identified that all three parameters, a, wV), and w?, required random effects. There
was also some evidence that there were second-order effects on the two rate parameters. For

the O2C model, the multivariate regression predictor matrix, Fg, contained ¢ = 5 sensitivities,
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Figure 5.7: Uncentered residuals from the multivariate regression of between-subject differences
for the CCly example. FEach subplot graphs the residuals from one between-subject difference
for the regression on the O2C sensitivities (open circles) and for the regression on the PBPK
sensitivities (plus signs). The order of between subject differences is, row-wise from top left,

Y1 — Y2, Y1 — Y3, Y1 — Yy, -
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fas fo), fo@ and the second-order sensitivities f ),a) and f @ @) -

In analyzing the PBPK model, we fixed all parameters at the values given in Table 1.1
of Chapter 1. There may be misspecification in several of these parameters. In the previous
section, we identified five coefficients as requiring random effects, By, K1, Vinaz, Qc, and Q).
The predictor matrix, Fg, for the PBPK model contained g = 5 columns corresponding to the
sensitivities of these parameters.

Figure 5.7 displays the uncentered residuals plotted against time for the set of r = 11
between-subject differences, y; — y;,. Each panel shows the residuals for a particular between-
subject difference. Subjects 1 to 3 were exposed at 1000 ppm, subjects 4 to 6 at 250 ppm,
subjects 7 to 9 at 100 ppm, and subjects 10 to 12 at 25 ppm. The residuals were largest (last
three plots) when the between subject differences were between animal 1 (exposed at 1000
ppm) and animals exposed at 25 ppm. The plots do not show strong evidence of within-subject
autocorrelation, nor strong evidence of heteroscedasticity. For the O2C analysis, the residual
at the first time point tends to be larger than at other time points.

The fitted multivariate regression model for between-subject differences had a trace corre-
lation of 7 = 0.64 for both the the O2C and the PBPK analyses. The values of r(; ;) for the
11 between-subject differences ranged from -0.06 to 0.39 for the O2C analysis, and from -0.13
to 0.30 for the PBPK analysis. Based on equation (4.5), the estimated AR(1) correlation, p,
was 0.27 for the O2C analysis and 0.12 for the PBPK analysis. The hypothesis of no AR(1)
correlation structure, Hg: p = 0, was not rejected at the 0.05 significance level for either model.
There does not appear to be strong evidence of within-subject serial correlation in the CCly

gas uptake example.

5.2 Pharmocokinetics of theophylline

We described the theophylline pharmacokinetic data in Section 1.1 of Chapter 1. On each of

twelve subjects, a measurement of the blood serum concentration (mg/L) of theophylline was
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concentration scaled by initial dose (kg/L)
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Figure 5.8: Serum concentration of theophylline following oral dose in twelve subjects. The
plotted concentrations are scaled by the initial dose (per body weight). Dotted curves represent
the observed trajectories. The solid curve is the predicted concentration profile based on the
01C model with D =1, k, = 1.303, Cl = 0.0405, and V; = 0.452.

taken before dosing with theophylline, and at 10 subsequent time points over the next 24 hours.
Figure 5.8 displays the measured serum concentration profiles for the twelve subjects. We scaled
the concentrations by the initial dose (mg/kg of body weight). Scaling by dose implies a belief
that that, on the original scale, measurement error variance is heterogeneous (a function of
initial dose), with larger variance for larger response.

The open one-compartment (O1C) model

Dkq c
J(t ke Va, O D) = o= e {eXp <_th> - eXp(_k“t)}

for t € [0,25] predicts the expected concentration at a given time point for each subject. This

model was described in more detail in Section 1.2. Because we scaled the concentration by
initial dose, we will assume that D = 1 kg/L for all subjects. Based on estimates obtained by
Davidian and Giltinan (e.g., 1995, Table 5.3) we chose the following mean values for the model
coefficients: k, = 1.303 1/hr, Cl = 0.0405 L/hr/kg, and V; = 0.452 L/kg. The solid curve

in Figure 5.8 graphs the predicted concentration trajectory for these coefficient values. These
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authors allowed all three parameters to vary across the population of subjects, and identified
the presence of within-subject heteroscedasticity, with larger residual variation associated with

larger response. They modeled within-subject variation using

V(eij) = *{f(t;, kai, Cli, Vai; D;) }*7

and estimated v ~ 0.6 and 02 ~ 0.1.

In the Section 5.2.1 we apply the methods developed in Chapter 2 to explore the structure
of the marginal covariance of the theophylline data, and use the results to select random effects
for the O1C model. In Section 5.2.2 we use the approach of Chapter 4 to determine whether
there is significant evidence of AR(1) structure in the within-subject residuals when the O1C
model is used to describe the subject trajectories. Several of the concentration values measured
at baseline were zero (these subjects most likely had no previous exposure to theophylline). The
zero values make it difficult to model residual variation at time zero. We excluded the baseline
measurement for all subjects from our analysis; as a result there were p = 10 observations on

n = 12 subjects.

5.2.1 Exploring the marginal covariance structure
Choosing the number of common factors

Figure 5.9 shows the eigenvalues of the the sample covariance matrix S,, for the theophylline
example. Recall that the eigenvalues are the variances of the sample principal components.
The plot suggests that three principal components should be sufficient to capture the between-
subject variation in the data. Because we anticipate within-subject heteroscedasticity in the
theophylline data set, we have focused on the maximum likelihood analysis for this data set,
rather than the principal component analysis, which assumes homogeneous within-subject vari-
ation. The simulation results presented in Chapter 3 illustrated that the principal component

analysis could be misleading in the presence of heteroscedasticity.
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Figure 5.9: Figenvalues of the sample covariance matriz, Sy, for the theophylline example.

The factor analysis model allows a more flexible model for the within-subject variation than
the principal component model which assumes that V(e;;) = o2 for all i and j. The unrestricted
factor model (MLFA-U) allows for a distinct variance at each time point, the only restriction
being that the variances must be positive, V(g;;) = 1; > 0. We also fitted the MLFA-P model,
that models the within-subject variance as a power of the mean, V(e;;) = 02/@7 where 1 is
the marginal mean at time ¢;.

For the theophylline example, we fitted the MLFA-U and MLFA-P models with one, two,
three, four and five common factors. The MLFA-U model with six common factors has the
same number of parameters (pk + p — $k(k — 1) = 55) as there are unique elements in S,
(3p(p + 1) = 55); the six-factor model offers no simplification of the covariance structure.
Therefore we did not attempt to fit a model with six common factors. An informal way to
judge the adequacy of the k-factor models is to compute the percentage of total sample variation
(tr(Sy)) accounted for by the k common factors. For this example, we expect within-subject
variation to be small relative to between-subject variation (see Figure 5.8), so an adequate factor
model should explain a high percentage of the total sample variance. Figure 5.10 shows the

percentage of variation explained against the number of common factors included in the MLFA-
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Figure 5.10: Percentage of total sample variation explained by the k-factor MLFA-U and MLFA-
P models for the theophylline example. The percentage of variation explained is plotted against
the number of common factors included in the MLFA-U model (dotted curve) or in the MLFA-P
model (dashed curve).

U and MLFA-P models. The two-factor MLFA-U and MLFA-P models explained greater than
85% of the total sample variation. Including a third factor increased the percentage of variation
explained to over 90%. A fourth factor increased the percentage of variation explained to 95%
for the MLFA-U model, but did not improve the fit of the MLFA-P model. The five-factor
MLFA-U and MLFA-P models explained 99% of total sample variation.

Since n > p in this example, we were able to employ the Bartlett-corrected likelihood
ratio test described in equation (2.25) of Section 2.4.2, to test whether & common factors were
sufficient to adequately models the marginal covariance matrix 3. We treat the results of this
test with a degree of caution here, since the number of subjects, n, is not much larger than the
number of time points, p. The simulation results of Chapter 3 suggest that the size of the test
may be larger than the nominal level when n =~ p.

The MLFA-P model has fewer parameters than the MLFA-U model, and it is possible that
the smaller model may provide a more reliable test that a particular factor model adequately
models the marginal covariance matrix 3. We did not discuss this test in Chapter 2, and

develop it briefly here. Let F ,f ® be the minimized value of the objective function for the MLFA-
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P model with k& common factors, and let Enu = log [S,| + p be the objective function evaluated
at S,,, which is the MLE of ¥ under the unrestricted model. The likelihood ratio test statistic
T, for comparing the MLFA-P model with & common factors to an unrestricted model for X is
given by

—2log Ty = n(ﬁ,fs — I?‘fu“) =U;".

By the usual arguments about likelihood ratio tests, when the k-factor MLFA-P model is true,

the statistic U,fs has an asymptotic chi-squared distribution with
dfi, = 3p(p + 1) = {2+ pk — §k(k = 1)} = 3(0 = k)* + (0 — k — 4)

degrees of freedom. We use the statistic U}” to test the hypothesis that the k-factor MLFA-P
model gives an adequate description of ¥, compared to the unrestricted estimator, S,,. Note
that the test based on U lf * may reject the null hypothesis if ¥ common factors are insufficient to
adequately describe the between-subject variation, or if the power model for W is not appropri-
ate for modeling within-subject variances. We have not checked the small-sample performance
of the likelihood ratio test based on the MLFA-P model in simulation experiments, but for

interest sake, we apply it in this analysis.

Table 5.6: Factor analysis test results for the hypothesis that k common factors are adequate
for the theophylline data. The column LRT}, gives the value of the likelihood ratio test statistic
based on the MLFA-U or MLFA-P model, and dfy gives the degrees of freedom of the test.

MLFA-U MLFA-P
k  LRTp dfy p-value LRT; dfi p-value
1 71.6 35 0.0003 275.9 43 <.0001
2 516 26 0.0020 195.2 34 <.0001
3 386 18 0.0032 1499 26 <.0001
4
5

25.6 11  0.0073 117.0 19 <.0001
11.8 5 0.0383 63.8 13 <.0001
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Table 5.6 summarizes the results of the likelihood ratio tests based on the MLFA-U and
MLFA-P models. In all cases, the MLFA-P model showed significant lack of fit. As we shall
see in the next section, the MLFA-P model is most likely not appropriate for modeling within-
subject variation in this experiment, and so the very small p-values based on the fit of the
MLFA-P model could be due to inappropriateness of the model for ¥, rather than a need for
more common factors. The MLFA-U models all showed some evidence of lack of fit. Comparing
the p-values to the 0.01 significance level, the five-factor model appears to provide an adequate
fit. This model explained 99% of total sample variation (Figure 5.10). However the three- or
four-factor models also explained a high percentage of total sample variation. For the next
stages of this analysis we compare the results based on models with three, four or five common

factors.

Within-subject heteroscedasticity

As is common in pharmacokinetic data, we expect to see within-subject heteroscedasticity
here, perhaps with increased variability for larger responses. In Section 2.4.3 we described an
approach to testing the hypothesis of homoscedastic within-subject variance by comparing the
fit of the MLFA-H model with the fit of the MLFA-P or MLFA-U models.

Based on the simulation results of Chapter 3, we expect the the test comparing the MLFA-H
model to the MLFA-P model to have approximately the correct size in this example. Because
of the small sample size, the size of the test comparing the MLFA-H model with the MLFA-U
model could be greatly inflated.

Table 5.7 reports the results of the likelihood ratio tests comparing the fit of the MLFA-H,
MLFA-P and MLFA-U models when two, three, four, or five common factors were included.
Except in the two-factor model, the specific variances estimated by fitting the MLFA-U model
suggest that within-subject variation was larger at the half and one hour time points than at
other measurements occasions. Peak serum theophylline concentration was observed at these

times, supporting the view that larger measurement error occurred when the response was large.
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Table 5.7: Likelihood ratio test results for structure of the specific variances in the theophylline
example. The results are based on fitting the MLFA-H, MLFA-P and MLFA-U models with
k=2,3,4 and 5 common factors.

Model comparison

MLFA-H MLFA-H MLFA-P
v. MLFA-P v. MLFA-U v. MLFA-U

LRT df p-value LRT df p-value LRT df p-value

4.68 1 0.0306 874 9 <.0001 82.7 8 <.0001
0.147 1 0.7017 54.3 9 <.0001 54.1 8 <.0001
-9.99 1  1.0000 33.2 9 0.0001 43.2 8 <.0001
0.893 1 0.3447 244 9 0.0037 23.5 8 0.0028

T s W N

In all cases, the MLFA-P model did not fit significantly better than the MLFA-H model that
assumes homogeneous variance. In fact, in the four factor case, the fit of the MLFA-P model was
slightly worse (negative value of the LRT statistic). Comparing the MLFA-H or MLFA-P model
to the unrestricted MLFA-U model suggests that there is significant heteroscedasticity in the
within-subject variation, but that it is not well described by the power model, V(g;;) = JQM?V.
Figure 5.11 displays the estimates of the specific variances v; obtained by fitting the MLFA-
U, MLFA-P and MLFA-H models with two, three, four, and five common factors against time.
Note the log scale on the z-axis and the different y-axis scales in the upper and lower panels. The
estimates of 1); decreased in magnitude as the number of common factors included increased.
In the three and five factor models, the estimates of 1; from the MLFA-P were similar to
those from fitting the MLFA-H model, explaining why the likelihood ratio tests did not reject
the hypothesis of homoscedasticity by comparing the fit of the MLFA-H model to the MLFA-
P model. In the four-factor model, the MLFA-P estimates are different from the MLFA-H
estimates, but because this model was not able to model the specific variances well (perhaps
because of the within-subject variation remains large as time approaches 24 hours), the fit of this
model was poor compared with that of the simpler MLFA-H model. In the two-factor model,
the MLFA-P model fitted slightly better than the MLFA-H model, but did not adequately
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Figure 5.11: Estimates of specific variances 1; based on fitting the 2-factor, 3-factor, 4-factor,
and 5-factor models. In each panel the estimates are shown for the MLFA-U model (open
circles), MLFA-P model (plus signs), and MLFA-H model (open squares).

capture the pattern in the unrestricted estimates of ;.

The estimate of (7, 0?) obtained from fitting the MLFA-P model was (0.397,0.0163) with
two factors, (—0.125,0.0082) when three factors were included, (3.09,0.0008) with four factors,
and (—0.206,0.0013) for the five-factor model. The negative estimates of +y in the three- and five-
factor MLFA-P model were unexpected. In the panels in the right hand column of Figure 5.11,
the MLFA-P estimates of 1); increased slightly at the end of the time course, suggesting that
within-subject variance increased with decreasing expected response. This surprising result is
probably caused by the slightly larger specific variance observed at the end of the time course

and the leverage of the final time point (there was approximately a 12 hour time difference
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between the penultimate and final measurement times).
Davidian and Giltinan (1995, Section 5.5) modeled the within-subject variance for the theo-

phylline data with the power-of-the-mean model

V(eij) = 027 (t;, kai, Cli, Vai; D)

at the subject-level (i.e., conditional on the random effects). If measurement error variance is
proportional to some power of the expected response, then it makes sense to specify this model
at the subject level; the residual variance for a measurement on a subject would be related to
that subject’s expected response (the conditional mean), not the average response, at that time
point. Our factor analysis approach models the specific variances as a function of the marginal
mean ;.

We mention this distinction here to clarify that although our analysis did not support the
power-of-the-mean variance model used by Davidian & Giltinan, perhaps more investigation
would be in order before rejecting the power-of-the-mean model for this example. The difference
between modeling variance as a function of the marginal mean versus the conditional mean may
be significant in the theophylline example, where the expected response could differ by a factor
of two from subject to subject. In the simulation experiments of Chapter 3, we generated data
where the residual variance at time point ¢; was proportional to a power of the marginal mean
at that time point. We have not investigated how different results would be if variance was
actually a function of the subject-specific mean. We expect that if random effects are small

then differences should not be too great.

Selection of random effects and a parameterization

Because the MLFA-P and MLFA-H models did not describe within-subject variation adequately,
we have based further analysis on the loadings estimated from fitting the two, three, four and

five factor MLFA-U models. We applied the multivariate forward selection procedure to pick
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sensitivity functions for the volume-clearance parameterization of the O1C model that explain
the variation in the factor loadings from the fitted MLFA-U models. At each step of the forward
selection we used the 0.05 critical value of the test statistic. We considered the following first-

and second-order sensitivities as candidates for forward selection,

fo(t) o ]% {exp (—%t) _ exp(—kat)} + kgt exp(—kat)

) o gteo <_(vjzjt> - {1 * Vilks ° lcl/vd>} {eXp (—%t) - exp(_k“t)}

folt) o /-ca—lcm/d {exp (-?fjt) - exp(—kat)} +texp (—%t)

fur(t) k:a—c%l/vd {exp (—?/jt) - exp(—kat)} + 2t exp(—kqt)
—IMQ%Z/thexp(—kat) — kqt? exp(—kqt)

e () exp(—hat)

(ko — V2 7P\ Va Pl
Cl 2 Cl
t t2 ) -t ——t
fee(t) x fexp(=5it) = p—Fatew (<5

“Teme o () ~er ok}

for t € [0,25]. We did not consider the second-order sensitivity fy ¢ for parameters Vy and Cl
because it is is a linear function of other sensitivities. There was a linear dependency among
fv, fc, fvv and foco; we chose to include foe instead of fyy because in preliminary analysis
we found that the sensitivity fc was picked but not fy (“hierarchy of predictors” principle).
Table 5.8 presents the forward selection results for the five candidate sensitivities corre-
sponding to the parameters k., Cl and V; of the O1C model. To a large extent, there was
agreement between the analyses based on two, three, four or five common factors. Our anal-
ysis suggests that the absorption rate coefficient k, and the clearance parameter Cl require
non-trivial, but small, random effects. The analysis based on the two-factor model suggested

that the random effect on the absorption rate k, may be large (the second-order sensitivity was
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Table 5.8: Multivariate forward selection results for the theophylline example and the volume-
clearance parameterization of the O1C model. Selection was based on loadings of the k-factor
MLFA-U model including k = 2,3,4,5 common factors. Selection at each step was based on the
0.05 critical value of the test statistic. The p-values are sequential; i.e., calculated at the stage
when the sensitivity entered the model.

Order selected (p-value)

k  # selected  rp Tk fv fo frk feco

2 4 0.990 3 (0.0020) 4 (0.0183) 1 (<.0001) 2 (<.0001) -

3 3 0.848 1 (<.0001) 3 (0.0160) 2 (<.0001) ; -

4 3 0.781 1 (<.0001) ; 2 (0.0001) 3 (0.0174) -

5 2 0.630 1 (<.0001) ; 2 (0.0002) ; ;
selected).

We also considered the alternative parameterization of the O1C model
£, 5(1)’ 5(2), 5(3); D) = DsM {exp(—é(Q)t) _ exp(—5(3)t)}

where ¢t € [0,25]. The coefficients in the alternative parameterization corresponding to those
used for the volume-clearance parameterization were D = 1, §() = ko /{Vy(k, — Cl/Vy)} =
2.38kg/L, 6 = C1/Vy = 0.0896 /hr, and 6©) = k, = 1.303 /hr. For the alternative parame-
terization we considered the following sensitivity functions as candidates for the multivariate

regression model,

(1) = D{exp(—5<2>t)—exp(—5<3>t)}
5) = —D6Wiexp(—6Pt)
() = —D6Wtexp(—s®t)
fat) = DSV exp(—5)t)

Fat) = DsD#2exp(—5®t)
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Table 5.9: Multivariate forward selection results for the theophylline example and the alternative
parameterization of the O1C model. Selection was based on loadings of the k-factor MLFA-U
model including k = 2,3,4,5 common factors. Selection at each step was based on the 0.05
critical value of the test statistic. The p-values are sequential; i.e., calculated at the stage when
the sensitivity entered the model.

Order selected (p-value)

ko # selected 1y £t £ i £ fi
2 4 0.990 1 (<.0001) 2(<.0001) 3(0.0009) - 4 (0.0178)
3 3 0.848 3 (0.0089) 2 (<.0001) 1 (<.0001) - -
4 3 0.844 - 2 (0.0002) 1 (<.0001) - 3 (0.0144)
5 3 0.764 - 2 (0.0002) 1 (<.0001) - 3 (0.0233)

for ¢t € [0,25]. We did not include the second-order sensitivities ff; and f35 which equal the
zero function, or the second-order sensitivities f], and f{3 which are proportional to f3 and f3
respectively.

Table 5.9 presents the forward selection results for the five candidate sensitivities corre-
sponding to coefficients 6V, 62, and §3) in parameterization f*. The analysis based on three,
four, or five common factors suggested that the two rate coefficients §(3) (corresponding to
k) and 63 (corresponding to C1/Vy) require non-trivial random effects. Recall that for the
volume-clearance parameterization f, the two parameters identified for random effects were k,
and CI. The three-, four-, and five-factor analyses for the two parameterizations both identify
that random variation in the rate coefficients is largely responsible for observed between-subject
variation.

The analysis based on the two-factor and three-factor models also identified a random effect
on the scale coefficient, 6(1). In the analysis for parameterization f, the first-order sensitivities
for all three parameters were selected based on three common factors. The trace correlation
rr was the same (r7 = 0.990 and 0.848 respectively) for the two- and three-factor analyses for
parameterizations f and f*. As discussed in Section 2.4.4, when there are random effects on all

parameters in a model, our method cannot distinguish between alternative parameterizations.
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For the analyses based on four or five common factors, the regression models selected for f*
had slightly higher trace correlation than those selected for f. This suggests that the alterna-
tive parameterization f*, with a scale and two rate coeflicients, is better able to characterize
the between-subject variation with two random rate coefficients, than the volume-clearance

parameterization, where random effects on k, and C! induce random variation in the scale,

Dky/{Vy(kq — Cl/Vy)}, which is not evident in the observed data.

5.2.2 Within-subject serial correlation

We applied the method developed in Chapter 4 to test whether there was evidence of first-order
autoregressive, AR(1), structure in the within-subject residuals for the theophylline data. We
scaled the serum concentrations by the administered dose (on the mg/kg scale), so that the
dose covariate could be ignored in comparing trajectories. When fitting the O1C model, none
of the parameters were fixed at pre-assigned values. However, we did assume that the dose, D,
and fraction of drug absorbed, £, were one. This could be viewed as a potential source of model
misspecification.

In the previous section, we identified that the parameters k, and C! required non-trivial
random effects. The matrix of predictors, F, for the multivariate regression of between-subject
differences (equation (4.2) of Chapter 4) had ¢ = 2 columns corresponding to the sensitivities
fr and fo. In this example, n = 12 and p = 10 (the time zero observation was excluded),
sor =p—q—1 =7 sets of linearly independent between-subject differences were randomly

selected from the 11 possible between-subject differences. The resulting columns of W were

W= (Y1 —¥3,Y1 — ¥Ys5: Y1 — Y1, Y1 — Yo, Y1 — Y2, Y1 — Y6, Y1 — Y11)-

Figure 5.12 shows the uncentered residuals plotted against time for the seven between-
subject differences (note the log scale on the time axis). With only a few time points (p = 10),

it is difficult to detect any evidence of serial correlation in the plot. The multivariate residuals
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Figure 5.12: Uncentered residuals from the multivariate regression of between-subject differences
for the theophylline example.

showed larger variation early in the time course, and less variation as time progressed. This
confirms the evidence of within-subject heteroscedasticity detected by the factor analysis results
presented in the previous section.

The fitted multivariate regression model had a trace correlation of rr = 0.51. The values
of r(; ) for the seven between-subject differences ranged from -0.61 to 0.43. Based on equa-
tion (4.5), the estimated AR(1) correlation, p, was 0.053, and the hypothesis Hp: p = 0 was
not rejected at the 0.05 significance level. There is little evidence of within-subject serial cor-
relation in the theophylline example. Admittedly, the simulation results of Chapter 4 showed
that power to detect AR(1) structure was low when there were few time points (e.g., p = 10),

as in this example.

5.3 Summary of applications

In this chapter we applied our methods for exploring the marginal covariance structure, and
examining within-subject autocorrelation, to the CCly gas uptake experiment, and to data
collected to characterize the pharmacokinetics of the drug theophylline. In the CCly example,

n =12 and p = 36. For the theophylline example n = 12 and p = 10.
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In the CCly example, we concluded that two common factors were needed to capture
between-subject variation. A model with two common factors captured 98% of total sam-
ple variation. Since n < p, we could not use the likelihood ratio test based on the fit of the
factor model to test the adequacy of this model. The PCA test, that rejected adequacy of
the two-factor model, proved to be inappropriate for this example because of strong evidence
of within-subject heteroscedasticity. The power model (MLFA-P) did a fairly good job of de-
scribing the within-subject specific variances, although it did not capture the steep decrease
in specific variance observed during the early part of the time course. Despite the apparent
inadequacy of the fit of the MLFA-P model, results for the rest of the analysis based on the
MLFA-P model were almost identical to those based on the MLFA-U model.

For both parameterizations of the O2C model, random effects on the two rate parameters
were identified as accounting for most of the between-subject variation in the CCly chamber
concentrations. Our method could not distinguish between the two parameterizations of the
02C model. For the PBPK model, we identified the metabolic parameter, V4., and individual
rat body weight, B,,, as accounting for most of the between-subject variation.

Our analysis found little evidence of AR(1) structure in the within-subject residuals of
the CCly data. With 36 time points in this example, we are confident in the conclusion of no
significant AR(1) correlation. The first-stage of the NLMM can safely assume that the residuals
are independent.

For the theophylline example, we compared results using factor models with three, four
and five common factors. In retrospect, a two-factor model may have been adequate, but the
likelihood ratio tests, as well as the smaller percentage of variation accounted for by a two-factor
model, suggested that at least three factors should be included. There was clear evidence of
within-subject heteroscedasticity for this example, but the power-of-the-mean (MLFA-P) model
did not adequately capture the much larger variation observed when serum concentration of
theophylline was high.

In the volume-clearance parameterization, f, of the O1C model, the multivariate forward
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selection picked the absorption parameter, k,, and the clearance parameter, Cj, as requiring
random effects. For the alternate parameterization, f*, the procedure picked the two rate
parameters as explaining most of the between-subject variation. Our method gave a slight
advantage to the parameterization f*, that had a separate scale coefficient, over the volume-
clearance parameterization, where the random effects on k, and €} induced random variation
in the scale. This implied that there was little evidence of subject-to-subject variation in scale
in the theophylline data set.

Our analysis found little evidence of AR(1) structure in the within-subject residuals for the
theophylline data. However with only 10 time points, our method had little power to detect
AR(1) structure.

The likelihood ratio tests for identifying an adequate number of common factors did not
prove useful in either example, rejecting the adequacy of factor models that accounted for close
to 100% of total sample variation. The results of these tests should be interpreted in conjunction
with the percentage of variation explained by the k-factor model.

Modeling within-subject heteroscedasticity was a difficult task. The ability to compare
estimates of the specific variances from the MLFA-U model to those obtained by assuming a
particular model (e.g., the power-of-the-mean model) is a nice feature of our approach. For
example, a graphical comparison of estimates of the specific variances 1; obtained by fitting
the unrestricted MLFA-U model and an alternative model may be useful in understanding the
structure of within-subject variation. We suspect that the likelihood ratio tests may tend to
reject the simpler specific variance models in cases where they provide a useful approximation
in practice (as was the case in the CCly example).

In both examples, our method for assessing AR(1) structure of within-subject variation gave
a clear answer that there was none. However, this method was developed under the assumption
of homoscedastic within-subject variance, and there was strong evidence that within-subject
variation was heteroscedastic in both examples. The simulation results of Section 4.3.2 (Chap-

ter 4) showed that the size of the test was inflated when within-subject variance increased with
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mean response and p was relatively large (e.g., 25 or larger), but that power to detect even
strong AR(1) correlation was low when p was as small as 10. The simulation results also showed
that our method was not able to separate the effect of large misspecification errors from AR(1)
structure. For the theophylline example where p = 10, there is a risk that our test did not detect
AR(1) correlation structure in the residuals due to small sample size. However, for the CCly
example where p = 36, we believe that the fact that the test did not detect significant AR(1)
correlation is a reliable assurance that there was none; misspecification or heteroscedasticity

would only have increased the chance of falsely detecting AR(1) structure.
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Summary and future work

In this dissertation we developed methods for exploring between- and within-subject variation
in balanced longitudinal data. The goal of the exploration was to guide the modeling of co-
variance structure in a nonlinear mixed effects model (NLMM). In particular, we developed
methods for selecting random effects, choosing an appropriate parameterization of the nonlin-
ear regression function, identifying within-subject heteroscedasticity, and determining if there
is strong evidence of AR(1) structure in within-subject residuals.

In simulation experiments, our methods were able to select the correct random effects (linear
or nonlinear), even when the random effect variance was relatively small. We could identify
the simpler parameterization of a regression function, when one random effect in the true
parameterization induced two random effects in an alternative parameterization. Our methods
were able to identify and model the presence of within-subject heteroscedasticity. We could
detect large AR(1) correlation in within-subject residuals, and were able to distinguish between
correlation structure due to model bias caused by a small misspecification error in a coefficient
value, and true AR(1) structure.

Our methods were based on a first-order linear approximation of the first stage of the
NLMM. When random effects or parameter misspecification was large, simulation experiments
showed that the first-order approximation was inadequate. For a large random effect, the
multivariate methods picked up additional common factors due to second-order terms involving
the large random effects. Including second-order sensitivities in the multivariate regression
models helped to explain these second-order effects.

We applied our methods to two real examples. For the CCly gas uptake experiment, we
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concluded that two random effects characterized between-subject variation. The two rate pa-
rameters of the open-two compartment model explained most of the between-subject variation.
For the PBPK model, between-subject variation was explained by the metabolic parameter,
Vimaz, and by individual rat body weight, B,,. There was strong evidence that within-subject
variation was heteroscedastic, but no evidence of AR(1) structure in within-subject residuals.
For the theophylline example, between-subject variation was explained by random effects
on the two rate parameters in the O1C model. In the volume-clearance parameterization, we
identified random effects on the absorption rate, k., and the clearance parameter, Cl. There
was strong evidence of within-subject heteroscedasticity, but little evidence of AR(1) correlation
(although in this example with only 10 time points, the test for AR(1) structure had little
power).
There are several outstanding issues which we did not address in this dissertation. These
provide motivation for possible future extensions of our methods.
e Our methods for exploring structure of between- and within-subject variation rely
on multivariate data analysis methods that require balanced data. However in
many longitudinal applications, data are sparsely sampled at irregular times, or are
incomplete due to missing observations.
e Subject-level covariates may explain much between-subject variation. For example,
in the CCly gas uptake experiment, our methods identified that body weight (a
measured covariate and one of the input parameters in the PBPK model) explained
a large portion of between-subject variation. In developing our methods we assumed
that covariates were constant across subjects, or that they could be removed from
consideration, for example, by scaling.
o We evaluated the sensitivity functions at the values of the parameters that were in
hand, for example, from a preliminary analysis of the data. We did not evaluate
how robust our methods are to small changes in values of the parameters at which

sensitivities are evaluated.
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e For the likelihood ratio tests for heteroscedasticity, we used the asymptotic chi-
squared approximation of the null distributions. Finite sample corrections would
make these tests more reliable (i.e., preserve the nominal level) for the moderate
sample sizes expected in NLMM applications.

e In the NLMM with heteroscedastic within-subject variance, it is common to assume

that variance is a function of the expected mean response for that subject, e.g.,

V(Eij) = UQ{f(tj, 0+ bi)}Z'y'

Thus the variance for the i-th subject depends on the random effect b;. The factor
analysis model assumed that within-subject variance, although possibly different at

each time point, was the same for all individuals at that time point,

V(Eij) = ¢j, for all 7.

In our simulation experiments we simulated heteroscedasticity according to

V(ei) = o*{f(t;,3)}*

and did not investigate how a random effect in the variance model would change
the results of the factor analysis.

e In examining the effect of model bias on ability to detect AR(1) structure in resid-
uals, we only considered model bias arising from misspecification of parameters in
the model. We did not explore other types of bias that might arise due to structural
misspecification of the regression function.

e When misspecification error was small, our method could distinguish between AR(1)
correlation and model bias. However, when misspecification error was large, evalu-

ating the sensitivity at the misspecified parameter value inflated the size of the test
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for Hp: p=0.

e In most cases, our estimator for AR(1) correlation was too small on average. Our
approach to estimating p and testing the hypothesis Hg: p = 0 could perhaps be
improved, for example by deriving the maximum likelihood estimator for p, and
developing a likelihood ratio test for the hypothesis of interest.

e Heteroscedasticity is commonly encountered in nonlinear regression applications,
however, our test for Hy: p = 0 had inflated size in the presence of heteroscedasticity.
Our approach for testing for within-subject correlation could perhaps be extended
to a first-order heterogeneous autoregressive ARH(1) model.

e Our methods assume that all random variables are normally distributed. We did

not investigate the robustness of our approach to departures from this assumption.
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Appendix A

Functional factor analysis when £ =1

In this appendix we describe an approach to smoothed PCA that we referred to in Section 2.2.4.
We call this method functional factor analysis, and use penalized maximum likelihood to fit the
functional factor model. We have only developed the approach for one common factor. For
more factors, the functional PCA approach of Ramsay and Silverman (2005, Chapters 8 & 9)
is probably easier to implement than an extension of our method would be; for example, our
method would require a different smoothing parameter for each functional factor.

Our approach is similar to the method proposed by Rice and Silverman (1991), an early
paper in the area of functional principal component analysis (FPCA). In that paper, the model
included k common factors, but did not include a residual error term. The mean function was
estimated separately from estimation of the common factor functions. In our method, we allow
for a residual term, and estimation of the common factor function depends on the smoothed

estimate of the mean function.

A.1 Functional factor model

Suppose that the number of parameters to be considered as candidates for random effects in the
nonlinear mixed effects model (NLMM) is only one (i.e., ¢ = 1). Then the FOL approximation

for subjects with common covariates is of the form

Yij = pu(ty) +win(t;) +e4, for i=1,....n; j=1,...,p (A.1)
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where 1 and 7 are functions common to all subjects with pu(t;) ~ f(t;,5,€%x;:), n(t;) =
fg)/'y, w; ~ b; independent and identically distributed (i.i.d.) N(0,72?¢?), and &;; are i.i.d.
N(0,0?) independently of w;. The number v € R is a scale factor resulting from the need
to make the model in (A.1) identifiable. In the case of identical observation times on each
subject we can make the model identifiable by constraining Z?Zl n*(t;) = p. In this case,
N = { §:1 (féi)>2 /p}l/Z. The model in (A.1) is similar to a multivariate factor analysis
model with one factor, except that the common factor is assumed to be a smooth function
(hence the term functional factor analysis), and the specific factors €;; are all assumed to have
common variance 0. In Section A.2 we describe a nonparametric method for estimating the
functions p and 7.

At first glance it might seem more natural to impose the constraint that Z?Zl 772(tj) =1,
however we prefer the constraint Z§:1 7]2(tj) = p for the following reason. Suppose that the
domain of 7 is [0,1]. Then the Lo-norm of 7 is ||n|| = {fol n?(t)dt}/2. If the observation times
t1,t2,...,t, are distributed evenly over the interval [0,1] with t; = 1/p,t2 = 2/p,...,t, = 1,

then
1/2

Inll = {/OIUQ(t)dt}l/Q ~ Zp:UQ(tj)

In the functional factor model, it makes sense to think of trying to estimate a function 7 that
has a norm that does not depend on the number of observations, p. The constraint ||n|| =1 in

the functional space implies

n*(t;) = p.

p
=1

J

A.2 Penalized maximum likelihood estimation of ;1 and 7

Because of the clustered (longitudinal) structure of the data, it is convenient to use vector nota-

tion for the observed data on each subject. Let y; = (yi1, ¥i2, - - - ,yip)T, gi = (€i1,&i2, - .- ,ap)T,

po= (utr), u(te), ..., utp,))T, and n = (n(t1),n(t2),...,n(ty))T. Then model (A.1) can be
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written

y,~pu+wn+e for i=1,...,n. (A.2)

To avoid identification problems due to scaling of n and w; we will assume that n has norm p,
or n'np = p. Under the assumption that €; are independently distributed N (0, O'QIp) and w;
are i.i.d. N(0,02), independent of €;, the y, vectors have (to first order in |w;|) a multivariate

normal distribution with marginal mean
E(y,) = E(p +win +&) =p
and marginal covariance matrix
Var(y;) ~ Var(pu + win + ;) = o2nqn’ + 0%, = .
Since

det(B) = det(opmn” +0°L,)
= (0% det {(02 jo2)mm" +1,}
= (0P det {(02/02)m n+ 1}

= (0*)Pdet (1 + poz/o?)
the probability density (pdf) of y; is

p(y;) = @) PR Ve W W2 Y1)/

= (Qﬂ)—p/2<02)—p/2 (1 _'_paz}/ag)—l/Q e_(yi_“)Txfl(yi—N)/Q

where

_ —1
2= (02" +0%,) =1, — {02 /(0 + pol)innT]/o%
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By independence of subjects, the marginal likelihood function is the product of p(y;), ..

P (Yy)-

The —2-loglikelihood function can be written as

—2log L = nplog(2r) + nplog(a?) + nlog(1 + po? /o?)

+n(y — )= (g — p) + trace (E7'E)

where § = 30 y;/nand E =377 (y; — 9)(y; —9)"

If we assume that p and n are smooth functions of a continuous variable ¢ € [a, b]; i.e., they
do not fluctuate rapidly, then we can define p and n belonging to the model space Sla,b], the
set of all twice-differentiable functions on [a,b]. A natural way to quantify the roughness of a
function in S is to compute its integrated squared second derivative, e.g., f; [11”(5)]?ds. Under
the constraint of smoothness, we estimate p and n by minimizing a penalized version of the

objective function in (A.3), namely

S(u,n,0%,0%) = —2log L + a, / P+ ay / )

for 4, € S[a,b] and 02,02 > 0. The parameters oy, and ay) are so-called smoothing parameters.
They control the trade-off between goodness-of-fit and smoothness.
Using standard results from smoothing spline literature (e.g., Green and Silverman, 1994),

the above objective function can be written as

S* = nplog(2m) + nplog(c?) + nlog(l + poz/o?) + n(y — p) ="y — p)

(A.4)

+ trace (E_lE) + a#,uTKu + annTKn
where K is a p X p matrix depending on the time points ¢1,...,t, and the form of the penalty
function. For fixed o2, 02, ay, and ay, let @ = (fi1,...,[1p)T and § = (§1,...,7p)" be the

minimizers of (A.4) over RP subject to the constraint that n’n = p. The minimizers /i and 7
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of S(u,n,0?%,02) over S[a,b] are the unique natural cubic spline interpolators of the elements
of g and 1 with knots at t1,...,t, (see Green and Silverman, 1994, Chapter 2). Therefore the
penalized likelihood estimators of the functions p and 1 can be computed by taking derivatives
of S* with respect to the vectors u and 1 and setting the derivatives equal to zero. Our strategy
is to treat m as fixed and estimate p, then treat p as fixed and estimate 1. We derive results
in Section A.5.

The resulting estimator for p solves

{1+ (u/mSK} i=g (A5)

where 3 = o?1, + o2nn’. So fi is a weighted version of g, the subject means at each time

point. The estimator for 17 maximizes 7 An where
A =nay/[0%(0® +po)|(y — B)(y — B)" + o5 /[0 (0% + pol)|E — ay K (A.6)

subject to the constraint that 777 = p. Thus, 7} is the eigenvector of A associated with its
largest eigenvalue, that is scaled to have norm p'/2. The estimation of g and 7 are coupled,
and the two problems should be solved simultaneously (e.g., to ensure convergence to the true
maximum likelihood estimator). However, in our preliminary attack of this problem, we use
an easier approach which is to solve the two problems separately. We propose an iterative

algorithm:
(a) Initial iterates: let p, = py and 1, = ny for some starting values p, and n,.
(b) Solve (A.5) for p with i set at n,.

(c) Evaluate A at p,. Find the largest eigenvalue of A and its corresponding eigenvector 7,

scaled to have norm p'/2.
(d) Set p, = p and m, = N and return to step (b).
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Repeat steps (b) — (d) a fixed number of times.

Results from a simulation experiment showing performance of our functional factor analysis
method method, and application of the method to the CCly gas uptake experiment were re-
ported in Chiswell and Monahan (2005). In that work, we found that estimation of y was better
when between-subject variation was smaller than when it was larger. This was to be expected,
because the FOL approximation is only valid when the magnitude of the nonlinear random
effect is small. On the other hand, the estimation of n improved when the between-subject
variation was larger. We believe this is because the larger random effect created a stronger
“signal” in the covariance structure so that it was easier to identify the largest eigenvalue of

the matrix A in (A.6).

A.3 Behavior under maximum or no smoothing

We briefly consider what happens to our estimators i and 77 when the smoothing parameters
oy, and o, approach zero or infinity.

When o, = 0, equation (A.5) reduces to ;t = y so that [ is just the natural cubic spline
interpolator of the subject mean scores y, with knots at t; <tz < ... <t,. When o,, = 0, the

matrix A in (A.6) becomes

n

A =02 /le%(o®+po2)] Sy — ) (A7)
i=1

i.e., a multiple of the residual sample covariance matrix after fitting the mean trend. Thus
in this case 7 is the natural cubic spline interpolator of the eigenvector corresponding to the
largest eigenvalue of the residual covariance matrix.

Our choice of the integrated squared second derivative roughness penalty (e.g., [[u”]?)
dictates that making «, or o, large, forces i or ) respectively to be linear. In this case, the

estimator 11 will be the best linear regression fit to subject means at each point, i.e., the best
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linear fit to the points (¢;,y;) for j = 1,...,p. The estimator 7) will be the best linear regression
fit to the eigenvector corresponding to the largest eigenvalue of the residual covariance matrix

given in (A.7).

A.4 Choice of smoothing parameters

In implementing our method, we chose the smoothing parameters o, and a; subjectively by
examining the data. More objective (data-based) methods such as cross-validation would be
preferable. For example, Rice and Silverman (1991) proposed “leave-out-one-curve” cross-
validation.

The variance components o2 and cr?u also need to be estimated from the data. We propose
maximum likelihood or residual maximum likelihood (REML) estimation, but have not pursued

details of the estimation of the variance components.

A.5 Derivation of the estimators of u and n

In this section we derive equations (A.5) and (A.6) for estimating g and n by minimizing the
objective function S* defined in formula (A.4). For u, we fix n and set the derivative of S*

with respect to p equal to 0 and solve for p. Since 3 and K are symmetric we can write

0S*jop = —2T (g —p)+ 20, Kp

= —2E7 g+ 2(n=t 4, K)p.

Setting the vector of partial derivatives equal to 0 gives the following system of linear equations

~

in w:
(nE_l +a,K) o= nE 'y o {L+(a,/n)ZK} =9y

where ¥ = 021, + o2nnT. Notice that the solution is a function of 7.
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To find 7) we first show that for fixed p, 02, and 0% (and smoothing parameters), the objective
function S* in (A.4) can be written as a quadratic form in 7, i.e., S* = C* — nT An where A is
a p X p symmetric matrix free of n, and C* is a constant. We then use the result (Rayleigh-Ritz
Theorem) that the vector 7 that maximizes n7 An subject to the constraint that n’n = p is
the eigenvector of A associated with its largest eigenvalue, that is scaled to have norm p'/2.
This eigenvector 7 therefore minimizes S* subject to the constraint that n’'n = p.

For fixed p, 02, and o2, the objective function S* can be written as the following function
of n:

S*=C+n(y—p)IE (g — p)+ trace (E_IE) +a,nKn

where C' is free of . Substituting X! = [I, — {02/(0? + po?)}nn’]/c? in the second term

gives

n@—w'S N y—p = n@-w'd-on/(c+po)m (g —p)/o’
= C1—nos/[0*(0® +pop)|( — w) ' mm" (y - p)
= Cy—noy/[0°(0? +poi,)n’ ( )"

y—p)(y—p)n

where C is another constant free of . Substituting X1 = [I, — 02, /(02 + pa2)nnT]/o? in the

third term of S* gives

trace (E_IE) = trace {[I, — o2 /(o* +pafu)nnT]E/J2}
= Oy —oy/[0°(0? + poy,)] trace(nn’ E)
= Cy— o, /[0°(0” + poy,)] trace(n’ En)

= Cy—o05/[0°(c® +pol)n"En
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where C5 is another constant free of 7. Substituting back into S* gives
S = O —noy/[0* (0 +poy)In" (g — m)(y —w)'n

—o5 /[0 (0* + pos)n"En + ayn” Kn

= C"—n'An

where

A =n0y/10*(0” +pop)(G — )y — w)" + oy /[0%(0® +poy)|E — a, K

and the terms free of n have been accumulated in C*. Symmetry of A follows from symmetry

Of ('!_J - H)(l_l - /I’)T7 Ev and K.
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Proofs of theorems for principal component analysis

approach

B.1 Proof of Theorem 2.3.1
Limiting matrix of %YYT

Theorem. Let Y be a n X p data matriz, and suppose that the i-th row, yiT can be modeled as
Y, =B+ Au; + &

where X is a px 1 vector, u; are independent and identically distributed (i.i.d.) random variables
with mean 0 and variance 1, €; are i.i.d. random vectors with mean 0 and covariance matriz
O'QIp, and u; and g; are independent. Then as p — oo, the n X n matrizc %YYT converges in

probability to ®* + o*1,,, where ®* is a positive definite n x n matriz with rank 2.

Proof. Write the p x n matrix Y7 as
Y = [y 90y = 1T + A" +E
where u = (u1,us,...,u,)" and E = [e1,€9,...,€,]. Consider the n x n matrix

Z%YYT = (ulT + Aul + E)T (/,L]_T + Aul + E)

1
p
LT 4 xa?)’ (1 + auT) + L (p1” + a?) ' E

1T T T 1T
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Let the first term be ®; = % (ulT + )\uT)T (p,lT + AuT). If A is not a scalar multiple of u,
and u # 0, then the matrix u17 4+ Au” has rank two, and so ®;, has rank two and is positive

definite. In fact,

o = % {(/,LT[L)]_]_T + (A Tp) (ulT + luT) + (AT)\)uuT}

= L{slPT + (AT ) (1T + 1) + A Pu” )

L a1 4 bu”
= p\ al+bu, cu

CUT

where a = |||, b= pT A /||, and ¢ = {22 — (BTA)2}"? /|| p]l. The constant c is real
by the Cauchy-Schwartz inequality: ||| > (uX)2.

Now we investigate the limiting matrix of %YYT as p — oo. We will assume that the
elements of g and A are realizations of smooth functions p and A defined on [0,1] (i.e., second
derivatives of these functions are integrable). Suppose p; = pu(t;) and Aj = A(t;) for ¢; € [0, 1],

and that as p increases, the density of observation times in [0, 1] increases. Then as p — oo,

n 1
Sl = 530w = [ i = e
j=1
2 g 2 ! 2 2
HAR = 3300 — [ (0= A, and
7=1
n 1
BT = 3l — [ At = ey
j=1
Thus, conditional on w,

& — [T + (1, A) (ud” + 107 + A Pun” = &

which is also a rank 2 positive definite matrix (by a similar argument to the one used above for
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@;).
The elements of the matrix E are all i.i.d. random variables with mean 0 and variance o2,

so by the weak law of large numbers, %ETE converges in probability to %I, as p — oo. The
remaining terms in %YYT all involve cross-products of the form pu”E or ATE. Since these
vectors are sums of p i.i.d. random variables with mean 0 and variance o2, by the weak law of

large numbers these terms converge in probability to zero as p — oc. O

B.2 Proof of Theorem 2.3.2

Distribution of g/’ when X = 0’1,

Theorem. Let Y be an X p data matrix with each row independent and identically distributed
according to the Np(p, O‘QIp) distribution. Let S,, be the sample covariance matriz, and let g™V be
the normalized eigenvector of S, corresponding to its largest eigenvalue. Then the distribution

of gV is the same as the distribution of z/||z| where z ~ N,(0,T).

Proof. Let O, be the space of orthogonal p x p matrices. A measure v on O, is left translation-
invariant if for any subset F C Op, v(HF) = v(F) for any fixed H € O,. Similarly, the
measure v is right translation-invariant if v(FH) = v(F) for any F C O, and a fixed orthogonal
translation H € O,,.

It can be proved that O, is a compact topological group. As a result, there exists a unique
regular left translation-invariant Borel measure v on O, that satisfies v(0,) = 1. Because of
compactness, this measure is also the unique regular right translation-invariant Borel measure
satisfying v(O,,) = 1 (see for example, Royden, 1988, Corollary 20, page 380). This measure v
is known as the Haar distribution. It is the only probability distribution that has the property
of left and right translation-invariance.

If H is a fixed orthogonal translation and U is a random matrix in O, with the Haar distri-

bution, then HU has the same distribution as U, and similarly, UH has the same distribution
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as U. We will write HU d U d UH to indicate that the matrices HU, U, and UH are equal
in distribution.

Let S,, = GLGT be the spectral decomposition of the sample covariance matrix S,. The
matrix G is orthogonal. Note that since nS,, = G(nL)G”, G also contains the eigenvectors of
the sum of squares and crossproducts matrix, nS,,. When the rows of Y are independent and
identically distributed N,(0,02L,), the distribution of nS,, is Wishart, W,(c*I,,n — 1). Next
we argue that the joint distribution of the eigenvectors nS,, is the Haar distribution on O,,.

Since nS, ~ W,(0?I,,n — 1), we can write nS,, = Z?z_ll z;z] where z; are independently
and identically distributed according to N,(0,021L,) (Anderson, 2003, Section 3.3). Let H be
a fixed orthogonal matrix chosen arbitrarily from O,. Then since uncorrelated normal random

. . . . d .
variables are invariant under orthogonal transformations, Hz; = z; fori =1,...,n — 1. As a

result, the matrices nS,, and H(nS, )H” are equal in distribution since

nS, = Zz z; Z Hz,( HzZ = <Zz z; ) H(nSn)HT.

Therefore
G(nL)GT = nS, L H(nS,)HT = H{G(nL)GT}HT = (HG)nL(HG)T

so that HG d G. Thus the distribution of G, the matrix of norm-1 eigenvectors of nS,,, is
invariant under left translations. Hence G is distributed according to the Haar distribution on
O,. Next we derive the distribution of the first column of G, g(V).

Let g™ be the normalized eigenvector of S,, (or nSy,,) corresponding to the largest eigen-
value. We call g(!) the the principal eigenvector of S,,. Stewart (1980) presents the following
interesting observation about random matrices in O, that are distributed according to the Haar
distribution. An easy characterization of the Haar distribution follows from this observation.

Let X be a p X p matrix whose elements are all independently and identically distributed as
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N(0,0?) random variables. Let X = QR be the QR decomposition of X, where Q is a p x p
orthogonal matrix in O, and R is an upper triangular matrix normalized so that its diagonal
elements are positive. Let H € O,, be a fixed orthogonal transformation. Because the elements
of X are uncorrelated N(0,0?) random variables, the distribution of X is invariant under fixed
orthogonal transformations, i.e., HX d X. Substituting X = QR gives that QR d (HQ)R,
and hence since R is invertible, Q d HQ. Therefore the distribution of Q on O, is invariant
under left translations. Hence Q is distributed according to the Haar distribution.

We are interested in the distribution of the first column of G € O, that is distributed
according to the Haar distribution. Stewart’s argument implies that there exists a matrix X
whose elements are independently distributed according to N(0,0?) and a matrix R which is
upper triangular normalized to have positive diagonal elements, such that X = GR is the QR
decomposition (with Q = G). One way of computing the QR decomposition is by using the
Gram-Schmidt algorithm. From this it is easy to see that if X = GR, then the first column of
G is just the first column of X (call this @;), divided by its length ||;||. Since the elements
of X are independent and identically distributed according to the N(0,0?) distribution, the
distribution of the first column of G is that of a N,(0,0%I,) random vector x; divided by its

length, i.e., gtV d x1/||x1]|. Finally, since x; 3 ;2 where 2z ~ Ny(0,1,), and ||z1| = o||z||,

gV d z/||z|, where z ~ N,(0,L,). O
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B.3 Proof of Theorem 2.3.3

Distribution of ¢, when X = 02Ip

Theorem. LetY be a n X p data matrix with each row independent and identically distributed
according to the Ny(p,X) distribution. Let S, be the sample covariance matriz, and let g be
the normalized eigenvector of S, corresponding to its largest eigenvalue. Let k be an arbitrary

p-vector. Define
_ T (1) d b= (p— 1V2p (1 — p2)-1/2
re =k g /|6l and t.=(p—1)""r(1—ry)" /%

Then |r.| < 1 with |r,| = 1 if and only if gV and k are linearly dependent. If 3 = 0?1, then 7,
has the distribution of a sample correlation coefficient with p =0 and p — 1 degrees of freedom,

and t, has a t-distribution with p — 1 degrees of freedom.

Proof. For any ¥, by the Cauchy-Schwarz inequality,
k"9 < [Ixlllg™] = |l

since g™ has norm 1, so that |r,| < 1. It also follows that |x7g())| = ||k| (and thus |r.| = 1) if
and only if k and g(!) are linearly dependent (see for example the proof of the Cauchy-Schwarz
inequality in Marsden and Hoffman (1993, pages 61-62)).

When ¥ = 0'21p, the distribution of gV is known exactly, and is equal to the distribution

of z/||z|| where z ~ Np(0,1,) (Theorem 2.3.2). Thus we can write

d kl'z

= —.
" k=]

If z ~ N,(0,1L,) then Tz ~ N(0, ||k||?) and kT z/|| k| ~ N(0,1). Let
P, = r(kl k) T = kT /|
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a projection matrix with rank 1. Then 27 (I, — P,;)z has a x? distribution with p — 1 degrees

of freedom. Since P,k = k we have

(" /sl Var(2)(I - Py) = " LI = P,)/||6]| = (" = &")/|l] = 0"

Therefore the quadratic form is independent of k7 z/||k||, and the ratio

Kl z/||k]
{zT(I-Py)z/(p— 1}/

(B.1)

follows a Student’s ¢ distribution with p — 1 degrees of freedom. We claim that the ratio in
(B.1) has the same distribution as ¢, of the theorem.
Simplifying the ratio we get

Kl z/||k|
{7z = 2TkKTz/||k|?}1/2

w'z/|kl
{llzl1? = (xT2)2/||]|2}1/2

sl z/kll]]

(p—1)1/? (p—1)42

= (p—1)"?
{1 = (kT2)2/ |62 2]2}/2
d _1)1/2 Tr
- (p 1) (1 o T‘%)l/Q
= 1.

Hence t, has the same distribution as the ratio in formula (B.1), namely a student’s ¢ distribution
with p — 1 degrees of freedom.
Since t, is a one-to-one function of r,, the distribution of r, can be derived using a change

of variables approach (e.g., Anderson, 2003, page 120). The density of ¢, is

) r(p/2) ey
f(t) = (p— DY2T[(p — 1)/2]()1/2 <1 I 1) '
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Substituting t = (p — 1)%/?7(1 — 72)~%/2 with Jacobian (p — 1)1/2(1 — 2)=3/2 gives

9 r2 0\ P2 -
5= i —11));2])( )12 <1+1— 2> =y
- SRS KRR
2 -

I —37;2])( s (1)

which is the density of a correlation coefficient with true correlation p = 0 and p — 1 degrees of

freedom. O
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Details about maximum likelihood factor analysis

C.1 Derivation of the MLFA objective function, F}, when n < p

In this section we derive objective function Fj in (2.22) that is minimized in order to obtain the
maximum likelihood estimators of the parameters Ay and W of the k-factor model. Consider
the factor model described in equation (2.4) of Section 2.2.1. For now, assume that the number
of common factors is known to equal k. Under the k-factor model, the marginal distribution of

y; is Np(p, X), with density

Flyip,2) = 2r) PREPexp { -y - pw) 'S y-n)}.

304



Appendix C. Details about maximum likelihood factor analysis

Based on the joint distribution of y;,ys, ..., vy, we define a likelihood function for the param-

eters p and X,

n

LX) = [Jen) 25 ep {5 - )=y, —n)}
=1
= (2m) "B exp {—é > (i — )=y, - u)}
=1
= (2m) "2 2 exp {—é > (Wi —9)"S i - y)}
=1

xexp{—2(y—p) ="y —p)}

n

= (@2m) "PPET  exp {—étrace [Z(yi ~y)(y; —y)'=!
i=1

xexp{—2(y—p) = (y—p}

= (2m) 2% 2 exp {—Ztrace (S,=71)}

}

xexp{~5(y—p)'=g-p)}.
The loglikelihood function is
log L(p, ) = ¢ — % [log |3 + trace (SnE*l) +(g-pw's Yy - nl

for constant ¢ free of p and X. Since ¥ (and therefore 1) is positive definite, the quadratic
form is always non-negative, and is minimized (with a value of 0) when pu = y. Hence the
maximum likelihood estimator (MLE) of p is pp = gy for any positive definite 3. The maximum

likelihood estimator of ¥ = AkAg + W thus minimizes the objective function
Fi.(Ag, ¥) = log |X| + trace (SnE_l)

subject to the constraint that A{‘IﬁlAk = A is diagonal.
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C.2 Minimizing the objective function F}

To minimize Fj we start by finding the partial derivatives of Fj, with respect to elements of Ag

and W. Let 0;; denote the ij-th element of X. From Lawley and Maxwell (1971) we know that

mgtgjjjm = (=Y

mgi‘-?’ = 2= Y (i #7)
fmcg(cfsjzz?_l) = —(=718, =7
E?tm%a(aS;Z_l) = 278, =N (i #9)

where the subscript notation (A);; denotes the element in the j-th row and the i-th column of

the matrix A. Therefore

OFy, -1 -1 -1
- (zl-x=7's, =)y
60']] ( )]J
F
gf‘ﬂ = 2z 2718, =) (i £ ).
0 ji

These partial derivatives for our objective function Fj are the same as those for the objective
function of Joreskog (1967). Let \;s denote the is-th element of Ay, and #; denote the j-th
diagonal element of ¥. Since ¥ = AkAf + W, the individual elements of 3 can be written as

oj; = Zk A2+ Y and 0y = 0j; = 25:1 AisAjs for @ # j. Therefore

s=1"js
80‘jj 80‘ji . . aajj 80‘ji . .
=2 T = Air ) . 17 = .
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By the chain rule,

OF, P
o, > [(0Fx/00:) (Doji/ON;)]

=1

= 22(2—1 218,27 i

= 2[E7H(Z-S,)E7'A], ., and

OF,
a0, = (OFe/003) (90y5/00)
_ -1 _ -1 -1
= (= 18,27
_ —1 . -1
= [Z'(E-s)=],.
In matrix notation,
(‘3?“:221(2—sn)21Ak, and
8Fk (C.1)
IYE g5 —1 /gy _ -1
BN diag [ (2 - 8,) Z7'].

Our strategy is to first find the conditional minimum of Fj for a given value of ¥, giving
the function f,(¥) = Fj,(Ay(®), ¥) where A (®) is the value of Ay that minimizes Fj, for a

given ¥. Then we find ¥ to minimize f;. For a fixed ¥, the minimum of F} occurs when

OFy/OAL = 0:
F
gA’“ =0 = 2 (Z-S,)T A, =0
k (C.2)
— (Z-S,)=7'AL=0.
We have the following identities,
= (AMAT )T =0 A (1, + A) AT (C.3)
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where A = AZ\P’lAk, and

SAL =0 A - OTIAL (T + A) AT O IA,
=UIA, —TUIAL(IL+A)TA
=0 AL, — (I + A)TA)

=0 AL (I, +A) !

since (I+PQ)"! =I-P(I+QP)'Q with P = I}, and Q = A. Substituting (C.4) into (C.2)

gives

0=(2 ST AT, +A)!

—= 0=(X-5,)¥ A,
— 0= (AA} +T -S,)P A,
= S, UIAL = A ALTTIAL + A
— S, U A, =ALA+ A,
Premultiplying by ¥~1/2 gives
(U128, @A) (B 2AL) = (B2 (I + A). (C.5)

Since 8* = w1/28, W~1/2 is symmetric, under the constraint that A = AflIl_lAk is diag-
onal, equation (C.5) is satisfied when the columns of ~/2A,, are a set of k& (unnormalized)
eigenvectors of S* and the diagonal elements of (I + A) are the corresponding eigenvalues.
The p x p matrix S* = ¥—1/28, ®~1/2 has p eigenvalues, 6 > 0y > ... > 0,. Let Q =
(wi,wa,...,wy) be a set of unit length eigenvectors corresponding to the k largest eigenvalues.

The columns of §2 are orthogonal so that Q7Q = I;. Let ©® = diag{61,0s,...,60;}. It turns out
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that the absolute minimum of F}, over RP** (conditional on a given W) is attained by choosing

the k columns of Q (appropriately normalized) as the columns of W1/2A,. Since
O =TI, + A =TI+ (T 2A)T(B/2A),

the eigenvectors (i.e., columns of ¥~1/2A;) should be scaled so that the sum of squares of the

Jj-th column equals 6; — 1. Thus, for a given ¥, let Ay, be defined by
U2AL =00 - 1), or

A, = U2Q(0 —1;,)/? (C.6)

Note that if any of the eigenvalues on the diagonal of ® are less than one then there will be
no real solution for Kk Joreskog (1967) notes that this happens seldom in practice unless k is
very large. We will avoid this problem by choosing k small enough so that 61 > 6s... > 6 > 1.
This is justified in Section C.3.

Next we evaluate

Fy(Ag, ®) = log | 2| + trace (S, 1)
at Ay, defined in (C.6). Let X = ka;f + W¥. Then
e2Ee 2 = @ V2(AAT + @) 82
= L, + @V 2A AT 12

= L+ A]

= |9
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where A = K{@’lxk. Thus
@12 w2 = (@ 2Ee 2 = 0,6, ... 0y,
or |Z| = (610 . ..04) (1t .. .1by). From (C.3) we get

(\I,—l/zfm,—l/z)—l — pl2y-lgl/?
= UR2w WAL+ A) AT e w2

= I, -0 200 AT w2,
Using equation (C.6) and substituting the above we get

trace(S,X7!) = trace(S, ¥/ 2@/ 2R 1wl/2g1/2)
= trace[(® Y28, ¥V (w /25 1w!/?)]
= trace[(® V28, @12 (I, - ¥T/2A,0 AT @ 1/2))
= trace(¥ /28, W1/2) — trace([(® /28, ¥/ (W 1/2A,)0 AT w1/
= trace(® /28, w12 — trace[(\Il_l/Q./NXk)@@_l./TkT\Il_l/Q]
= trace(®1/28,w1/2) trace(\Il_lp‘/f\\;ﬁjf\lT\Il_l/z)
= trace(®¥1/28,®1/2) trace(K%‘Iﬁl/N&k)

= trace(¥ /28, ¥~ /2) — trace(® — 1)
k

= > U= (Om—1)
m=1

m=1

= 9k+1++9p+k;
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Thus, Fj, evaluated at Ay = Ay (®) defined in (C.6) gives

fi () = Fi(Ay(®), )

= log | 3| + trace <Sn§_1)

P
—log[(0102 - O)(Wrtra - Gp)] + S Otk (C.7)
m=k+1
D k P
=k+ Z log ¥, + Z log 0,,, + Z 0,
m=1 m=1 m=k+1

Note that the function fi is defined as long as v¢,, > 0 for m = 1,...,p, and 6,, > 0 for
m = 1,..., k. The second condition is automatically satisfied since we have chosen k so that
Op >1form=1,... k.

Any set of k eigenvectors of 8* = U—1/28, W—1/2 will satisfy the equation (C.5). Now we
show that choosing the eigenvectors that correspond to the k largest eigenvalues as the columns
of \11*1/27&;3 minimizes F} for a given value of W. First note that for z > 1, the function z —logx
is strictly increasing since %(m —logz) =1—1/2 > 0 for z > 1. Now suppose that 1} in
(C.7) is exchanged with 6, where a < k and b > 1. We assume that 6, and 6y are both

greater than or equal to 1 (otherwise Ay will be imaginary). Interchanging these roots will lead

to the following value of the objective function fg

p
fe(®)=k+ > logtm+ > logbn+ > O

m=1 meM meM

where M = {01,02,...,00-1,0k+,00+1,- -, 0k} and M = {601,02,...,0,} \ M. Subtracting this
value of the objective function from (C.7) gives

fe(¥) — fr(®) =log Oyp + 0, — log Oy — O = (0q — log 0,) — (Ok+p — 10g Ok1)-

Since x — logx is increasing for z > 1 and 6, > 0O, we have fp(¥) — fi(¥) > 0. Hence
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choosing the k largest eigenvalues and the corresponding eigenvectors as the solution to (C.5)

gives the minimum value of F}, for a given value of W.

C.3 Minimizing Fj, when 6; <1

For fixed ¥, the minimizer Ay, of F), defined in (C.6) requires that §; > 1 for j =1,...,k. In
this section we show that when 6; < 1, the objective F}, is minimized when the j-th column of
Kk is zero.

Let B = W~ 1/2A;. Then for fixed ¥, as a minimizer of the objective function F}, defined

in (2.22), B = ®~1/2A,, satisfies equation (C.5) so that
S*B=B(I; +A) where A =BTB. (C.8)

Let B = UCQ be the singular value decomposition of B where U is p x k with UTU = I,
C is a k x k diagonal matrix, and Q is a k x k orthogonal matrix. Let B* = BQ = UC.
Notice that B*"B* = CUTUC = C?, a diagonal matrix with j-th element c? equal to the
squared norm of the j-th column of B. The rotated matrix B* also satisfies equation (C.8)

since post-multiplying by Q gives

S*B =B(I, + A)

— S'BQ=B(I,+A)Q
~— S*BQ=BQQ7(I,+B'B)Q
~— S'B*=B*(I, +B''B").

Also, this choice of Q satisfies the constraint that A = B*'B* = C? is diagonal. Since (I}, +C?)
is diagonal, the equation

S*B* = B*(I; + C?)
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is solved if B* are the unnormalized eigenvectors of S*, with the eigenvalues being the diagonal
elements of C2.

We showed in Section C.2 that for fixed W, Fj is minimized when the columns of B*
are the (unnormalized) eigenvectors of S* that correspond to the largest k eigenvalues of S*,
{01 >0y > ... > 6} Let ©® = diag(y,60s,...,0;). Since ® = I, + C2, the norm of the j-th
column of B* equals ¢; = (6; — 1)!/2. Thus, we only get a real solution (i.e., interior point
solution) for B* when CJQ- >0 or when 0; > 1 for j=1,... k.

We now show that when 6; < 1, Fj, is minimized for fixed ¥ when the j-th column of B* is
zero (i.e., on the boundary of the parameter space). To see this we write the objective function

F), = log || + trace(S,X71) in terms of B*. Since we can write Ay, = ¥~1/2B*,

X = MAL+ T =UBBTY 4w,

log|B| = log (|%"/2|- [T, + BB [w'/?))

= log|®|+log Iy + C?|, and

trace(S,X7!) = trace {S;l‘lfl/z(lp + B*B*T)*l\Iflﬂ}
= trace [\11—1/25,;1@—1/2 (I, - B*(I; + 02)—1B*T}}
= trace(S*) — trace {S*B*(I + CQ)_lB*T}

= trace(S*) — trace {B*TS*B*(Ik + CQ)_I}
where 8* = W—1/28 19 ~1/2, Thus for fixed ¥, the objective function is

F,(B*) = constant + log [I, + C?| — trace {B*"S*B*(I; + C?)'}. (C.9)
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Since B* = UC and B*"B* = C? is diagonal with j-th element c? we can write

k
log [Ty + C?| = "log(1 + )
j=1

and

trace {B*"S*B*(I; + B*'B*)"'} = trace {CUTS*UC(I; + C*) '}
= trace {UTS*UC(I; + C*)'C}
= trace {UTS*UC(I; + C?)~'C}

2

k

C=
= E u}ﬂS*ujil J 5
j=1 ¢

where u; is the j-th column of U. The objective function F}, in (C.9) can now be written as
k

k
F(B*) = F(U, C) = constant + Z log(1 + c?) - Z u?S*uj
j=1 j=1

2

‘7 .
1—1-0?

Let 0; = c? >0 for j =1,...,k (the squared norm of the j-the column of B*). To minimize F},

over u; and ¢; note that since ||u;|| = 1 and the u;’s are orthogonal,

k 5
TQx* J
g u; S"u;
J J )
o 1+9;
is maximized with respect to the u;’s when each u; is the normalized eigenvector of S* corre-

sponding to the j-th largest eigenvalue ;. Profiling out the u;’s by substituting the maximized

value of the above sum (i.e., Zle 9-%), the objective function then becomes
J

k
Fy(01,...,0) = constant + ; {log(l + 5j) _ 9].1 —|-jéj } .

To minimize F} over the region where d; > 0,5 = 1,...,k, take the partial derivatives with
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respect to d; and set equal to zero. The partial derivative of F}; with respect to 0, j = 1,...,k

equals the partial derivative of the function

9(65) =log(1+4;) — 6; where d; > 0.

9;
1+ 5j ’
The derivative of g with respect to d; is

- 1 9. 1
_1+(5j j(1+5j)2.

g'(65)

Note that ¢'(0) = 1 — 6;. Consider three cases.

¢; > 1: In this case, ¢'(0) < 0 and ¢'(d;) = 0 = 0; = 0; —1 > 0. Thus g is minimized
at an interior point. This is the usual solution for j-th column of B* described in
(C.6) when 6; > 1.

§; = 1: In this case, ¢'(0) = 0 and ¢'(4;) = 0 = J; = 0. So g is minimized on the
boundary, and the j-th column of B* therefore has norm c; = 6;/2 =0 (i.e., these
factor loadings are zero).

6; < 1: In this case, ¢’(0) > 0 and ¢’(0;) = 0 = ¢; < 0 (outside the parameter space) so
that g is minimized on the boundary, d; = 0. Here again, the j-th column of B*
has norm ¢; = (5;/ =0 (i.e., these factor loadings are zero).

Thus when ¢; < 1, the objective function Fj, is minimized for fixed ¥ when the j-th column

of B* is zero, or equivalently when the j-th column of Ay, is zero. In practice, the number of

factors k£ should be decreased until 6; > 1 for j =1,... k.
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C.4 Implementing maximum likelihood factor analysis

For k = 0 (i.e., no common factors) the approximate marginal covariance is 3 = ¥, a diagonal

matrix. Under this model the loglikelihood is

(log ¥ + s55/v;5)

1

p
log Lo = —% [log |®| + trace(Sn\If_l)} =2

J

where sj; is the j-th diagonal element of S,. Under this model, the maximum likelihood

estimator of W solves
B 810g LZ)]' 3%_1 1 Sjj

au; T au T P2

0

Thus the the MLE of ¥ is ¥ = diag(S,), the diagonal elements of the sample covariance
matrix.

For k > 1, an iterative algorithm is used to minimize the concentrated objective function
f1(¥) defined in (C.7) over the space where ; > 0. To handle the positivity constraint we
reparameterize in terms of ¢; = % where o; € R. To minimize f; we use a Quasi-Newton
line search method such as the fminunc () optimizer in MATLAB. Let U be the minimizer of
fr. The maximum likelihood estimates of the factor loadings are calculated by substituting T

back into the equation (C.6) to get
A, = U2Q(0 —1;,)/?

where © and € are the k largest eigenvalues and corresponding normalized eigenvectors of
§* _ @—1/2871@—1/2'

If the user does not supply a starting value W for the iterative algorithm to minimize fy,
then we used the following defaults. If n > p we used the starting value recommended by

Joreskog (1967)

o= (1-4) {aig (5,1)}
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where diag(A) is a diagonal matrix containing the diagonal of A. If n < p we used
W, = diag(S,)/(k +1).

C.4.1 Gradient of f; with respect to diagonal elements of ¥

The Quasi-Newton line search algorithm works best when an analytical gradient (vector of
partial derivatives of fj with respect to ¢;, j = 1,...,p) is supplied. Following the argument
in Joreskog (1967), the gradient of fi at a given value of ¥ is equal to 0F) /0¥ evaluated at
a point where Fj is minimum with respect to Ay (i.e., evaluated at A, defined in (C.6)). In

equation (C.1) we derived

or, .. 1 1

From Section C.2 we have the identities
S =0 AT+ A)TTAL R and
(X —-S,)¥ A, =0
so that substituting ¥ = kaf + W where Ay, is defined by (C.6), gives

S8, = {\Ifl AT+ A)*lfx{\rl} (£-8,)
= \Ilfl(i —S,)+0, and
TIE-8,)8 ! = (28, {xp—l C AL (L + A>—1xg\p—1}

= I -S,)(T ! +o).
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Thus, when 9F, /0¥ is evaluated at Ay we get

‘;{I’j — diag [T71(S - sn)\pﬂ — diag [qu (kafx{ T sn> \Irl} .

Recall from (C.6) that
U127, = CEs Ik)l/z, so that

IANATE T =200 - 1) QT2

The j-th diagonal element of this matrix is
k
S On — 1wk, /1
m=1
Thus the partial derivative of f; with respect to 1; can be written as
afy 1 [& ) .
8—%: o Z(@m—l)wjm—i—l—sjj/%' , for j=1,...,p

m=1

where wj, is the j-th element in the m-th eigenvector w,,. Because of the reparameterization

1; = e% we actually use the partial derivatives with respect to «;,

Ofk _ Ofw 0 _ Ofk o _ g C1y2 i Sih
da; oy Oa; Oy © —Z::(Qm Dwjm +1 = 855/

m=1

. i
since e = ;.

C.4.2 Computing the eigenvalues of S* = ¥~1/25 ¥~1/2,

The sample covariance matrix is S, = 2 3°7" | (y; — 9)(y; — 9)T. Let Y* be the n x p centered

data matrix with i-th row (y; — ¥)?. Then we can write S,, = %Y*TY* and

S* — @71/2871‘]?71/2 — %‘Ilfl/QY*TY*‘Ilfl/Q.
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An efficient way to find eigenvalues and the corresponding eigenvectors of S* is to use the
singular value decomposition. This method of calculation also ensures that the computed
eigenvalues of S* will be real and non-negative — as they should be since S* is symmetric and
non-negative definite. Let the p x n matrix 8*1/2 = n=1/2®-1/2Y*T have the singular value

decomposition

s*1/2 = ypv7”

where D is diagonal with dimension r = min(n, p), U is a p x r matrix with UTU =1,, and V

is a n x r matrix with VIV = I,.. Since
S* _ S*l/2(s*1/2)T _ UD2UT

the squares of the singular values are the eigenvalues of S* (i.e., 6, = d2, for m = 1,...,7r),
and the columns of U are the normalized eigenvectors of S*. The singular value decomposition

can be computed in MATLAB using the function svd(-,’econ’).

C.5 Behavior of the likelihood as ¥ decreases or k increases

The loglikelihood for the k factor model equals
log L(p, ) = ¢ — 2 {log || + trace(S, ) + (g — p)' =1y — p)}

where 3 = AkAg + W. When p = y the loglikelihood equals a constant minus the objective
function Fy defined in (2.22). In Section C.2 we showed that for fixed ¥, Fj, takes a minimum

value of

P k b4
fe(®)=k+ ) logtm+ > loghn+ > Om.
m=1 m=1

m=k-+1
Thus one way to explore the behavior of the likelihood is to examine the behavior of f; as the

elements of W get small, or as the number of factors increases. These limits are of interest
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because the maximum likelihood estimation may fail in these cases, and it is of interest to
understand what these failures imply about the behavior of the likelihood in these regions.

To illustrate possible behavior of the likelihood as W gets small, suppose that ¥s = JL,.
Then S* = §~!S,,. Suppose that d; > ... > dy, are the p eigenvalues of S,, (some of these may
be zero if n < p). Then the eigenvalues of S* are 6,, = 6~'d,, and the objective function f;

becomes

k p
fe(®s) = k+plogs+ Y log(d0 'dm)+ > 0 'dm
m=1 m=k+1

k
= k+(p—k)logd + Z log dy, 4+ 671 zp: dpm.
m=1 m=k-+1

Since log z + % — 00 as z — 0, fr(Ps5) — o0 as 6 — 0. Thus as ¥4 gets smaller, the objective
function fi increases. Hence the likelihood goes to zero as W4 approaches zero.

Now consider what happens to fi if ¥ is fixed and small, and the number of factors k
increases. First recall that 8 > log6 for any # > 0 and that the function 6 — logf has a
minimum value of 1 at # = 1. Thus logf — 0§ < —1 for any 6 > 0. Consider the difference

between fr.1 and f,

k+1

k p p
fer1(P) — fo(®) = (k+1)—k+ <210g9m210g9m> + ( Z O — Z 9m>
m=1 m=1

m=k+2 m=k+1
= 1+logbky1 — Ok

< 1-1=0.

Thus fr+1(¥) < fr(P) for fixed ¥, so increasing k decreases the objective function fj and
increases the likelihood. It is reasonable to expect the likelihood to increase with increasing k.
Increasing k gives a sequence of nested models with increasing number of parameters. A model
with a larger number of parameters must fit better and hence have larger likelihood. Although

there are some constraints on k£ to ensure identifiability, what this result implies is that as &
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increases toward or across that identifiability boundary, the likelihood increases. In particular,
if n < p then some of the eigenvalues of S* will be zero. In this case, if £ > n, then log 0, = —c

so that fr = —oo (infinite likelihood).

C.6 Maximum likelihood estimation of factor models with re-

stricted W

In this section we consider two restricted cases of the factor model (2.4). The first case assumes

that ¥ = 0'21p, a constant diagonal matrix. The second case assumes that each element of W

is a power of the the mean ; at that time point, ¢; = 02%27.

C.6.1 Case 1: ¥ =1,

When ¥ = 0'2Ip, we have
Y = ArAT + 0%,

with the constraint that O'_QAzAk = A is diagonal. When ¥ = O‘QIp,

S* — \I’_l/QSn\II_l/Q — O_—QSn

and

A=ATwA, =02AT A, diagonal

so that in this case the columns of Ay are constrained to be orthogonal. For fixed o2, substi-

tuting ¥ = 021p into (C.5) gives the eigenvalue-vector equation

(0728, (07 AL = (671 AL (I + 0 2AT Ay).
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Let © = diag(fy,...,0;) be a k x k diagonal matrix having the k largest eigenvalues of 025,
on the diagonal, and let £ be the corresponding normalized eigenvectors. Then for fixed o2,

the maximum likelihood estimator of the loadings matrix Ay is
Kk = UQ(@ - Ik)l/Q.

The factor loadings are thus just scaled versions of the eigenvectors of S, that correspond to
the largest k eigenvectors. The factor loadings are scaled versions of the principal component
loadings.

Substituting Ay = Kk(a2) into Fj, gives an objective function in o2,

fi(0?) = Fi(Ar(c?),0?) = log |Z| + trace(S, =)

where 3 = KkKkJrUQI. Since 8* = ¢728,,, the m-th eigenvalue of S* is 6,,, = 0~ 2d,,,, where d,,
is the m-th largest eigenvalue of the sample covariance matrix S,,. Using the identities derived

in Section C.2, we see that
|§3’ =020, .. .0, = (62)P®d, .. . dy, and

p
trace(8, ") = trace(8*) — trace(® —I;) = k+ o~ Z -

m=k+1
Therefore the objective function to be minimized over o2 is
k P
fe(o®) =k + Z:logalm—l—(11?—/{:)10g02+072 Z dpm
m=1 m=k-+1

where the eigenvalues d,, are free of o2 form =1,...,p.

Taking the partial derivative of f;, with respect to o and setting it equal to 0 gives the
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equation

p
0=0fr/00 =(p—k)o>—o* Y  dn
m=k+1

so that the MLE of o2 is
p
Gr= > dm/lp—k).

m=k+1

The MLE of Ay for the k-factor model is
A =5:O —I))/?

where © = &\I;Qdiag(dl, ...ydg), di > ... > dj are the k largest eigenvalues of S,, and the
columns of €2 are the corresponding normalized eigenvectors.
The objective function Fj is minimized at (Kk, 8,%). Let the minimized value be F\k, which

equals the minimized value of fg, fx(57). Thus

k
Fy = fi(67) =p+ (p— k)log} + > _ logdp,.

m=1

Note that if k£ = 0, then the maximum likelihood estimator of o2 minimizes
Fy(0?) = plog o? + trace(S,) /o>

so that 532 = trace(S,,)/p and fo(63) = plogaa + p.

Assuming that the true number of factors is at least k, we can use a likelihood ratio test
to compare the fit of the k-factor model with ¥ = oI to the fit of the k-factor model with
unrestricted positive definite diagonal ¥. We would expect the distribution of this test to have
an asymptotic x? distribution with p — 1 degrees of freedom under the model with ¥ = ¢°I .
We might also compare the fit of the k-factor model with W = oI to the fit of the k-factor

model with ¥ = g2diag(u??) (fitting this model is discussed in the next section). We expect

323



Appendix C. Details about maximum likelihood factor analysis

the (pseudo)likelihood ratio test for comparing these two models would have an asymptotic x?
distribution with 1 degree of freedom when the true model has ¥ = ¢?I. These likelihood ratio
test statistics are given in equation (2.30).

. — 52,27
C.6.2 Case 2: ¢; = o°p;
Assume that the diagonal elements of ¥ are a function of the mean vector p, v; = O'QM?Y.
Then the k-factor model for the covariance is

2 = ApAT + o?diag(p??)

where the exponent 2+ is applied elementwise to p and diag(v) is a diagonal matrix with v on
the diagonal. The usual identifiability constraint becomes U*QAfdiag(u*QV)Ak = A diagonal.

The number of parameters in the covariance model with k factors is
24 pk —k(k—1)/2.

The difference between the number of parameters in the unstructured ¥ and the model above

is

s = {plp+1)—4—2pk+k(k—1)}/2
= (P -2k +k>+p—k—4}/2

= {p—k\’+@p-k—4)}/2

and for identifiability we require s > 0. When n < p we also need to check that the number
of parameters (also counting the p parameters in p) is no larger than the total number of
observations. We require

p+2+pk—k(k—1)/2<np <= k+1+2/p—k(k—1)/2p<n

324



Appendix C. Details about maximum likelihood factor analysis

which will be satisfied if
E<n-—1-2/p.

Although the covariance now contains some information about the mean vector wu, our
approach will be to assume that p is a nuisance parameter that can be consistently estimated

by 9. To estimate A, o? and v we maximize the pseudolikelihood function
Lps (S50 = 9) = (2m) 72|82 exp { —Gtrace(S, ;) }

where ¥,s = ApAT + o2diag(y??) and o ~?Af diag(y~27) Ay, is constrained to be diagonal. To

compute the pseudolikelihood estimator we will minimize the objective function
FP (A, o2,7) = log |2ps| + trace(SHE;Sl)

subject to the identifiability constraint.
When k = 0, the pseudolikelihood estimators of ¢ and « minimize
P P
FY*(0?,7) = plogo? + 27210g i+ o Z sjjgi_z'y.
i=1 j=1
Taking partial derivatives and setting equal to zero gives the equations
¢ 2 s 2
0 = ]90’72—(77428]5@]-_’y = UQZZS]‘]@; 7/p
j=1 j=1
P P
0 = 2 Z log g; — 202 Z Sjjgjj_% log 7;
j=1

=1

Substituting the first equation into the second gives the following equation in ~,

1
p p p
0=> logg;—p | D it | | st logds | - (C.10)
Jj=1 Jj=1 J=1
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So when k = 0, we solve equation (C.10) for v and then substitute 7 in

p
_—2
of = sy /p

j=1

to get ag’p ®. The minimum of F}” is

p
plog Gy ™ +275° ) "logy; + p.
j=1

When k > 1 the strategy to minimize F}° mimics that in Section C.2. For fixed o? and 7,

the pseudolikelihood estimator of Aj solves the usual eigenvalue-vector equation
Sps (W Ar) = (L, Ap) (I + Apy) (C.11)
where ¥, = o2diag(y~27),
S, = W,./?8, ¥ 12 = o2 diag(y)S,, diag(y ")

and Ay = Ag\Il;slAk. For fixed k, 02 and +, the pseudolikelihood estimator of the loadings
matrix Ay, is

Kzs(UQKY) = ‘P;l;éQQPS(@ps - Ik)1/2

where @, = diag(f1, .. .,0x) contains the k largest eigenvalues of Sy on the diagonal, and €2
contains the corresponding normalized eigenvectors.

Substituting A = Xzs (02,7) gives the objective function in 2 and 7,
58(02 7) = Fk(xis(oza 7)7 O-Qa 7) = lOg |§}p5| + trace(snfi];sl)

where 3, = Kpsfxgs + Wps. Let Sy = diag(y™7)S,diag(y™7), and let 07" > ... > 07" be the

ordered eigenvalues of S7¢. These eigenvalues are functions of v, but are free of o2. Then since
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Sys = J*QS;):, the eigenvalues of S} are 0, = 07207 and © = 0~ 2@**. Using the identities

from Section C.2, we get

2, = [®,.001...0k

= |o2diag(y?")| x (o~ 2)kgr* .07

p k
— —_2 *ok
= (o?)P kHyi7H9m, and
=1 m=1

trace(S,X}) = trace(S,,) — trace(®,s — L)

= k+ J*Qtrace(S;:) - U*Qtrace(G);z)

p
= k+o? ) o
m=k+1

Substituting into the objective function f,fs gives
p p k
Pio?y) =k+o0? Z 9:,;*+(p—k:)log02+2vzloggi—|— Zlog@fj. (C.12)
m=k+1 =1 m=1

The eigenvalues 0% are functions of v but are free of o2. Holding v fixed, and differentiating
(C.12) with respect to o2 and setting equal to zero, gives the pseudolikelihood estimator of o2

as a function of ~,

p
G =Y o/ (k). (C.13)
m=k+1

7ps

Substituting 52 into the objective function (C.12) gives an objective function in -y alone,

P k

i=1 m=1

To find the pseudolikelihood estimator of v, we minimize ¢Zs over 7 using a quasi-Newton line

search algorithm such as MATLAB’s fminunc to give 7,s. If the user did not supply a starting
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guess for v we used v = 1. Substituting the resulting solution for 7 into (C.13) gives the

pseudolikelihood estimator
p

G =Y 0/ k).

m=k+1

Substituting for o2 and ~ in (C.11) gives the pseudolikelihood estimator of A,
AP =0l%Q,,(0,, — I;)'/?

where W, = a0 diag(g?re), ©,; contains the k largest eigenvalues of \il;SlSn\Tl;sl, and Q,,

contains the corresponding normalized eigenvectors.
Following a similar argument to the one in Section C.4.1, we see that d¢}°/0vy at a given
value of 7 is equal to OF}° /D, evaluated at the point where F}° is minimum with respect to

Ay and o? for a given . For ¥, = o%diag(y??) we have

03,s/0y = 0%¥,s/0v
- 273 =27 T 727 7
= o~ diag(2y; logy1, .. .,27, logyp)
= 202 diag(y}", . .. ,yjfﬂ) diag(log 71, . . ., log ¥p)

= 2%, diag(logyi,...,logyp).

Since

Olog |X,s| /0y = trace {2551 (62;,5/87)} , and

6trace(SnE;;)/8*y = trace {S, (82;51/67)} = —trace {SnE;sl (0%ps/07) 2;;31
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we have

OF" /9y = 0{log|Xps| + trace(S, %, )} /Oy
= trace {Eljsl (0%,5/0v)} — trace {SHZ;; (0%ps/07) 2;81

= trace {E;}(Em - S@E;; (0%ps/07)} .
As in Section C.4.1, for a given value of v and o2, when Kﬁs solves (C.11),

»E,.—8)Y )l = (2, -8, !

ps ps ps

where 3,, = AP*(AP*)T 4 ®,,,. The objective function F”* evaluated at AP® is fP°. Thus

ofp° )0~ = trace {\Il_l(flps - STL)\II;S1 (821,8/(97)} .

ps
Substituting for §%,,/0y and X, = ./Kis(]&zs)T + W, gives
of)7 /0y = trace [\Il;;(ips — Sn)\IJ;S1 {2®,, diag(log 71, . . ., log gp)}}

= 2trace {\Il;sl(ips —S,,) diag(log i1, - . ., log gp)}

— 2trace [{\If,;;Kgs(KgS)T i - \If,;;sn} diag(log 71, . . ., log gp)} .
Recall that AP* = W3/*0Q,.(0,, — I)/2 so that
Kﬁs(xis)T = ‘I';}JQZQPS(GPS - Ik)ﬂgs‘I’;laéz

where @) contains the k-largest eigenvalues of Sj, = \11;51/ 2S,l\Il;Sl/ % and Q,, contains the

respective eigenvectors. Therefore the j-th diagonal element of \Ilzjsle\ZS(Kis)T is

k
Z (O, — 1)%2‘m-

m=1
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The derivative of f;° with respect to v is

k
off joy =2 { > (O — Dy +1 - Sjj/wj} log ¥

j=1 Um=1

where s;; is the j-th diagonal element of S,, and ¢; = 02(@?7. For a given value of v, evaluating
ofy /0y at GZ’p ®(7) defined in (C.13) gives the gradient of the objective function ¢}° defined in

(C.14),
OO ()10 = OFF 107 | oz

Recall that 0,, = 07260 where 07 is the m-th largest eigenvalue of Sys = diag(y~7) S, diag(y ™).
Assuming that the true number of factors is at least k, we could use a (pseudo)likelihood
ratio test to compare the k-factor model with ¥ = o2diag(u?®’) to a k-factor model with
unrestricted positive definite diagonal ¥. We would expect the distribution of this test to
have an asymptotic x? distribution with p — 2 degrees of freedom under the model with ¥ =

o?diag(u?7). The test statistic is given in equation (2.30).
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Sensitivity equations for the PBPK model

In this appendix we derive the sensitivity equations used to numerically approximate the sen-
sitivity functions (partial derivatives) for several parameters in the physiologically based phar-
macokinetic (PBPK) model. We introduced the PBPK model in Section 1.2.2 of Chapter 1; it

is described by the following system of differential equations,

2h = RATS Q, (cx — 2/ Vi) — K121

2y = Qp{ca — 27/ (Vi Py)}

4 = Qr{ca — 2/ (V;: P)} (D.1)
ém = QmAca = 2m/(VinPrn)}

4 =Qu{ca —a/(ViP)} —

Vinaz2i
21+ K ViPy

Initial conditions at ¢ = 0 are given by
2(0) = zno, 2£(0) =0, 2(0)=0, 2,(0)=0, z(0)=0.

We described the meaning of the symbols and parameters previously in Section 1.2.2.

Table 1.1 of Chapter 1 gives values of the basic input parameters. Other quantities are
computed from these. A single rat was housed in each chamber in the CCly experiment so that
RATS = 1. The initial amount in the chamber is zp9 = CONC x V}, x W,,/24450 (mg) where
Vi, = Vorc — RATS X By, (liters) is the net chamber volume. Compartment/blood partition
coefficients (P¢, P, Py, P,) are computed from the compartment/air coefficients (Pfq, Plq,

P, Pra) respectively, divided by the blood/air partition coefficient (Fp). Tissue volumes
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, Vi, Vi) equal the respective volume percentages ¢, Vies, Vime) times body weight (B,
Vi, Vi, V, 1 th i 1 Vies Vies V, i bod ight (B
iters). 1ssue bloo ow rates , 1, @m) equal the respective bloo OwW percentages
li Ti blood fl Qr, Qi, @ 1 th ive blood fl
e Qiey Qme) times cardiac output ¢) (liter/hr). e following difference equations define
f i di li hr). The following diff i defi

relationships between other quantities in the model,

Qe=Qr+Qr+Qm+Q, Vi+V,+Vy+V,=091B,

c :i Z Q24 - Qccv+Qth/Vh c _ Ca
! Qc ‘/*P*’ “ Qc+Qp/Pb ’ ’ Pb'

*=f,rm,l

In equation (1.12) of Chapter 1 we derived the basic form of the supplemental differential
equation (the sensitivity equation) that must be solved simultaneously with the original system
to provide a numerical approximation of the sensitivity function. In the sections below we
derive the sensitivity equations for the following PBPK model parameters: body weight (B,),
loss rate from an empty chamber (K7 ), the metabolic parameters (Vy,.,) and (K,,), total
cardiac output, (Q.), and ventilation rate, (¢)). The system of differential equations models
the amount (mg) in the chamber, although the collected data measured concentration (ppm).
For a fixed chamber volume, the sensitivity on the concentration scale is proportional to the
sensitivity on the amount scale, where the constant of proportionality is free of time, t. We

derive the sensitivities below on the amount (mg) scale.
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D.1 Sensitivity equations for body weight, B,

The volume parameters V, are all functions of rat body weight, B,,,

Vi = Voro — RATSB,, = 0V}, /0B, = —RATS
Vi =ViBy = 0Vi/OBy = Ve
Vi=VieBy = 0Vi/OBy =V
Vin = VimeBw = 0V /0Byw = Vine
Vi = VieBy = 8V, /0By = Vi,

where V.. = 0.91 — Vie — Vie — Ve

To approximate the sensitivity, z;p,] = 0z /OBy, for the body weight, B,,, of a rat, the
following system of differential equations can be solved simultaneously with the original system
in equation (D.1). In the equations below, the subscript [B,,] indicates a partial derivative with

respect to By,.

inp.] = BRATSQp (Co(mu) — 2n(Bu)/Vi — RATS 2,/ Vi?) — K 2p(p,,]

fisa = Qr{casa) = 27181/ (ViPr) + Viezs (Vi Pr)}

4. = Qr{canu) = ZBa)/ Ve Pr) + Veezr/ (V2P }

imiBo) = Qm{caBn) = #miBu)/ VinPm) + Vinezm/ (V2 Pm) }
. Vinaz2i1B,, Vinaz 2121 B,,
Zl[Bw] = Ql {Ca[Bw} — Zl[Bw]/(WPZ) + Wczl/(WQH)} _ [Bw] [Bu]

24+ KnViF (2 + Ky VIP)?
VmaszVEc[)lzl
(Zl + [(m‘/ipl)2

where

B = Q' Y {Quzupa)/ (VaP) — QuViczs/(VZP.)},

*=f,r,m,l

Ca[Bw] = {Qccv[Bw} + szh[Bw}/Vh + RATS szh/VhQ}/(Qc +Qp/By),
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and ¢,(B,] = Cq[B,)/FPp- The initial condition zpg = CONC VW, /24450 is a function of By,
since V, = Vogo — RATS B, so that the initial conditions for the supplemental system are

2B, (0) = —CONC RATS W, /24450 and

21B,](0) = 0, 2,(,1(0) = 0, 2yB,](0) =0, zp,(0) = 0.

D.2 Sensitivity equations for loss rate, K,

The following system of differential equations can be solved simultaneously with the original
ODE system to approximate the sensitivity, zjx,) = 0z,/0K[, for the parameter describing
loss rate from the empty chamber, K. In the equations below, the subscript [K] indicates a

partial derivative with respect to K.

Zniy) = BRATSQp (caprey] — 2nir,]/ Vi) — Krznik,) — 2n

i) = Qr {cary) — 2y /(ViPr)

Zrky) = @Qr {CQ[KL} — ZT[KL]/(WPr)}

imikn) = Qm{Car) = 2mirs)/ VinPm) }
. Vmaacz Vma:vzlz
Gy = Qu{car,) — 2k, /(ViP) ) — A% )

21+ K ViP (Zl + mepl)2

where

Cu[KL] = Qc_l Z Q*Z*[KL]/(V:kP*),

*:f7',17m7l

Cak] = 1QcCo[k ) T Qpznir,)/ Vit /(Qe + Qp/ Py),

and cy(x,) = Cq[x,]/ Py Since the initial conditions of the original system were free of Ky, the

initial conditions for the supplemental equations are
Zh[KL](O) = 0, Zf[KL](O) = O, ZT‘[KL]<O) = 0, Zm[KL](O) = 0, Zl[KL}(O) = 0.
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D.3 Sensitivity equations for V.,

The parameter V4, is the maximum rate of metabolism. The following system of differential
equations can be solved simultaneously with the original ODE system to approximate the
sensitivity, zu[v,..] = 021/ OVmaz, for Ve, In the equations below, the subscript [Vina)

indicates a partial derivative with respect to Vy,qz.

hVinas] = BATS Qp (ColVinaa] = ZhlVinaal/ Vi) = KLZh{Vpn0)

Hlmar) = Q {CalViaa] = 21 (Vinael/ (Vi PP) }

ZrlViman]l = Qr {CalVias] = Zr(Vinas]/ (Ve Pr) }

EnlVinas) = Qm {CalVinae) = ZmlVinas)/ (Vin Pn) }

W) = Q1 {Cullns] ~ A/ Vi) — ] e o] -

4+ KoViP ' (2 + KaViP)? 2+ Ko ViP,

where

ColVnar) = Qe D Qetalvinal/ (VeP),

*=f,rm,l

ca[vmaz] = {QCCU[Vmaz] + szh[vmaz]/vh}/(Qc + QP/Pb)7

and Cy(vi00] = CalVinao]/ Fo- Since the initial conditions of the original system were free of Vi,az,

the initial conditions for the supplemental equations are

Zh[vmaz](o) = 0’ Zf[vmaz](o) = 07 ZT[Vmaz](O) = 0’ Zm[vmaz] (0) = 0’ Zl[vmaz](o) = 0
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D.4 Sensitivity equations for Michaelis-Menten constant, K,

To approximate the sensitivity, zjx,,] = Oz /OK,,, for the Michaelis-Menten constant, K,
the following system of differential equations can be solved simultaneously with the original

system. In the equations below, the subscript [K,,] indicates a partial derivative with respect

to Kpy,.
inikn] = BATSQp (Cuik,] — ZhiKm)/ Vi) — KLZh(K,)
2k = Qf {Catrn] — Zicm)/ (ViPr) }
Gikml = @ {Carn] — Zrirn)/ (Ve Pr) }
zm[Km] = Qnm {ca[Km] - Zm[Km]/(Vum)}
. VmaxZZ[Km] Vmaatzlzl[K ] Vinaz ViP1zi
— — P _ m
A[Kom) Q1 { o) — 211c,)/ (ViP1) } ot KB T G KB T (ot KV
where

o) = Qe D @z, )/ (VePo),

*=f,rm,l

Ca[Km] = 1QcCu[K,n] + Qp2niK,]/ Vit (Qec + Qp/ ),

and ¢y(x,,] = Ca[K,,]/ Pb- Since the initial conditions of the original system were free of K, the

initial conditions for the supplemental equations are

Zh[Km}(O) = 0, Zf[Km](O) = 0, Zr[Km](O) = 0, Zm[Km](O) = 07 Zl[Km](O) =0.
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D.5 Sensitivity equations for total cardiac output, Q).

The tissue blood flow rates @, are all functions of the cardiac output, ()., of a rat

Qr =QfQc = 0Qf/0Qc= Qe
Qu=CQiQc = 0Qi/0Qc = Qic
Qm = QmcQc = 0Qm/0Qc = Qe
Qr =QrcQc = 0Q,/0Qc = Qrc

where Qrc = 1 — Qe — Qic — Qme. The following differential equations can be solved simulta-
neously with the original system to approximate the sensitivity, zig,] = 021,/0Q., for Q.. In

the equations below, the subscript [(Q).] indicates a partial derivative with respect to Q..

gl = RATSQp (crQ.) — 2niQu)/ Vi) — Krzniq.)

i) = Qr{caed — 27100/ (ViP)} + Qe {ca — 2p/ (Vi Py)}

4i0 = Qr {Caqa — i@/ (Ve Pr) } + Qre {ca — 2/ (Ve Py)}

imi@el = @m{Ca@e = Zmi@e)/ VinPm)} + Qme {ca = 2m/ (Vi Pm) }

a0 = Qu{caog — 2100/ (ViP)} + Qe {ca — 21/ (ViP)} — ZZV Iafﬁ%}% (z:/ia;(z;zéf[%)?
where

il = D, Quersigu/(VoP2),

*:f7r7m7l

Caf@e] = {QcCujg.] + Qp2nig/ Vi + co}/(Qc + Qp/Py) — {Qccy + Qpzn/Vi}/ (Qc + Qp/Py)?,

and cgQ,] = Caj@.]/Fs- Since the initial conditions of the original system were free of Q, the

initial conditions for the supplemental equations are

2@ (0) = 0, 2£(q,)(0) =0, 2,g.(0) =0, 2(q,)(0) =0, 2. (0) =
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D.6 Sensitivity equations for ventilation rate, (),

To approximate the sensitivity, zpq,] = 0z1,/0Qy, for the ventilation rate parameter, @), the
following differential equations can be solved simultaneously with the original system. In the

equations below, the subscript [@,] indicates a partial derivative with respect to Q.

4@, = RATSQp (Cz[Qp] - zh[Qp]/Vh) +RATS (¢ — 21/ Vi) — KL2h(q,)
i) = Qr{caq, — 2710,/ (ViPy)}

4o, = Qr{caq, — 20,/ (Vo Fr)}
imiy] = Qm{caq,] = Zmi0,)/ VinPm)}

qg, = Qi {caq, — 2uq/(ViP)} - VmaaZi@y) | Vmas 2,

z1 + K, Vi P, (zl + KmWPl>2

where

gl =@ Y, Qurql/ (VP

*:f7r7m7l

ca(Q,] = {QcCuiq,] + (@pznig,] +20)/Va}/(Qc+ Qp/Ps) +{Qcco + Qpzn/ Vi } /{Ps(Qc + Qp/ Po)?},

and ¢;(Q,] = Ca[Q,] /Py. Since the initial conditions of the original system were free of @), the

initial conditions for the supplemental equations are

2nQ,)(0) = 0, 240,1(0) = 0, 21,)(0) =0, zpq,](0) =0, Zq,)(0) =0.
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