A. Introduction

The purpose of this paper is to establish a notation and derive
certain distributional results needed in subsequent work. The topic of
this research is statistical time series analysis in the time domain,
especially autoregressive-moving average (ARMA) models. The particular
goal is a structured Bayesian approach to ARMA time series models. 1In
this paper, a portion of the entire work, a notation is established for
the analysis of these models. Then the results of the classical
statistical approach, maximum likelihood are obtained. The structure
of the prior distributions to be used in the Bayesian analysis is next
described, followed by some derivations of the necessary conditional
and/or posterior distributions. The proofs of these derivations are

given in Appendix G.



B. Notation and Definitions

Consider the autoregressive-moving average (ARMA) process {zt}

of order (p,q) described by (B.1):
®.1) (zt—p) - ¢l(ztfl_p) - ee. - ¢p(zt_p—p) = e, - elet_l - e, - qut_q

where the et's are iid normal random variables each with mean zero
, 2 . , .

and variance 0, - A finite segment of this process is observed:

z = (zl, ooy zN)T which has an N dimensional multivariate normal

. . , . , . 2
distribution with mean wvector ulN and covariance matrix 0 AN . The

matrix AN is described by
(B.2) (&35 = Cov(zg,2,) = o(i-)) = a3

where the covariance function ¢ characterizes this time series process.
By taking variances of both sides of (B.l), the covariance function ¢

can be determined from

p P

2
(B.3) Cov 5 bz ., E .2, .| = ) bibs0(s+i-i)o
i=0 1 t-1 520 j t+s—j {=0 §=0 i"j e
q
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for any integer s > 0, where ¢O = 60 = -1 and ¢i = ej =0

for i >p or j > q. (See Anderson (1971, p. 237); McLeod (1975)
gives an algorithm for computing ¢ .)

Since forecasting is of primary interest, the distribution of the

future n observations, that is z_ = ( ey Z )T
’ > Zp T R R



conditional on the observed =z, has a multivariate normal distribution

- -1 . 2%
with mean uln + A21AN (z —ulN) and covariance matrix GeAnN where

AN A12 I N

A21 An }n

AN+n B

® -1 X P
and AnN An - AZlAN A12 . In the notation to be used here, this is

written

2 -1 2. %
(B°4) (.ZFlli,Ue, Z) ~ N(uln+A21AN (z_ulN) s GeAnN)

Notice that AN+n is a function of ¢ = (¢l,...,¢p, 61,...,6q)T .



C. Maximum Likelihood

The analysis for applying the maximum likelihood appreoach is rather
straightforward when the model M = (p,q) is assumed to be known. The
density of the observations is given by
~-N/2

=1 ; -
lchNl ? expd- % (z—ulN)TANl(z—ulN)

Zce

€1 pzlu,ol9) = (2m)

By taking the natural logarithm of both sides above, the log-likelihood

function is written

1 -1
(C.2) L(u,02.) = ¢ -5 tn oF - A - =5 (zmul) TAL (zmul )
e

where Cl is a constant (as are later Ci's). First, by setting
2
aﬂ(u,de,w)/Su to zero, the maximum likelihood estimator (MLE) for u

can be found to be
A T =1 T, -1
(C.3) o= lNAN z/lNAN 1N .

The MLE of 02 can then be found by solving Bﬂ(ﬁ,cz,w)/aoz = 0,

which yields

(C.4) 82 -1

2-Low) =% (i Ayt ey

The concentrated log-likelihood function can now be written

(c.5) £ = ¢y - N2 Ln QW) - % Lnfay]



The MLE of the remaining parameters, ¥, 1is that vector which
maximizes K*(w), which must be found numerically. Note that for
identifiability purposes, the values of the parameter vector ¥ must
be restricted to that region which insures the process {zt} to be
étationary and invertible.

The maximum likelihood approach to forecasting requires the
examination of the statistical properties of maximum likelihood

estimates under standard regularity conditions. The great appeal

of maximum likelihood methods lies in the performance
of MLE's when large samples (i.e., large N) are encountered. Subject
to mild regularity conditions, MLE's are consistent and asymptotically
normally distributed about the true parameter values.

Let the entire parameter vector be written as

_ 2 T~ _ a2 2T\T
n = (p,ce,¢1,,..,¢p,eli...,eq) ;N o= (u,ce,w )

denotes the MLE for n,
that is, that vector n which maximizes £(n) from (C.2); and let n*
denote the true values of the unknown parameters. The asymptotic
statement just mentioned can be written more practically as

(c.6) A - NG, D)
(approx)

where DN(n*) is the asymptotic covariance matrix of ﬁ, based on N
observations z. Theoretically, DN(n*) can be obtained from Fisher's
Information matrix (Theil (1971, p. 192 ff) explains the simple vector
case) but this is not feasible here. However, a consistent estimate
DN(ﬁ) can be obtained by taking numerical second partial derivatives
of £(n) at the MLE n.

Since the problem at hand is forecasting, the forecasting vector

following the maximum likelihood approach is



©7) By =z (Ra) = AL+ Ay (D) AN Tz - 1)

which is found be replacing the unknown parameters in the mean given in
(B.4), Since the elements of n are unknown, the "covariance matrix"
needed to obtain standard errors for 2z, must be augmented. An

T gm :

asymptotic distribtuion result similar to (C.6) can be written

* *
(c.8) (zF(ﬁ,Z)IZ) - N(zp(n ,2), Dy (0 )
(approx) ’
where
3z..(n,z) 9z..(n,z)
k2% T2/ % ¥
e q(1) = S+ | = | D |
n=n n=n

The covariance matrix above in (C.8) can be consistently

estimated by

. 9z (n,2)
D () |——=—
N anT

) R
(C.9) Bl (R = &%AT @) + Srpne2)
F,N e nN SnT

n=n



D. Bayesian Analysis

For the Bayesian analysis in this paper, the prior distribution
takes on a highly struétured form, described below, in order that the
analysis flows smoothly. It is hoped that the structure is sufficiently
flexible to admit the expression of a great variety of opinions.

The prior distribution is expressed in many levels of increasing
fineness. At the coarsest level, the prior probability distribution
admits probability to the discrete set of models M described by the
order of the ARMA process, (p,q). That is, p(m), m = 1,2,3,... are

the probabilities for which

p(m) = Pr(M=m) = Pr(z arises from an ARMA (pm,qm) process)

1/
where, by the convention chosen here, m = (qul) + (pm+qm)(pm+qm+l)/2.

A density function (with respect to Lebesgue measure on
p. *+
R qm), ﬂ(w|M=m), describes the prior distribution of the ARMA

T

parameters, Y =~(¢1""’¢P’ el,...,eq) of the ARMA (p,q) process

yielding the observations, z. The support of .ﬂ(w|M=m) is restricted

p_+
to that subset of R m for which the ARMA (pmqm) process described
2/

by (B.1) 1is stationmary and invertible.

i/Hence m=1 for (0,0), m = 2 for (1,0),..., m = 6 for (0,2).
2/

=/This is not a constraint but a manner in which identifiability is
established. See Box and Jenkins (1976, pp. 195-198); they use the
term "model multiplicity." The identifiability regions (or statiomary
and invertibility regions) become complicated for higher order models.
For the Bayesian approach, this problem is easily surmountable. A method
for integrating over these regions is explained in Monahan (1977).



The remaining parameters are now U, the mean of the process, and

UZ , the disturbance variance, which will hereafter (in the Bayesian
analysis) be expressed as r, the disturbance precision, related by
r = l/ci . The prior distribution of u given the precision r (and,

implied, M and ¢) is normal with mean vy and precision rtr, or~’
-1
(D.1) (u]r) ~ Ny, (1) )

Finally, r has a gamma distribution with shape parameter o and

scale parameter B:
(D.2) (r) ~ gamma (a,B)

Notice that the parameters of these last levels of prior distributioms,
Y,T,%,B, may depend on Yy and M.
Since the distribution of the observations =z has already been

stated (in Section B),
-1
(D.3) (Z{M,Wau,r) ~ N(Uler AN) »

certain posterior distributions follow. Proofs of the analyses are
given in Appendix G. To summarize, understanding that all are for

given ¢ and M,

T, -1
yr + 1 Z _ _ _
(D.4a) (Ulz,r) ~ N TN[_&T , T l(‘l_‘ + lgANllN) 1
T+ INAN lN
[ 204N| *
(D.4b) (ulz) ~ t2a+N[Y ) [;B*] T ]
3/

=’ Definitions of the distributional notation aregiven in Appendix E.



(D.4e) (r]2) ~ gama(a + 3, 8+ ey (gt + TN T 21 )

2
(D. 4d) ()~ g (rly & (g + T 1107
(D.4e) (zF]z,r) ~ N(Y*a + b, r_l(AzN + T-*aaT))

204N
28

(D.4£) Y*a + b,

(zFlz) - tn,2a+N

where the following notation has been used:

T -1
% YT + lN AN 1N

y = =1 as in (D.4a)
T + lNAN 1N
-1 -a.ah
a n 21AN N
-1
b = AZlAN z
* T -1 —% -
T=T+]_NANLN=(T)1
% -
B =8+ (Z-YlN)TANl(z—le) as in (D.4c) .

The remainder of the Bayesian analysis now follows easily:

(D.5) m(y|M,z) = T |[Mp(z|v,M)/p(z|M)
where

(D.6) p(z|M) = [ [Mp(z|y,M)dy
(0.7) p(t]2) = p(DP(2[M/] p(Dp(z]D) -

J
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And the posterior distribution of the forecasts follows from
(D.8) plzglz) = ] [pzplz,0,M=9)m (0|2, M=0)p (3] 2)dy
3

where p(zF|z,w,M) is found from (D.4f).

In the event that U and/or r are known, the preceding analysis
must be modified somewhat. If both u and r are known, all of the
analysis‘in the Appendix can be bypassed; the results listed in (D.4)
are unnecessary; the only distributions needed are that of =z and Zpt
(D.3) and (B.4). If, however, r alone is known, (D.4a) is unchanged,

(D.4b) and (D.4f) are dropped, and (D.4d) is replaced by
* -1 -1 T
(D.4d") (zr,9,M) ~ Nlylg, © Ay + 1 "110)

If, on the other hand, u alone is known, the necessary results can be

obtained by taking T - ® so that u =y with probability one.

(.47 (r2) ~ ganma(a + 3 , 8 + (z=ul) ATt (zmul))
(0.44") (2) ~ ty pyGilys 5 43D

(D.4e™ ) (z|2,0) ~ (zp]z,1,0) see (3.4)

(.48 (25 |2) ~ ty goun|Pa® 2ol (A:N)_l]

%% %ok
where B8 is the scale parameter in (D.4c ).
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Appendix E: Distributional Definitiomns

A random variable X said to have the (k-dimensional) multivariate

normal distribution with mean vector u and covariance matrix A 1is

denoted by
(X) ~ N(u,A)

where X and u are k by 1 vectors and A is k by k and positive

definite. The probability density function of such an X is

2|57

(E.1) p(x) = (2m) expi-1 (x-1) AL (x-1) 1.

If k=1, X (now a scalar) has a univariate normal distribution.

; . ; ; : 2
The same notation is used to write this; A 1is now a scalar, say o,
is called the variance, and must be positive. The density function has

a simpler form:

=1
2exp{—--:l—z (me)z} .
20

p(x) = (210%)

Also, A_l is sometimes referred to as the precision matrix of the
. . 2 . . . ,
multivariate normal; 1/¢“, the precision of the univariate normal,

A random variable X said to have a gamma distribution with shape

parameter o and scale parameter B is denoted by
(X) ~ gamma (a,8)

where both o and B are positive. The probability density function

of such an X 1is

o
v _ _B o-1 -Bx
plx) = () X e for x>0,
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A random variable X said to have a (k-dimensional) multivariate

t-distribution with n degrees of freedom, location yector u and

precision matrix B (see definition in DeGroot (1970, pp. 59-62) is

described by
®)~ (B

where X and { are kby l and B is a k by k positive definite

matrix. The probability density function of such an X 1is given by

_ otk

L wTBEw 2

If k=1, X 1is now a scalar and is said to have the univariate

(Student's) t distribution, written

(%~ t_(u,b)

where pu and b are scalars and b > 0 . The density function of

such an X 1is given by




13

Appendix F. Lemmas

Lemma 1: lIn + abl| = (1 + bla)

*
Proof: Partition aT = (al,a ), bT = (bl,b*) and write
T T
T, 1+ albl alb* B 1+ albl alb*
R I . +abl| - Lla 1
171 n-1 * 7k EI * n-1

a.
This last expression is obtained by subtracting {;l} times the first
1
row from the ith:

a, a,.
; . = T R
first column: blai 3 (1 + albl) 3
1 1
2y
diagonal: 1 + biai —-EI (albi) = 1
ay
others: aibj —-EI (albj) =0 .

These operations do not change the determinant and the last determinant

can be found by partitioning:

_ T, _ -1 Ty, -1 1
tIn + ab | = ]In_l||(l +ajb)) - (ayb ) (T ")) (- a ay) |
= (L+ab, +bla) = (1+ba)
Lemma 2: If A is nonsingular, |A + T—lddTI = lAI(l + T—ldTA—ld)
Proof: |a + v tadT| = |A]l]T + A" aaT] = (al@ + HaTa )

Lemma 3. If A is positive definite and T > 0 ,

@+ a2 a7t - atadTal ¢+ a7t
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Proof: ° (A + v tddD) (A"l - a7taaTa™l/ (x + aTa"1ay)

1,.T,-1 1

1+ v taaTa™t 4 [-ad®at - adTa i taTa ey 1/ ¢ + T tay

1,,T,-1 1

I+ 1t taaTat 4+ agTa -1

) =1

Lemma 4. Given a positive definite matrix A, vectors d and =z,

scalars T > 8 and Y, LHS = RHS below

1

yzr + zTAflz - (y1 + zTA—ld)z/(r + dTAfld)

(z - yd) LA -a"adTa ™Y/ (¢ + dTa7ha)) (2 - vd)

LHS

RHS

I

(z - yd)T(a + 7 1daDy (2 - va)

[

Proof: Subtract zTA_lz from both LHS and RHS and multiply both by

- * *
(tr + dTA ld) to get, respectively, LHS and RHS :

% - -
vir(r + a*a7la) - (yr + 2Talay?

Las” =
= YZTZ + yzthAfld - Y2T2 - ZYTZTAfld - (zTA_ld)2
= v2rd"a7d - 2yrzta Tt - (Ta 2

Rus” = (<2yz'A td + v2dTa7la) (r + dTa ) - (z - y@)TaradTA™h (2 - yd)
= —2ytztatd + ty2dTat - 2yz A taaTala + y2aTa iy ?
o AT x oy Patay @Tala) - 2 @Tatay?

TdeTA—ld - ZYTZTA_ld - (zTA—ld)2
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Appendix G. Theorems

NB: Subscripts have been dropped when unnecessary. Throughout this

section z 1is N by 1 and Zp is n by 1.

Theorem 1. Given (ulr) ~ N(y,(rr)-l) and (z‘u,r) ~ N(pl,r_lA),

1 ;T -1

then (u|z,r) ~ N(y*,r- T—*) and (z|r) ~ N(yl,r—l(A#T_lil ) )

Proof; p(ulr)p(z|u,r) = p(u,zlr) = p(u|z,r)p(z|r)
RIS T
2

p(u,z|r) = (2m) iy |A|-%EXP{*§[(u—Y)2T + (z=u) T z-u) 1)

* - - %
[] uzt - 2u(yT + zTA ll) + (yT + zTA llfaT

-1 - *
+ zTA Tz o+ yzr - (yt + ZTA l1)2/1:

% % - % - -
T (- )2 +(z - yDT@T - T LAY - v

% % - -
T (u-vy )2 + (z - Yl)T(A + T lllT) l(z - vl) wvia Lemma 4.

p(ulz,r)p(z|r) = (21r)_1/2(T*)1'/2r1/2 éXP{‘%(U—Y*)ZT*}

N

X (2ﬂ§?2 r

o

Lok L

A 73" 0 epl- 5 ey T @D Py

~1

Notice: IA + T_lllT! = IAI(l + T 1TAfll) = IAI(T*/T)
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Theorem 2. Given (r) ~ gamma (a,8) and (z|r) ~ N(Yl,r-l(A+r—lllT))

* - -
then (r|z) ~ gamma (o +-§ , B) and (z) ~ tN,Za(Yl’ %‘(A+T 111T) l)

* - -
where B = B + %(z—yl)T(A+T lllT) l(Z'Yl) .

Proof. p(z|r)p(x) = p(z,r) = p(r|z)p(2)
_g. N
) -1 L - -
p(z,m) = (20 a7 ept-d (e Tk D T ev1))
o
B a=-1 —-8r
*Tey T e
N/2
N N -1,,7T-%|a
£ 075 N * I'[E+ o:.]|A+1: 117 Z&J
- L8 2 -r8
N r € * N N
I'ig *o 20 1 T, . -1, T,-1 6+
I'(a) (2ma) [;+~§E(z—yl) (&+1 T117) (z—yli]
* =] -%
Corollary. Given (u[z,r) ~N(y , r t ) from Theorem 1, then
* (204N} %
(}JIZ) ~ tZOH_N('Y s ( * T ).
28
Proof. p(ulz) = fp(UIZ,r)p(r|z)dr
N
a+'._
%2 % % %9 N
o« 1 % %-ﬁ(u—w{ )T (8 ) ok =1 g%
= [T (2m) (1 1) % . T T e dr
0 Tl ot—
2
oc+E N+1
* 2 o gb— -1 *: * 2 %
- % Ll - -
- (2,”,) (,T )2 (B )N J r 2 e r(B'!'l/z(U Y ) T ) dr
T a+3i 0
‘ N+1
% 1 % Ot Tar+ —— 9 % —()L+—2—)

(2m) A 38" B+ =y ) %)
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. ~1 -1, %
Theorem 3. Given (zFlz,u,r) ~ N(}Jln-i-AZlAN (z=y1l), T AnN)

1,,*% —* T
(AnN + 1 aa’))

where T** =T+ lTA§11+ aTA—*a , a= ln - AZlA;llN’ b = A21A§12 and

Rl
= (A_)

% -
then (zF!z,r) ~ N(y a +b,

Proof. p(zg]2,7) = [plzp|z,u,0)p(u|z,r)du

where p(u|z,r) is available from Theorem 1

N

p(zplz,u,m)p(ulz,x) = (2m) 2 [A:;I\II—I/2 C om0

x expl- S (v )% + (ap-bua) A (zp-b-pa) 1)

*%

[1 = u2e™ - 2u(y " + aTA—*(zF—b))

+ OO+ (b AT (D)

(T aA_*(zF—b)ﬁ)'/T**)2

k2 % —% * % % K%
+ (v )21 + (zF—b)TA (zF—b) -~ (y 1t + aTA (zF—b))Z/T

*
Integrating out u and applying Lemma % while substituting T =171 ,

* %
d=a, y=y, z= zp b, A=A will yield
.nn x )2 7,71
2 2, % =5t r * T{ % aa | *

p(zF|z,r) = (2m) "r IA I **} expy\~5 (ZF—b—y a) {A + T?; (zF—b—y a)

% * %, %% %
and notice A" + aaT/T | = |A" | (/)

* 20+N * T, *#.-1

Corollary. (zF|z) ~ tn,2a+N(Y atb, [2 g (AnN +aa’ /Tt ) )

Proof follows directly from p(éF|z) = fp(zF|z,r)p(r|z) dr .
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p(zF|z) = f: p(zFlz,r)p(r|z)dr

o - %, = % % 1
fo (2m) n/zlA | 72(= *jeE
* * % - *
><'.=*_Xp{--§_'- (zF—Y a—b)T(A +aaT/1" ) l(zF—y a-b)}
0L+H N

* LA *
") 2 oz+21_ﬁr

X r e dr
I‘oc+—1§-l
/2

r(——2°‘+N+n] |A*|_1/2(T**/T*);§[oz +N+n]n Tetyrti/2

2 2

20+N+n

. (2u+N. n/2 2

T] (7 (204+N+n)) [ S*+(z‘ -y*a—b) T (A*+aaT/T*) (zF—Y*é.-b) ] 7
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