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1. INTRODUCTION

In the classical two-sample problem, given two independent samples
from two (continuous) distributions F and G, we intend either to
test for the identity of F and G or to estimate some parameter which
relates G to F in a meaningful way [e.g., G(x) = F(x-6) where 8 is
the difference of locations of the two distributions]. 1In an extended two-
sample problem, we conceive of two independent samples from two continuous

distributions F* and G* respectively, where

Fr(x) = Q(F(x) , G*(x) = Q,(6(x)) , (1.1)

Q1 = {Ql(u), 0<u<l1l} and Q2 {Qz(u), 0<u<l} are known, non-decreasing

functions (with Ql(O) = Q2(O)

1]

0, Ql(l) = Qz(l) = 1) and the basic (con-

tinuous) distributions F and G are not specified. We intend to test for

HO: F=G (without necessarily assuming that Q155Q2) . (1.2)

[If Q155Q2 then F=G => F* =G*, so that the classical theory holds.]
Also, relating G to F in a meaningful way, we desire to estimate the
allied parameters based on the observations from the distributions F* and

G*. As illustration, we consider the following:

Example 1. Consider a system with k(= 1) electric cells connected in ser-
ies (i.e., the low potential pole of the i-th cell is connected to the high
potential cell of the (i+l)-th one, for i=1,.,.,k-1) and assume that

each cell has a life distribution F. Then, the life distribution of the

system is F*(x) = 1-[1—F(x)]k. Suppose that there is a second system with ‘
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£(2 1) cells in series and the life distribution of each cell is G, so
that the system has a life distribution G*(x) = 1“[1%G(X)]£. Thus, for
samples relating to the two systems, (1.1) holds with Ql(u) = 1—(1—u)k

Q,(u) = 1—(1—u)£.

Example 2. Suppose that in Example 1, the cells are connected in parallel
(i.e., all the high potential poles are connected together by a conducting
wire and all the low potential poles together in the sameway), Then,
F*(x) = [F(x)]k and G*(x) = [G(x)]ze Also, if C be the individual
capacity of the cells and the system becomes inoperative when its capacity

is less that C* (where, for some r: 1<r<k, (k-r)C < C* < (k-r+1)C),

then F*(x) Z?=r(?)[F(x)]j[l-F(x)]k“j. A similar case holds for the
second system. In both these examples, k and £ need not be equal.
Similar examples arise in problems of reliability theory and competing
risks.

When Q155Q2, F=zG = F* = G*, and hence, the classical nonparametric
theory holds, We intend to show that so long as Q1 and Q2 are specified,
the classical theory can readily be extended and suitable rank tests can be

constructed. Towards this, note thatunder H. in (1.2),

0

6*(x) = Qy(F*(x)) where Q(w) = Qy(Q] (W) , Osusl,  (1.3)

and QO is a specified, non-decreasing function with QO(O) = 0 and
Qo(l) = 1. This representation (characterizing the distribution-free
nature of rank based tests) is exploited in Section 2 in the proposal of
suitable rank tests. The asymptotic distribution theory is dealt with in

Section 3 and this is incorporated in Section 4 in the study of optimal rank



statistics for some local alternatives, Section 5 deals with the allied
estimation problem and some general remarks are made in the concluding

section.

2, THE PROPOSED RANK TESTS

Let xl,...,xm be independent and identically distributed random
variables (i.i.d.r.v.) with a continuous distribution function (df) F*(x),
and let Yl,.._.,Yn be i.i.d.r.v. with a continuous df G*(x)}, where F*

* i = -
and G satisfy (1.1). Let N = m+n and Rnl""’RNm""’RNN be respec

tively the ranks of X X, Y

100 Xy 1,...,Yn (in the combined sample); by

virtue of the assumed continuity of F* and G*, ties among the obser-
vations may be neglected, in probability, so that BN = (RNl,...,RNN) is
a (random) permutation of (1,...,N). Let aN(l),...,aN(N) be a set of
(real valued) scores and we consider the usual two-sample rank order

statistic

T, = m_12?=laN(RNi) (2.1)

and with suitable {aN(i)}, we intend to use TN as a test statistic.

Let Iy = (rl,...,rN) be any permutation of (1,...,N) and let RN

be the set of all possible N! permutations. Then, we have
~

m
P{Ry =y |Hy} ]'O‘J | l dF* (2,
i=

z <.,.<2
1 n

n
) TTae*@ . )
j=1

i m+]j

m n
fj TTa, TTda,u, ) (2.2)
i=1 ij=1 m+j

O<u1<...<uN<1 1=

N 1- X
JJ 1 d(ur Xr[QO(ur)] "] » YIyeRy

0<u1<...<uN<1
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where
1, r=r ., for 1<i<n
X = (2'3)
0, r=r, , for 1<i<m, for 1<r<N,

[Thus, there is an one-to-one correspondence between Iy and the Xy

0
does not depend on F, so that a test

1<r<N.] Since Qo(u), 0 <u<l is specified under H_, in (1.2), the
distribution of BN’ under HO,

based on EN (and hence, on T in (2.1))1is distribution-free. Note

N
that for Qo(u) Z u, the probability function in (2.2) need not relate

to a (discrete) uniform distribution over the n! realizations {gnesRN}.
Nevertheless, the distribution can be enumerated by using (2,2) for a given
Q0 for finite m and n. For instance, in Example 1, Qo(u)==1—(1—u)a

where a = £/k(> 0) (as 1-G*(x) = [lnG(x)]z = ([1-F) 192 = a-FreD),

and hence, (2.2) reduces to

-1
n
n T , ¥r. eR . (2.4)
This familiar expression arises in the so called Lehmann [5] alternative
case for the classical two-sample problem (though, there it relates to the
alternative hypothesis, whereas, here, it relates to the null case). Simi-

lar expressions hold for the second example.

We may note that for every r: 1<r<N,



1) w ) )
P{RlezrlHO]:={§§=1(2-1J(rTs]J [P (01° T R 0170

[G*(x))]r‘stl—c*(x)]“‘r*de*(x{]pzc (2.5)
T m-1}{ n 1 s-1 m-s T-S n-r+s
= 2 [5_1] {T_S]Jou (1—11) [Qo(u)] (l—QO(u)] du )
s=1
so that
E[Ty[Hy] = Elay(Ry;)[H]
= T ay (PR =lH ) (2.6)
Similarly,

E[TEIIHO] =m‘2{mﬁ[a§(RNl) [ ]+ n(m-1)E[ay Ry day (Ry,) [Hy)
- m'lzli:lai(r)P{RNl = r[H ) (2.7)

-1, N _ )
+ (1-m )Zrzs:laN(r)aN(s)P{RNl—r, Ry, sluo} ,
where for every 1<r<sc<N,

P{Ry, =T, RN2=5|HO} = PR, =T, RN1=§|HO}

- (m-1)! n!

= 121 jzl DTG -D mo1-3)7 (x-1)1(s-1-3) ! (n-s+i+j)1

s-r-j |

: JJ w2 an " g, 17 e () gy ()]
O<u<v<l
. [1-Q0(v)]“’5+i+5dudv . (2.8)

Thus, for a specified Qo’ E(THIHO) and V(TN|HO) can be computed.

As m or n increases, the computation of the exact null distribution




of TN (or its mean and variance) becomes prohibitively laborious, For
this reason, in the next section, we take recourse to the asymptotic cage

and provide simple approximations under appropriate regularity conditionms,

3. ASYMPTOTIC DISTRIBUTION OF TN

Let u(l)=1 or 0 accordingas t is > or < 0 and define

Fre0 =n T utex) , GrenTjueeY) (fesx<e)  (3.D)

>‘N = m/N and Hﬁ(x) =)\NF;“1(X) + (I—AN)G;(X) , =®< X<, (3.2)

Thus, F;, G; and Hﬁ are respectively the first, second and combined

sample empirical df's. Let then
H*(x) = ANF*(X) + (1«AN)G*(X) s, = ®< X <o, (3.3

[Note that H* may depend on N through AN; for notational simplicity,
this dependence is understood.] We conceive of a score function ¢ =
{¢(u), 0<u<1} such that ¢(u) = ¢1ﬁﬂ —¢2(u), 0<u<1 where both ¢1
and ¢2 are absolutely continuous and non-decreasing with
1 1

folcpj W {ta-t)} %t <w , for j=1,2 . (3.4)
[This is slightly more restrictive than the square integrability condi-
tion of the ¢j, but, is less restrictive than fé|¢j(u)|rdu < o for
some r>2, j=1,2.] Then, we assume that the scores {aN(i)} are

defined by
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ay(i) = $(/QWD)) or E6(Uy) , for izl NE1, (.9

where Uy, < ... < UNN are the ordered random variables of a sample of
size N from the rectangular (0,1) df, In particular, when ¢(u) = u
(or the inverse of the standard normal df), aN(i) = i/(N+1) (or the nor-

mal scores). Let us then define

U= J ¢ (H* (x))dF*(x) , (3.6)
Oi =2 ” F* (x) [1-F* (y) 191 (H* (x)) ¢ ' (H* (y))dG* (x)dG* (y) (3.7)
-0 X<y <o
0; =2 ” G* (x) [1-G* (y) 19 (H* (x))¢' (H* (y))dF* (x)dF*(y) .  (3.8)
_00<X<y<0°
Note that under HO in (1.2), we have
1
U=y = J0¢(>\Nu+ (1-2)Qy (u))du (3.9)

ot =0t =2 ” (1) 6" (hu# (1-A)Qp ()" (hgv+ (1-3)Q (v))dQy () dQy (V)

O<u<v<l (3.10)
2 _ 2 _ _ '
05 =050 =2 ” Qp () [1- (V) 18" g+ (1-1,)Qy (WD) (Aygv+ (1-1) Qg (v) ) dudv.
o<u<v<l (3.11)
[The dependence of u, M 02 02 02 and 02 on N through A is
* Yo’ Y12 T10° T2 20 N

understood.] Finally, we assume that there exist a AO (0 <k0:£%) and

an No(z 2), such that

(0 <)>\0 < A, < 1—A0(< 1) , ¥ N=2N

N (3.12)

0"

Then we have the following.
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Theorem 1, Under the assumptions made above, max(gi,cr;) > Q0 1insures

that as N » », for every real x(=~ ® < x < ®),

X .2
PIN (Ty-n)/oy <x} » (2n)“4f e gt (3.13)
where ~
02 = (1A Mot/ + 05/ (-0} (3.14)
and further
N%IE(TN)—ul ~0 and NV(TN)/Oﬁ > 1. (3.15)

The proof of (3.13) follows directly from Theorem 2.3 of Hijek [2]

~after noting that our TN is a special case of his statistic (where

C = =cm==1, Coel ™ =cN==0), so that his expressions in (2.9) and
(2.10) simplify considerably and also our (3,4) insures his square inte-
grability condition. The second ascertain in (3.15) also follows from
Hijek's Theorem 2.3. In fact, we have strengthened his square integrabi-
lity condition to (3.4) with the objective of using Theorem 1 of Hoeffding
[4] which insures the first ascertion in (3.15). 1In view of these, the
details are omitted,

Note that Theorem 1 covers both the null and non-null cases. In the

null case, Q0 is specified, so that by (3.9)-(3.11), all the quantities

2 2 . - . 2 2
“0’ 010 and 020 are also specified, and hence if max(clo,ozo) > 0,
then
1L
* = 2 - ~
ZN N (TN uo)/GNO N(0,1) (under HO) (3.16)
where
2 2, 2 2
0o = (1-A) {olo/xN-rozo/(l-AN)} . (3.17)
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Thus, a large sample test can he based on Zﬁ using the appropriate
percentile point of the standard normal df, As illustration, we con-~
sider the case in Example 1 and Wilcoxon statistic (i.e,, o) = u).

Then, we have

1
Wy = fO{XNu+(1HxN)[1’(1“u)a]du==1 “%KN ,(J_AN)/(3+1) , (3.18)
0§O:=232 JI u(l—v)(lnu)a"l(l-v)aﬂldudv:=2a2[(a+1)(2a+1)(2a+2)]‘1(3.19)
O<u<v<l
0§0==232 JJ [1--(1—u)a](1--V)adudv:=2a[(a+1)(a+2)(23+2)]"’1 (3,20)
O<u<v<l

where a = £/k. Hence, (3.17) holds whenever 0 < a < «.

4, LOCALLY OPTIMAL RANK TESTS

Here, we shall consider some local alternative hypotheses (relating
G to F), and in this context, study the optimal choice of score func-
tions. First, we consider a sequence {KN} of Pitman-type translation
alternatives, where

Ky G(x) = G(N) (x) = F(x+N"1/26), 8 real (and fixed) . (4.1)

Also, we assume that

1imN_)w)\N = A exists and O0<A<1 . (4.2)

Further, we assume that ¢(u), Ql(u), Qz(u) have continuous first order
derivatives ¢'(u), ql(u) and qz(u) respectively for almost all

u(0<u<1) and F(x) possesses an absolutely continuous probability
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density function f£(x) for almost all x. Let p(n)(ﬂl be the value

of u in (3.7) when K

N holds, Then, by some standard steps, it fol-

lows that

lim
N-*o0

N%(u(N)(e)wu0)==6(1~X)f £2 (x)q, (F(x))a, (F(x))' (AQ (F(x))+(1-0)Q, (F(x)) ) dx

«00

=0(1-1)B(F,Q;,Q,,9,A) , say ; (4.3)
lim 2 =2 lim 2 _ =2
Nooo ol(N) = 010 and Noroo GZ(N) = 020 (4.4)
2 2 1 1 * =
where GI(N) and OZ(N) are defined by (3.7) and (3.8) with G*(x) =
1 _ —
Q,(F(x-N"%6)) and "io and ogo are defined by (3.10)-(3.11) with Ay

1
being replaced by A. Hence, under {K.}, Né(T -u.) /o has asymptoti-
N "0 NO

cally a normal distribution with unit variance and mean
BB(F,Q, Q6,0 /52 /A + 520/ (1-1)}? (4.5)
1 S A 10 20 )

where both 5?0 and 530 also depend on F, QO’ ¢ and A. Thus, an

optimal choice of ¢ should maximize (4.5) (for a fixed 6) and, in

general, this depends on F, Ql’ Q2 and A in a rather involved way.

In particular when Ql(u) = Qz(u) Q(u) (= ql(uJ = q2(u) = q(u)) but

q(u) not necessarily equal to 1 for all O<u<l}), (4.5) reduces to

\ 2 2 ] 1, 1 2%
(1-2)e6(| £ (x)q (F(X))¢'(Q(F(X)))dX) " (u)du-{| ¢(u)du . (4.6)
0 0

-0
If we define

Y (u)

"

- [£(99" (F0)/a(F () + £ /£ g (5 () yu

- [(/dx)Tog qFEIIEC ) gp(xyymu > O <UL 5 (4.7)
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and note that féw(uldu==0, we obtain then by partial integration on

the numerator of (4.6) that (4,6) is equal to

1

1 ) 1 L
m«x)eU (¢ (u) - Y (u)du / U (¢(u)-$)2du} (4.8)
0 ’ 0

where ¢ = fé¢(u)du. Thus, here an optimal choice of ¢ is

$(u) = Y(u) . O<uc<l. (4.9)

This is a direct extension of the parallel result for the calssical two-
sample problem where q(u) =1 so that Y(u) = —f'(F“l(u))/f(Fvl(u)),
O<uc<l.

Let us next consider a sequence {Kﬁ} of scale alternatives, where
- |
K G(x) =G(N) (x) SF(x(1+N %0)) , © real (and fixed) (4.10)

(with 8>-K, K21 for every NZKZ). In this case, in (4,3), the inte-

gral has to be replaced by

f x€2 (g, (F())a,(FCO) $10Q (F) + (1-NQ (X (4.11)

-00

and a similar change is needed in (4.6). Similarly, in (4.7) and (4.9),

P(u) will have to change to

pr) = - 1 - [x{(d/dx)log a(FIE gk (x))=u (4.12)

-1 - {F*_l(u)}w(u) , 0<u<1l where F*(x)=Q(F(x))

In either case, it may be observed that for Q155Q2, though the null dis-

tribution of TN agrees with that in the classical two-sample problem,
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the asymptotic power function and the optimal score function are

generally different and depend on q'(u) as well as f£ft(x),

5. ESTIMATION BASED ON TN

In the classical two-sample problem, the problem of estimation
based on linear rank statistics has been treated by Hodges and Lehmann
[3] and Sen [7]. In view of the results in Section 3, we shall extend
it to the extended two-sample problem as follows. Suppose now that

(1.1) holds with

G(x) = F(x+6) where © (real) is unknown , (5.1)
and our problem is to estimate €6 (based on Xl,...,Xm and Yl""’Yn)’
Let us denote then

H;(x) = }\NF*(x) + (1-XN)G* (xv)
= AQ; (F(x)) + (1-A)Q, (F(x+6)) (5.2)

and since Ql’QZ are non-decreasing, it follows that Ha(x) is also

non-decreasing in 6. Also, P{Yi +8 <x} = G*(x-0) = QZ(F(x)), Vizx1l.
Thus, TN(Xl,.
T(Xl,...,Xm,Yl,...,Yn) under ©6=0. On the otherhand, if aN(l) <...%

..,Xm,Y1+6,...,Yn+6) has the same distribution as of Tn =

aN(N), then the rank of Xi among xl,...,xm, Y1+a,...,Yn+a (denoted
by RNi(a)) is & in a(- < a <« for every 1<i<m. Hence,
TNﬁa) = TN(Xl,,..,Xm, Y1+a,...,Yn+a) is also Yy in a. Thus, if we

denote the right hand side of (2.6) by UNO’ then by alignment, we
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may consider thé following estimator. Let

@N,l = supia; Ty (a) >uN0} (5.3)
By, = inflas Ty(@) >y} (5.4)
The proposed estimator is
B, = > (By L+ ) (5.5)
N~ 2 “N,1 "N,2°° )

As in the case of the classical two-sample problem, 6N is a translation-
invariante, robust and consistent estimator of 6, Further by virtue of
Theorem 1 and the asymptotic simplifications made in Section 4, the proof
of Theorem 4 of Hodges and Lehmann [3] can be directly adapted and this

yields that under the assumptions made in Sections 3 and 4, as N =+«

1
5 N — -

NE(8-8) ~ N(0, (5, /AsT50/ (1-X)}/B (F,Q ,Q5,0,1)) (5.6)

where B(F,Ql,Q2,¢,A) is defined by (4.3). For instance, in Example 1,
if we use the Wilcoxon scores (i.e., ¢(u) Zu), we obtain from (3.19),

(3.20), (4.3) and (5.6) that

1
2

N 2
N (eN“e) ~ N(O’Ykﬂ) » (5-6)

where
00

2 | a a 1 (2 kele2 . V¥
Yye ~ La+1)z {)\(Za+1) T (a+2)}/(k | £ A-F&) dx)l

)

_ 1 k 2 * 2 k+L-2, \2
L&(k%)z {)\(Zk%) MY (_1<+2£)}/{J £ a-F)) dx}]'

-0
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Similar expressions can be derived for the second example, In this
context, we may refer to Brown [1] for some related estimation pro-
blems based on the maximum likelihood procedure, A natural question
arises whether Yie is a minimum for k=£=17? In general, it need

not be.

6, SOME GENERAL REMARKS

By virtue of (1.3), it is intuitively appealing to consider a

Kolmogorov-Smirnov type test statistic:

— Sup 1/2 * *
Dy = o N7[G*(x) - Q,(F*(x))] (6.1)

(or the one-sided case) where the empirical df's are defined by (3.1).

With the Xy defined in (2.3), we have

1
= N2 max
Py = N {lsisN

1 L 1 L
X jzlxj —QO[; jzl(l-xj)m : (6.2)

As such by using (2.2) and the one-to-one correspondence between BN and
{Xr’ 1<r <N}, the small sample distribution of DN can be obtained (under
HO). For large m, n this becomes quite complicated., 1In fact, if we con-

sider a stochastic process WN = {WN(u), 0<u<1} by letting
Wy @) = NG () - G* ()} - {Qy (Fr ()] = Qp(F* (X M| g (4 (6.3)

then under HO in (1.2),

_ sup
Dy = OSus1|wN(u)| ) (6.4)



It can be shown by standard steps that under HO in (1,2),

W‘N—QW::{W('U)!OSusl}, as N - o | (6.5)

where W is Gaussian with EW(u) = 0, 0<u<l and
ENN(Y) = A" lq ()  (u(l-v) + (11) g, (w) [1-Q, ()] (6.6)

for 0<u<v<1l, In general (for Qo(ulitﬂ, (6,6) differs from the
covariance structure of a Brownian bridge, and hence, the asymptotic
distribution theory of the classical two-sample Kolmogorov-Smirnov sta-
tistic does not hold in our case. For W, the boundary crossing proba-
bilities for general Q0 are not precisely known, and hence, the pro-

spect of using D, as a large sample test statistic does not appear to

N
be very bright. A similar criticism applies to the Cramér-von Mises type
test based on ”G;(X) ‘QO(F;(X))||-

It may also be intuitively appealing to use IQO(F;(X))dG;(x) (or
more generally, f¢(Q0(F;(x))dG;(x)) as a test statistic. The develop-
ment of the asymptotic distribution theory of such a statistic poses no
serious problem and can be made by the usual expansion of F; and G;
around F* and G* vrespectively, and then using the Gaussian nature of
the functions W [F;—F*] and /n [G;—G]; the techniques are very simi-

lar to the ones employed in Section 3,6 of Puri and Sen [6] and hence,

the details are omitted,
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