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§1. Introduction and summary. A necessary condition for the existence of

regular and symmetrical PBIB designs in terms of the Hasse-Minlowski p-invar-
jant has been obtained, for triangular type by J. Ogawe [5], for T5 type by
K. Kusumoto [4], both basing upon the work of L.C.A. Corsten [1] concerning
the proper space related to PBIB designs of triangular type.

In this article, the author introduces an association of Tm type as an
extension of the type of association stated above, and determines the proper
spaces related to PBIB designs of this type, along the line of Corsten's work.
Non-existence criteria of PBIB designs of Tm type are also given with some
examples. Hence, the present work is a generalization of those by J. Ogawa
[5] and K. Kusumoto [4].

In tie subsequent section, definition of the association of Tm type is
given and tiie corresponding association algebre is discussed. In section 3
we discuss tihe proper spaces related to PBIB designs of Tm tipe. Section b
is devoted to tihe derivation of a set of necessary conditions for the
existence of PBIB designs of Tﬂ type, and in the final section, some examples

of non-existent PBIB designs of T_{_1 type are given.



-l . ‘I;ll. I N N S .l aa l‘ii’ EE N BN IR BN E . ‘Ilrll L

§¢. Association of Tm type and the corresponding association algebra. An

association of Tm type is defined as follows: Let n and n be any given
positive integers such that 1 < and 2m < n, and let v = (;). Let us take
(;) different subsets, {rl, cees rm}'s, of {1, ..., n}, and we associate to
each of these subsets one of tie treatments, Pys sees Py in any but one-to-
one way., Two treatments, ©4 and ¢j’ which correspond to {rl, seey rm} and
{ri, cess ré} respectively, are said to be the u-th associated if and only if
{ry o rm} and {ri, .es, T} contain exactly m-u integers in common,

u=0, 1, ees, m Hence the number of the u-th associates of each treatment

is given by

(2.1) n = (Y, (w=0,1, .00, m).

Parameters characterizing the association are

n-m=t

(2.2) © T @by ), u,8,t = 0,1
) P - a s-a’ ‘m-u-a’‘s+u-mta’’ 7’ = Usdyeee,

su
a=0

Tl

The association matrices A (u = 0,1,...,m) generate a linear commtative
algebra .y over the field of 2ll rational numbers and it is called the associa-
tion algebra. It can be shown [6] the regular representation of ¢ is generated

by the mappings
(5.2) (): b, —>e, = lbg,l
* 0 By u su' *

Transforming Fh's by a non-singular and rational matrix

zst
(2-)'") C= ” B " p) (S,t =0, 1, ces, m)
t
with
(2.5) -~ (-1)EB ) (B (BT, (et (3.7))
05 Zst - aio - m-‘t a a ] [ . K}
2
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we get Z 0
z

(2.6) C R, C-l = 11.1 s u=0,1,,4.,0
0 Zm

and consequently we obtain the following (m+1) rutually ortiogonal idempotent

matrices belonging to :

au m zua
(2.7) A{fl =—(z = A)) w=01,...n
a=0 a
with respective rank
- # _ (y_( By _nbtl-2u N _
(2.8) au tr. Au bt (u) (u-l) - n+l-u (u), u - O,l,o..’mo

et N be the incidence matrix of the design, then it is well-known

that

m m #

r -

(2.9) M'= Z AA = I pA ,

u=o u=0
where

m
(2.10) Py = 9‘_2__:02118‘ N, u=0,1,.e0,m.

Tie latent vector of NN' corresponding to the characteristic root P, = riz
is evidently g} = (1,1,...,1). From (2.9), it can be seen that the latent
vectors of NN' corresponding to p, are ccu column vectors of A’i, which are

linearly independent. They are all rational vectors.

§%. Sone properties of proper space related to PBIBD of Tm type. According

to L.C.A. Corsten [1], we conceive P = NN' as the matrix of the linear
transformation P on a vector space £ consisting of vectors x' = (xl,xz,... » X v)

into itself, where the coordinate Xy corresponds to the t-th treatment. Fron
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m

(2.9) the t-th coordinate vy iny = Px is equal to I ?\aSa, viere S designate
a=o0

the sun of the coordinates of X corresponding to the a-ti) associates of the

treatment Py IL;- = (1,1,...,1) is the latent vector of P with the proper value
m

z ?\ana = vk, We consider the (v-1) dimensional subspace .t# of £ orthogonal
a=o0
to j—v’ Then, for every vector x in et , we nave the following relation

(301) xt + Sl + soe + Sn), = 0.

Let us construct a set of (E) vectors of dimension v,'{ c,
{il,...,iu} o {l,...,n}} , which are contained by the vector space £ in the

l,i..,iu

following way: let the t-th comrwonent Xy be 1 or 0, according as {il,... ,iu}

C {Xyseee,r dor {i,000,1 ) e {ry,eee,r ), where {ry,...,r, 1 s a set of

1 1
integers corresponding to the t-th treatment Py t=1,...,Vv, ILet the (3)

dimensional subspace of £ spanned by those (2) linearly independent vectors

c . 's be ,S:(u) , u=l,...,1, then the space Q(u) contains the space E(u-l) )

—i ’o..,_l.

q(6) u

being the one dimensional space spanned by j-v' Hence, taere exists a,

e () (u-1)

dimensional subspace of e space & orthogonal to £

(w) _

For any vector x =

’ u=l; e e ,Ino
in S#(u),

. . > . . C, .
{11,...,1‘1} C {l’..‘,niyil’...,lu .—ﬂ.l).o.}lu

(w)

he t-tll coordinate X is equal to (1

.

. q = 7a .
l,.."lu}c {rl,...,r‘ﬂl} /ll"..,lu

It is noted that, if we replace the scalar 7]‘. {1
l, L R , u

in the expression x(u}__
t {i

(w)

by the vector c, 5
l,...J Il

. )2 Y. s then we have a
%,ooo,lu} C {rl,...,rm} ll)oot’iu

. u
vector in ¢ such as g_:t

el o s C. .
#(k) {ll,ooo,luz E {ri,...,rm} -’J.l,...,lu
Now, since £/ is ortiogonal to £/, 1 <k <m, it holds that

n-l

e )
J“,ES({) = (pre) {i]_;--.:ik}é {1,...,n} 7'il""’ik "°

wiich irplies that

. . ) . =
(3 2) {ll,...’ik} o {l,.ol)n} 711’...,11{
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(n)

Tor any it and k, (h =1,..e,2-1, k = 1,...,m) the inner product of cg

d 5(5) becones
- n)' (k . (k m=1y.(k n=(m=-i1 k
(3.3) gé VlE) (=t (k) (" )S( i ( 1) ;_3
_ M=Ky -n-h=k (k)
N (h k)( =i )x
with the convention that (m'l‘) =0 if h <k,
In the case when h >k, since, for c ""’il of the expression
(n) _ . l '
—’t {11,.00,3-11}(: {rl,.oo,r }—il,ooo,ih
(r) n-h n-p-1
C ! = +
’...,]_kl— (].1_].127 jl,".,dk (m-ll-l) 7 Jl,oco,al_ l,j'
o (n—h"k)
b n-h=k ji,...,jﬁ
where, the swmation sign of Zy. . .y designates the sum of

Jlﬂ-':Jl_ » Jl""’Ju

{ ee o ‘ v } o o0 j
Jl"”’d’ L’Jl’..."‘]‘l:l for all “1”“’jk u,Jl, ,J '} suci 'b_uat{gl, ,Jl‘__u}

c {11,...,:1. } and {Jl,...,g }e {1,eee,n}n T4 l,...,l ], it follows from (3.2)

() _ (n- )- (n-n-u)

1
S X n-i’ ‘m-h-k Jl,...,jk

"ll, ooy lh“"'

(n-n-l) (n 'n-k)]

o )iEy. . .
ne-i=1l’ ‘m-n-k Jl,...,J]:_l,J:’L
n-li=(k-1)y (n-h-k
[(mrh-(k-l)) (m-n-k) Jl,Jl~..- Jk 1
By the relation
Cer, o+ G,
u Jl,...,J:: Jl;-u:Jl_ lJJl

l=l
+ eee
(U-\_) /Jl’.‘.’Jl" u’Jl)ooo,.J
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= D'y, . .
7'31"”"]]:-11’3]'_’. “’j\'l

vhere, D' desipnates the sumiation for all {jl""’jlr u,;ji,... ,;]1'1} such that

{jl,ccc,jl:_u} c {il,oo.,in] a-nd {J‘i,oao,j.&} n {l,...,n] {jljvco)jk-uij, the

above inner product can be rewritten as

ot (h) (r‘-n-l.) Sty

il,oc.,l_l"' iy 'rn_.l Jl’Jl’...,Jk l
n-h-k
(OIS 210 SRy i1
Nem=2 Jl: 32: 'jl’ . ."331-2

(n-h-l-) '

1"“’1"1’ jl,...’al"'

vhere we have the equality

5 (el | eeelen)y o),

l..‘

a=0

On tie otier hand, in the case when i < k, since

0=c! . X
-, e -
3 R

Jx) _ /n-k-n
- (n-ll"l) 7113 Jl)”')(J]._l

+ (n"l\-ll ﬂ'
n-lﬁ-z Jl)Ja}Jl?"‘)dl r)

n-m-i 31’”"311’ 33‘_?""31'{-11 ’

it follows that

E“?

dl’...’ju’ji,.’.,j‘x'{-u = O’ u = l,ooo,l{-l;



n
where, 7, PR
’ 7317...“’11’3]'."""];‘.-11

such that {ji,ooo,dl;.u} c {l,o.-,n} N ljl,oon’ju; and {J‘l,-oo,.ju} 'being fixed,

Therefore we have

denotes the sumation for all {Ji""’jl.c-u}

(k) _ (n-h-k

' .
(3'1") Ed_l,...’j_hz Ne=r=k {jl,ooo,jk} é {il;-”,ih}yjl)"')jk
and hance

n)?t 3 =1y n=li=k
(3.5) " 1) - TR

Therefore, by (3.3) and (3.5), we have the relation

G- )+ D e G A

= O, 1, s0ey m-l,

fron wirich, we get the following equalities

k I
SI(1 ) = zkuxi(: ), IL,u=1l, ¢ee, M

liow, Ly tiie argument in the preceding section, it is seen that the
coordinate Ve of Px, x being a vector belonging to j: (w) , 1s equal to
Tl
(= Razua.)xt' Therefore ‘S‘#(u) is a proper space of NN' with proper value
a=o
Py’ (v = 1:'°';m)°

. m=u
How, let us consider a matrix C( ) of order v, whose colurm vectors

being sf;m-u) , t=1,.4.,v. Then, it can be seen that

C,3(m-u) - £§_x:1-u), Sém-u), , E\(rm-u) I

L J

n m=l meu
- (m-u) Ao * (m-u) Al toeeo (m-u) Au

where, A, 's are association matrices. Hence we get
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u-a1-ay c(m-a.) .

u
A = 2 (-1) e

u
a=0
Fron (3.5), it follows tuat

=2 # Timlly pN=lil=li g, !
A e T WY

and hence,

# .
ApAL =1z, .

3 oy o) ag

-u
amo
v U= ll=By (A=N=Ktay o4
= B (0TI A

fron hiiicih wve obtain

(3.7) 2, = E(-D)CE OO

a=o
(1)

The Grariian Pi of the basic vectors of £'77, the join of proper spaces

_‘2#(1), oo JZ# (l), and ‘;(O) (i =1,...,m) are, now, easily obtained as

follovs:

In order o calculate Pi , e simply need the inner products of the

vectors Ejl""”ji's’ {jl,...,ji} < {1,...,n}. Indeed, if we consider tie
* Y1
matrix Ir(l) wiose column veclors are c. . 's, then P, is /iven by
".,Jl, soe ,Ji i
. 1)1
(3.8) P, = p(y(2)

Tt siould be noted that the matrix N(l) is the incidence matrix of the

PBIB design of Ti type with paraneters

VD 2@, o @ @, DO, AN - ), o),

11=1-a

and then, it is well-known that
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i R . i 4. .
(3.9) P, = L 7\;1) Aél) = = pél) Aél)# .

a=o a=0

On tire other hand, by (3.1) we get
A1) (1) # el n-i-ky L #
(3.10) N N Ak - (i-}:)( m-i ) Ak ’
fron widch it follows that
i m=ky =ik

(5.11) o) = G

It is also seen fron (2.8) or (3.10) that

(5-12) of) = o = BB,

Tuerefore, the determinant of Pi is given by

i, i ]
(+15) I SR (e G’
k=0 k=0

Y

i=1’coo,mo

Now, let o linearly independent column vectors of A# be

@ @ ()

(3.14) 8,77, 85 Ty eees By u=l,eee,n
u
and put
1 1
S = “J‘VJ .a.'.§. ), s00 Q-él), (X RN} E'_:E_m)) seey Ea
then
v 0
(1)
- @
(3.15) S's = .
o q(m
wvhere
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Moreover, it is clear that

o 0
plel)
(5016) S'NN'S = .o (m) .
0 me‘
Since
v 0
o)
.. ~Pi’ i-:l’..l’rn.
o o¥

It is shown easily that
i -
IQ( )|~ IPi”Pi-ll , i=1,...,m, with |Po| = v,

Hence, by using (3.13) we get

i=-1 Q . &
(5.17) R~ 1 [(a-9)a-142-9) ICTEDT Y, 4eL,eeem

wuere, as before,

_wn) u-_-l,...,m.

u  nEl-u ‘u

4. Non-existence criteria of regular and symmetrical PBIB design of Tm tpe.

In the present section we give a set of necessary ‘conditions for the existence
of rerular and symmetrical PBIBD's of T type, i.e.
v =b and hence r = k
and (n+l) characteristic roots of NN' are given by
o n

(%.1) P, =T, oy = Iz, A, >0, u=leee,m,
a=0

10
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where, as before,

s-a(m-a.) (m-u) (n-m-u+a.)

S
(h.2) z .= = (-1)7 (0, a

us
a=0
From (3.15), (3.16) and (4.1), it follows that

Q(l) 0 A'D]_Q(l) 0

[ ] *

(+.3) ‘e ~ ‘. .
o o) 0 o

Therefore, by the Hasse theorem [5], it follows tuat

m au
(4o 1) I o, ~1
u=1
and
au(ah+l) .
\ m — (u) | ( o0
(%.5) ugi[(-l, o)y (o RIDIT 1 (o), " =
1<uiin

{or all primes p, where, &s before

) (v) u-l X e F o n-2u G

(4.6) - IQ l ~ _H [(u‘J)(n"u"‘l"J)] [(m-u ) » U=l ee.,

J=0

= BHL=ajny

3 7 ntl=j
These are necessary conditions for the existence of regular and
s;tmetrical PBIBD's of Tm tvpe. In cases when m=2 and r=3, these coincide

it conditions obtained by J. Ogawa [5] and K. Kusumoto [4] respectively,

o

§5, Exmrmples of non-existent regular and symmetrical PBIBD's of Tm type.

The following designs can be seen to be non-existent by the criteria (k1) ana

(4.5).

n=5, n=7, v=b=35, r=k=8, N=L W2, ?\5=2, =1, p2=6, ,35=9.

11
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n=>3,
n=>,
n=l,

el

n=7, v=b=35, r=k=12, )1=h, )2=h, )3=5, p =11, pp=Gy p5=9

n=19, v=b=069, r=k=57, N=9, N=3, N=3, p,=228, p,=126, p3=36.

n=8, v=b=70, r=k=13, M=%, M2, M=1, N=h, 0)=53, p,=B, ex=3, @0
n=8, v=b=70, r=k=16, 7\l=6, 7\2=3, 7\3=2, )w,fh, pl=h1+, p2=18, p3=)-l-, p)+=6.
n=9, v=b=70, r=k=l7, N =5, N=4, N=5, N=0, 0=33, p=9, p5=13, ;=0
n=9, v=b=126, r=k=10, N=1, N=1, N=0, N=2, p,=19, 0,=12, p;=2, my, =Lk
n=9, vwb=126, r=k=15, N=4, N=1, N=1, =6, p, =7, p,=h1, ps=1, p,=T.
n=g, v=b=126, r=k=15, N =2, M2, 7\5=1, N2, =27, .02=15, {.15=8, ;=17
n=9, v=b=126, r=k=16, N=3, N=2, M=1, A=k, p; 51, p,=2h, py=h, g =10.
n=10, v=b=210, r=k=20, N =5, M=2, N=1, N=0, p =100, p,=28, pz=16, p =0,
n=10, v=b=210, r=k=23, 7&_&, =3, )\5=1, N, =5 pl=6)|., 92=h0’ Ps=1, 7,25,

n=10, v=b=210, r=k=50, k_L=5, 7\2=5, ?»5=3, 7\,+=l'+, pl=75, p2=27, p3=12, pp1:_=32.

, n=10, v=b=210, r=k=>!, 7i=l5’ Ka=5, =3, >\,+=3, P =151, p2=103, p,)=!;., %z(t,

2/
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