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INTRODUCTION

1
Robbins / 12 7 introduced the idee of & compound decision problem

and showed that in the case where the component decisions were between
N(-1,1) end N(1,1) there exists s decision function'g* whose risk
approaches the risk of the best "simple" decision function based on a
knowledge of the proportion of component problems in which the true
distribution is N(1,1). In Chapter I we generalize this result to

two (ardbitrery) fully specified populstions and strengthen the
concluaion by the replacement of "simple" by "invarieant".

In Chapter II we prove a theorem which msde this strengthening
possidle, obtalning its proof by & density Central Limit Theorem
(DCLT) for {n-concave densities, which we apply to the generelized
binomial (GB),

In Chapter III we find the exact distribution of the statistic
q; and use this to obtain an elementary derivation of the essymptotic
distribution (originelly obtained by Kolmogoroff_[’l;;7). These results
were ennounced in / 8 /. Birnbeum and Tingey / 2 7 have published e.
similar derivation of the exact distribution and have tabulated

certaln percentage points of the distribution,

1. Numbers in square brackets refer to bibliography.



CHAPTER 1I.
ASYMPTOTIC SOLUTIONS OF THE COMPOUND DECISION PROBLEM

FOR TWO COMPLETELY SPECIFIED POPULATIONS

1, Summary of Prior Results,

In this section we will give an outline of the results of 1—12;7
in the notation of the present chapter and an indication of the
degree of our indebtedness to an earlier unpublished version of
/57 due to Robbins,

The problem and results of /12 7 may be outlined as follows:
let x = (xl, cboy xn) be a random vector such that the components

x, are independent and X has the distribution functioq;@_(x+1-2ei)

i

with 8, equal to O or 1 and § (v) the distribution function of a

i
normal variable with mean 0 and variance 1, It is required to

decide for each i whether 9i is 0 or 1 when the loss of the decision
d=(d, «vv, d), 1f 8= (6, «uu, Qn) is the true parameter vector,

is taken to be

W(Q,Q) =

sl
s

[6,(1-d.) + (1-6,) d, 7

The decision functions of an essentially complete class T are ex~-
pressible in the form t(x) = (tl(g), ceny tn(g)) where-ti(z) =

"’. .
Pr /d, =1|xy7 and the risk of a t in T is

R(t,8) = E [W(s(x), 8.7



If S denotes the class of simple (cf, Section 3) decision functions

and ¥ = ¢ is in S, R(t,8) is representable by

R(t,8) = p(8) [ (1-t(x))d @ (x-1) + (1-p(8)) Jt(x)dI(X+1)

with p(g) = n'lzej. Minimization of a natural extension of this
function introduces a complete (relative to S) class of simple

decision functions tp defined 0 = P s 1l by

1 1-p
1 if xi> 5 (n—;—
tp(xi) =
1 1-p
0 if x, < 3 {n =
and having the property that
inf R(%,9) = R(tp(g)’ 8) for all & ,

t in S

The existence of estimators pnﬁg) such that pn(g) - p(8) approaches
0 in probability was shown and for the choice, pﬁ(g) = truncation
to /70,17 of the unbiased estimator n 'z [ (x41)/2 7, it was

noted that the result

lim sup /R(t %, 8) -R(t .y, 8) 7 =0
o 6 Pn p(8)” =~

-

was both plausible and capable of rigorous proof., Thus, the non-



3

simple decision function g* = tp* does about as well for large n as
n

the "best! simple decision function based on a knowiedge of p(g).
Finally, the Bayes solutions corresponding to symmetric weights were
explicitly displayed and it was shown that the simple decision

function tl was the uaique (and, hence, admissible) minimax decision
2
function for the compound problem, Since R(tp(e)’ 8) = @#(p(8)), a

" function of p(@) such that #(0) = ¢g(1) = 0 and

#(p(8)) = R(ty, ©) = _F(-1)
?

with equality holding only for e with p(g) = % s the attractiveness
for large n (at least by comparison with the minimax decision
function) of non-simple decision functions of the type Ef is apparent.
In an earlier version of 1_2;7 Robbins treated the generali-
zation which constitutes the subject matter of the present chapter,
The statement of the problem in Section 2, treatment of simple
decision functions in Section 3, and of Bayes and minimax solutions
in Section 7, are, with the exception of simplifications attendant
on the reduction of the class of decision functions effected in 2,2
to 2.12, an inheritance from this earlier version, Robbins had
there shown (cf, Theorem 2) the existence of an estimator pn(§) such
that pn(z) - p{8) is a uniformly consistent estimate of O and had

proved a thecrem similar to Theorem L under the assumption (See



Section 2 for notation and definitions)
£(x,1)
X =X /=0 for every 0O < A < o,
by £ lf(x,OS 7 y

The material of Section 2 to Section 7, with some additions,
will form the body of Zf9_7 and is presented here in its totality
because it was thought preferable to do this rather than refer to
an unpublished (and, consequently, not generally available) paper.

2 Statement and Reduction of the Problem,

The problem of testing a simple statistical hypothesis against
a simple alternative can be formulated as follows, Let x be a
random variable (of arbitrary dimensionality) which is known to
have one of the two distinct distribution functions F(x,6), 6 = 0
or 1. On the basis of a single observation on x (we consider only
the non=-sequential case) it is required to decide whether the true
value of the unknown parameter € is 0 or 1,

Statistical decision problems of the same formal structure
‘often occur, or can be considered, in large groups. We shall,
therefore, take as a single entity the following compound decision
problem, lLet n be a fixed positive integer and let Xyy vees X
be independent random variables each of which has the distribution
function F(x,6) with respective parameter values 91, seey Qn s

Gi =0orl., Letx =(x s xn) denote the vector of obser-

1, seo e



vations and @ = (Gl, cens Qn) the unknown vector of parameters; 8 is
known to belong to the set (7) consisting of all 2™ possible vectors
of n components, each O or 1, On the basis of X it is required to
decide the true value of @, which amounts to deciding for every
i=1, ..., n whether Qi = 0 or 1,

Any vector of n functions t = (tl(g), veos tn(f) is a (randomized)
decision function for the compound decision problem if for i = 1, ...,
n, 0< ti(g) < 1, and if the conditional probabilities, given x, of
deciding that 6, = O or 1 are respectively 1 - ti(z), ti(ﬁ). If
for some function t(x), ti(ﬁ) = t(xi), i=1, ..., n, then t will
be called simple and will be denoted by t.

We assume given by the practical background of the problem two

positive constants

i

]
[}
-

a = loss incurred in deciding "91 = Q" when true value of Qi

(2.1)

[}
{1

b = loss incurred in deciding "Qi = 1" when true value of Qi 0.

For any Borel set B we define

(2.2) U-Q(B) = J dF(x,9) =0, 1,
B
(2.3) u(B) = uy(B) + uy(B) .

Since Ko and Wy are absolutely continuous with respect to the finite



measure p, generalized probability density functions £(x,0) and f(x,1)

exist such that for any Borel set B

) {*
(QQh) U'Q(B) = Jl f(x,g)du 0= O, 1.
B

We note that the relation
(2-5) f(X,O) + f(x9l) =1 A4 (u)

is obtainable from the identity in Borel B,

r )
J 1 du=u(®) =uy(B) +uy(B) = | £(x,0) + £(x,1) du .
B B

The joint generalized probability density function of x with respect

to the product measure un, when the parameter vector is @ = (Ql, cee
n
en), is £(x,8) = )( f(xi,Qi), and the expected loss on the i-th
1
decision in using a decision function t = (ti(g), cees tn(f)) is
fori=1, ..., n,

-
(2.6) R, (t,8) = J [38,(1-t,(x)) + b(1-6,)%,(x) _7£(x,8) ™ ,

The average expected loss on all n decisions, or as we shall say,

the risk, is therefore



ln
R($,8) = % 2 Ry(%,8)
1
(2.7)
—age (1-t, (x))£(x,8) n:,Pg(l@) t, (x)£(x,0)du”
" 2% U lENa e nl‘iJ 1 (2)F(x,8)du,

By the remark (2.5) f(x,8) is expressible

n n
(2.8) £(x,8) = Z‘( f(xi,gi) = )l‘([eif(xi,l) + (l-ei)(l-i‘(xi,l))_7

and the Halmos-Savage ZTB;7‘form of the theorem linking sufficient
statistics and density factorization shows that (f(xl,l), cens f(xn,l))

is a sufficient statistic for 8 in (7) . Let

(2.9) z = (zl, civs zn) where z, = f(xi,l) ,
(2.10) vQ(I) = ug(x | £f(x,1) in I) for all Borel sets I, & = 0,1,

(2.11) v(I) = vO(I) + vl(I) .

It is easily verified (See Sec. 32 /7l 7) that the sufficient sta-
tistic 2 (and, consequently, the measures Vgs Vis and v) is inde-
pendent of the choice (2.3) of an underlying measure p relative to
which o and Wy are absolutely continuous. We note that 2 has, with

respect to the product measure vn, the generalized probability



density
’ n
(2.12) d(z,8) = Z( £925 + (1-6,)(1-2,) 7 .

Returning to (2,7) we see that E /"t [z 7 = (E.Z—tl(g) 12 75 veey
E Zrtn(g) |z _/) is a decision rule having the same risk as t, We
denote this rule by t(z) = (tl(g), .ee tn(E)) and can express (2,7)

as

1

~

(2.13) R(,8) = 2 % o, {(1-ti(g))d(g,§)dvn + 22 (1-0,) Jti@)d(g,g)d‘vn.

MM

\

3. Simple Decision Functions,

If £t = t is a simple decision function, then (2.13) simplifies

to

(3;1) R(t,8) = 2 : 6, | (1-t(z))zdv + -E z (1-8,) [’c(z)(l-z)dv
1 \ 1 .

Setting
] L n
(3.2) p(e) = a Z Qi = proportion of 1's among the n components of 8,
- 1 2

we can write (3.1) in the form

(3;3) R(t,8) = J ap(8)(1-t(z))z + b(1-p(8))t(2)(1-2) dv .



The value p(g) is necessarily rational, of the form k/n, k = o,
eesy N We now define for any real number p, O < p< 1, and any

v-measurable function t(z) such that 0 < t(z) < 1, the expression
(3.1) B(t,p) = | ap(1-t(2))z + b(1-p)t(z)(1-z) dv

so that (3.3) becomes
(3.5) R(t,9) = B(t,p(8)) .

From (3.4) it is cloar that for any fixed p, B(t,p) is a minimum if

and only if for almost cvery (v) z, t(z) is of the form

1 if apz > b(1l-p)(1-z)
(3.6) tp(z) = ¢ 0 if apz < b(1-p)(1-z)
arbitrary if apz = b(1l-p)(1-z) .

The minimum value of B(t,p) is

i
#(p) = B(t,p) = | min /"aps,b(1-p)(12)_7 dv
(3.7) o(p) o(p)
= ap [ dvl + b(1-p)(1~ dvo)
v 0 S0
where
(3.8) c(p) = 55?%%&%%7 0<p< 1,



10
It follows from (3.,5) that, for any simple decision function t and
any 8 in (7) ,

(3.9) R(t,8) > #(p(8)) ,

equality holding if and only if +(2) is of the form (3.6) with p =

p(9).

We shall now establish some properties of the function @#(p) de-
fined for 0 < p < 1 by (3.7), The identity, min (u,v) = (u+v) /
2 - iu = vl /2, clearly holds for all real numbers u,v, and using

this in (3,7) we obtain

' (1-
(3.20)  g(p) = 2B=R) 2 [ |aps - b(1-p)(1-2) | dv .
For any two numbers O < p, pt < 1, we therefore have

#(p)-@(p?) = LE:E)%E:EL) - % lapz-b(1-p)(1~2z)| = lap'z=b(1-p! )(1-2)]dv

whence setting
(3,11) ¢ = max (a,b)

we obtain

|#e) - #pr)| < 2 b' {p=p'} + %I[§a(p-p')z + b(p~p?)(1-z) Jdv
(3.12)

fa-bl [p=pt| + 2 —- |p-pt} = ¢ |p-p'| ,




which proves that ¢ is continuous,

Using (3.7) we have for 0<p<p!' <1, 0<s <1
s@(p)+(1-8)@(p') = | min /[aspz,bs(1-p(1-z) 7

+ minzfa(l-s)p'z,b(l-s)(l-p')(l-z);7dv

(3.13) < min% a [sp + (1-s)p! 7z ,

|
J \
b(1 - /[sp+ (l-S)p‘_7)(l-Z)}dv

= #(sp + (1-s)p!)

which proves @(p) is a concave function of p. Further, it is easy

to see that the inequality is strict unless
v Zfzi apz < b(1l-p)(1l-z), ap'z > b(1-pW(1-z) 7/ = 0 ;
This condition can be expressed
(3.1k) v [C(pt) <z<C(p)7 =0,
Since @#(0) = @#(1) = 0, (3.13) and (3.14) imply
(3.15) g(p) >0 0O<p<1l,unlessv [0<z<17=0,

The exception in (3.15) is the trivial case where v, and v, (and

0
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hence i, and ul) are disjoint measures,

For any O < p, p' <1 we have from (3.L)

(3.16) B(tp,,p) = j ap(l-tp,(z))z + b(l-p)tp,(z)(l-z) dv

For fixed p' this is a linear function of p which for p = p! takes

the value @(p'). Hence,

[BCt51) = #o1) | = |prop|+]a | (1=t (2))avyb |, (2)av,
(3.17)

<c |p'-p|
From (3.17) and (3.12) it follows that
(3:18) [B(ty,.)-f(p) | = | B(,,0)-(p) | + | B(p1)-H(0) | < 2¢]pi-pf ,
and hence that
(3.19) 0 < B(t,,,p) = #(p) < 2¢ |p'-p| .
From (3;5) it follows that for any 0 < p' <1 and any g in (7) ,
(3;20) 0 < R(tp,,g) - #(p(9)) = 2¢ |p'-p(3)]| .

Thus, we have proved
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Theorem 1,

Suppose that in some manner an approximate value p' of the true
proportion p(g) is known, Then the statistician who uses the simple
decision function t = tp' will achieve a risk R(tp,,g) which is
within 2¢ lp'-p(g)‘ of the minimum attainable risk @(p(@)) in the

class of all simple decision functions,

Le  "Consistent" Estimation of a Proportion.

We use (without loss of generality) the canonical form of fhe
problem (see (2,2) to (2,12)), assuming only that the original
measures, i, and Wy are not identical., We are, thus, concerned with
the réndom vector 2z = (zl, cony zn) having the density d(z,8) defined
by (2.12) and consider the problem of finding an estimator pn(g) for
the proportion p{g) cf 1's in the first n coordinates of 8. Since
our principal interest is in the asymptotic estimation problem, we
will consider the sequence of problems defined for n = 1, 2, ¢ceces
as embedded in the probability space of infinite sequences z =
(zl, Z s «++) With p-measure induced by the density d(z,8) defined
on the first n coordinates of 2 and 8, respectively., We emphasize
this aspect in this and the following section by referring to @ in
0

Avoiding a discussion of "optimum" estimation, we devote this

section to the consideration of a subclass H of the class U of all

unbiased estimators of p(g). H is to be the class of all estimators



1
of the form
1D
(Le1) h (z) =< 2 h(z;) ,

where h(z) is an unbiased estimator of 6.
As a measure of the risk of an estimator in H we use its vari-

ance

(4.2) Var b (z) = p(8) Vy(h) + (1-p(8)) V4(h)

1
where V,(h) = [ (h(z)-1)2 dv, and V,(h) = J (h(z))? dvge We single

v

out an interesting subclass of H by investigating the existence and

representation of elements h minimizing for fixed p, with 0 < p <1,
(Le3) pVy(h) + (1-p) Vy(h) &

Define for any pair of real numbers A = (XO, Xl) an extension

of (Le3) to the set of all g(z) such that \[g(z) v < @ ;

(Lb)F, (g) = B/ f godvy -1 7+ (1-p)fg2dvo-2x1[ f gdv,-1 7 2\, f gdv,, .

Using the density representation of the integrals of (L.l) and the

restriction on the domain of g, we have

(Le5) By (g) = jgz(z)[ pz+(1-p)(1~2)_7-2g(z)/ N 2+h,(1-2) 7dv-p+2), .
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For fixed N, A, the integrand in (L.5) is a minimum for each fixed

2, if and only if

klz+lo(l-z) -
(4.6) g(z) = g, (z|p) = T ) a.e. (v) .

Since | g, (2{p)] < max [)Af, |y 7 / min [p, 1-p 7, g, (zlp) is
a unique (v) minimum of Fx(g) over its domain, and if there exists
a determination of A, and A, such that g,(zIp) is an unbiased esti-

mator of @, we will denote it by h(z|p) and have for all unbiased h

PV (h) + (1-p)V,(h) = F, (h) >

(4.7)
Fy(h( p)) = oV, (n( |p)+(1-p)V (n( [p))

where equality holds only if h(z) = h(z|p)(v).

The estimator gx(zlp) will be unbiased if XO’ Kl satisfy

"
Z l-g -
Xl J pz+(1-p)(1l-z) de * KO J\pa+(1:p)(1;§3 dvo 0
(L4.8) “ \
Z 1l-2z _
" J pe+(l-p)(1-2) 1t J pze(1p)(1-z) 1 -1

The determinant of these equations is

(1-2) 2 (1-2)° 28
(hes) [ pz+?1-p§(l-27 7 - Jﬁpz+(l—p)(l—z7 v J~pz+(1-z)1-z7 av
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and is non-positive by the Schwarz inequality and if equal to zero,

z and 1-z are linearly dependent a,e. (v). Since z and l-z are
densities, linear dependence would imply that Vo and v, are identical
and this possibility has been excluded by us, Thus, an explicit repre-
sentation of estimators in H, minimizing (L.2) for @ such that p(8) =

p, is obtained

. .
(L.10) h (zlp) = < i h(z, |p) 0<p<l

where h(z|p) = gx(z]p) and A is a solution of (4.8). This class

of estimators merits our interest since each is admissible relative
to H and each satisfies the following theorem,

Theorem 2,

Let hn(E) be any estimator in H such that (h(z)] + 1 <M < w,

Define
[0 if h (z) <0
(L,11) p(z) = | h(z)if 0<h(z)<1
‘ 1 if 1< hn(g) .
Then

for any e > O there exists an N(e) such that for any 6 in ﬁf%b

(L.12)
Pr Zflpn(g)-p(g)i > ¢ for anyn > N(e) 7 < ¢,
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(L13) 0 < pn(_z_) <1,
Pronf:

It will clearly be sufficient to show that hn(g) satisfies (4,12)

and for this purpose we introduce
(h.lh) Hi(k) ‘ i= O’ l k = l, 2, cesen

to denote the arithmetic mean of k independent random variables each
having the probability measure v j‘h"l., We express

1 n
h (z) == ;;i [Gjh(zj) + (1-8,) h(z,) 7

n n
Z Q.h(zj) z (1-6

)h(zj)
(4a25) = p(8) T=—— + (1-p(8)) %

J

n
. Z (1-8.)
J 1 J

HMs
e
®

= p(8) by(np(8)) + (1-p(8)) R (n(1-p(2)))

(b16) by (2) - p(8) = pl8) /™ By(np(8))-1 7+ (1-p(8)) Hy(n(1-p(8))).

The strong law of large numbers yields the existence of functions

N, (n), No(n), defined for m > O and such that

(h;l7) Pr [l'ﬁi(k)-il > n for any k > N,(n)_/ < i=0,1,



18

Fix ¢ > 0 and consider the term p(8) / ﬁl(np(E))-;;7 of (L.16),

Since p(8) < 1, |Ky(np(8))-1| = M, we have
(1.28) | 5(8) /" Fy(np(@))-L7 | < min [o(8) ¥, |Ey(np(8))-1]7 .
Hence, if N is any fixed integer

Pr/ p(8)(R;(np(8))-1) > e/2 for any n > N 7

(L4,19) > nM-ls/Q, for any n > N_7

1A

n
Pr[”lﬁ (np(8))~1 ’> e/2 and g ©
AR LS 8 e

LA

sz_lﬁl(k)-l| > ¢/2 for any k > NM"15/2;7 .

Thus, if N > 2Ma-lNl(e/2), it follows from (L.17) for 1 = 1 that
the right-hand side of (L4.,19) < &/2 uniformly for all 6 in [1)’0 .

We can deal in a similar fashion with the term R
(1-p(8)) By(n(1-p(8)))

of (4.16) and thus obtain that
(44 20) N(e) = 2Me:"1 max Z7N1(8/2), No(e/2)_7

satisfies (L,12),

5. Non-Simple Decision Functions E*.

We have scen in Section 3 that if p! is a good approximation



19

to p(@) then the simple decision function t = tp, (see (3.6)) does

about as well as is possible for any simple decision function. Although
8 good epproximation p' to p(@) is not generally available to the
statistician, we have seen in Section k4 that for large n e good
estimator pn(_z) of p(@) 1s alweys evailable. It is netural to combine

these two results by using the decision function tp, with the constant
p' replaeced by the random variable pn( 5) 5 this amounts to using the

* * *
non-simple decision function t = (tl(_g), ceuy tn(_g)) such that for
1 = 1’ o e ’ n’

1 if 2, > C(pn(g:))
(5.1) ty(z) =
0 otherwise

(We heve chosen, arbitrarily, one way of resolving the embiguity in

the definition (3.6) when z = C(p').)

It should be remsrked that 1;* can be used in practice only when

all the values Zys e+ 2, 8re known before the individuel decisions on
the values of Ol 3 ey Qn heve to be made.

We shall now investigate the behavior, for lerge n, of the risk
*
function R(t , ©). We begin by considering the loss of the decision
rule tp, where z is observed and © is the true paremeter point. We

denote this random variable by W(z, p', &) end have

n
W(z,p',0) =3 Z [203(1-t;,(2))4(1-0)) b, (2,) 7
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n n

(5.2
>:2) 30, (106, (2,)) 51080, (2,)
= ap(9) = + b(1-p(8)) =—
Lo z(1-9,)
1 ! TR

Let Si(v | k) be the sample distribution function of k indepsndent

random verisbles, each distributed with probability measure vy where

1=00ril, k=1,2, ..... . For future use we define
v
+ su - -
Dy(k) = o<k 1 L8y (v | k) 'J @ v,/
0
(5.3)

v
Dy(k) = o_fs:pf_l[ J & vy - 8y(v|K)_7 .
0

From (5.1) we obtain that (5.2) hes the repreesntation
(5.4) vw(z, p', 8) =

ap(9)s, (C(»') |np(9))+b(1-p(8)) [ 1-8,(c(p') | n(2-p(0)))_7 .

We rewrite (5.4) in the form

" C(p')
W(z,p',8) = ep(8) /s, (c(p') | np(9)) - a v,/
v o '
c(p')
+b(1-p(9))/ J d vy - 85(C(p') | n(1-p(0)))_7
0
(5.3) o(2(9)) o(n(9))
+ 8p(9) j d v, +d(1-p(8))/ 1 -J a v,/
0 0
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pc(p') c(p')
+ a.p(_Q)J d v, - b(l-p(Q))J‘ d vy
c(r(9)) J c(p(e))

and from (3,7) and (5.3) have

W(z,p',8) <en{) Dj(rp(8))+ b(1-p(8)) D, (n(1-p(2)))
(5-6) C(p')

+ p(p(9)) 4-{ L en(€)z-b(1-p(9)) (3-2) 7 dv .
ve(p(9))

The integrand in (5.6) i3 a lir2ar function which veniches at

C(p(®)); hence, im a%solutely bounded by

(5.7 |ep(@)c(p)-b(1-p(e) (1-c(p7)) | = L lpplO o5 pe)) .
From (5.6) end (5.7) follows

W(z,p',8) < #(p(8))
(5.8) + 8p(8) D] (np(9))+b(1-p(8)) D (n(1-p(e)))

+2¢ [p' - p(9)] .
Since (5.8) holds for each 0 < p' < 1 we have, for any estimste pn(g)

satisfying (4.13),

W(z,p,(2),0)-#(p(8)) = ap(9}D;(np(8))+b(1-p(Q)D;(n(1-p(8)))
(5.9) |
+ 2¢ |p,(2)-p(9) |

By the Clivenko-Centelli Theorem / 3 7/

(5.10) Pr/lim Di(k) = 07 = Pr/lim D (k) =07 =1
k=00 k=00
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This is equivelent to the existence of functions NI(n), Ng(n), defined

n > 0, such that

*
Pr[DI(k) >n for eny k > Nl('n)_7 <7

(5.11)
Pr[r;a(k) > n for any k> N;(.n)j =n-.

As in Section 4 (4.17) to (4.20), we have thet if
(5.12) N (¢) = 2¢” 1 max/"8, (¢/2), Bhg(e/2)_7 for € >0,

then, for any © in () ,
00

(5.13)
Pr/ ap(8)D](np(0))+b(1-p(8))D,(n(1-p(8))) e for eny n>N (e)7 < e .

Returning “~ (5.9) we see that (5.13) and Theorem 2 combine %o
furnish for eny €>0
*
(5.14) no(s) = rax/ N (e/2), N(e/4c) 7
such that, for eny 9 in (7)

(5.15) 'Pr[W(g,pn(g),g) - ¢(p(8)) >¢ for any n> nO(E)__7 <e .

The argument from (5.2) to (5.15) proves

Theorem 3.

If pn(_g) satisfies the conclusions (4.12), (4.13) of Theorem 2,

*
then the decision function t defined by (5.1) is such thet to any
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g > 0 there corresponds an no(a) such that for any 6 in ﬁf%b

(5.16) Pr/W(z,p,(2),8) < #(p(8)) + & for all n > ny(e) 7 > 1-e ,

Since W(g,pn(g),g) < ¢, Theorem 3 implies

Theorem i,
Under the assumptions of Theorem 3, E* is such that to any
€ > 0 there corresponds an nl(e) such that for any n > nl(s) and

any 8 in (7),

(5.17) R(t", 8) < @(p(8)) + ¢ .

Thus, E* is a non-simple decision function which for large n
does about as well as could be done by any simple decision function

even if p(€) were known exactly,

6. Invariant and R-Invariant Decision Functions,

Letting

(601) W(_*;,E) =

—

% Z’a@i(l-ti)+b(l~ai)ti;7 on_[o,l_7'n x ()

sl

we have from (2,13)

(6.2) R(%,0) = [ W(t(2),8) d(z,8) &

W
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Let (P(1), «ss, P(n))be an arbitrary permutation of (1, ..., n).

Define, for any real vector £ = (El, cees En),

(6o3) Pg = (EP(I)’ seay EP(n)) o

We note that

(6;11) W(Pt,Pe) = W(1,6)
(6;5') d(Pz,P9) = d(z,8)

and obtain for any decision function t, by a change of variable of

integration and the use of (6.4) and (6,5),
R(I’_,P_Q) = }7 W(I'_(E))PE) d(E;P_Q) an

\

- J W(t(Pz),P9) d(Pz,Pe) dv"

= R(P"Ltp,0)
We call a decision function t invariant if

(6.7) Pl = ¢ for all P,
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and denote by R-invariant a decision function % such that
(6.8) R(P1tP,0) = R(t,8)  for all P.

The risk of an R-invariant decision function can be expressed as
an explicit function of P(g) by formally averaging the representation

(6.2) over all‘P. From (6,2), (6,6) and (6,8)

R(t,8) = (n1)™z R(t,Pq)
. P
(6.9)

= ()™ 2 | W(t(2),Pe)d(z,Pe)av"
P

(=

and changing the order of summations and integration, we obtain that

if t is R-invariant its risk, R(t,8), is expressible in the form

R(_t‘,_e.) =

=2t
H a3

[a(1-t (2))(n1)™ 2 p(4)4(z:29)
(6.10)

+ bti(g)(nx)'l g(l“ep(i))d(E’Pg)_7d“n .

For any real vector r= (rl, reey rn) we define for every integer k
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k n
-~ -1 _
(nt) ng(rP(j) El(l-rp(j)) k = O, 1, esey I,

(6;11) L(k)n5£) =

0 otherwise,
and

vV
(6012) L(k,n"l,ri) = L(k,n-l’(rl,olo,ri_l’ri+l,oou,rn)) ial,z,o.on-

Then
S s 1-e_,.
Bopayi(@r) =3y 2T [Py Ty
’QP(:'L)“J' J#

(6.13)

n n
= - ! - - o
Zi( i Gk)(n 1)t I( i ek 1,n l,zi)

and similarly

(6;lh) Z (l-GP(i))d(E,PE) = (l-zi) g(l‘gk)(n‘l)l L( g Qk3n'l’gi) .
P 1 1

It follows from (6.10) that for R-invariant t

e

n
i i Z'a(l-ti(g))zip(g) L(np(g)-l,n-l,;i)

]

sl

R(%,8)

(6.15) + bty (2)(1-2,)(1-p(8)) L(np(8),n-1,2,)_7av™

Sl

N ‘
2 R,(t,8) .
1 -



For later use we note that if t is actually invariant

(6;16) R.(t,8) =R

s t,8) = R(t,8) i=1, «sy 1,

follows from that property and a permutation of the varisbles of
integration in the representation of Ri(zgg) implicit in (6.15),

It further follows from this representation that, for any fixed

9, the integrand of Ri(Ejg) is, for each fixed z, at a minimum with
respect to ti if and only if ti is of the form defined for p = O,

1/, +vs, n=l/n, 1, by

1 az; pL(np-l,n-1,%,) > b(1-zi)(1-p)L(np,n-1,¥i)

(6,17) 4y (z)={ o <

arbitrary =

with p equal to p(Q), We denote (tlp(g), vees tnp(5>) by_Ep. It
is easily verified that, with a proper determination of the arbi-
trary part, any decision function of the form (6,17) is invariant.
Hence, the representation of its risk in the form (6,15) is valid
and R(t,8) is for each fixed @ minimizsd over the class of R-in-
variant decision functions by an invariant decision function of
the form (6,17),
Let

(6.18) ¢ (p(e)) =  inf R(%,8) .
n R~invariant t



From (6,15), (6.16) and (6,17) we obtain

(6,19) = ‘I miql_azlp(g)L(np(g)-l,n-l,gl) ,

b(l-zl)(l-p(_e_))L(np(_e),n-l,%’l)] o,

v
Since L(k,n-l,zl) is a symmetric function of Zpy ewvs By WE have

for any symmetric measurable set S

(6420) JL(k,n-l,‘él) R O
3

It follows from (6,20) that the integral with respect to Zoy eess

z of a 2z -section of the integrand of (6.19) is

1

aZlP(E) vip(g)-k vg~np(§) (§Zl)

(6.21)

o1z )amp(e) PO G, )

where S, is the symmetric set
"1

8 = [(apeen) [aap(@) Unp(@)-1,0-1,5))
(6.22) ‘
> b(1-2,)(1-p(8))L(np(8),n-1,2,)_7.
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The developments from (6,9) to (6.22) set the stage for the
following theorem,
Theorem 5,

If @(p(8)) and ¢n(p(g))-are defined by (3.7) and (6,19), re~-
spectively, then for any ¢ > O there exists N(e) such that for any

n > N(e) and any 8

(6,23) #p(8)) - e < g (p(8)) = #(n(e)) .

Proct,

¢n'f @ for all @ follows frem the fact that every simple
decisinn function is invariant,

For the non-trivial part of the proef fix ¢ > C,  From the

continuity of ¥(r) ((3.12)) we obtain a 8(e) such thab
(6.21) #(p) ~e< wforp< 86§ andp> 1-56 .,

Thus, it will be sufficient to show the existence of an N(g) which
suffices for the theorem when 0 < & < p(g) < 1-8, We will obtain
this as a corollary from the following measure theoretic theorem
which is itself a cornllary to the principal theorem of Chapter ITI,

(T) 1If My, m, are non disjoint p-measures en a o-algebra of

1

subsets X of a set X, then for every ¢, § > O there

exists N(e,6) such that for any pair of positive integers



30

rys with r+s > N(e,8) and 6 < r/(r+s) < 1-8
r _s r-l _s+l,.\ |
' Mo < ml(S) =My x My (8)l < ¢

uniformly for all symmetric S in X s,

np(8)
From (T) we obtain that if n-1> N(n,6") and 8" < —7- < 1-6

AL
w

(6425) Zfi_v?p(g)-i vg-np(g)(821l;7+ vip(g%(vg-l—np(g)(321) > L-n

uniformly for all z; and from this it follows that ¢n(p(g)) >

(1-n)@(p(8)) = #(p(8)) - n#(p(g)). Since the max @(p) < c we
P

see that in view of (6,2) the choice N(g¢) = N(c-le, oL 8(e))
will complete the proof of Theorem 5,

We note that Theorem 5 can be combined with Theorem 3 or
Theorem L of the previous section, leading to the strengthened
endorsement of E* t for large n, E* does about as well as could

be done by any R-invariant decision function even if p(g) were

known exactly,
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T. Bayes and Minimex Solutiona.

Let & = (t,(z), ..., t_(2)) be any decision function in the

compound decision problem. For any 9o in L_l we cen write the risk

(2.13) in the form

(7.1) R(%,0) = !‘-}l g[a.ei(l-ti(g))d(g,_e)+b(1-ei)ti(g)d(_z,9)_7d v
v 1l

By e weight function we meen any function B(€) > O defined on () and
not identically 0. For eny weight function (@) and any decision

function t we define the weighted risk of t relative to B(8) es

B(t,8 ) = Z g(w) + R(t,0)
w

n
(7.2) - ;ﬁﬁ[(»tggn s £ pl@lo, 4(z,0)
J @

+ ti(‘z')bi plw) (1w, )d(z,0)_7av" .

For fixed p(_(-_)) this will be a minimum if end only if for almost every
(v D zend every 1 =1, ..., n, ti(_z_) is of the form

(1 2 plwed(z,e) >bI pw)(l-v,)d(z,e)
@ w

(7.3) t,(z|p) =70 : <

. arbitrary = .
Any decision function t of the form (7.3) is called a Bayes solution

relative to the weight function g(9).
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For the remainder of the section we restrict our attention to

symetric B(8), 1.e.,

n
(7.4)  pg(o) = By for all @ with T GJ =k, k=0, ..., n.
1
Using (6.12) we have
n Doy l-wJ -
a X B(@)mid(_z,(_z_)) =8l [/ Bk z wi-ﬂ / zy (l-zJ) '/ _7
) _ 0 _(.QBZ(DJ=k 1

- w2y 2 /B, (571) Lk-1,n-1,%,) 7 ,

and similarly obtain

n
(7.6) bzmmuwgabm=buwggzhkw§nwm4£gj.
w

Abbreviating (ngl) L(k,n~l;%i) by b(k,n-l,%i), it follows from
(7.3) that for fixed p(8) satisfying (7.L) B(%,p) is a minimum

if and only if t is of the form

n n
o A4
1 az, g Bkb(k-l,n-l,zi) > b(l-zl.)g pkb(k,n-l,éi)

(7.7) t,(z1p) = { O <

\ arbitrary =

Several particular cases of (7.4) hold special interest for
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us. If for some integer k, with 0 <k, <n (7.4) takes the form

(7-8) Bko = 1, ﬁk = 0 for k = O, P ko"l, ko""l, seaey n

then the corresponding Bayes solution (7.7) is a decision function
of the form (6.17).

If for some constant p with 0 < p <1 (7.4) takes the form
' k -k
(7.9) By = P (1ap)” )

then the corresponding Bayes solution (7.7) is a decision function
of the form (3.6) provided the Bayes solution is required to be
simple on the arbitrary part of its definition.

Referring back to Section 3, we have by the previous paragraph
that each of the simple decision functions t= tp » 02p=<1, de~
fined by (3,6) is a Bayes solution for the compound decision problem.
It can be shown (we omit the simple proof) tha% there always exists
a value 0 < p' <1, and a determination of tp, for which the co-

efficient of p in (3.16) vanishes; letting r be the constant value

of B(tp,,p) it follows that
(7+10) R(tp,,g) = r for every 8§ in (7) .

1
The decision function t = tp' has the following properties:
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(a) it is simple,

(7.11) (b) it is a Bayes solution, relative to a weight

function which is positive for every 6 in (7),

(¢) it has a constant risk r for every S in Lf) s

whence it follows that it is also an admissible minimax; that is,

(7.12) sup _ /R(t,8) 7 = minimm for t = t'
9 in () -

and if t is any other decision function minimizing

(7.13) sup _ /[ R(%,8) 7
)

— —

then R(%,8) = R(t,,3).

8. Conclusion,
1
Since the minimax decision function, t = tp,, is simple and

has constant risk, it follows that

sup _ R(t_,,8) = R(t ,8) > inf R(t,8) = @(p(Q)).
=y p= p'= N -

Since @(0) = @(1) = 0, proper inequality actually holds fur at least
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two points in the parameter space as long as o and W, are non~dis-
Joint, From Theorem l; we can conclude that there exists ¢ > O such
that for sufficiently large n the minimax decision function is g
inadmissible, since decision functions of the type E* are e-better,
The present paper has failed to exhibit a t" which is admissible
(or even to show the existence of such), and it is hoped that this
result can be obtained from a more intensive investigation of the
Bayes solutions (7,3),

In cloging we would like to emphasize tho fect that the practi-
cal significance of the performance of decision functions of the
type 3* is greater than that of their use in presently existing
situations, Their performance is distinctly more satisfaétory than
that of any decision function in the component problem (unless the
component problem is thz product of a completely knowm probability
mechanism) and it may, consequently, be worthvhile %o design ex~

periments so as to utilize this advantage of the coupourd approach,



CHAPTER II.

ASYMPTOTIC THEOREMS.

1. Introductory Remarks.

The principal theorem of this chapter is Theorem 1. Our in-
terest in it was occasioned by the need for the theorem (T) (used in
obtaining Thzorem 5 of Chapter I), since (T) is an obvious corollary
of Theorem L. The density Central Limit (DCLT) for the generalized
binomial (GB) could probably be obtained by a refinement of Von Mises'
Zfl};? use of the Fourler inversion theorem. The use of Theorem 3
for this task seemed to have the advantages of novelty of approach
and less uniformity difficulty. The work of Hammersley /6 7,/ 77
on DCLT was called to our attention after the completion of the pre-

sent chapter.,

2. Statement of the Theorem.

Let X be an arbitrary set, X be a o«field of subsets of X, n
be the family of all probability measures defined on X. For Hy,V
any two elements of 7/} we define and use the following notation for

the relations of v-absolute continuity, equivelence and orthogonality,

respectively:
B <<v=1IfTinXand v(T) = 0, then p(T) = O.
M r\lv;-p,<<va,ndv<<.p‘.

= There exists T in X with p(T) = vw(X-T) = O.

k=

i"

<
[
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Let XN be the cartesian product of X with itself to N factors, RN be the
femily of subsets of Xﬁghich are product sets with components in X, and
EN be the field of subsets of XN which have a representation as a
finite unlon of sets in RN' Let XN be the extension of RN to be a

o-field and for v be

s
==

Jin ‘7}’) 3 j=l, o0y N, let Vl LN VN VJ

the unique extension to a measure on XN of the measure defined cn EN

N
vhich assigns to a set T = Tyx ... Ty in Ry the number ZT \U(TJ)' If

= = = = =v,_=v, wve abbreviate g by pE Nk We
Vl—-o.—vk—u,\)k_‘_l— e - N" 3 le yu\) L}

use the letter P for the permutation (P(1), ..., P(N)) of (1,...,N)

and as an operator on the product space, P(xl, eony xN) = (xP(l)’ ceuy

XP(N))' We refer to & subset S of X as symmetric if P(S) = S for all P.

Theorem 1.

If ko and W, are any two non-orthogonal elements of 977 and
k(n,m) is any integral valued function on pairs of positive integers
such that ke(n,m) = 0(55%), then there exist functions N(e), M(e),
defined ¢ > 0, such that for any pair of positive integers (n,m) with

n > H(e), m > M(e)

| ug u? (s) - ug'k(n’m) u?+k(n’m) 8) ] < e
uniformly for all symmetric S in XBE,

We remark that if Rn+m vere substituted for X' in the statement
of the theorem, the proof would follow readily from the fact that

a%p® - o0-k(n,m) mek(n,m) o(1) uniformly for all (a,b) on the unit
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square, since S symmetric in Rn+m implies S = ™ yith T in X.
The necessity of the non-orthogonality of g and B, can be shown

as follows. Let T in X be such that uo(T) = ul(X-T) = 0 and let

n-1 m+l
o M
With the obvious meaning attached to P(K), we readily verify that

unm
K = (X-T)"T". Then K is in R MoH1(K) = 1 and p (X) = 0.

S = U P(K) 1s symetric and uul(s) = o 'u™(s) = 1.
P

3. Reduction to a DCLT for GB.

For the proof of Theorem 1 we introduce a class of probability
measures on X. For O < p <1 let “p be the probability measure de-

fined by
(3.1) up(T) = pul(T) + (l-p)uo(T) for all T in X.

Clearly Ko << “p’ )y << “p whence up, << “p and @, -~ up for 0 < p,

P
p' <1, and we consequently use the notation, a.e. (u), to refer to a
set in X having uy-measure 1l for any 0 < p < 1. Let fo(t,p),fl(t,p)

dp du

be the Radon-Nihod&m derivatives Eﬁg s Eﬁi s defined a.e, (u) by
b P
(3.2) pi(T) = fi(t,p)dup for all T in X, i=0,1.
3

T

We digress to develop some of the properties of the functions

fi(t,p) which will be needed later in the proof. For any T in X

j pfy(t:p) + (1-P)2(t,p)du, = puy (T) + (1-p)ny(T) =
T T

1dup »
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fron which we conclude
(3.3) Pfl(typ) + (l'P)fo(t;P) =1 a.e. (g), 0<p <1,

To make explicit the degree of deperdence on p of the functions fi(t,p)

we let fi(t) = fi(t’ ) 1 =0, 1 ari obtain from

£,(¢) £, (t) M
J BTN Y T S BRI & M
T T ) 3 2
= \f fi(t)dgé = u, (T)= | fi(typ)duyi=0,l
T 2 T
that
£, (¢)

From (3.4) we obtein

r f (t=
_ . _ l"L)
J fl(t)P)fo(t)P)dup = blfl(t’P)dho = Pfl(f)+(l_p)f0(t) duo

b[ £, (%) { ~
2 ENE) dug + 1 dug

£, (1)1 £, (t)>1

and, since the right~hand side is independert of p and is eguael to zero

] i Y = e it b e
only if fl(d) 0 a.e (po), we conclude that for any ko 7{ y
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there exists h > 0 such that
(3.5) ‘J. f'o(t,,p)fl(t,p)clup >h uniformly 0 <p <1.
From (3.3) we obtaia

',[pfl(t,p)(l-p)fo(t,p)dup =P J (L-p)fy(t,p)ou, <p

and
prl(t,p) *(1-p)fy(t,p) 0 = (1-p) [ pf, (t,p)dpy < (1-p)

whence

(3.6) J’ Pty (t,P) - (1-p)£4(t,p)du < min(p,1-p).

This is an obviously improvable bound which turns out to be sufficient
for our purposes.

Returning to our main development at (3.2) we obtain that

m
Iy n n+m
0”1 _ n+m
(3.7) du§+m = ZT J,p) ZE; fl(xJ,p a.e. (u )

from the fact that the right-hand side is a solution of the defining
equation for S in Rn+m’ hence by the extension theorem, for S in X

Letting Y/ g(x) = v g{Xys «+ey X ) be the characteristic set function
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of the subset S of X' it follows from (3.7) that for any S in X

) n+m
Bk (8) = J YT £4(x4,7) )( £, (xyp) "™
S
(3.8)
n o+m n+m
= y}S(x) ZT fo(xj,p) 7-( fl(xJ)P)du .
Since pn+m(P(S)) = pn+m(s) for 8 in X™*™ and any P, the right-hand

side of (3.8) is invariant under permutations of the integrand
variables and we consequently obtain & representation of ugu?(s) as a
formal average over all P

nm 1 j‘ , 2 q+m n+m

(3.9)

} 1 ’ n n+m nm
= J Tarm) T § %S(P(X))F £o{xp(4)+P) 17131 £1 (x5 2V g

If P(S) = S for every P, 5#S(P(x)) = }/S(x) for every P and the

right-hand side of (3.9) reduces to

, 1 n n+m o+m
(3'-‘-0) Jt/’s(x) W § Y fO(xP(,j) ,P) Z]_ £ (xP(J) :P)dl-l

which thus furnishes us with a class of density representation of the

function defined for all § in X°'™ by
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nm 1l nn
(3:11) sm poul(s) = W g uolil(P(S)) .

The function sm HSMT is the unique extension to X0 of ugu'f on the

symmetric sets of X™'™ such that sm ugu?(P(S)) = gm ugug_‘(s) .

If N is any integer, z (zl, ceey zN) any point in [0,1_7N let

bN(k,z) be defined for k = 0, 1, ..., N by

k N
(3.12) kz(N-k):bN(k,z) = g Zr Zp(3) Zzi (l-zP(J)) .

For any 0 <p <1 let
N, k Nek
(3.13)  v(k; N,p) = (,)p (1-p) k=0,1, ..., N,
Using the abbreviation
(3.14) pf)(x4,0) = 2,(p)

we obtain from (3.3) and (3.10) through (3.1h4)

Pyem(Bs2(P)) g o
b(m; n+m,p) p

(3.15) sm ugy (S) = | W)

From (3.15) we obtain for any integer k such that O < n-k < n+m

n=-k m+k
sm ugu?(s) ~ &m uo l-ll (S) =

(3.16)

, b o(mz(p)) b (mk,z(p))
J }"S(x)[— ‘g?:; n+m,p) :zlk;n+m,p) - d“;ﬂn '
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Since the integrand of the representation (3.16) is maximal for each

fixed x if S is taken to be the symmetric set

b n(@2(2)) b (mk,z(p))
(3.17) Smex = Z“x I g?;;n+m,p) > ETZLk;n+m,p) -

n-k m+k

o1
symmetric sets by 8 . It follows similarly that “8“5(5)-ug'kuf*k(s)

is minimized over the class of symmetric sets by ¢ smax(by ¢ we denote

we conclude that uguf(s) - (S) is maximized over the class of

n+m) - “g-kum*k(xn+m)

n-k m+k(s) | 1in the class of

complimentation) and since uoul(x = 1 we obtain
that 8oy Beximizes luoul(s) - Mg
symmetric sets of Xn+m. Letting

ne=k m+k

(3.28)  M(n,mk) = 2 Jujui(s . ) - Mo By (Sp..

d

it follows from (3.16) and (3.17) that M(nm,m,k) has the class of repre-

sentations

b p@E(E) b (mek,a(r))
b(m; n+m,p) b(m+l',n+m;P)

n+m

(3.19) M(n,m,k) =

The remainder of the proof of Theorem 1 will be devoted to showing

(3.20) lim M(n,m,k(n,m)) = 0.
n=00
=09
This is clearly a necessary and sufficient condition for Theorem 1.
The sequence M(n,m,k(n,m)) is independent of p and the advantage

of the class of represeatations lies in the fact that we may, for each

(n,m), choose a p(n,m) in such a way as to reduce the amalytic problems
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involved in the approximetion of the integrand of (3.19) over a portion
of the range of integration. We make that choice p(n,m) = m(n+m)'1 and

writing

p' = m(n+m)~t
(3.21)
k' = k(n,m)

express M(n,m,k') in the form

(3.22) M(n,m,k') = Ml(n,m,k',p') + Ma(n:m,k':P')
vhere M, and M, are defined by (3.22) and
] | !
M (amk"p") = Pnem(@2(R)) by (mekt,2(p") g0+
1N . b(m;n+m,p') b(mtk';n+m,p') p°
CRn,m

(3.23)
CRp oy = [x ISQm(Z(P')) f% %_-;%_7

2 n+m
with s (2) defined for every z in /0,1 7 " by

2 n+m

sn+m(z) = f zj(l-z

5

and the constant, h, taken to be the h(uo,ul) vossessing the property
(3.5). We will prove (3.20) by showing

(3.24) lim Ml(n,m,k',p’) =0

n=00
mn=00
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(3.25) lim: My(n,m,k',p') = 0 .
=00
m=00

For the proof of (3.24) we introduce several lemmas.

Lemma 1,
n+m[x‘s2 (2(p")) <h ma 7 < L (n+m)2
“p' ntm 24P -2 ném~' - -h—é n.m-max(n,m)
Proof.

For any integrable (ur;:'m) function g(x) defined on X 1let Eg

denote g(x)dpl;,'m . We have

(3.26) E o5, (2(p')) = (o+m) E 2, (p') (1-2,(p"))

ard comsequently by (3.5)

(3.27) E sﬁm(Z(p')) > (o+m)p*(1-p')h = ﬁrz b .

Cmitting unessential arguments it follows from (3.27) that

[} BT oPmts 2h B2 7
(3,28)

C [ie?ne? 5 & m2 g
Tchebycheff's inequality yields that

n+m 2 .2, h m. 4 ) 2 2
(3.29) My /[ 18%-Es i 3 E.szi - %-XSL— E(s“=Es8®) .,



Further

2 2

E(sa-Esa) (n+m) E~Z_Zl(l'zl) - E z,(1-z,) 7

2
(3.30)

2
(n+m) E Z—zl(l-zl)_7 - [E zl(l-zl)_7

1A

2
(n+m) E Z-zl(l-zl)_7 .

From (3.6) and 'zl(l"zl)'-f 1 it follows that

2
(3.31) E Zfél(l-zl)_7 < Ez,(i-z;) < min(p',1-p')
(ntm)min(p',1-p') _ 1
Since o * mx(em) the proof is completed by

the chain (3.28) through (3.31).

Lemms 2.
1
lim [“on %— 2 p(m+k'snem,p') =1 .
n=00
m=00
Proof.

By the Stirling approximation we obtain
L \
[ en mh 72 b(m+k';n+m,p') ~

m+n
(3.32)

L6

€Xp = Z?¥m+k')[n(l+ gl) + (E-k')(n(l- %i)-7
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1 1
Since k! = o(\/m‘n ), k' = o(m §) and o(n 2), and the lemms

follows with the aid of the easily established bound

(3.33) | (n(14) - n|< ne | m ,< % .

Since b (J, )> 0 and

n+m n+m

(3.34) g b m(d:2) = ’)lT ['zJ+ (l-zJ)_] =1

it follows that the sup over Xn+m of the integrand of (3.23)

< max( b(m;n+m,p')°l, b(m+k';n+m,p')'l ), while from Lemms 2

1
this max is~ - [_En o 72 | ogpig remark and Lemma 1 imply
-
5 3/2
Ml(n,m],k' ) < h(Eﬂ)_ T ;H-III)
h - g
2 2

n“m“max(n,m)

(3.35)

which completes the proof of (3.24),

For the proof of (3.25) we introduce Thenren 2 which will itself be
proved by Lemmas 3 to 7 and Theorem 3, following its use in the comple~
tion of Theorem 1. For the normal density end distribution functions

ve employ the notation
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1 ¢8 t
(3.36) g(t) = (21) 2e 2, F(t) = | (v av.
-00
Theorem 2,
N
For any z in /0,17 , N=1, 2, ..., let
)4 N
(3.31)  by(k,z) = zZI Zp(3) 12(1 (l-zP(J)) K=0, ..., N

where I' indicates summation over all (g) permutations P with

P(1) < ¢oe < P(k) and P(k+l) < +¢s < P(N). Let

N

(3.38) 55 (2) -2 2,(1-2,)
»* N -l
(3.59) K = (k -z ZJ)SN (Z) k = 0’ LY N,
1

Then for any € » O there exists M(e) such that

(3.40) max | oy ()by(k)2) - Bx7) | <

for all N,z sich that sN(z) > M(e).
Broof.

We will obtain that an M(e) of the form (@{¢)+3c)/6(e), where ¢
will dbe obtained from Lemma 3 and 6(€) from Theorca 5, will svffice for
Theorem 2. For the moment we defer the proof and show that Theorem 2

will enable us to complete the proof of Theorem 1.



k9

Returning to the proof of Theorem 1, let

fo,m = Lx !s§+m(z(p')):> g n'm(n+m)'¥;7

£, =

(3.41)
1o S (2 (P D)o (02 (p1)) B8 (2(0))b | (et 2 (p)) |

where

1
(a')'l = [2n m°n(n+m)'¥;72 b(m;n+m,p')

1
(B')-l = [Ton m'n(n+m)-%_72b(m+k';n+m,p?).

From (3.22) and (3.23) we express

-1
M, (n,m,k!,p') = [ Zfeﬂ'm-n(n&m) _

_ 2 -7 1, m(x)dugtm
R;,m 5n+m(z(P')) !
(3.42)
\ 1
v 2
< 52_7 ;up In,m(x)'
n,n

By the triangle inequality



o

oup I, o(x) @ sup |y, (2(p'))by,y(m,5(p7)) - fa) |

R
n,m n,m

(3.43) " sup | #((mei') e, (2000 ))b, (meit,2(p7)) |
n,m

+ sup ]a'¢(m?) - B ¢((m+k')*)! .

n,m

Since lim %é% = 00, Theorem 2 implies
n=00
m=00

(348) Lim sup |8, (2(p) by, p(m,2(p")) - §(m") | = o,

m=00

(3.43) ln sup |f((mex') )=8,,n(2(P))b_,_(mk',2(p')| = o0.
m=00

Since §(t) < #(0) and | #(t)) - B(t,) | <Ig'(1)] [ty-t,

n,m

| @) - g fy | <@t )1k o, (2(0"))

(3.146)
k!

SRR

Me

mHn

for x in R . From (3.44), (3.45), (3.46) and Lemma 2 we obtain
2

(3.47) lim sup I (x) = O,
n=00 R o,m

n,m
m=00
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(3.25) follows from (3.42) and (3.47) and the proof of Theorem 1 is

complete.

4, A CLT for Ln-Concave Extensions of GB.

In order to prcve Theorem 2 we will prove Lemmas 3, L, 5, 6, 7
and finally obtain its proof as a corollary to Theorem 3.

We will make considerable use of the abbreviations

(b.1) [t = greatest integer less than or equal to t -00 <t <oo0,
N
- N
(h.2) 7 = sy(z) et + f 2y 210 /0,17, =00 <t <oo,

as well as of those definitions and abbreviations previously introduced.,

Lemma 3,

There exists a constant ¢ such that

(v

(4.3) s:p g i by (k,2) - _F(t) f_csﬁl(z).

Proof.
bN(k,z) k=0, ..., N has & realization as the distribution of
the sum of N independent random variables Eqr ovey 51\1 vhere ¢ 3 assumes
the values 1 and O with probability zJ and l-zJ, respectively. Berry's
Theorem 171_7'can be applied and asserts that there exists a constant

¢ such that



(]
1 30,1 4=3
(4.k) 0P | I Dy(kyz) < F () | S erglalsg’(a).

Since Pg(z) = Z—zi(l-zd)+(l-zd)5zd_7-5 sﬁ(z), Lemma 3 follows from

Laal e I

(k.4),
If 8oy Byy eeey ay is any finite sequence ol ron-negative numbers

we shall say that it is & f[n-concave finite seguence if

2
) &k ?_ ak-lak+l k - l, 2’ LI ] N"l.

An equivalent definition is

k3-kl . ak5-k2 . akg-k
k2 - kl k3 - 1l=-"2-"3

a

Lemma k.

N
For each positive integer N and each z in /0,17 , bN(k,z)

k=0,1, ..., N is & f{n-concave finite sequence.

Proof.
A stronger result is an easy generalization of Theorem 1lhh [107,

-1
namely that Ly = (g) bN(k,z) k=0,1, .v., N is8 a ’n-concave

finite sequence. Assuming this result, it follows that for 1 <k<N
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_ N, N N, N,2_
By(k=1,2)by(k+1,2) = (e y) Cern ) leaBienn S Gy G g

(.5)
-1 -1

1 1 2, < 1@
(l-l- -N-:l-(-) bh..,k,z) = bN(k,Z)

(+ £)

with equality if and only if bﬁ(k,z) = 0,

Lemms 5,

N
For each positive integer N and each z in /0,17 , b, (k,z) has a

continuous extension ﬂk(k,z) which is fn-concave on -00 < k < 00 and

such that
T .
R (x]
(4.6) sup bN(k,z)dk -Z bN(k,z) < max bN(k,z) .
=00 <I' <00 0 k
=00
Proof.

Fix N,z and abbreviate bN(k,z) by b Let m be any k such that

k'
bk = max. If k< k'< m it follows from Lemma 4 that

mek'  k'ek
> p O=k . mek
P Z By b

whence either bk = 0 or

mek' K'-k
faby, > g fa by + g fady

and in either case i1t follows that
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(4.7) b, < b, k <k'<m.,.

By a eimilar argument we obtain

(4.8) b, 2 by, m<k<k'

and conclude that the set of k such that bk % 0 is an interval,
I=/1,R7. We define a class of functions g(t,M) on =00 < t < oo,
by letting g(t,M) = O for t outside the interval (L-1, R+l) and de-

termining g(t,M) for L-l1 < t < R+l by

o by +M (n(t-(L-1)) L-l <t <L
(4.9) fn g(t,M) = ¢ [n Py +([n br.,t]+l-{n by ) (t- k) L=<t<R
J{n b+ [n(R+l-t) R < t < R+l.

It 1s easily verified that if
(%.10) M > max([n b q- {n b, fr by 1" {n bR)

g(t,M) is a continuous fn~concave extension of bk‘k =0, 1, «.,, N and

o L b R+l b
= L = R
(k.11) g(t,M)at = TiT g(t,M)dt = W -
) L-l R

It follows from (4.7) and (4.8) that if m is any integer such that

bm = max bk and J is an integer
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J
b, , < g(t,M)dt < b L<J<m
-1 3 =7
J-1
(4.12)
v
bJ-<- g(t;,M)dt::_bJ._l m<j<R .
I J-1
From (4.11), (4.12) and the obvious inequality
(1) r (] +1
(4.13) g(t,M)at < g(t,M)at 5[ g(t,M)dt
-00 =00 U Q0
it 1is easily verified that for M>0
r .
[}
~00< r< 00 [ =00 0

Since any M satisfying (4.10) is necessarily positive, a bN(k,z)
which satisfles the conclusion of the lemmsa is obtainable from “(4.9)

with M = max (fn bL+l-[n b, [n 'bR_l-[n be) .

Lemma 6.

If b;(k,z) is any function on -00< k< oo which satisfies the

conclusion of Lemma 5, then for every N,z
° ¥
sN(z) bN(t »2) -00 < t < oc

is continuous, non-negative, and [n-concave.



56

Proof.

The only non-obvious part of the conclusion is the [n-concavity.

For any 0< c < 1, =00 < tl, t2< oo

fn sb (q[Etl+(l-c)ta;7+z) = fn s+fn b (c[3t1+§;74(1-c)[3t2+;;7)
and by the concavity of fn b°(k) it follows that

fo b (c/st +L T+(1e¢) [t #42]) >¢c fnd (st1+4E)+(1-c)fn b (st #Z).
From these relations vwe obtain the desired result:

{n s~b°(s[§£l+(l-c)ta;7+£) >¢ fn sbo(stl+£)+(l-c) [n be(st2+z) .

Lemma 7.
[~
if bN(k,z) is any function on -00 < k < 00 which satisfies the
conclusion of Lemma 5

~t

sup l sN(z) b;(v'*,z)dv - F(¢)
v =00 '

< Q‘g[+2c_
N
where the constant c is the ¢ of Lemms 3.

Proof.
By the triangle inequality and a change of varicbhbic of integration
ve obtain that
.t

H oy (2o (v 2)ay - () | 5
¥ =~0Q i
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£ o [¢-%] ft"*]
bN(k,Z)H‘(- g bN(k,Z) .

é: “bN(k,z) -F(t) ] .

+

~00

By Lemma 5 the first term on the right < max bN(k,z) and it follows
k

from Lemma 3 that the sum on the right is less than

mix by (k,2) + E;%ET < s:p[f;ﬁ_(t*) -_EFK(t-l)*)_7 + s;?zf <;Q£;%;;C
and this completes the proof.

5. A DCLT for Ln-Concave Functions.

Theorem 3.
Let C be the class of all functions f(t) such that f£(t) 1s defined
on -0o<t < o0 and is continuous, non-negative and [n-concave on

that domain. For any f in C let D(f) =

sup l [ £(v)av - F (t) l « For any e> 0, there exists § = §(¢)
t

-00

such that

D(f) < 6(e) implies sup | £(t) - #(t) | < e
t

uniformly for all f in the class C.
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Proof .
We shall restrict our attention here and throughout the proof

to the subclass of C for which D(f) <% .
®

It follows from { f(v)av > -é- that sup £(t) > 0. From
¢

=00

the [n-concavity of f we obtain that [t ‘ £(t) > -é- sup £(t) 7

©
is an interval, while from the continuity of f and .r f(v)av

Y =00
< 3/2 it follows that this interval is closed and bounded. We
deduce from this result that M(f) = [t| £(t) = max_/ is non-
empty and, by the [n-concavity and continuity of f, is a closed
interval, say [Ta(f), b(f) 7.

If a(f) < t; < t, we have from {n-concavity

21

N (£)
(n f(tl) > W [n fla(f)) + E-a-:;m [n f(tE)
and since fn f(a(f)) is maximal it follows that
(5.1) f(tl) > f(ta) a(f) < ty <t

We similarly obtain that

(s 23 £(,) < £l T <ty s W)

If 2D(f) < 6 and b(f) > 3m for any choice of positive § and
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positive n, it follows from (5.1), (5.2), and the observation

that ¢ is also in C with M(¢) = /0,0 7, that

n n

NP6 < | fv)aves < J £(v)av <nt(n) <
v 0 0
(5.3)
=y -y
nt(2n) < f(v)dv < [ g(v)dv + § < n g{2n) + 6.
J g,h L 2'7)

Since the choice of 6 = n/ @#(n) - $(2n) 7 /2 contradicts the above, we
conclude that 4D(f) < n /[ @¥(m) - #(2(n))_7 implies b(f) < 3n . A
similar argument leads to the conclusion thet if UD(f) < v/ @(-n)

- §(-2n)_/ then a (f) > =3 . Letting

[ [P - 8597 €21

(5.4) 8le) = 3

| Y3 -457 ¢>1,
it follows that
-e <a(f) <b(f) <e¢

uniformly for all f in C such that D(f) < GM(e).
It is easily seen that @(t) satisfies a Lipschiiz condition on
-00 < t <oo. Let L be such that §¢(t1) - ¢(t2)‘ < L |-ty .

Let e,t be arbitrary positive numbers and let & = min/ e/2L,t/2 7.
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For ary £ in C such that D(f)< min [~ ae/h,SM(t/e)_] we obtain

t+6 t+6
6@(t)~be < BF(t+5)~ 9-2- < [ @(v)dv=- % < J £(v)av < 6£(t)
(S 2% # t
and
t t
8t (t-8) < { f(v)av < [ g(v)dv+ é% < 5¢(t-5)+-£§ < 8¢(t)+ B¢
J t=8 J -6

whence

g(t) - e < £(t) < £(t=8) < @(t) + ¢.

Since t/2 and GM(t/Q) are non-decreasing functions of t on (0,00) we
obtain for any € > 0, h > 0 that if D(f) < min/ T, SF, 8,(1/2)_7
then ’f(t) - ¢(t), < € uniformly for allt > h. As is probably clear
from the symmetry of @(t) we can by & similar argument obtain the

same conclusion for ¢ < -h. Letting

2
(5.5) §,(€) = min['g-ﬁ, gé, qw(h/e)] € >0, h >0

it follows that

(5.6) sup |f(t) - #(t)]| < e
1t/ >h
uniformly for all f in C such that D(f) < 6, ().

If |t|< hand f is in C

fo £(t) > gi-ﬁ [n £(-h) + 5
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and if D(f) < 6h(5/2)
fo £(8) 2 522 (n/ B(-b)= 5 70 522 fnf B(0)= 57 = o/ B(n)- &7
whence £(t) > g(h) - E

and  £(t) - §(t) > #(h) - #(t) ~ % > - uniformly jt| < h

provided h < ¢/4L,
If 0<t<h, 0<mand D(f) < 8, (n)

fn £(n) > -5;}11_-5 o £(t) + gﬁ% fn £(2h)

and hence
(o £(t) s 22 o £(n) - B2 g s(on)
2h-t
b & /'¢(h)+r)_7-  fn /W eh)-n 7
S oL omyn s B ol om)en 7= o n)n 7 |

A

(o B 7 { Ao n)on T~ fof B(2)n7 |

uniformly O <t <h, If n+ 2Lh < @(0) we have

(n)+ . Bh)-g(eh)e2n | Ihen
S -1 fohyn—— = PO)-mihn

and the inequality {n(l+#x) <x x # 0 yields
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fn 2(3) < fn [B0)n T+ grivest— 0<t=<h

or equivalently

8t) < [T » exp [ groppa= 7 0<t<h

whence, 1f 3Lh + 37 < g(0) we obtain from the ineguality & < =+

x <1
2e) < [y 7 - [ G 7 o<ecn
and

2(0)-(t) < L) JOEN - i) 70 m O

Lh+2n) #(0)

< #(n) #(0)-3Ih~3n * M F(O)=3h-31

(0){(Lh+3n)
< %(O)-sm-gn 0zt=h,

Replacing m by e/12 we have that if 6Ih + /2 < @#(0) our previous
conditions of this type will be satisfied, and for any h such
2th < /2

(5;7) £(t) - g(t) < ¢ 0O<t<h

uniformly for all f in C such that D(f) < 5h(5/12).
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A similar analysis could be applied to yield the same result

for the t-interval Z_'h:Q;7 and the combination of this with the
results of the two preceding paragraphs yields for anye >0, h >0
such that 4Lh < & and 6Lh + ¢/2 < #(0)

(5.8) sup | £(t) - g(t)] <
It <h

uniformly for all f in C such that D(f) < 5h(s/l2).

With h'(e) = &/5L we define

_ ‘ 81 (¢)(e/12) 0 < e < L@(0)/7
(509) 6(5) =
L 8(Lg0)/7) LE(0)/7 < &

and since §(e) < Sh,(e)(e/2) the proof of Theorem 3 is complete
with this choice of 5(¢),

Examination of Gh,(e)(e/IZ) reveals that 6(e¢) is expressible

| &

(5010) 5(5) =y
[ 8(Lg(0)/7 LE0)/7 < ¢ .

There would be considerable interest in securing a larger 6(¢) which
would satisfy Theorem 3 and this would seem readily possible since

our construction had little concern with the attainment of arith-
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metically optimum results,

6. A DCLT for GB: Corpietion of Proof.

We complete the proof of Theorem 2 by noting that Lemmas 5, 6,

and 7 imply there cxists b;(k,z) such that
sN(z)b;(t-*,z) is in C
and
D(sy(2)oy(t7,2)) < (#(0)+30)/8y(2).
Thus, if sN(z) > (#(0)+3c)/5(e) Theorem 3 implies

b (t,2)-B(t*) | = b (™%, 3)-#(t) ] <
L | ay(adoy(t,e)-f(2T) | Lo fay(a )y (v, 8) 4K ) <e

and hence

m:x isN(z)bN(k,z) - ¢(k*)' < ¢,

This finishes the proof of Theorem 2 and displays an M(e) =
(#(0)+3c)/6(e).



CEAPTER III.
EXACT AND ASYMPTOTIC DISTRIBUTIONS

ASSOCIATED WITH A KOLMOGOROFF STATISTIC.

1, Definitions.

Let Xl, xe, «.. be & sequence of independent rectangulsr random

variables on (0, 1),

Sn(x), the empiricel d. f. defined by the set Xys Xpy vy X,
. sup
D, = x /[ S (x) - Fx)_7,
+ C
P(c) =Pr /D << 7,

X(k), the k-th order statistic of the set Xl, ooy X,

2. Expresslons for Pn(c), ¢ an Integer Between O and n,

it

C
P.(c) = Pr /8 (x) < x +2 for all x 1n (0, 1) _7

(2.1)

t

pr/s_(x(¥)) < x(®) +2 k=1,2,..,10_7

since Sn(x) - X 1s monotone decreesing in x except for the points X(k)

Equivalently,
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k) k-c
Pn(c)=Pr[x( )>—-ﬁ- k=1,2, ..., n_/
1 ™n Xoe2 c+l (~x2
= n! . [ v ;
n-¢ J n-¢-1 J 1 0 J 0
n n n

(2.2)

dxl. . .dxc dxc+1. . .dxn_l dxn

=n ! ‘e -9-t:!‘———dx ooalx ex .
: ¢l c+l n-1"n
JB=¢ | n-c-1 1
n n n
Transforming by
xc+k - -ﬁ = yk k = 1, 2, sray n'C,
We can express Pn( c) ae
c 1 1 ol
Fx Yn-¢* n Y3*n Y2t 1
(2,312 | (7,+ 3)°4y.85,. . dy,_ .4y
*7e! ; e | 1" n’ "1V2" " Vhee-1"nec"
Jo o o Jo
Define
[t z,+8 RN
R(k,a,t) = k! i J J dz)...dz, dz, k=1,2, ..,
V0 0 0

R(0,8,t) = 1.

We obtein from (2.3)



n! > n 2 c+l
Pn(C) = W ss e (y2+ ';'1) dye re0 dyn.c
0 U0
. c+l
N 1 lc
- \C+l) ('17‘1) R<n"°"l:1—1:'ﬁ):
c L
n! n 4" n 3 c+2
= c+2 " ) s o0 (y3+ n) dy5 s e dyn_c
Y0 0

2 c+J
n,J lg¢
- JZ=1(G+‘}(E) R(n-o- :'ﬁ;;))

and by an obvious induction

n-c c+J
(2py(e) -1 - 2 (D Rl D)

In order to eveluate the R-function involved in (2.4) we introduce the
following lemms.

Lerma.

R(k,a,t) = t(t + ka)E™! k=0,1, ...

Proof':

Obviously true for k = 0, 1 and essuming for k = r-1

67



r-2
R(r,a,t) = (zr+a)(zr+ra) dz

I
2

v O

- r(z+al£i+ra r-1 i§+r8) 7 t(t+ra)r'1

Using this result in(2.L4) we obtain an expression for Pn(c) =

+_c
P/D < < _/ (with ¢ integral),

n-¢ c n k+C(l - _)n—k-c—l
— - )
Pn(c) =1 kﬁl n (k+c)(n)
(2.5)
n-c
=1- z B(n,k+c: =),
k=1

where B(n,r; p) = (1) p' (1-p)"F

We can obtain an alternative expression for Pn(c) by firset express-

: c
ing (yl +-%) in terme of R-functions, then evaluaeting (2.3) directly.

For 1t can eassily be shown that

™Mo

1.6 _y.c=J 1
+ 3) (ch)('ﬁ'Q) R(k:?];;yl"' 3),

]

= =z

whence, inserting in (2.3) we obtain
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c c-k
n,,~k le¢
P(c) = L (D)ED  R(n-o4k,3,2)
k=1
(2,6)
c
c ~k
£ —= B(mn,-k+c; —).
k=1 n+k n

Comperison of the expressions for Pn(c), (2.5) and (2.6), leads to the

identity
k=n-c
C k
kfc o Bloykee; 2) = 1 c £ 0.

3, Expression for Pn(c), ¢ Any Number Between 0 and n.

Let ¢ be the grestest integer less then or equel to ¢. By & slight

modification of the derivation of (2.5) we obtain

n-c -
(5.1) P’l(c) = 1 - z < - B(n)k';a; k-nc-c )c
i k=1 n-k+(c-c)

i

-

4, The Asymptotic Distribution of n D;.

no

Theorem 4,1,

Given any seguence 2, such that

|
Ol

(e) 1lim z =2z >0 and izn-z§< Kn
n = oo
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1
(v) n?zn is integral for each n

then

1

=3 2

lim P (nezn) =1-6722
n = 0o
Theorem 4.2,
% -222
For any z > 0 1lim Pn(n z) =1 -0 .
n=00

Proof of Theorem 4.2,

Result 1s trivial 2 = 0, and z > 0 the sequences with respective

n-th terms

1 1 11

n E(nez), n °(n z + 1)

nJhJ!

satisfy the hypothesis of Theorem 4,1 and

1
2
Pn(n z) < Pn(n z) < Pn(n z + 1),

nﬂrdl
mhal

Proof of Theorem 4.1. 1

Throughout the remainder of Section 4 we will consider ¢ = n°z .

From (2.5) we obtain

1

= n-c

2 =1 = ne k1
(4.1) Pn(n zn) =1 El - B(n,k+c; n) o

It cen easily be shown via Stirling reletion and the usual {n expension

that



T

lm fn(t) =
n = 00
1
(4.2) 3 -3 2
[ 2nt(1-t) _72 z exp/-2°/2t(1-t) _/ uniformly 0 < a<t<bh <1
where
k n
fn('ﬁ) =-I-1—f—k B(n,k+c; =) .
Hence
k=nb
m  um 5 £ (53
8 =0 n=o00 k=ns
b =1
(4.3)
1 - —
[2nt(1-%)° 72 2 exp/Sz2/2t(1-t) Tat = 1(z).
Vo
Transforming L(z) by ¢t = sin2<g and performing some elementary reductions
we obtain
-2z2

L(z) = o .

It will be sufficient to complete the proof to show

— ne. k.1 — n-c k. 1
(h4) lim Im = £ @) =1mllm £ £ (5 =0,
8=0 n=o0o k=1 b=l n=0o k=nb

For this purposs consider fnfg) in the form



T2

J-1
ne e & (L-om
B pin; &) - T - :
n-k ™0 n 1 (1 +_£)

From the Stirling relestion we obtain an upper bound for the first factor

Ak
3 2
nc k k Xk 1/12
(4.5) +5 B(n,k; ;'1) <[21r(-!-1)(l- -ﬁ) 7 2@ / s
while using the inequality
r ry _
T <M D) <2 = 5-1, 4o,
we obtaln
-1
¢ (1 - -'L-) c
“k 1. 3
fa 3( - o<- s [Ee ek
=1 (1 + 'IJ:) jop £ 0 T kel

= S} .- o) slerl)
=1 <k  k+c -~ 2(n~k 2(k+c

But, since 1 < k< n-c and ¢ 18 (as tiroughout this section) n 2,

Ol

¢ (1- .\tl-) 2 2 2 2

n-k’ 1 __ ¢ _e¢ 1 __c _n

(b.6) fn ?le (1+ 4) 2T K C B(kre) ~3 " 3ok " 3
k

(4.5) and (4.6) yield



T3

k=p _1 ZE
ky 1 2 . I ,+_.n
f__’. fl‘.(‘:—l) E < (21{) zn rmp[ 15 + 5 5 ___7
¥y
k=p -1 -2
k 2 ko 2 2
c L () T (1-3) € exp/-z k 1
k=p1 n n n/2(1-n) __7- = .
Thus
na 1 t=a —-%’ [ > _3
L P (=)= <Mz.)=z t exp/-2z D )
kep RR'D n¢ 1 /n n/2(1-t) / = (1-t) ¢ .,
-3
To use (a) of the hypothesis we note that ,zn -z|< Kn 2 implies
"
that z,> 2z - Kn e and therefore
1
2 -3
~-z2_ <=z + 2Kn .
Hence
-1
£ (—)3'-< M(z_)e & Z, ¢ (1-t) e %1
n‘a'n n 1 n
k=1 f==
n
and
na.
m Tim & fn(;-l_‘l)%1
a=0 n=o0o k=l
2
a s
- -39 -
< M(z) limj g1/ (1432 o B(1-R) 4y
a=0

0



Similarly

_K_Z_ 1 Z’2
n-c z_ b=l = -
t ot (Elanz)e® 5 B 412y yy3/2, 2 1L

and

n=-¢ ) .
lim Tim = fn(-lr-i)%
b=1 n=o0o k=nb

2
.1 oz
[ £ 20.0)73/2 o 2TFE) 40 L

b

< M(z)eX 1im
b=l

’

\J

thus completing the proof of Theorem 4.1 by proving (L.4),

5. Some Associated Probabilities,

We can use the machinery of Section 2 with some slight modifica-

tions to evaluate some similar probebilities. Thus we find

Pr/S (x) < A for all x in (0, 1) 7 AD 1

i

Pr[Sn(X(k)) <™ w1, 0,07

#

(5.1) e/ (%) > L k=1,...,n7

fi
Hy
&
w2
1
Lt
L]
|
v
o
o
L
-
-
B
~J

[
to
B

If A> 1 and ¢ is integral such that 0 <¢ <n,



C
Pl'[sn(x) 5 AX + -l’;. for all x in (O) 1)_7

(5.2)

n-¢
k=1 n- et

For A = 1 this reduces to (2.5).
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11.
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