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ABSTRACT

Motivated by the first-order Pitman closeness of best asymptoti-
cally normal estimators and some recent developments on higher order
asymptotic efficiency of estimators, a second-order asymptotic theo-
ry is developed for comparison of estimators under the Pitman close-
ness criterion. The single and multidimensional parameter cases are
studied. The notion of second-order Pitman admissibility is introdu-
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SECOND-ORDER PITMAN CLOSENESS AND PITMAN ADMISSIBILITY

1. Introduction

Best asymptotically normal (BAN) estimators are known to be
first-order efficient in the light of conventional quadratic risks
as well as the Pitman closeness criteria (see e.g., Sen (1986)); the
foundation has been laid down by a first-order asymptotic represen-
tation of BAN estimators. The past two decades have witnessed a phe-
nomenal growth of research literature on higher order asymptotie
efficiency wherein Edgeworth expansions, bias corrections and asymp-
totic median unbiasedness have all contributed generously in the
accomplished refinements. However, the work is mostly confined to

quadratic or related (usually bowl-shaped) risk functions.

The pioneering work of Rao (1981) has led to a revival of inte-
rest in recent years in studies on Pitman closeness. Much has been
accomplished aince then in this area of fruitful research with due
emphasis on multiparameter as well as sequential estimation problems;
for some comprehensive reviews, we may refer to Rao, Keating and
Mason (1986), Sen (1991) and Keating, Mason énd Sen (1992), among
others. However, very little progress has so far been made beyond
the first order asymptotics. Notwithstanding some interesting results
recently reported by Severini (1992), it appears that much work
remains to be done on higher'order asymptotic comparison of estima-
tors with regard to Pitman closeness and with reference to general

parametric families.

The Pitman closeness criterion is essentially a measure of pair-
wise comparisons, and it extends to comparisons within a suitable
clags of estimators only under additional restrictions such as equi-

variance, ancillarity of the differences of pairs of estimators in
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the class or asymptotically normal laws etc. Although the usual defi-
nition of Pitman closeness extends readily to cover the second-order
case (see section 2), it has a natural appeal only when the competing
estimators are first-order efficient. Por this reason, and given the
affinity of BAN estimators to th; classical maximum likelihood esti-
mate (MLE), in the current study we confine ourselves to a class of
estimators which are essentially related to the MLE by small bias
corrections. This also enables us to study the second-order Pitman
adnissibility of estimators within the same class. In this parametric
framework, the present work attempts to study the second-order admis-
8ibility results in the light of Pitman closeness. The one-parameter
case is treated in section 2 while the multiple parameter case is
discussed in section 3. Section 4 deals with the case of one-dimen-
sional parameter of interest when there are nuisance parameters, Vari-
ous examples have been included in the text to illustrate the subtle
points in the discourse.

2. The one-narameter case

Let {xi}, i>1, be a sequence of independent and identically dis-
tributed random variables with common density £(x;©), where 6 is an
unknown scalar parameter, the parametric space for © being the real
line or some open subset thereof. We make the assumptions in Bhatta-
charya and Ghosh (1978, p. 439) with 8=3 (in their notation), and
£(.;0) and g(.;©) in their notation interpreted reapectively as
log £(.;6) and £(.;8) in our notation. Let @ (s 9 ) be the MLE, defi-
ned in the sense of Theorem 3 in Bhattacharya and Ghosh (1978), of @
based on Xl,..., n? where n is the sample size. Along the line of
Ghosh and Sinha (1981) (see also Pfanzagl and Wefelmeyer (1978)), we

consider a class, C, of estimators of 0 of the form
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T =8+ n~1lo,

where
(i) Q = a(8) + o(1) under 8, over a set with Pgy-orobability 1+o(n‘%’),
d(.) being a continuously differentiable function whose func-
tionz21 form is free from n, and |
(ii) for each nositive €, free from n, and each 9,
Pg(10-d(e)l > €) = o(n'%).
The class C is cuite large. In narticular, by Theorem 3 in Bhatta-
charya and Ghosh (1978), it includes all estimators of the form 3 4
n'ld(é), where d(.) is continuously differentiable and the function-

a1l form of d(.) is free from n (cf. Ghosh and Sinha (1981)).

Let I = Ee{(dlog f(X;e)/de)Z} denote the ver observation Fisher
information at ®, which is assumed to be nositive for each 8. Also,
— Y,? e \ 3 f=]
let Ly 4 9= _.ei(dlog f(X;0)/d0)-%. Note that bo?th I and L, ; 4 are
functions of 8. The following lemma will be useful in the sequel.
Lemma 2.1. Let T: and Tn be distinct members of C such that TZ: ® +
- * - »* *
n1q", 1= 8 + n 1o, with Q= d (8)+0(1), 0= d(8)+0(1) under 6. Then
%
for each © such that d (8) £ d(e),
*
- - )
Po(lT, - 8l < IT, - 8]

3+ am n)F 1 senfa(e)-a(ef{ace)sa (@) - 317%n, 4 4} + »(n~ %),

for © such that d4(e)> d*(a), Lemma 2.1 can be »roved if one uses
conditions (i) and (ii) above to show that
Pe(lT; -8l <t - 9l) = Pg(§, >0) + o(n™ %),
where §, = (nI)%(/G\ - 9)+ %n-%Ié{d(e)-o-d*(e)} , and then employs an
Edgeworth exvansion for the distribution of §n under 6 (cf. the nroof
of Theorem 3.1 below). The nroof is similar for © such that i(8) <
d*(e). Lemma 2.1 is similar to a result in Severini (1992) who compa-

red biased and bias-corrected estimators of a one-dimensional interest
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parameter with bias defined in the usual sense of expectation.

Lemma 2.1 provides a simple formula for gsecond-order comparison

of two distinct members of C in terms of Pitman closeness. Let
1.-2
do(e) = gl Ly y.1° (2.1)
Then it is not hard to deduce the following result from Lemma 2.1.
Theorem 2.l. let Ton and Tn be distinct members of C such that Ton"'
? 4 n‘lqo. T=0 + n~1q, with Q = 4,(8)+0(1), Q= d(8)+0(1) under o.
Then for each © such that a{0) #£ do(e),
Py (/7 - 01 < IT= 0l) = & + #(2xn)” ¥rHja(e)-a (0)l + o(a™H,

# -
and 1m _ [n®{Ry(IT - ol < IT, - 1) - #3] > o.
We now discuss the implications of Theorem 2.1 by introducing

the notion of second-order Pitman admissibility. An estimator Tn= (]

+ n~1Q (£ C), with Q = d(8)+0(1) under 8, will be called second-order

Pitnan inadmissible (SOPI) in C if there exists an estimator ’1';= (]
..1 »* * » »

+ 0 2Q (g C), with Q = 4 (0)+0(1) under © and d (€) not identically

equal to d(®), such that ‘I; is superior to T, with regard to second-

order Pitman closeness in the sense that defining ctnl(e) = Pe( IT;- ol

4 lrn- 9l) - 4 and «n2(9)= nic(nl(e), the conditions

(a) lj.nxn_m° otnz(e) > O for each © for which the limit exists, and

(b) lim , x,1(©) exists and lim, % ,;(@) > 0 for each 6 for which
lim . anz(e) doees not exist,

hold, the inequality being strict for some & either in (a) or in (v).

An estimator Tn (€ C) will be called second-order Pitman admissible

(SOPA) in C if it is not SOPI in C.

An implication of Theorem 2.1 is that the estimator Ton consi-
dered there is SOPA in C. In particular, it follows that the estima-
A -1 A .
tor 9 + n do(e) (€ C), where do(.) is given by (2.1), is SOPA in C.
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Note that Ton' considered in Theorem 2,1, is sgcond-order median
unbiased in the sense that Pa(‘]!Dn >0)= % + o(n'%) for each ©, as one
can prove using an Bdgeworth expansion for the distribution of
(nI)*(Ton- 9) under 6. Hence the second-order Pitman admissibility
of T , is comparable with the exact findings in Ghosh and Sen (1989)
who proved, under certain conditions, an optimum property bf median
unbiased estimators with regard to Pitman closeness. It also follows
from Theorem 2.1 that an estimator T_= & + n”1Q (¢ C), with Q = 4(e)
+ 0o(1) under 6 and d(e) £ do(e) for each 9, will be SOPI in C, being
dominated by Ton' Thus Theorem 2.1 yields one SOPA estimator, namely
T,n and provides 'a quick way of identifying SOPI estimators.

Remark 1. Under suitable conditions like those in Johnson (1970),
together with an assumption regarding the existence of an n, such
that the posterior distribution of © given xl,....xho is proper, it
can be shown from Theorem 2.1 that the posterior median of © under
Jeffreys' prior is SOPA in C (cf. Welch and Peers (1963)). This fre-
quentist result may be contrasted with the findings in Ghosh and Sen
(1991) on properties of the posterior median in terms of posterior
Pitman closeness.

Remark 2. The nroperty of Ton’ stated in Theorem 2.1, is in fact
much stronger than second-order Pitman admissibility. It implies that
a rival estimator T, = o+ n'lQ (¢ C), with Q = 4(0)+0(1) under © and
d(e) not identically equal to do(e), will be inferior to T, , with
regard to second-order Pitman closeness, for each O satisfying 4(6)
£ do(e). Incidentally, for © such that d(0)= do(e), additional regu-
larity conditions (e.g., asymptotic ancillarity) may be required to

clearly depict the relative picture.
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Remark 3. Under sguared error loss, Ghosh and 3inha (1981) character-
jzed second-order admissible (S0A) estimators of the form 8+n” d(e),
where d(.) is continuously differentiable. As many examples, like

the following one, indicate, neither a SOPA estimator in our sense

is necessarily SOA in their sense nor a SOA estimator in their sense
is necessarily SOPA in our sense. |

Example 2.1. Let f£(x;8) be the univariate normal density with mean

o and variance 62, where ©> 0. Then I = 3072, L, ;.q= 146 3, and by

(2.1), do(e)=-l7e.let T = 9(1+-—qn 1y, o= 8(1- gn 1,1y, By Theorem

2.1, Ton is SOPA in C in our sense and Tn is not so. On the other

hand, following the main result in Ghosh and Sinha (1981), Tn is SOA

in their sense while Ton is not.

3. The aultinarame ter case

Consider now a2 sequence {Xi}, i>1l, of indevendent and identical-
1y distributed random variables with common density f(x;9), where ©
l""’ep)' is an unknown vector varameter, the narametric snace
for © veing GQp or some omnen subset thereof. We make assumptions

=(®

along the line of those in the last section. Let I = \(I )) be the

PXp Der observation Pisher information matrix which is assumed to be

vositive definite at each 8. Let rio((119)) and for 1¢i,j,uco, let
S; iy = Eg1(D; log £(%;0))(Dylog £(X;0))(D,log £(x;0))5,

ieje

Si.4u = Eg{(D;10g £(X;€))(D;D 108 £(X;0))},

S5 5u = Eg(D;D D, log £(x;98)), §iju = Sy - Si.5.u
where D. is the operator of martial differentiation with respect %o

i
il s, . S. .5 Siis

8, (1<i<p). Note that for each i,j,u, Iij’ i.5.u0 Si.5u Sigu

giju are functions of ©.
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| §
1""’6p) be the MLE of O based on Xl""’xn’ where n

is the samnle size. As a natural extension of the class C considered

A A
Let O =(6

in the one-narameter case, we consider a class, Cp, of estimators of

& of the form T = 8 + n'lQ, where

(i) Q = (Ql""’Q ) = d(8)+o(1) under &, over a set with Py-nrobabi-
lity l+o(n” %), with d4(9)= (d (6\,...,d (e)) , each component of
d(6) being continuously dlkferentlable and having a functional
form free from n, and

(ii) for each vositive €, free from n, and each 9,

PolllQ - a(ell >e) = o(n'%) ’

where ||.ll denotes Euclidean norm.

fal

The following result is helpful in comvaring estimators in up

with regard to (second-order) Pitman closeness.

* A =1 * »* =) 4/
Theorem 3.1. Let T,= © + n Q and T = T +n #(8) be members of Cp,

*

where Q= 47(8)+0(1), a*(8)=(a;(0),...,a (8)) ", #()=(f(8),...,

g

L *
¢D(9)) , and for each i, 4;(.), ¢i(.) are continuously differentia-
ble, with functional forms free from n, such that the nartial deri-
vatives of ¢i(.) fulfil the local Lipschitz conditions. Then for
each © with #(8) £ 0,

]
Py (T, - 8)" T(T- 8) < (T~ 8) (T~ o)

-1+ ero)Eige) I¢(9>}‘3/2[1{¢(e) 17(0)} 2

+ #(0) 1(0){g(0) 1a *(0) + tr(B(8))

ju 1
+ TREY 5 a1 Bi(OTT(S, 4 4v 555 5ulf

- lomsl | 18 (0)8,(0)d, (805, - #(6) IB(e)F(®)] + oln -,
where B(®) is a oxp matrix with (i,j)th eiement Djﬂi(e), 1<i,j<p-

A proof of Theorem 3.1 has been sresented in the Appendix. Note

that in the multinarameter case Pitman closeness is being defined
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using I (= I(€)) as a Riemannian metric as was done earlier by Sen
(1986) (see also Amari (1985)). It is not hard to see that for p=1
Theorem 3.1 is in agreement with Lemma 2.1. Thus Theorem 3.1 nrovi-
des a nartial seneralization of Lemma 2.1 to the multioarameter case.
The generalization is vartial because it covers nairs of estimators
(T.,T°), with T_,0 €C_and T -T.= n 1#(8), where tn ts of

' Tp)s Wi n*TnECp and T -T =n y where e components o
Jg(e) are continuously differentiable and the vartial derivatives of
each component of #(8) satisfy the local Lipschitz conditions. In
the multinarameter case, consideration of such vnairs of estimators
is helpful since in the proof one reguires a stochastic expansion

* -

for T ~T up to o(n 3/2) (see (A.4) in the Appendix); in contrast,

for p=l, it can be seen from first orincinles that an expansion up

to that order is not required in the nroof of Lemma 2.1. For general

v, with estimators.Tn,Tziicp such.that Tn—T; is not of the form
n'lﬂ(g), it should be possible to derive results analogous to Theo-
rem 3.1, oroceeding along the line of proof of this theoren, nrovi-
ded sufficient knowledge about Tn-T; is available so as to allow an
exvansion for Tn—T; up to o(n'3/2).

Notwithstanding what has been mentioned in the last paragranh,
Theorem 3.1 serves as an useful tool in the muwltiparameter case. In

particular, as seen in the rest of this section, it helps in settl-

ing certain issues of theoretical interest.

One of these issues relates to a nossible extension of Theorem
2.1, which is a rather strong result for the case p=l, to a multi-
5arameter set-up. To be more swecific, using I as a Riemannian met-
ric, in an atteant of extending Theorem 2.1 to a multinarameter set-
up, one may wish to investigate whether or not there exists a do(e)

[} A - s 4
=(d,7(8) .18, (8))" such that if T,,=8 +n lQO (€ C) with 0=
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d, (6)+0(1) under O, then for every other estimator T = ? + n-lQ
(€ C ) with Q = d(8)+0(1) under 9, the relation

M. oo [n%{P ((T,,~9) I(T L-8) < (T, -9)" I(r -98)) - 33]>0  (3.1)
nolds whenever d(e) £ do(e).

To answer this question, if nossible, supnose a do(e) as above
exists. Let Ton be =28 defined in the last naragraph and define the
estinator Té§)= Ton* n'leg, where e is a non-zero scalar and g is a
non-null pxl vector, both e and g being non-random and, evidently,
free from 6. Then eg is a pxl non-null vector and (3.1) holds for
each O if one takes Tn= Tgi). With Tn= Tgi), one can now emnloy Theo-
rem 3.1 to find an exvwression for the left-hand side of (3.1), note
that this is vpositive for each 8, each non-zero choice of e and each
non-null choice of g, and then make apvronriate chaices of e and g
to obtain the relations
1 -1= -1-

51 ju= 3{113 wtwuu® Tiuti3%555*% TjulisS 111}’ 1<i,j,uip, (3.2)

identically in 8, and

a (e) = I°" x(e), (3.32)

identically in 8, %X (®) being a nxl vector with ith (1<i<») element
-1- piu 1 )

X;(8) = 31118111 - "23 u=1 (Su.ij+ Esiju)' (3. 30)

The detailed derivation of (3.2) and (3.3a,b) is being omitted in

order to save Snace.

Thus for the existence of do(e) as envisaged above, it is
necessary that the underlying model must satisfy (3.2) and that do(e)
must be as snecified by (3.32,b). PFor p=1l, (3.2) holds trivially and
(3.32,b) reduce to (2.1). For a model satisfying (3.2), if one tales

-1 /A . . . . . . A
I=T,,-n (8 - 8,) in (3.1), where 8_ is a fixed voint in the nara

metric snace, then by Theorem 3.1, (3.1)-(3.3), it follows after

some algebra that the relation
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' .
%(e-eo) I(e-eo) - (p-1)>0

must hold for each 6;490. Since, by assumntion, the elements of I

are continuous in €, the imnossibility of the above for n> 2 follows

by 2llowing © tend to Go.

The above discussion shows that 2 strong result like Theorem 2.1
does not hold in the multinarameter case. One may now wish to exwnlore
the nossibility of deriving weaker admissibility results in the sense
of the vparagranh following Theorem 2.1l. Let SOPA and SOPI estimators
in C be defined as in that naracranh with «nl(e),ang(e) redefined as

1y (0)= Po((T1-8)"T(Tim0) < (T,-8) 'T(T,-8))- #, & ,(8)= na, (8).

As observed above, do(e) given by (2.3a,b) is a natural extension of
what is defined by (2.1) in the one-»narameter case. Hence one may be
interested in checking whether or not an estimator Ton= 3 + n-lQo

(€ cn) with Qo=do(6)+o(l) under 8, where do(e) is snecified by (3. 2a,
b), is at least SOPA in C_. The answer to this cuestion is 2lso in
the negative as the follo&ing example, exhibiting a Stein-tyne nheno-
menon in the oresent context, indicates.

Example 3.1. ILet f(x;8) renresent the vn-variate normal density with

' . I3
mean vector 6 =(el,...,ep) and disnersion mnatrix .fp, the oxp iden-
tity matrix, the parametric snace for 9 being ®RP. Here I = fp’ and

for 1<i,J,nps Si.j.u= Si.ju= Siju= giju= 0, identically in 9. Hence
(3.2) holds and by (3.3a,b), do(e) is identically equal to the null
”~ —
vector. The MLE of 6, based on Xl,...,Xn, is © = Xn, the sample mean
vector. Consider now estimators
A ¥ A =1 nta g
T .= 8, T= 8{1-2n"*(1+ B 3)7%.
»* * ~ -1 * ; ~ -1
Both Ton and Tn belong to Cp. Also, Tn= 8 +n Q, ronz 9 +n Qo’
*

with Q*=d*(e)+o(1), Qo=do(e)+o(l) under 8, where do(6)= 0 and & (8)

= —2(1+ 8'8)7te. Note that T_ =T .n"g(8), where #(8)=2(1+9 8)Le.
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Hence from Theorem 3.1, it can be seen that for 6 ¥ O,
* -l- L) i- - )
Um, o [a%Py((2,- 0) I(2 - 0)< (T~ ©) (T - ©)) - 4}]

= (2m)~¥6'0) ¥ §p-1- 2 A(0)(0"0)2, (3.4)
where A(8)= 2(1+ 8'0)1. Por p > 2, it is easily seen that the right-
hand side of (3.4) (and hence its left-hand side) is positive for
each © £ O. Recalling that ® = in’ one can also check that for 6 = O,

* ' %* . ' -1
Po((T,-0) I(T,-0) < (T ,~0) I(T,,-0)) = Po(X X > n™"-1) =1,

for each n. Thus Ton is second-order Pitman inadmissible in C_, being

P
dominated by 2;.

Example 3.1 is foreshadowed by the exact results in Sen, Kubo-
kawa and Saleh (1989) who, for p > 2, proved the inadmissibility of
fﬁ as an estimator of the multivariate normal mean vector © (see also
Rao, Keating and Mason (1986) in this context) in the sense of Pit-
man closeness. As shown above, even up to the second order of com-

parison, fh is not admissible.

Thus, to summarigze, even under the absence of nuigance parame-
ters, the results in section 2, other than Lemma 2.1, do not have
extensions to the multiparameter case. It is, however, possible to

extend Lemma 2.1 in a partial but useful manner (vide Theorem 3.l).

Before concluding this section, we indicate an extension of
Theorem 3.1l. Suppose, instead of I(©), one wishes to use S(0) (3.n)
as a Riemannian metric where JM(©) is a pxp matrix which is positive
definite for each 8. Then, under the set-up o0f Theorem 3.1 and with
the same notational system, proceeding along the line of the Appen-
dix, one can show that for each © with @g(e) £ 0,

Poi(T - 0) M (T = @) < (T - 0) M (T - )
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-1+ (2xn)¥iFe) o) V2 [3ife) 1hledige) m (o)
« B(0) 18(0) g(e)m a"(e) + trir ImB(0)
+ Z52%,4,um1 B (TIN5, 4+ 384,
15530 LB (0B ()F (03, 5, - B(e) mB()E(e)] o(n™#)

where §(0)= (§,(8),...,8,(8)) = T7m g(0).

4. A case with nuisance Earametergs!

We continue with the set-up of section 3 but consider a situa-

tion where the parameter of interest is one-dimensional. Let 91 be
the parameter of interest and 62,....9p be the nuisance parameters.
The assumptions are as in the last section. Since the interest para-
meter is one-dimensional, we suppose that global parametric orthogo-
nality holds, i.e., Ilj’ 0 (identically in @), 2¢j¢p (vide Cox and
Reid (1987)). For the sake of notational simplicity, in the rest of
this section, we shall consider the case p=2, i.e., the nuisance
parame ter will be supposed to be one-dimensional. The treatment for
general p will be exactly similar and only the notational system
will get more involved.

Let & =(8,,8,)" be the NIE of © based on a semple of size n.
As an analogue of the class C considered in section 2, we consider
a class, c'. of estimators of &, of the form T,= 31+n71Q, where
(i) Q=d(8)+0(1l) under 8, over a set with Pg-probability 1+o(n°*),

d(.) being a continuously differentiable function whose func-

tional form is free from n, and
(11) for each positive €, free from n, and each &,

Bo(la-a(e)l > €) = o(a™?).

Por 1¢i,jou¢2, let si.j.u and Siju be as in section 3. Define
1,-2 1 -1
a,(8) = 1178y 1.1 + 3 I11122) 8;20° (4.1)
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Then, analogously to Lemma 2.1 and Theorem 2.1 resnectively, the fol-
lowing results hold. The proofs are omitted to save space.

»* * A
Lemma 4.1. Let T; and Tn be distinct members of C such that Tn=el+

n_lQ*, Tn=61+n-lQ, with Q*=d*(6)+o(l), Q=3(8)+0(1) under 8. Then

*
for each © such that 4 (8)£4a(e),

Pe('T;-ell<‘Tn-el|) = % + %(2nn)-%'I%lsgn{d(e)-d*(e1}{d(9)+d*(e)
- 31708111 (Ta To) 81008 + o(n~%).

Theorem 4.1l. Let Ton and Tn be distinct members of C* such that Ton

- ’élm‘lqo, 'rn=6l+n‘1Q, with Q= 4_(8)+0(1), Q= a(8)+o(1) under 8,
do(.) being civen by (4.1). Then for each © such that d(0)# do(e),
P (1T, =0,1 <IT,=811 )= % + 3(2x n)~% 13 la(e)-a_(8)| + o(n™%)

and lim, o [n%{Pe( Iz -9 1 <IT -8,1 ) - $3]> 0.

It can be shown that an estimator Ton’ as in Theorem 4.1, is
second-order median unbiased, i.e., PB(Ton > 61)= % + o(n‘%) for
each 6. Lemna 4.1 is a nowerful tool for comvaring estimators in C*.
In the »nresent set-up, defining S0PA and SOPI estimators in C* along
the line of section 2, it follows from Theorem 4.1 that an estimator
Ton’ as in the statement of this theorem, is SOPA in C*. Also, an
estimator T =8 +n”1Q (€ C7), with 0=d(8)+0(1) under 8 and 4(8)4d ()
for each 8, will be SOPI in C*. In continuation of Remark 1, under
suitable conditions, it can be seen from Theorem 4.1 that the noste-
rior median of 61 under a nrior with density proportional to I%l,
where the constant of proportionality may involve 62 but not 81 (ef.
Tibshirani (1989)), will be SOPA in c”.

Exemnle 4.1. Let f(x;0) renresent the univariate normal density with

mean 92 and variance 61, where 822<R1'and 91> 0. Under this naramet-

rization, global narametric orthogonality holds. Here Ill= %652, 1?2

—3 S =2

L 1.1 877, 8 5= 877, =0 that by (4.1), 4 (8)= %el. The MLE

=eil, s
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of 61, based on Xl,...,Xn, is given by 61= n-1 Zn;l(Xi~§£)2- We shall

5 —l)’

id i P =8, (1+ 2 Té‘T*é‘/
consider the estimators T = 1(1+ 0 = = n8; (n-1) 211

1’ n

*
of which velong to C . Note that T0 is suggested by Theorem 4.1, Tn

is the NLE and T: is the usual unbizsed estimator which can 2s well
be obtained by maximizing the conditional likelihood of Cox and Reid
(1987). ¢ T =8,+nlg, 7=79
9 . Clearly, T = 1 +0 Q 0= 1 1
* *
do(e)+o(1), Q = 3(8)+0(1), Q = d (©)+0(1), where do(') is as stated

-1 ®* A -1 % )
+n "Q, T = 6,+n ~Q , with Q_ =

n o)

%* *
above, d(8)= 0, and 4 (@)= © 1+ Clearly, T  is SOPI in C . Further-
more, as both 4(6) and 4 (e) are different from 4 (8) for each 8, by
Theorem 4.1, both Tn and Tn are SOPI in C ’ belng doninated by T
%

Next, in order to commare T, and Tn’ write «n2(9)= n%{Pe(lT -ef <

()= L5 ®

1T, -8,1) - 4%}, and from Lemma 4.1 note that lim oo X
= 0.3291 (> O) for each ©. This shows that T; is sunerior to T with
regard to second-order Pitman closeness. Exact computations are not
hard in this example and the exact values of‘anz(e) for n=3,5,7,9
can be seen to egual 0.3443, 0.3372, 0.3346, 0.3333 resnectively,
for each 8 (cf. Rao (1981)). Siﬁce even for small n the values of

(8) are quite close to lim (8) (=0.3291), the asymptotic

n2 n-yo0 n2
results apnear to Ye reasonably good indicators of the small or
moderate sample behaviour of estimators.
Apvendix

Proof of 'Theorem 3.1l. Ilet

* ' %* < ' }
A, (8)= Pe{(Tn- 9) I(T,- ©) < (T - ©) I(T - 9)}.
Observe that for each 6 with #(0)£ 0,

a (8) = py(V, >0), (A.1)
where

. {.¢<e>'m<e>}'%sz(@)'rfn%m;- 9+ a2 g(8) 19(8)]1. (a.2)

et R =(R ..,R ) %I(g 8). Since for 1<i<p,

1’°

_ -% P ju
Ry= Hyj+ 0 [ZZ ju=1 17 Hojsfhy
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P riugsty . -3
* %Zzzzj’uvstt=l SiJS 1 Tu“lt] o(n )s
where
. % n v .
Hy = T,-1D;l08 f(xu,e), H2ij
14i,j<p, the npprnximate cumulants 2 R under 9 are given by
— = EeeD ju -4
(R )= n~ EZJ U=l I '(S it %Slgu) + o(n =), (8.3)

1
_ -3 > V. n~F 3 -4
kZH(Ri,Rj)_ Iij + o(n™2), 3n(Ri,Rj,Ru)_ n Siju + o(n" %),

14i,j,u¢p. The fourth and higher order cumulants of R under 8 are »T

"9 n .
n" ¥ 3, (90,10 £(X,;0) + i)

(8]

- i -1 -1
order o(n %?. Since I{nz(T;- 9)=R + n" % Ia7(8) + o(n 2), and
A . - -1 -

#(5) = #(8) + " ¥ B(O)T R + o(n™®), (1.4)
it follows from (A.2),(A.3) that for each © with #(8)#£ 0, the appro-
ximate cunulants of Vn under € are given by

* -1 ' - ' 1 3
’.-cln(Vn)= n"Zig(e) 184(8)} %féﬁ(e) 1g(e)+ g(8) Ida (8)+ tr(B(8))
ju S
+ BT} 5 B (OVTVH(S o+ 38,5 0F o(a7P),
* . -1
(V J=1 + o(n 2);
a(Ta)= n~¥g(e) ' 18(e)}" Y2 {25 2P g, (8)4.(0)8,_(8)5
1 jou=l 71 J u iju
+ 68(8) IB(8)F(e)} + o(n~ %),
e fourth =2nd higher order cunulants of Vn under 8 =2re of order
o(n"%). The nroof can now be comnleted using (4.1) and an EZdgewarth
exsansion for the distribution of V, uader 9.
Jote that the stochastic expansions used in the above nroof
-1
are over a set with Py-orobability l+o(n”*).
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