ABSTRACT

HUANG, TAI-YUN. Vibration of Thin Plates under Acoustic Excitations: its Application
in Acoustic Metamaterials. (Under the direction of Dr. Yun Jing).

Over the past decade, a great amount of research efforts have been devoted to the
topic of acoustic metamaterials (AMMs). The recent developments of AMMSs have
enlightened novel ways of manipulating sound waves due to the negativity of effective

properties. Several potential applications, such as low-frequency noise reduction,

cloaking, angular filtering, subwavelength imaging, and energy tunneling, have been
proposed and implemented by the so-called “membrane- or plate-type AMMSs without
mass attached.” This dissertation aims to present developed analytical/semi-analytical
models for square/rectangular shaped membrane- or plate-type AMMs without mass
attached, arbitrarily shaped AMMs without mass attached, and the heavy medium effect
on the square/rectangular shaped plate-type AMMs without mass attached. These
analytical/semi-analytical models can reveal the behind physics of structure and are
powerful tools for designing AMMs. All derived models have been verified by the finite

element method (FEM).
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Chapter |
Introduction

1.1 Motivation

In recent years, metamaterials have drawn a lot of attention in the scientific
community due to their unusual properties and useful applications. Metamaterials are
artificial materials made of subwavelength microstructures. They are well known to
exhibit exotic properties and manipulate wave propagation in a way nature materials
cannot. Metamaterials were first considered from the idea of simultaneously negative

dielectric constant (&) and magnetic permeability () for Electromagnetic (EM) waves

[7]. Later on, John Pendry presented the first man-made structure to achieve negative
permeability and also showed that the negative refractive could be fulfilled by a periodic
structure [8]. These two seminal papers opened up a new field and have driven a vast
amount of research on EM metamaterials, such as breaking the diffraction limitation for

imaging [9], cloaking EM waves [10], and ultra-broadband light absorption [11].

The idea of creating acoustic metamaterials (AMMSs) [12][13][14] and elastic wave
metamaterials [15]-[17] follows that of EM metamaterials, thanks to concept analogy.
AMMs have drawn a lot of attentions in recent years since their unique effective material
properties can lead to extraordinary abilities for manipulating wave propagation
[14][18][19]. Liu et al. pioneered the realization of locally resonant AMMs, which
consist of a dense core with a soft elastic coating, both embedded in a matrix material

[20]. This sonic crystal structure behaves as an effective medium with negative effective



density and can fully reflect normal incident sound waves within a certain frequency

range.

Following the idea of locally resonant AMM, Yang et al. demonstrated the first
membrane-type AMMSs with mass attached [21]. Negative effective density, however,
can only be achieved within a narrow frequency band. Near-total reflection can be
achieved at a frequency between the first two eigenmodes of the membrane. Several
similar works [22][23][24][25]were carried out to tune the negative effective density and
create broadband sound insulation by using different masses on the same or different

stacked membranes.

Shortly after ref. [21] was published, Lee et al. proposed a low-loss, membrane-type
AMMs without mass attached [26]. Multiple stretched and fixed membranes were placed
with a certain separation distance in a waveguide. Broadband negative density was
observed below the first resonance frequency of the membrane. One potential problem of
the membrane-type AMM without mass attached is that it relies on the tension of the
membrane, which is difficult to control and sustain over a period of time. To cope with
this problem, plate-type AMMs without mass attached were proposed [27]. The vibration
of the plate depends on the elastic properties of the plate material and is therefore much

easier to control [19][28][29].

The broadband sound insulation effect was experimentally demonstrated using a
lightweight thin-plate AMM without mass attached that could yield sound transmission
loss (STL) consistently higher than 45 dB below 500 Hz [30]. Shen et al. designed a

complimentary metamaterial (CMM) in which the effective density can be tuned to a



certain value in order to perfectly cancel out the unwanted aberrating layer [5]. Plate-type
AMMs without mass attached can provide a smooth transition for effective density from
negative values to positive values so that near-zero effective density arises [1]. This can
lead to several applications, including subwavelength imaging [31][32], cloaking [33],

angular filtering [34], and energy tunneling [35].

As the result of the many advantages of plate-type AMMs without mass attached, e.g.
relatively easy control of the material and broadband negative effective density, a large
amount of work has been carried out. Some of this research was mentioned in the
previous paragraph. Other relevant works can be found in a recent review paper [19]. To
facilitate the design of the plate-type (or membrane-type) AMMs without mass attached
(hereinafter, if not mentioned in Chapters Il -VI, the plate-type AMMs referred to are
those without mass attached) for various applications, it is crucial to develop an accurate,
yet robust, method to evaluate the effective density of these AMMSs. This is important

point for AMM designs [5].

1.2 Objective

The objective of this dissertation is to develop analytical models for evaluating the
effective density of a plate-type (or membrane-type) AMM under different situations, that
is, (1) plate- and membrane-type AMMs with square-shaped plates and membranes (as a
benchmark of derivation); (2) plate-type AMMs with arbitrarily shaped plates; and (3)

plate-type AMMs considering the fluid effect.



1.3 Outline

Chapter | explains the motivation and objectives of this research. A thorough
overview of the recent developments in membrane- or plate-type AMMs is provided in
Chapter Il. The underlying mechanism of these types of AMMs for tuning the effective
density will be first examined. Four different groups of membrane- or plate-type AMMs
(membranes with masses attached, plates with masses attached, membranes or plates
without masses attached, and active AMMs) will be reviewed. The opportunities for,

limitations of, and challenges of membrane- or plate-type AMMs also will be discussed.

The effective densities of plate- and membrane-type AMMSs without mass attached
are theoretically and numerically studied in Chapter Ill. Three models, including the
analytic model (based on the plate flexural wave equation and the membrane wave
equation), approximate model (under the low frequency approximation), and FEM model,
are first used to calculate the acoustic impedance of square and clamped plates or
membranes. The effective density is then obtained using the resultant acoustic impedance
and a lumped model. Pressure transmission coefficients for the AMMs are computed
using the obtained densities. The effect of the loss from the plate also is taken into
account. Results from different models are compared, and good agreement is particularly
found between the analytic model and the FEM model. The approximate model is less
accurate when the frequency of interest is above the first resonance frequency of the plate
or the membrane. The approximate model, however, provides simple formulae to predict
the effective densities of plate- or membrane-type AMMSs and is accurate for the negative

density frequency region.



The effective densities of arbitrarily shaped plate-type AMMs without mass attached
are studied in Chapter IV. Acoustic impedances of three different shaped plates, i.e. circle,
triangle, and hexagon, are calculated by the meshless boundary method and the effective
densities are calculated using the lumped model. To validate the accuracy of this
framework, the numerical results are compared with the analytical solution as well as the
finite element method (FEM) for circular plates and are compared with FEM for the other
two shapes. In general, good agreements can be found provided that a sufficient number
of edge points and collocation points are used in the meshless boundary method. Notably,
for the triangular shape, some discrepancies are found at the low-frequency region, and

this might have been because of the sharp corners of the triangle.

The effective densities of plate-type AMMSs with considering fluid effect are studied.
The analytical model is developed in Chapter V. Because of the fluid effect, the reaction
pressure from fluid medium is obtained by the waveguide theory and then included in the
analytical framework. Results show that for a light fluid medium, i.e. air, the fluid effect
can be ignored, but for a heavy fluid medium, that is, water, the fluid effect is significant

and can’t be ignored.

The main conclusions and future work are presented in Chapter VI.



Chapter |1
Background

The very first approach of AMMSs utilized composite materials composed of lead
balls, epoxy, and rubber [12][36]. Negative density can be induced by the local-resonance
of this structure. Since then, other novel AMMs have emerged in this area, such as
perforated plate type AMMs [37][38] and space-coiling type AMMs [39]-[44]. In this
chapter, a specific type of AMMs, i.e., the membrane- and plate-type AMMs, will be
reviewed. Compared with other AMMs, this type of AMMs is in general light-weight,
which is particularly important for noise control. They also have relatively simple
geometries and the ability to actively tune the effective density. Most importantly and
uniquely, a broad-band negative effective density can be observed with very low loss [45]
if properly designed. Thus, they have generated a large interest in the AMM community
to explore their theory, mechanism and applications. A variety of designs based on the
membrane- and plate-type AMMSs have been proposed and implemented to explore and
expand their applications. Four different groups of membrane- and plate-type AMMs will
be discussed and they are as follows: membranes with masses attached, plates with
masses attached, membranes or plates without masses attached, and active AMMSs. These
AMMs have found applications in low-frequency sound attenuation [26][27][30],
cloaking [33], angular filtering [34], subwavelength imaging [31][32], energy tunneling
[35], etc. Unlike membrane-type AMMSs which mainly manipulate the transmission,
reflection, and absorption of acoustic waves, plates with attached masses could control
either the acoustic waves interacting with them or elastic waves propagating within the

plates (e.g., flexural and lamb waves). For instance, attaching a 2D array of composite



stubs [46]-[50] on the surface of a thin plate could manipulate the plate’s lamb modes.

This chapter, however, focuses on the plate-type AMMs for manipulating acoustic waves.

2.1 Effective density of membrane- and plate-type AMMs

To begin, it is useful and important to understand the mechanism of membrane- and
plate-type AMMSs for tuning the effective density. Two simple yet representative
examples are illustrated in Figs. 2.1(a) and (b), where a membrane or a thin plate is
clamped inside a subwavelength waveguide, with or without a mass attached, under the
excitation of plane waves. When the membrane (plate) vibrates under the acoustic
excitation, the effective/dynamic density arises due to the restoring force associated with
this structure, as will be detailed below. These AMMs have been adopted in [1][3][26]

and many other papers that will be reviewed here.

E —1
> f >
(a) (b)
— X X
F(1) F(1)

(c) (d)

Figure 2.1. A membrane or plate clamped in a waveguide. (a) Without mass attached. (b)
With mass attached. (c) The corresponding mass-spring diagram for (a). (d) The
corresponding mass-spring diagram for (b).



We first discuss the case without masses attached on the membrane or plate (Fig.
2.1(a)). For a vibrational thin plate under acoustic excitation, the governing equation can

be written as

DV*W (x,y,t)+ ph

M:P(x, y.t) (2.1)

where x and y are the spatial coordinates on the plate; t is time ; D is the flexural rigidity

and D =Eh°/12(1-v*); P is the external pressure; E,v, pand h are the Young’s

Modulus, Poisson’s ratio, density and thickness of the plate, respectively.

For a vibrational membrane under acoustic excitation, the governing equation reads

oW, (X, Y,t)

TVZ'\Nl(X,y,t)—plhl atz

=—P,(x,y,t) (2.2)

where T is the uniform tension per unit length; P, is the external pressure; p,and h, are

the density and thickness of the membrane, respectively. As can be seen from Eqs (2.1)
and (2.2), In general, the vibrational response of a membrane is intrinsically dictated by
the tension applied whereas the vibrational response of a thin plate is dominated by its
stiffness. This distinguishes the membrane-type AMMs from the plate-type AMMs
(although in many occasions, the word “membrane” has been used to describe a thin plate
[5][31][32]). Equations (2.1) and (2.2) can be solved either numerically or analytically
(e.g., for a circular thin plate) and the effective density can be estimated for the AMM.
For example, the transverse displacement and acceleration could be obtained and the

effective mass density could be calculated by

P =(P—D,)/a, (2.3)



where P, and P, are the surface integrations of pressures over the left and right surfaces,
respectively, of the membrane or plate and &, is the volume integration of the normal

acceleration of the membrane or plate. For the AMM shown in Fig. 2.1(a), the effective

density has been shown to follow the Drude form and could be written as [26]

[, of
P = P (1— % j (2.4)

where o’ is the average density of the air loaded with the membrane or plate and @, is

the first resonance frequency of the membrane or plate. We note that Eq. (2.4) has only
been proved valid for air. For other fluids, such as water, the effect of the fluid loading on
the membrane or plate is much stronger and Eq. (2.4) may possibly need to be revised.
Clearly, at a frequency below the first resonance frequency, the effective density is
negative, therefore resulting in a broadband negative density AMM. Within this
frequency range, the acceleration of the membrane or plate is found to be out-of-phase
with respect to the external excitation [26]. Close to the resonance frequency, the
effective density is near-zero. A figure showing the effective density of a clamped, thin
plate can be found in Fig. 2.2. Alternatively, the effective density of this AMM can be
understood by a mass-spring system as shown in Fig. 2.1(c) [51]. In the system, a mass m
is confined by two springs G fixed to the ground. The effective mass of a 1-D lattice

system composed of this unit cell reads
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Figure 2.2. The normalized effective density (solid line) and bulk modulus (dashed line)
of a thin plate-type AMM with open channels. Taken from Bongard et al. [1].

m, = m[ —w—‘fJ (2.5)

where @, = ,/% . Equation (2.5) is in the same form with Eq. (2.4). In the membrane- or

plate-type AMM, the membrane or plate behaves as the springs and the masses. They are
clamped on the boundaries just as the springs are fixed to the ground.

For the membrane- or plate-type AMMSs with mass attached shown in Fig. 2.1(b), the
vibrational governing equations become more complicated. For example, for a membrane

with a mass attached, the governing equation reads [52]

oW, (x,y,t)
plth

—Tvz\Nl(x,y,t):pl—p2+izl_1:Qi(t)5(x—xi)5(y—yi), 2.6)

10



where p, — P, is the net acoustic pressure applied on the membrane and the third term on

the right hand side of the equation is the summation of point forces (Q,) at collocation

points (1) on the interface between the membrane and mass; o is the Dirac delta
function.

For a plate with multiple masses attached, the governing equation can be written as [53]

W S |
D'VW (X,y,t)-TVW (X, yt)+ph% pﬁZZF. ( ) (y y! )
(2.7)

3
O,
where D'=D+ 22

is the effective bending stiffness, oy is the initial stress on the plate;

the inner summation (i) is similar to the summation in Eq. (2.6); the outer summation (s)
accounts for multiple masses attached at different positions on the plate. Compared with
Eq. (2.1) for plates, Eq. (2.7) includes the initial tension term (the 2" term on the left
hand side of the equation) and therefore is more generic.

Similarly, these governing equations can be solved and the effective density can be
evaluated by using Eq. (2.3) or other approaches. In contrast to the membrane- or plate-
type AMMs without mass attached, where deep/large negative density could occur within
a broadband frequency, the addition of the mass introduces a resonance-based, relatively
narrow frequency band negative density. For example, Yang et al. [3] observed that deep
negative density occurs around the anti-resonance frequency, i.e., a frequency between
the first and second resonance frequencies of the membrane with a mass attached. The
corresponding effective density is shown in Fig. 2.3 [2]. A mass-spring system has also

been established to understand this resonance-based negative density. As can be seen in
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Fig. 2.1(d), an inner mass M, is connected to an outer mass m through a spring k and the

effective mass can be written as [54]

2
' mla)o
meﬁ =m+—2 7
W, —w

(2.8)

where @, = /L . In the absence of loss, this effective mass is in the Lorentz form.
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Figure 2.3. (Color online) The transmission coefficient (solid line), which is the ratio of
the magnitude of the transmitted pressure to the magnitude of the incident pressure, and
effective mass density (dashed line) of a membrane-type AMM with mass attached are
shown. The negative effective mass density occurs below the first resonance frequency
(231 Hz) and the region between the anti-resonance frequency (448 Hz) and the second

resonance frequency (1053 Hz). Taken from Ma [2].
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2.2 Different designs of membrane- and plate-type AMMs and their
potential applications

2.2.1 Membrane-type AMMs with masses attached
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Figure 2.4. (Color online) The sound transmission (ratio of the magnitude of the
transmitted pressure to the magnitude of the incident pressure in percentage) and the
phase of a membrane-type AMM with mass attached are shown. (a) Experimental result.
Solid line is the transmission and the dotted line is the phase. The straight dotted line
shows the mass law. (b) Numerical result. Solid line is the transmission and the dotted
line is the phase. The two resonance frequencies are 146 Hz and 974 Hz where the
transmission peaks occur. The anti-resonance frequency is 272 Hz where the transmission
dip occurs. Taken from Yang et al. [3].
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Yang et al. [3] demonstrated the first membrane-type AMMs (similar to that shown in
Fig. 2.1(b)). It was found that a stretched membrane with different masses attached could
produce different vibrational modes with corresponding different transmission behaviors.
In general, two peaks and one dip in between can be observed in the sound transmission
curve below the 2" resonance frequency. While the peaks were caused by the two
eigenmodes, the dip was due to the anti-resonance (both eigenmodes are excited but with
opposite phase). At the two eigenmode frequencies, the average displacements on the
membrane were relatively large, leading to high transmission. At the transmission dip
frequency, the average displacement was minimum, which was responsible for the low
sound transmission and large sound reflection. The extremely low sound transmission at
this very low frequency was found to break the well-known mass law (Fig. 2.4). By
tuning the mass attached on the membrane, the transmission curve can be tailored. For
instance, by increasing the weight of the mass, the two peaks will shift to lower
frequencies.

Later on, Yang et al. [23] extended their work to an array of membrane with attached
masses which could be used for light-weight low-frequency sound reduction.
Furthermore, to achieve broadband sound reduction, several AMM panels with different
mass weights were stacked up. An average sound transmission loss (STL) > 40 dB was
achieved over the 50-1000 Hz frequency range with stacked panels thinner than 60 mm
and lighter than 15 kg/m? The STL of this type of AMMSs was further investigated
numerically and experimentally by Naify et al. [24] by varying the mass and tension on
the membrane. The corresponding out-of-plane displacement of the membrane was

measured by a laser vibrometer. Naify et al. [22] later changed the geometry of the
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attached masses to coaxial rings. Samples with different number of rings and distribution
of masses were tested both numerically and experimentally. In comparison with the
previous studies where the mass weights are placed at the center of the membranes, either
the bandwidth of the STL peak was broader or multiple STL peaks could arise. Shortly
after, the same group attempted to arrange multiple membrane-type AMMSs with masses
in a rectangular array to address the scale-up issue of this structures [25]. Multiple arrays
were also stacked up to examine the interaction between the layers and improve the STL
[55]. In the case of different masses involved, multiple STL peaks occurred
correspondingly.

Similar to [25], Zhang et al. [56] also investigated membrane-type AMMs with
different or identical attached masses. It was claimed that for membranes carrying
different masses, the low-frequency STL can be improved. Zhang et al. [57] presented a
theoretical model for the membrane-type AMM with a single mass. The inertia force of
the mass was treated externally as a concentrated force in the governing equation of the
membrane. By applying a normal incident sound wave on the AMM, the STL could be
obtained analytically. The effect of varying the position of the mass was also studied and
the frequency shift was found to be not significant.

Chen et al. [52] developed the theoretical model for circular membrane-type AMMSs
with multiple, arbitrarily shaped masses. Langfeldt et al. [58] also established an
analytical model for both circular and rectangular membrane-type AMMs with masses in
arbitrary shape. Tian et al. [59] introduced a theoretical model for circular membrane-
type AMMs with attached rings. Similar to [11], the inertia force of the ring mass was

treated as a concentrated force on the membrane. When the inner radius of the ring
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increased with a constant weight, the resonance frequencies were found to become higher.
The same phenomenon can be also achieved by decreasing the weight of the ring. When
multiple rings with different inner radii are present, multiple resonance frequencies can
be observed.
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Figure 2.5. (Color online) The ultrathin membrane-type AMM (metasurface) for super-
absorption. (a) The schematic of the structure. (b) The out-of-plane displacements of the
two lowest eigenmodes of the membrane with mass attached. (c) The theoretical (solid
line) and experimental (circles) absorption curves. The solid and dashed arrows indicate
the first resonance frequency and anti-resonance frequency, respectively. The absorption
coefficient is defined by the ratio of the absorbed sound energy to the incident sound
energy. (d) The out-of-plane displacements at the absorption peak frequency. (e) The
electromotive force (EMF) generated by the vibration of the AMM. The inset shows the
experimental set-up. Taken from Ma et al. [4].
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Mei et al. [60] proposed a different type of membrane-type AMMs (the so-called dark
acoustic metamaterials) which could yield almost 100% acoustic absorption at very low
frequencies within a narrow band as demonstrated by their experiments. The proposed
AMMs consist of fixed rectangular membranes decorated with semi-circular iron
platelets, backed with an aluminum reflector. The underlying mechanism of this dark
AMM is that at resonance frequencies, acoustic energy is converted into elastic energy
through flapping motion of the platelets and then dissipated efficiently. The resonance
frequencies where peak absorption occurs can be tuned by adjusting the weight of the
platelet or the separation between two platelets: reducing the lower absorbing frequencies
by increasing the weights of platelets; decreasing the higher absorbing frequencies by
increasing the separation of platelets.

Chen et al. [53] theoretically analyzed the dark AMM under a plane normal incidence
by using the modal expansion and point matching methods. The acoustic absorption
coefficient can be accurately predicted and microstructure effects were also considered.
Ma et al. [4] introduced another ultrathin membrane-type AMM (the so-called
metasurface) for super-absorption at certain tunable frequencies (Fig. 2.5). This AMM is
comprised of a circular membrane attached with a platelet at the center. The membrane is
mounted over a solid surface with sealed gas in between. The reason for the full
absorption is that the AMM surface becomes impedance-matched to air at certain
frequencies due to hybrid resonances. It was also demonstrated that a high acoustic-
electrical energy conversion efficiency of 23% can be achieved using a setup consisting
of magnet wires and magnets. Yang et al. [61] presented a generalized perspective for

understanding the sound absorption and scattering of the membrane-type AMM with
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masses attached and also experimentally demonstrated perfect sound absorbers based on
degenerate decorated membrane resonators [62].

In contrast to most membrane-type AMMs which only induce negative effective
density, Yang et al. [63] proposed a membrane-type AMM that could exhibit both
negative effective density and negative effective bulk modulus in a relatively broadband
frequency range. This device has two membranes (top and bottom) each with a rigid disk
attached. The two membranes are connected by a plastic ring and are fixed to a side wall.
Two types of resonance modes could be produced by this structure, i.e. the monopolar
and dipolar resonances. Under the monopolar resonance, the two disks vibrate out-of-
phase and the ring is motionless. Under the dipolar resonance, the two disks vibrate in
phase. The ring vibrates either in phase or out-of-phase with respect to the two disks. The
monopolar resonance is responsible for the negative effective bulk modulus whereas the
dipolar resonance creates the negative effective density. Within the frequency range
where monopolar and dipolar resonances overlap, double negativity could be achieved.

Recently, Ma et al. [64] fabricated and tested a purely flexible membrane-type AMM.
Although the structure looks similar to that in [3], all materials used are lightweight and
flexible, which could be advantageous in practice.

Ma et al. [65] designed a membrane-type AMM consisting of four fully clamped
membranes with attached disks. A sizable orifice was situated at the center of the
material. While this design allows air flow and heat exchange through the orifice, it also
yields high STL in a low-frequency narrow bandwidth. It was found that interaction of
resonating field of the AMMs with the sound field passing through the orifice is

responsible for the large STL.
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2.2.2 Plates with masses attached

It has been found that masses attached on plates could also give rise to many
intriguing phenomena. Xiao et al. [66] theoretically studied the STL through an
unbounded thin plate with spring-mass resonators (SMRs) attached using the plane wave
expansion method and effective medium method. The STL of the diffuse sound field was
obtained by first solving for the STL at different incident angles. The authors showed that
using an extremely thin plate could lead to high STL at low frequencies. Li et al. [67]
studied multiple layers of thin plate-type AMMSs with SMRs attached using the transfer
matrix method. Their paper, however, focused more on the effective density of this AMM.
Under normal incidence plane wave, they found that the effective density could follow
either the Loerntz-form or Drude-form model. For oblique angles, the effective density
depends on the lateral wave number of the incident wave.

The STL for thick plates with SMRs was obtained theoretically by Oudich et al. [68].
Unlike the theoretical model in Xiao’s paper [66] which only considered flexural waves,
a more general case taking other types of elastic waves into account was considered using
the plane wave expansion method. Gusev et al. [69] applied the analytical lumped-
element approach to study a double negative meta-plate which exhibited both effective
negative density and negative bending modulus for flexural waves. The effective negative
density was introduced by normal-force interactions in the resonators vertically attached
on the plate. The effective negative bending modulus was achieved by the lateral forces

and rotational inertia interactions due to the resonators horizontally attached on the plate.
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2.2.3 Membrane- or plate-type AMMSs without masses attached

For membrane-type AMMSs with mass attached, deep effective negative density in
general can only be acquired within a narrow frequency band. In addition, since the
negative density is primarily due to resonances, energy loss could become a critical issue.
To overcome these limitations, Lee et al. [26] proposed a low-loss, membrane-type
AMMs without mass attached. They placed multiple stretched membranes with a certain
separation distance in a waveguide. The edges of the membrane were fixed. The tension
on the membrane was calibrated by applying water weight and observing the deformation
of the membrane. Negative density was observed below the first resonance frequency of
the membrane and the Drude-form effective density was theoretically derived, i.e., Eq.
(2.4). Shortly after, the same group combined this membrane-type AMM with branch
openings (side holes) to achieve double negativity [70], since branch openings can
introduce negative bulk modulus [71][72]. A sample was fabricated and tested. The phase
velocity was found to be negative under the cutoff frequency of the branch opening fsy
and reversed Doppler effect can be observed [73]. Above the resonance frequency (f;) of
the membrane, the AMM is double positive. At a frequency between fsy and f;, the AMM
is single negative (only the effective density is negative). Fan et al. [74] theoretically and
experimentally studied nonlinear wave propagation in this specific type of AMM. The
sound pressure amplitude was found to affect the pass and forbidden bands due to the
nonlinear effect. This, however, could create opportunities for automatically triggered

acoustic isolators and tunable acoustic metamaterials.
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Figure 2.6. A plate-type AMM without mass and with radial open channels. (a) The
cutaway view of the AMM. (b) The equivalent acoustic circuit for a membrane clamped

in the waveguide. The acoustic impedance (Z,,) of the membrane consists of an acoustic
mass (m,,) and compliance (C,,) in series. (c) The equivalent acoustic circuit for an
open channel. The acoustic admittance Y, consists of an acoustic mass m, and

compliance C, in shunt. Taken from Bongard et al. [1].

Bongard et al. [1] investigated plate-type AMMSs without mass attached (Fig. 2.6).
The acoustic impedance of thin plates was first analytically derived. The transmission
line approach was then used to estimate the relevant acoustic parameters, including the

transmission, phase, and effective medium parameters. Similar to [24], the effective
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density was found to be negative below the first resonance frequency of the thin plate. In
addition, open channels were adopted to introduce negative bulk modulus. The refractive
index can be therefore tuned from negative to zero and to positive. A possible application
on directive acoustic sensor (acoustic leaky-wave antenna) was suggested in this paper
and was later experimentally validated by Naify et al. [75]. Meanwhile, Yao et al. [51]
attempted to use a spring-mass lattice system to explain the negative density below the
cut-off frequency. As an example, an elastic 1-D waveguide (very thick plate) with
clamped boundaries was demonstrated numerically. An array of elastic plates were also
fabricated and tested for the sound transmission to show the noise reduction performance
in the low frequency region.

Fan et al. [76][77] theoretically studied the 1-D circular membrane-type AMM with
or without branch openings using the fluid impedance theory and Bloch theory to obtain
the transmission and dispersion curves. Park et al. [45] constructed a 2-D membrane-type
AMM for amplification of evanescent waves. Such a phenomenon was possible due to
the negative effective density resulted from the membranes-type AMM [78]. Potential
applications include acoustic superlensing, which was demonstrated recently that showed
a resolution at 1/17 of the wavelength thanks to the surface wave stemming from the
negative density [79]. Inspired by the electromagnetic wave complementary
metamaterials (CMM), Shen et al. [5] designed a quasi-2-D acoustic CMM using
acoustic coordinate transformation (Fig. 2.7). It was demonstrated that anisotropic,
negative density as well as negative bulk modulus required for the acoustic CMMs can be
achieved via plate-type AMMs (although the word “membrane” was used in the paper to

describe the thin plate) with branch openings. To create anisotropic effective density, the
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thin plates facing x- and y-directions were designed to have different thicknesses. The
acoustic CMM was numerically demonstrated to be able to enhance the sound
transmission through aberrating layers and reduce the sound field distortion. Such a
CMM could allow better sound transmission through the human skull to enable
transcranial brain imaging. Most recently, a similar AMM with anisotropic density was

proposed to achieve hyperbolic dispersion [29].
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Figure 2.7. (Color online) The quasi-2-D acoustic CMM. (a) The CMM layer is used to
acoustically cancel out the aberrating layer beneath it and to allow better sound
transmission. (b) Schematic of the 2-D CMM layer. (c) The acoustic intensity field

(W/m?) of a focused beam with the aberrating layer only (human skull). (d) The acoustic
intensity field (W/m?) of a focused beam in a homogeneous medium (water). () The

acoustic intensity field (W/m?) of a focused beam with both the CMM layer and the

aberrating layer. The sound energy transmitted through the aberrating is significantly
strengthened thanks to the CMM. Taken from Shen et al. [5].

A number of work have been carried out utilizing membrane- or plate-type AMMs
for showecasing density near-zero metamaterials (near-zero density typically occurs

around the first resonance frequency of the membrane or plate). It was theoretically
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predicted that [31][80] superlensing can be achieved by using an AMM with anisotropic
density: density being near zero in one direction and infinite in another. A superlensing
device was designed based on this idea using the plate-type AMM [80]. The authors also
pointed out that at the near-zero frequency, all plates in parallel vibrate in phase, giving
rise to the uniform phase in the density near-zero AMM. This superlensing effect was
recently verified experimentally [32]. The plate material was paper, which has a
relatively low energy loss. A resolution of 0.16 wavelength was demonstrated. Jing et al.
[34] numerically demonstrated that when a 2D array of plate-type AMMs operate at the
density near-zero frequency, only near-normal incident waves can transmit through the
AMM, leading to an angular filtering device. This AMM’s ability to tailor phase pattern
was also shown in the paper. Fleury et al. [35] also applied the near-zero-density concept
to realize extraordinary sound transmission through ultranarrow channels in which
membranes were periodically arranged. Numerical simulations were performed. The
viscosity effect in the small channel, however, was not considered, which could have a
significant adverse impact on the transmission. Park et al. [81] constructed walls
perforated with sub-wavelength holes and membranes were installed across the holes to
introduce zero-mass at certain frequencies. At these frequencies, extraordinary sound
transmission can be observed, essentially making a wall “invisible” to sound and could
have potential applications in sound filtering and audio microscope. Gu et al. [82]
designed a 2D network of membrane-type AMMSs to demonstrate cloaking, high
transmission through sharp corners, and wave splitting at the density-near-zero frequency.
Other papers on the topic of membrane- or plate-type AMMSs without masses can be

found in [34], [51], [83]-[88].
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2.2.4 Active AMMs

Active AMMs is a concept to give passive AMMSs the capability to actively tune the
resonance frequency as well as other parameters and was initially introduced and studied
by Baz in 2009 [89] and 2010 [90]. Specifically, the membranes used in the active
AMMs were piezoelectric diaphragms and could yield constant effective density over a
wide frequency band. The effective density control was achieved by the active
capacitance resulted from self-sensing feedback, tuning capacitance and inductance
controlled by the applied voltage. Later on, Akl and Baz extended the analysis of tunable
effective density from one unit cell to multi-cells [91]. The same authors also created an
active AMM with programmable bulk modulus by attaching a piezoelectric diaphragm on
the bottom of a resonator cavity (Helmholtz resonator) [92]. Their proposed AMMs were
experimentally demonstrated [93][94], which showed that the effective density of the

AMM unit cell could be tuned to a value greater or less than the density of water.
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Figure 2.8. (Color online) The non-reciprocal active AMM. (a) The unit cell allows
acoustic waves to pass in one direction and blocks acoustic waves in the opposite
direction. (b) The electronic circuit to drive the membrane using the piezoelectric patch.
The transmitted wave vs. (c) time and (d) frequency in three cases: cell powered in the
forward direction, cell powered in the reverse direction, and unpowered cell. When the
cell is powered and the sound is in the forward direction, the transmission is high at the
operating frequency, otherwise the transmission is low, leading to the desired non-
reciprocity. Taken from Popa et al. [6].

Following the similar working principle in [93][94], Popa et al. [95] fabricated two
compact unit cells consisted of a sensing transducer and one or two PZT diaphragms.
These unit cells were installed in a waveguide to test the performance. In the case of a
unit cell with only one PZT diaphragm, the PZT diaphragm was actuated to behave as a
dipole source so that the effective mass of the unit cell could be controlled. On the other
hand, in the case of a unit cell with two adjacent PZT diaphragms, the two PZT
diaphragms were actuated to behave as a monopole source which led to tunable effective
bulk modulus. Popa et al. [6] also designed, fabricated, and tested a highly nonlinear and

non-reciprocal active AMMs based on piezoelectric membranes (Fig. 2.8). The sample
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consisted of the sensing part, actuating part and two subwavelength Helmholtz cavities
tuned on different frequencies. A piezoelectric membrane was utilized for sensing and
actuating, but essentially behaved as a second harmonic generator (double the incoming
wave frequency). The two Helmholtz cavities were responsible for controlling the
asymmetrical transmission. An isolation factor of > 10dB was observed around 3 kHz.
Most recently, the same group built an AMM slab utilizing piezoelectric membranes [96].
They showed that such an AMM can be used as an acoustic lens whose properties are
reconfigurable in real time. Imaging at the 2" harmonics was demonstrated to beat the
diffraction limit of the fundamental frequency.

Zhang et al. [97] proposed an active plate-type AMM which is composed of a thin
plate with shunted piezoelectric patches attached on both sides. STL was calculated by
the effective medium method. Compared with the un-shunted case, shunted piezoelectric
patches could lead to higher STL. The high STL region can also be broadened by
negative capacitance shunting circuits. Other similar papers on active AMMSs using

piezoelectric elements can be found in [98]-[100].

Instead of using piezoelectric elements, Chen et al. [101] proposed a non-contact
method to actively tune the effective density of their membrane-type AMMs. Particles of
magnetorheological elastomers were embedded in elastic membranes. Under the external
gradient magnetic field, the prestress and rigidity of the membrane can be changed so that
the resonance frequency can be tuned. Xiao et al. [102] proposed a modified membrane-
type AMM, which is composed of a metal-coated central platelet on a membrane and a
rigid mesh electrode placed above the platelet, to achieve active tuning. With increased

DC voltage applied on the mesh electrode and metal-coated platelet, the first

28



eigenfrequency of the membrane and the phase of the transmitted wave can be adjusted.
The tunable frequency range was up to 70 Hz. Attaching one passive platelet and one
active platelet on a membrane can generate an acoustic switch at the resonance frequency
of the active platelet. With phase-matched AC voltage applied on the electrodes, the
AMM can be an amplifier or a muffler.

Using electroacoustic resonators is another potential method to achieve active AMMSs
that can potentially inspire the development of membrane or plate-type AMMs. Lissek
[103] proposed that an electroacoustic resonator (a loudspeaker) shunted with a series
RLC circuit can achieve a feedback-based active impedance control. It has the capability
to match acoustic impedance for total absorption or to produce negative acoustic
impedance for sound reflection. Fleury et al. [104] proposed a parity-time symmetry
acoustic sensor by utilizing two loudspeakers. The first loudspeaker connected with a
passive electrical circuit absorbs impinging acoustic wave whereas the second
loudspeaker connected with an active electrical circuit can produce the time-reversed
signal of the first loudspeaker to compensate for the reflected and scattered acoustic field
from the first loudspeaker. This acoustic sensor therefore could measure the sound field

without affecting it.

2.3 Summary

Although there has been a substantial development for membrane- and plate-type
AMMs, some limitations and challenges should be addressed. The rapid development of
these AMMs is largely driven by their potential applications. Out of the many

applications proposed by researchers, noise reduction seems to be a particularly
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promising one. A number of applications, including cloaking [33], cancelling out
aberrating layers [5], super-absorption [60], and subwavelength imaging [31][32], can be
challenging to achieve and control in practice due to the requirement of high precision
fabrication of the microstructures in order to achieve the accurate effective medium
properties of the AMMs. In addition, passive membrane- and plate-type AMMs are liable
to strong dispersion, i.e., the effective medium properties are highly frequency dependent.
Consequently, most devices targeting these applications operate in a rather narrow
frequency band. On the other hand, the noise reduction performance of membrane- and
plate-type AMMs do not rely on precise effective medium properties, i.e., as long as the
effective density is negative, large sound transmission loss can be expected. More
importantly, due to the lightweight nature of the membrane and thin plate, lightweight
noise reduction panels can be designed and constructed to battle low-frequency noise
which has been a longstanding issue in both academia and industry. For example, Sui et
al. [30] experimentally demonstrated that a lightweight thin-plate AMM having a mass
per unit area at 1.3 kg/m? could yield STL consistently higher than 45 dB below 500 Hz.
This type of AMMs could be extremely useful in aerospace and automotive industries
where weight is considered critical. Previous studies, however, have not validated this
type of noise reduction panel on a large scale conforming to standard American Society
for Testing and Materials (ASTM) STL testing. The true potential of the AMM based
noise reduction panel therefore has yet to be evaluated.

For a majority of membrane-type AMMs, the performance is sensitive to the tension
applied to the membrane. Unfortunately, tension is difficult to control and maintain over

a long period of time (e.g., tension could change dramatically as time progresses or with a
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slight variation in temperature or humidity). The requirement of accurate and uniform
tension also adds extra complexity to the fabrication process. In this aspect, the plate-type
AMMs seem to have an advantage since tension is not required. However, plate-type
AMMs could be liable to a greater amount of energy loss, which is undesirable in most
applications. This is particularly a problem near the resonance frequency, for example,
when the plate-type AMMSs are used to achieve near-zero effective density [34].
Consequently, the choice of the plate material is critically important as some materials
could be very lossy, such as polymers. In addition, as plate-type AMMSs’ performance
depends on the plate material properties, they could be highly frequency dependent or
could vary under temperature change. These facts should be more carefully considered
and taken into account by future study on plate-type AMMs.

Three-dimensional (3-D) manufacturing of membrane- and plate-type AMMs is also
challenging. A number of advanced manufacturing techniques have been utilized for
fabricating AMMs, including computer numerical control (CNC) machining [105], laser
cutting [37], and 3-D printing [40]. However, most membrane- and plate-type AMMSs
have been fabricated manually, limiting the prototypes to operate at relatively low
frequencies. This is partially because the fabrication of membrane- and plate-type AMMs
could require multiple different materials simultaneously. This can be potentially
circumvented by 3-D printing, as some sophisticated 3-D printing machines have the
capability of printing using multiple different materials. Nevertheless, the precision and
resolution of most commercial 3-D printers still do not meet the requirement of high
frequency AMMs (> 100 kHz). Even for kHz range sound, the thickness of membranes or

plates could be in the 100 micron range, challenging the most advanced 3D printers on
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the market today. More advanced manufacturing technologies therefore need to be
developed for high resolution fabrication and mass production of membrane- and plate-

type AMMs.
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Chapter |11

On the Evaluation of Effective Density for Plate- and Membrane-type

AMMSs without Mass attached

To use plate- or membrane-type AMMSs for designing devices controlling acoustic
waves, it is critically important to know exactly the effective density for a given AMM
structure. For example, in designing complimentary metamaterials (CMMs) [5], the
effective density needs to be tuned to a certain value in order to perfectly cancel out the
unwanted aberrating layer. Although the effective density of an AMM based on circular
plates can be calculated using a lumped model [1], no explicit derivation of effective
density has been reported for square membranes and plates, which were used in recent
studies [5][29]. This chapter aims to theoretically and numerically investigate the
membrane- and plate-type AMMs without mass attached. The acoustic impedances of
square plates and membranes under uniform acoustic pressure are first computed. This is
accomplished by three different approaches: analytic models, approximate models, and
FEM. The effective density can be then estimated for plate- and membrane-type AMMSs

using the lumped model.
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3.1 Plate-type AMMSs without mass attached

3.1.1 Analytic model for the acoustic impedance of a square, clamped

plate

Although this section focuses on square plates as they have been used recently for
building two dimensional (2D) negative density CMMs [5], the analytic model presented
here is generic and can be readily used for rectangular plates. The analytic approach
presented here is similar to that in [106], in which the plate vibration under point forces,

couples and piezomoments were studied. For a thin, clamped plate under a net sound
pressure P(x, y,t), the governing equation of the transverse displacement W(x, y,t) is

the flexural wave equation which reads

DVW (x,y,t)+ ph

w —P(xy.1), (3.1)

where D is the flexural rigidity and D = Eh°/12(1-v*); E,v,pand h are the Young’s

Modulus, Poisson’s ratio, density and thickness of the plate, respectively.

Assuming harmonic excitations with angular frequency o, P(x, y,t) and W(x, y,t)

can be written as
P(x,y.t)=p(x y)e", W(x y,t)=w(xy)e*. (3.2)

p(x,y) and w(x,Yy) can be expanded by eigenfunctions as
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p(x.y) =ii Prn®n (% Y) s W(X,Y) =Z§]wmn<omn(x,y), (3.3)

o0
m=1 n=1 m=1 n=1

where gomn(x, y) can be further decomposed using the separation of variables, i.e.,

P (X Y) =X, (X)Y,(y) . X,(X) and Y,(y) are chosen to be the same as the

eigenfunctions for a beam clamped on both ends to satisfy the clamped boundary
condition (the transverse displacement and slope of plate are zero) and the equation of

motion for the plate. They are given by

=32 S (22, v )= (AL S (), o

where a is the width of the square plate, J(u)=cosh(u)—cos(u) ,

H (u)=sinh(u)—sin(u).4,or 4, satisfies the equationcosh(4)cos(4)=1.

Combing Egs. (3.2)-(3.4), P(x,y,t) and W(x,y,t)can be obtained and substituted

into Eqg. (3.1), w,,, can be then written as

j j (x,y)X,Y,dxdy
™ D(Ll,+21,1, +151,) - pho?L, 1

(3.5)

where
= [TXOXax 1, =[T2y 1= [0XXdy 1=V Ydy L = [0Y, Yy

a
lg = IO X ,2dx and the superscript in “()” indicates the order of the derivative and double
prime is the 2" order derivative.
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At the resonance frequencies, w_ . reaches infinity in the absence of damping. The

resonance angular frequencies can thus be obtained by setting the denominator of Eq.

(3.5) to zero, which leads to

o = D(L1,+21,1,+1l) . (3.6)
phl,lg
The acoustic impedance of a vibrating plate is defined as
aan, ,1)dxd : P(x, tdxd X, dxd
Zam — IO IO _( y 4) y — IO I ( y y I j y y ’ (37)
V(t)a oW (t )a“ jowa’

ot

where V, W and W are the average velocity, transverse displacement, and magnitude of

transverse displacement, respectively.

Consider a subwavelength size waveguide (Fig. 3.1(a)), plane waves with normal
incidence angle can be assumed. p(x, y) is therefore a constant p, (uniform distribution)

and Eq. (3.7) becomes

Z, = i L . (38
al @ XY, dxdy
jof [, mznzD (11, + 21,0, + 1) - pha)ZIZISXmY" dxcly

Equation (3.8) is computed numerically using Matlab. Specifically, the Simpson’s 3/8

rule is applied to approximate the integrals.
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Figure 3.1. (a) Schematic of a single unit cell with a length d for plate- or membrane type
AMMs without mass attached. (b) The lumped model for plate- or membrane type

AMMs. Z,, represents the acoustic impedance of the plate or membrane.

3.1.2 Approximate model for the acoustic impedance of a square,

clamped plate

The acoustic impedance Z,, of a plate can be divided into two parts at low

frequencies (frequency around or below the first resonance frequency of the plate). They

are the acoustic compliance (C,,,) and acoustic mass (M) in the lumped model [1]

(Fig. 3.1(b)). In other words,

am H
Joan

1 )
Z. = + joM _ . 3.9
o HioMa, (3.9)

When the frequency of interest is significantly below the first resonance frequency of
the plate, the acoustic compliance term will dominate and the acoustic mass term can be
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ignored. Therefore, C,, can be determined by computing Z_, at an extremely low

frequency using Eg. (3.9). Similar to circular plates, it is assumed that the acoustic

compliance is associated with the dimensions and flexural rigidity [1]. By equating the

unitof Z_, ( k%“s) and the unit of the term containing C,, (}/ja)C ) in Eq. (3.9), the

2
unit of C,, is calculated to be m4~°%g . Consequently, the power for D ( kg-m 32)

must be -1 and the power for a (m) must be 6. The formula for C, is found to be
a6
C, = 3.73x10*4B : (3.10)

Note that Z, should be zero at the first resonant frequency ( @,,) of the plate. Hence,

M., can be analytically obtained from Eq. (3.9) as

M, = , (3.11)

where a)ll:% /Rh and C, is a constant [107]. Substituting Eq. (3.10) into Eq. (3.11)
Yo

yields

1 ph ph
Mo~ 37107 @ (842
) 0

To determine the constant C,, a,, is first computed using the analytic model (Eq. 3.6)

for a random plate, M, can then be calculated using Eq. (3.11) since both C_, and o,
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are known. Finally, C, is determined from Eq. (3.12). Since C, is independent of the

dimensions and properties of the plate, the obtained C, is general and it is found that
M, =2.0620
an =2.06°7 (3.13)

Equations (3.10) and (3.13) provide the acoustic compliance and acoustic mass for

the approximate model to predict the acoustic impedance for a square, clamped, thin plate.
It is noted that the acoustic compliance is proportional to a° for square plates whereas it

is proportional to r®(r being the radius) for circular plates [1].

3.1.3 FEM model for the acoustic impedance of a square, clamped plate

To verify the analytic and approximate models, a commercial FEM package
COMSOL is adopted to analyze the vibration of a clamped plate under a certain surface
pressure. The solid-acoustic interaction module is used. As indicated by Eq. (3.7), the

acoustic impedance of the plate, Z,_, can be extrapolated using the average surface

velocity and the net pressure on the plate obtained from the FEM simulation. Two
distinct FEM models are used to achieve this goal. In the first model, a boundary load is
directly applied on the top surface of the clamped plate. The net pressure is therefore F/a?,
where the F is force in Newton. In the second model, a waveguide is created where
clamped plates are placed inside in a periodical manner (Fig. 3.1(a)). A plane wave enters
from one side and the end of the waveguide is set up to be a non-reflecting boundary. The

acoustic pressures on two planes extremely close to the plate are obtained in order to
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compute the net pressure. These two models are denoted the FEM-boundary model and
FEM-waveguide model, respectively. For both FEM models, convergence studies are

carried out in order to ensure most accurate results.

= = FEM-waveguide-one unit
- FEM-waveguide- two units

Acoustic impedance[MPa.s/m’]

4t © FEM-waveguide-three units
-5 . L L L
50 100 150 200 250 300

Frequency(Hz)

Figure 3.2. (color online) The acoustic impedances predicted by the FEM waveguide

model with one, two and three unit cells, respectively.

Consider a rubber plate ( E=10MPa , v=0.49 and p=1000kg/m® ) with

dimensions a=10mm and h=0.Immas a study case. The first resonance frequency of
this plate is at around 190 Hz. The length of the unit cell is 2mm . The acoustic
impedance can be calculated using the three different methods presented above. Since in

the FEM-waveguide model, the plate number can be varied. We first examine whether
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the number of plates (units) would change the calculated acoustic impedance. Figure 3.2
illustrates the acoustic impedance obtained from the FEM-waveguide model with various
numbers of units. Only the imaginary part of the acoustic impedance is shown since the
real part is zero. Due to the large computation, the maximum unit number considered
here is three. In all three simulations, the acoustic impedance is extracted for the first
plate in the waveguide. However, additional simulations show that the acoustic

impedances extracted from other plates (2™ and the 3" plate) are almost identical.

Figure 3.2 indicates that having multiple waveguide units will not significantly affect
the acoustic impedance of a plate. This result is expected because the same plate with the
same boundary condition should have identical acoustic impedance as long as the

excitation conditions (uniform pressure on the plate) are also the same.

Figure 3.3 shows the comparison among different models for the acoustic impedance.
One can observe slight discrepancy between the analytic and simulation (FEM) results,
which is possibly caused by the approximations in the flexural wave equation for a thin
plate and inevitable numerical errors in FEM. Because the lumped model is accurate only
around and below the resonance frequency [1], the approximate model becomes less
accurate when the frequency is significantly higher than the resonance frequency (190
Hz). At low frequencies, the approximate model agrees very well with the analytic model.
Around the resonance frequency, the acoustic impedance is near zero, as expected. The
phase difference between the net pressure on the plate and vibrating velocity changes by

180° as the frequency transitions from below @,, to above @,,, so that the impedance

transitions from being negative to positive.
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Figure 3.3. (color online) The acoustic impedances predicted by the analytic model,

approximate model, FEM-boundary model and FEM-waveguide model.

3.1.4 Effective density

Since the wavelength of the incident sound wave is much larger than the unit size, the
AMM (Fig. 3.1(a)) can be regarded as an effective homogeneous media whose effective

density p,, can be evaluated. Under the low frequency approximation, the lumped model

[1] (Fig. 3.1(b)) can be employed to predict the effective density of the AMMs. The

acoustic medium can be approximated by a shunt acoustic compliance (C,) and a series

acoustic mass (M, ) which are given by

M =24 c -3y, (3.14)

42



where p, is the density of the acoustic medium and is chosen as air (1.2kg/m?) in this

study; K is the bulk modulus of the acoustic medium and d is the length of a unit cell
assuming the thickness of the plate/membrane is negligible. Otherwise the length of the
unit cell is d + h. When the rubber plate vibrates, the surrounding acoustic medium will

behave like added mass to resist the vibration so that Z_ is in series with M .

The effective density ( o, ) of this waveguide unit can be obtained as [1]

(joM,+Z,,)a’

3.15
iod (3.15)

peff

Substituting Egs. (3.9), (3.10) , (3.13) and (3.14) into Eqg. (3.15), an approximate model
for predicting the effective density can be established and the equation reads

2.68x10°D N 2.06 ph

g q (3.16)

Pett = Po—

To verify the accuracy of the lumped model, a finite-difference approximation
method [5][27][108] is used to retrieve the effective density for the structure shown in
Fig. 3.1(a). In this approach, the FEM is first used to compute the sound field in the
waveguide and the calculated pressure and velocity are used to estimate the effective
density. This approach is denoted the FEM-finite difference approach. Starting from the

1-D Euler’s equation, the pressure p and the velocity v are related by

b
d—i:—mpeﬁv. (3.17)

43



Assuming the unit cell size is considerably smaller than one wavelength, Eq. (3.17) can

be rewritten using the finite-difference approximation as

L jopa¥. (3.18)

where Ap=p,—p,; P, and p, are the pressures at the right end and left end of the unit

cell, respectively; V is the average transverse velocity on the plate. By using Ap and V

obtained from FEM simulations, the effective density can be calculated as

Pt = (3.19)

Figure 3.4(a) shows the effective density predicted by the analytic model,
approximate model, and the FEM-finite difference model. Only the real part of the
density is shown as the imaginary part is negligible (exactly equal to zero in the analytic
and approximate models). For the FEM-finite difference model, the number of unit cells
varies from one to three. Similar to the acoustic impedance case, no significant change is
observed. The analytic and approximate models agree well with the FEM-finite
difference model. The slight discrepancy is expected as they do not produce exactly the
same acoustic impedance as that predicted by the FEM models (Fig. 3.3). When the
frequency is below the first resonance frequency of the square clamped plate (around 190
Hz), the effective density is negative. This is because the velocity is 90° out of phase with
the acceleration (a) and therefore the acceleration is 180° out of phase with the
pressure/force (F). By forcing the Newton’s second law F = ma, m must be negative.

When the frequency is above the first resonance frequency, the unit vibrates reversely
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(180° phase change) and the net pressure on the unit is in phase with the vibrational
acceleration of the plate and the effective density becomes positive. It is worthwhile to
mention that, a simple equation has been proposed to predict the effective density of

plate- or membrane-type AMMs without mass attached, which reads [27]

2

pur’ = PU-2%). (3.20)

(o
2
[0

This equation, however, predicts the effective density of the vibrating plate or
membrane alone without considering the fluid in the waveguide, whereas we took both
the plate and the fluid in the waveguide into account and treated them as a homogenized
medium to evaluate the effective density. The effective density predicted by Eq. (3.20)
can be seen in Fig. 3.4(b), which is dramatically different from those in Fig. 3.4(a),

although they both show near-zero density around the resonance frequency.

100 1000
50 500
= g i
E E °
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- —_— i - = Analytic result from Eq. 20
g 250 . 5 -2500
- == « FEM-finite difference- one unit -
b -300 - = « FEM-finite difference- two units o -3000
© FEM-finite difference- three units
-350 i -3500
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(a) (b)

Figure 3.4. (color online) The effective density of the plate-type AMM. (a) Results

produced from three different models. (b) Results predicted from Eqg. (3.20).

45



The next case considers the effect of damping of the plate. The damping is taken into

account ad hoc by considering a loss factor o so that the Young’s modulus of the plate
becomes a complex number, i.e., E'=E(1+ ja). This E’ is used to calculate the

flexural rigidity D, which further leads to the acoustic impedance and the effective
density using Egs. (3.15) and (3.16). Two values of frequency independent loss factor are
considered, i.e., 0.1 and 0.3. The real part of effective density, shown in Fig. 3.5(a),
remains the same as the case without considering the damping. As the loss factor
increases, the magnitude of the imaginary part of effective density also increases as
shown in Fig. 3.5(b). In addition, the imaginary part of the effective density is always
negative which introduces further energy loss to the sound transmission. It is noted that
the sign of the imaginary part of the density depends on whether e/ or e ™ is used. In
the cases studied, the imaginary part of the density is on the same order to the real part of
the density, therefore the damping effect cannot be ignored for ¢ on the order of 0.1,

which is common for polymeric materials.
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Figure 3.5. (color online) The effect of the loss factor o on the effective density. a is
chosen as 0.1 and 0.3. (a) Real part of the effective density. (b) Imaginary part of the

effective density.

To further validate the predicted effective density, transmission coefficients through
plate-type AMMs are also computed and compared among different models. The pressure
reflection and transmission coefficients through a homogeneous medium are given by [71]

Z2-2) 1+R

= T = .
R 22 +Z,2+2jZ,Z, cot(g)’ Cos(¢)_ijsin(¢) ’ (3.21)

Z,

where Z,, (= p.Cyy ) is the characteristic impedance of the waveguide. ¢, = /By / P

where B is the effective bulk modulus and c,, is the effective speed of sound. It was

shown that membranes/plates in the waveguide do not alter the effective bulk modulus of

the medium so that B, is the same as the bulk modulus of air [109]. However, it should

be kept in mind that, this is not strictly true for all cases. For instance, if the waveguide is

largely composed of membranes/plates in volume, or if the background medium is
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something other than air, the modulus of membranes/plates may have a non-trivial effect
on By . Z, = p,C, is the characteristic impedance of the air. ¢=-271fnd /c, is the phase

change of the sound through the medium where n is the number of unit cells and nd is the
total length of the AMM. If the plate thickness h is not negligible, d has to be replaced by

d+h.

Using the p,, predicted from the analytic and approximate models, the transmission

coefficients of the plate-type AMMs can be calculated. To verify the results, the
transmission coefficients are directly computed using FEM. Fig. 3.6 shows the
transmission coefficient of a three unit plate-type AMM. Figure 3.6(a) shows the results
without considering the damping whereas Fig. 3.6(b) shows the results with damping.
Three different models agree very well over the frequency range under consideration.
This also indicates that the presence of the plates indeed does not change the bulk
modulus as assumed earlier. When there is no damping, the transmission coefficients
reach the peak (1.0) at the resonance frequency as expected. With the presence of the
damping, the transmission coefficients are reduced due to the energy loss in the plate. In
both cases, the approximate model becomes less accurate at a frequency significantly

higher than the resonance frequency.
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Figure 3.6. (color online) The transmission coefficient of the plate-type AMM with three

unit cells. (a) Without considering the loss. (b) With loss factor a: 0.1 and 0.3.
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3.2 Effective density of membrane-type AMMs without mass attached

This section focuses on the membrane-type AMMs. Similarly, the analytic model,
approximate model, and the FEM model are developed to predict the acoustic impedance

as well as the effective density.

3.2.1 Analytic model for the acoustic impedance of a square, clamped

membrane

The governing equation of the transverse displacement Wl(x, y,t)of a pre-stretched

membrane under the net pressure P,(x,y,t)is [110]

TlVZ\Nl(X, y,t)—plhlwz_a(x’y’t)’ (322)

where T, is the uniform tension per unit length; p,and h, are the density and thickness of

the membrane, respectively.

Assuming  time-harmonic  solutions, ie,  PR(xyt)=p(xy)e"

W, (%, y,t)=w, (X y)e*, Eq. (3.22) leads to

VAW (X, Y)+ B2w (X, y)=— P ('I)'( Y) : (3.23)

where f=m,/p,/T, is the wavenumber of the transverse wave on the membrane.

The eigenfunction of a clamped square membrane is well-known as [110]
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i () = AR sin[ 2% Jin[ 22 | (3:24)

a

After normalization, AA, = 2/1/,018.2 :

The resonance angular frequencies can be readily derived as [110]

T
Oy =7 L(m?+n?). (3.25)

> |

w,(x,y) and p,(X,y) can be expanded using ¢, (X, y)as

X y) ZZan¢1mn(X y X y) Zzwlmnq)lmn X, y (326)

m=1 n=1 m=1 n=1

Substituting Eq. (3.26) into Eg. (3.23), w,,,, can be shown as

1 Qm
W, = s

mn ? ﬁ ) (327)

ﬁZ
where ﬁmn = Wy pl/Tl and an = _[Oa J‘Oaplhl pl(xv y)¢1mn (X1 y)dXdy .

Similar to the case of plate-type AMMs in waveguides, plane waves are assumed and

p.(X,y)=p, and Q,, becomes
Qu Zhlw;lf Iy S'”[ jsm(myjdxdy mrsai\z/;l(l—(—l)m)(l—(—l)”). (3.28)

Combining Egs. (3.27) and (3.28) and then substituting the resulting equation of w,_,,

into Eq. (3.26), W, (X, y)can be obtained as
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w(xy)=3Y ad e (1—(—1)'")(1—(—1)”)sin(mzxjsin(nzyj. (3.29)

Substituting Eqg. (3.29) into Eq. (3.7), the acoustic impedance of a clamped square

membrane is analytically written as

z

aml

sy b () ()

2 2
m=1 n=1 plhl(a)mn —@ )m n“z

The summations are calculated numerically. Clearly, even number modes (m, n = 2, 4,
6...) do not contribute to the acoustic impedance, because the uniform pressure on the

membrane does not excite those modes.

In contrast to plates, the acoustic impedance of the clamped membranes does not

relate to the flexural rigidity ( D) but rather the pre-stretched tension (T,). The membrane

model is only valid if the thickness is significantly smaller than the width and the tension
is sufficiently large so that the effect of the tension dominates over that of the elasticity of

the membrane.

3.2.2 Approximate model for the effective density of a square, clamped

membrane

Similar to the case of plates, an approximate model for the acoustic impedance of

clamped, square membranes can be derived and the acoustic compliance and mass are
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a4

yo)
M., :1.44?[‘1, C,,=0.035 (3.31)

1

To verify the analytic and approximate model for the acoustic impedance, the two
FEM models are again used for verification. Figure 3.7 shows the results for the case

where a=10mm, h;=35um, T;=2MPa and d =2mm (this number d is only used in the

FEM waveguide model when there are multiple membranes).
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Figure 3.7. (color online) The acoustic impedance of a clamped square membrane
predicted by the analytic model, approximate model, FEM-boundary model and FEM-

waveguide model.
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Similar to plates, only the imaginary part of the impedance is shown here. The
acoustic impedance of the membrane is zero at the first resonance frequency (around
3162Hz in this case) and is negative below that frequency. The analytic and the two
FEM models agree well throughout the entire frequency range. The approximate model
becomes less accurate at frequencies above the resonance frequency. The damping
effect is not studied here for membranes because it is expected to be negligible since the
thickness is extremely small. However, it is still possible to force the damping by using

a complex number for the tension.

3.2.3 Effective density

After obtaining the acoustic impedance, the effective density can then be calculated by
using Eq. (3.15). Substituting Eq. (3.31) into Eq. (3.15), the equation for predicting the

effective density from the approximate model reads

28.57T, Ld44ph

ofa’d  d (3:32)

Peti1 = Po —

Figure 3.8 presents the effective density predicted by the three different approaches. The
FEM-finite difference approach is used to verify the analytic and approximate models.
All models agree well below the resonance frequency. Similar to the plate-type acoustic
metamaterial, the approximate model is less accurate above the resonance frequency.
However, the approximate model could still be useful because the frequency of interest is

typically below the resonance frequency where the effective density is negative.
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Figure 3.8. (color online) The effective density of the membrane-type AMM.

Since for square, clamped membranes, a closed form solution for the displacement
can be found, the analytic model is expected to be more accurate than that of plates.
Finally, Fig. 3.9 illustrates the sound transmission coefficient for the membrane-type
AMM as shown in Fig. 3.1(a). Three unit cells are considered with a total length 2x3=6

mm. Results from the three models are in good agreement.
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Figure 3.9. (color online) The transmission coefficient of the membrane-type AMM with

three unit cells.

3.3 Summary

This chapter presents methods for predicting the effective densities of plate- and
membrane-type AMMs without mass attached. The analytic model and the approximate
model, which is derived from the analytic model under the low frequency approximation,
are developed and their results are compared with those from the FEM model. Good
agreement is found among these models when predicting the acoustic impedance,
effective density, and the transmission coefficients. Although the approximate model is
only accurate at frequencies below the first resonance frequency, it provides a quick and
reasonably accurate approach for predicting the effective densities of plate- and

membrane-type AMMs. The influence of the loss factor of the plate on the effective
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density and transmission coefficient is investigated. The addition of the loss factor
introduces the imaginary part of the effective density and reduces the transmission
coefficient. It is assumed square plates and membranes in this work. The framework

provided, however, can be applied to studying rectangular plates and membranes.
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Chapter IV

Investigation of the Effective Density of Arbitrarily Shaped Plate-type

AMMSs without Mass attached

Based on different applications, such as honeycomb structures with hexagonal plates
[30], different shapes of plates of AMMSs could be required. Moreover, tuning the shapes
of plates can serve as an alternative means to tune effective densities of AMMs, which
could be useful when there are restrictions on adjusting the material dimensions or

properties.

The aim of this chapter is to develop a procedure for evaluating effective densities of
arbitrarily shaped plate-type AMMSs. While FEM can be applied to this type of problem
[28], it is often time-consuming and not ideal for design or optimization purposes. A
meshless boundary method [111][112] without employing the concept of “finite element”
was proposed to study the free vibration of arbitrarily shaped plates. In this chapter, it
will be modified to study the forced vibration of arbitrarily shaped plates and will be
utilized to calculate the acoustic impedances of arbitrarily shaped plates so that the
effective densities of AMMs can be evaluated subsequently using the lumped model.
Plates with three different shapes, i.e. circle, triangle, and hexagon, are used to
demonstrate how the meshless boundary method works for the evaluation of effective

densities of plate-type AMMSs with arbitrary shapes.
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4.1 Theory

4.1.1 Meshless boundary method

This section focuses on solving the dynamic response of a fully clamped arbitrarily
shaped plate in a one-dimensional (1-D) acoustic waveguide (Fig. 4.1(a)). Consider a
plate placed in a waveguide under harmonic acoustic excitations with angular frequency

w , the flexural wave equation with forced vibration can be written as [28]

2

V“W(x,y)—p:;w W(X,y)z%, (4.1)

where the time-dependent term, e!” , has been dropped; W(x, y) is the transverse
displacement of the plate; D is the flexural rigidity and D = Eh®/12(1-v*); E,v, pand h

are the Young’s Modulus, Poisson’s ratio, density and thickness of the plate, respectively;

the net pressure on the plate, P,, is uniform since the waveguide is assumed to have a

subwavelength size and only the fundamental mode (plane wave) is allowed.

Since the plate is of arbitrary shape, the commonly used modal expansion method
[106] is no longer suitable for solving Eq. (4.1). w(x, y)can be represented as the sum of
a homogeneous solution (W, ) and a particular solution (W, ), i.e.w(X,y)=w(F)=w, +w_;
ris the position vector of a point on the arbitrarily shaped plate. Substituting W(F) into

Eq. (4.1), one can easily obtain that w, =— 0/,oha)2 . The homogeneous solution (W, ) can

be calculated by the meshless boundary method with radial basis functions (RBF)

[111][112] for the free vibration of an arbitrarily shaped plate. The basic idea of the
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meshless boundary method (simplified as the meshless method hereinafter) is that some
discrete points along the boundary behave as source points to generate outward-spread
circular flexural waves propagating in the plate which can be described by a general
solution in terms of Bessel functions [111]. With all points along the boundary of the
plate included, the net flexural displacement of a free vibrating plate can be obtained as
W, which is written as [111]

A 1

F :kZA(W[JO(Am 7))+ 1o (Aff 7)) |+

=1

ini 3 (AR —F)+ 1 (AR -T]) (F P

= 8A |F, —¥|

(4.2)

where A* :pha)z/D; N is the total number of points along the boundary (edge points)
of the arbitrarily shaped plate; J, and I, (m=0,1) denote the first kind of the mth order
Bessel function and modified Bessel function, respectively; ¥ is the position vector of a

collocation point on the arbitrarily shaped plate (including points along the boundary); T,
is the position vector of the kth point on the boundary; i, is the outward normal unit
vector of the kth point on the boundary; |Fk —F| indicates the magnitude of the vector
r—r.; (f,—F)(n,) is the dot product of vector ¥, —F and vector fi, ; A and B, are

undetermined coefficients; when T, =T, the second summation becomes zero because

(f,—F)(A,)=0 ;from this point forward, 8%[\]0(1\|FK—F|)+IO(A|Fk—F|)J and
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Applying the clamped boundary conditions (i.e. w(F,)=0;ow(F,)/on; =0; iis the ith

point on the boundary of the plate; i =1,2...N ), two equations can be produced

W(E) =2 AC(RR) + Y BQ(R ) -~ =0
aw(*)k_l N, OC(T ;l) N AQ(FL ) (43)
an,l =éA“ ar;i +§Bk ar;i 0

Equation (4.3) can be further written in the matrix form as

[(CNXN QNXN](ANX].] — Po (1N><1] (4 4)
Chn Quun )\ By pha)z Ona
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P
where o = C(r,n) C(r.N) - c(r%

Q(Fl'i:l) Q(?l F2) : Q(Fl FN)
Quuy = Q(?zfl) Q(fZ'FZ) ) Q(FZ FN) ;
Q(FN _’1) Q(FN'FZ) Q(FN FN) NxN
C'(RF) C(RE) - C(FFR)
c C'(T’Z,?l) C’(fZ,FZ) - C'(F2 FN)
C'(fuh) C(RR) - C'(Roufi) .,
Q(r.r) Q(rr,) Q'(F.ry) 2
Q, _ Q,(Fz Fl) Q,(FZ’FZ) Q,(FZ rN) ; Ale = :
Q’(FN Fl) Q’(FN I72) ’ Q’(?N FN) NxN AN N>d
1 0
0
Iya = Ona = .
1 Nx1 O Nx1

C
Undetermined A, and B, can be solved by multiplying [(C
NxN

sides of Eq. (4.4) and then the flexural displacementw(?) can be obtained as
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B
B = ;2

BN Nx1

-1
Q,NXNJ on both
QNXN

(4.5)



4.1.2 Acoustic impedance and effective density

With the flexural displacementW(F) solved from Eq. (4.5), the acoustic impedance

Z,, of avibrating plate can be calculated by

R
= , 4.6
JWS (4.6)

am

where S is the area of an arbitrarily shaped plate; w is the average flexural displacement

which can be obtained from Eq. (4.5) and is proportional to P, so that eventually Z,, is

independent of R, .

Once Z,, is obtained, the effective density ( p,; ) of the plate-type AMM can be

obtained using a lumped model and reads [1][28]

~ (joM,+Z,,)S
peff - ja)d

, 4.7)

where M, is the acoustic mass of the air medium in the waveguide and is equal to

02,d/S; p,is the air density; d is the length of the unit cell assuming the thickness of the

plate is negligible. Otherwise the length of the unit cell is d +h.

4.2 Simulation results

To verify the effective density calculated from the meshless method described in

section 11, the acoustic impedances and effective densities of plate-type AMMSs with
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circular, triangular, and hexagonal plates are calculated using the meshless method and
FEM simulation (COMSOL.: acoustic-solid interaction module). Results are shown in the
following three subsections separately. In all cases, the material properties of plates are
identical (E =10MPa,v=0.49, p =1000kg/m?®) and the thickness of plates (h) and
length of one unit cell (d ) are 0.1mm and 2mm, respectively. Based on the finite-
difference approximation method [27][28][5][108], the effective density can be extracted

from the FEM simulation as [28]

o
P = (4.8)

where Ap = p,— p,; P, and p, are the pressures at the right end and left end of the unit

cell, respectively; V is the average transverse velocity on the plate. This extracted
effective density can be then compared with the one predicted by the proposed method

that involves the meshless method and lumped model.

4.2.1 Circular plate-type AMMs

A fully clamped circular plate with diameter =10 mm is first considered. As shown by
Fig. 4.1(c), a number of edge points and collocation points distributed on the circle are
used to implement the meshless method. Since different numbers of edge points and
collocation points (in other words, the spacing between two collocation points) can affect
the accuracy of the calculation, their relation with the numerical error should be

investigated. Figure 4.1(b) shows the error of effective density which is calculated as

64



errorpeﬁ = abs |:(peff _meshless_method peﬁ _analytical )/peff _ analytical j| X 100% at 220 HZ' peff _analytical

can be obtained by applying the analytical solution of the acoustic impedance of a fully

clamped circular plate (Z ) in the lumped model (Eq. (4.7)). Z reads [1]

am _circle am _circle

_ _Ja)ph Il(kmr)‘]o(kmr)+‘]1(kmr)IO(kmr)
Zam_are =5 (1 1) 3, (ko) =3 (Ko ) 1 (KoT) (4.9)

Ve
where Kk, = [a) p_gSJ and r is the radius of the circular plate.

Although Fig. 4.1(b) does not show a strictly monotonous decline of the error as the
number of edge points increase or as the spacing between two collocation points reduce,
the error is contained under 1% once reasonable numbers of edge points and collocation
point spacing are reached (e.g., 10 edge points and 0.2 mm spacing). Based on the error
shown in Fig. 4.1(b), the number of edge points and spacing along x (or y) direction
between each two collocation points are chosen as 10 and 0.067mm, respectively, in
order to obtain a result with an error under 0.1%. Correspondingly, there are 17661
collocation points in total. Figure 4.1(c) demonstrates how the 10 edge points (black thick
dots) and 17661 collocation points (blue small dots) are distributed on the circle, and the
directions of normal unit vectors on each edge point. These collocation points are
uniformly distributed in the interior of the circle. Figure 4.1(a) shows the FEM setup with
a circular plate clamped in a circular waveguide. Substituting corresponding normal unit

vectors, edge point, and collocation point positions into Eqg. (4.5), the flexural
displacement of the circular plate can be obtained and the corresponding Z,, of the plate
can be subsequently calculated from Eq. (4.6).
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Figure 4.1. (a) A fully-clamped circular plate within a 1-D waveguide; the dash arrow
represents the incident plan wave. (b) The error of the effective density under different
numbers of edge points and different spacings between collocation points. (c) The
selected edge points (block thick dots), collocation points (blue dense dots), and the

normal unit vectors on each edge point (arrows and brackets with numbers).
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Figure 4.2. (a) The acoustic impedances of a fully-clamped circular plate from the FEM,
analytical solution, and meshless method. (b) The error of Z,, produced by the meshless

method. (c) The effective densities calculated from different models.

The comparison among different methods is depicted in Fig. 4.2. Based on the plot of
the acoustic impedance (Fig. 4.2(a)), the first resonance frequency of the plate can be

determined (around 220 Hz) by identifying where zero acoustic impedance occurs. This
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agrees with the analytical solution of the first resonance frequency for a circular plate as

[1]

f,=16250 = /3 = 215.37Hz (4.10)
r<\l ph

Since the analytical Z_, of a fully-clamped circular plate is well-known [1][113],
comparing the result from the meshless method with analytical solution can help us
examine how accurate the meshless method is. Figure 4.2(a) shows that the Z_,
predicted from the meshless method matches well with the analytical solution and FEM
results. Only the imaginary part of Z,, is shown because the real part (resistance part) is
zero. The error between the analytical solution and the meshless method is calculated by
error, =abs[(zam_meshless_method ~Z o avatyical) /Zam_analyﬁca,]xloo% and is shown in Fig.
4.2(b). Except at the resonance frequency, where the error peaks, the error elsewhere is in
general very small. Effective densities from different models are then calculated from

Egs. (4.7) and (4.8) and good agreement can be seen in Fig. 4.2(c). Below the first

resonance frequency of the plate, the broadband negative p,; is clearly generated.
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Figure 4.3. The effect of the loss factor o on the effective density of the circular plate-
type AMM. a is chosen as 0.1 and 0.3. (a) Real part of the effective density. (b)

Imaginary part of the effective density.

To further verify the meshless method, the damping of the plate is taken into account
by considering a loss factor ¢ to form a complex Young’s modulus, i.e. E' = E(1+ ja).

a is considered as 0.1 and 0.3 and the effective density becomes a complex number as
shown in Fig. 4.3. All results agree excellently and the unchanged real part of the
effective density and loss-introduced negative imaginary part of the effective density

follow the expectations [28].
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4.2.2 Triangular plate-type AMMs

A fully clamped triangular plate with length of each side =10mm is considered next.
Similar to the procedure done in the circular case, the spacing between each two
collocation points along x (or y) direction and the number of edge points are 0.067mm
and 18, respectively, which lead to results with reasonably small errors. The edge points,
collocation points (there are 9818 collocation points in total), and normal unit vectors on

edge points were generated first as shown in Fig. 4.4 and then plugged into Egs. (4.4)-
(4.7) to solve for Z,, and p,, . It should be pointed out that the normal unit vector at
each vertex is the average unit vector from the two normal unit vectors of the two
adjacent edge points. From the plot of acoustic impedance (Fig. 4.5(a)), the first

resonance frequency can be determined and is around 520 Hz (From FEM, the first

resonance frequency is estimated to be around 536 Hz).
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Figure 4.4. The selected edge points (block thick dots), collocation points (blue dense
dots), and the normal unit vectors on each edge point (arrows and brackets with numbers)

for a triangular plate.

Furthermore, as shown in Figs. 4.5 and 4.6, the meshless method is in good
agreement with FEM for predicting the acoustic impedance and effective density (with
and without the loss). However, some appreciable errors are found in the low-frequency

region (below the first resonance frequency of the plate). This might have been because
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the triangle has sharp corners so that inaccurate average normal unit vectors on vertexes

are generated. These inaccurate normal unit vectors contribute to the second summation
(with coefficient B, ) on the right hand side of Eq. (4.2) and this inaccuracy is amplified at
low frequencies due to the fact that the second summation is inversely proportional to A
and A*= pha)z/ D . If sharp corners are replaced by smoother ones, more accurate

average normal unit vectors can be obtained and this low-frequency discrepancy could
potentially be reduced. However, this smoothing process could also introduce another

error since the shape is slightly changed.
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Figure 4.5. (a) The acoustic impedances of a fully-clamped triangle plate from the FEM

and meshless method. (b) The effective densities from different models.
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Imaginary part of the effective density.

4.2.3 Hexagonal plate-type AMMs

Finally, a fully-clamped hexagonal plate with length of each side =10mm is considered.
The spacing between each two collocation points along x ( or y) direction and the number
of edge points are chosen as 0.1155mm (0.133mm ) and 42, respectively. As can be seen,
the spacing between collocations points are different in x and y directions in this case.
The edge points, collocation points (there are 16971 collocation points in total), and
normal unit vectors on edge points were generated first as shown in Fig. 4.7. Following
the similar procedures in the circular and triangular cases, corresponding results can be
obtained and good agreements of the acoustic impedance and effective density can be
seen in Fig. 4.8. The first resonance frequency of this plate can be determined to be

around 70 Hz (From FEM, the first resonance frequency is estimated to be around 68 Hz).
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Figure 4.9 shows that the effect of damping can be taken into account in the meshless
method for the hexagonal case. The hexagonal case has better results than the triangular

one in the low frequency region, because the corners are less sharp (angles are smaller).
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Figure 4.7. The selected edge points (block thick dots), collocation points (blue dense
dots), and the normal unit vectors on each edge point (arrows and brackets with numbers)

for a hexagonal plate.
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4.3 Summary

This chapter demonstrates that the meshless method is capable of evaluating effective
densities of arbitrarily shaped plate-type AMMSs without mass attached. Plates with three
different shapes with or without damping are considered to validate the meshless method.
Good agreements are found among circular and hexagonal cases when evaluating the
acoustic impedance and effective density. In the case of triangular plate, some errors in
the low frequency region are observed and they are possibly due to the sharp corners of
the triangle. In addition, since the effective density is close to zero around the first
resonance frequency, the accurate prediction of this frequency makes this method suitable
for designing density-near-zero AMMs. The framework presented here not only can be
applied to different applications having plates in non-circular or non-rectangular shapes
(like honeycomb structure [30]) but it also provides a new pathway to tune the effective

density of plate-type AMMs without mass attached.
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Chapter V

Investigation of the Fluid Loading Effect on Plate-type Acoustic

Metamaterials

Most applications of AMMs interact with air medium (as mentioned in Chapters | and
I1), but these ideas also can be extended to applications that interact with fluid (i.e.,
water). The design of complimentary metamaterials (CMMs) [5] is one of AMMs’
applications to deal with water medium. The design has the potential to improve the
resolution of medical ultrasound imaging and medical ultrasound treatment (for example,

by breaking up a kidney stone).

Subwavelength imaging [31][32] and cloaking [33] potentially can be extended to the
underwater version to improve the medical ultrasound imaging and achieve 2D
underwater cloaking (Zhang et al. have developed a non-plate-type AMMs for 2D
underwater cloaking [114] ), respectively. Since heavy medium causes non-ignorable
reaction forces on the plate of plate-type AMMs, the behavior of effective density of

AMMs under water is significantly different from that experienced in air.

The aim of this chapter is to develop an analytical model to include the medium effect
in evaluating the effective densities of plate-type AMMs. The waveguide theory is
utilized to obtain the reaction pressure from medium and then the corresponding acoustic
impedance of plate can be calculated. Following the similar procedure in Chapters 111 and
IV, the effective density can be evaluated by a lumped model. An FEM model is then

applied to verify the solidity of this analytical model.
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5.1 Medium effect on the plate-type AMMs without mass attached

5.1.1 Reaction pressure from medium in a waveguide

For a fully clamped rectangular thin plate under a net sound pressure P, (X, y) , the

governing equation of the transverse displacement W(X, y) can be read as

4 h ? Pnet !
Viw(x, y)—’oDw W(x,y):(—DXy), (5.1)

where W(x, y) is the spatial term of the transverse displacement on the plate; @ is the

angular frequency of harmonic excitations; the time-dependent term, that is, €', has

been dropped through the whole equation; D is the flexural rigidity and

D= Eh3/12(1—v2); and E,v, p, and h are the Young’s Modulus, Poisson’s ratio,

density, and thickness of the plate, respectively.

Consider that this plate is clamped in a subwavelength waveguide, and the fluid

loading on both sides of the plate also is taken into account. Then the net pressure

P. (X, y) in Eq. (5.1) can be decomposed as the sum of the excitation pressure (P (X, y)

is the sum of the input pressure and the reflected pressure in the incident domain [115])

and the reaction pressure  from  medium  ( P.un(XYy) ), Qe
Pe (X, ¥) =P (X, ¥)+Peaion (X, ¥)|2=0 . Because of the subwavelength scale of the

waveguide, the excitation pressure is a plane wave (Pi(x, y): P ) under a range of

operational frequencies around the first resonance frequency of the plate.
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Based on the acoustic waveguide theory, the vibration of a plate inside a rectangular

waveguide is a sound source and generates the radiated sound pressure field in the
transmitted domain (P, (X, y,z)) and incident domain ( Py (X,y,z)), which can be solved
by the variable separation method in the three-dimensional (3D) wave equation with

sound hard boundary (normal vibrating velocity is zero) on the boundaries of x- and y-

directions and expressed as [116]

Pu(X,y,2)= iiqu COS[@JCOS[@]EMZ, (5.2)

where the origin of z-axis is at plate and the positive z direction is along the propagation
of the incident plane wave (refer to Fig. 3.1(a)); p and q are propagation modal numbers
along x and y direction, respectively; double summations include all radiated sound

pressure modes in waveguides; |, and |, are the dimensions of the plate along x and y

directions, respectively; k, = \/(a)/co ) —[( pz/l.)’ +(q7z/ly)2} is the wavenumber along

. Ena® Po] ¢h oy _ .
z direction; qu:—J' I w(X, )@, (x)d,(y)dxdy ; when p=q=0, E, =1;

L1k, <00
when p=0, q#0or p=0, q=0, E,,=2; when p=0and q=0, E,,=4; and for

simplification, cos(@]:%(x) , cos{@]:%(y) , and C,, =

y

quwzpoj
L1 K,

in the

following contents.
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By setting z=0 in Eq. (5.2), the resultant radiated pressure from the plate on the
adjacent medium is equal to Py, (X,Y,0)+ Py (X, ¥,0)=2> "> A 4, (X)¢,(y). This is a
p=0 q=0

result of the anti-symmetric pressure fields of two sides with respect to the plate. The

resultant reaction pressure from adjacent medium on the plate, P, (X, Y), has the same

magnitude as the resultant radiated pressure. Therefore, the P, (x,y) can be obtained as

0

X y = '+ZZiqu¢p(X)¢q(y)' (5.3)

p=0 g=0

W(x, y) can be expanded by eigenfunctions as

W(XY) = 33 W X, ()Y, (). (5.4)

m=1 n=1
where X, (x)andY, (y) can be found in Eq. (3.4).

Combining Egs. (5.1)-(5.4) and then multiplying each term by eigenfunctions with

different modal numbers, i.e. X, (x)Y,(y), and integrating over the whole plate, Eq. (5.1)

can be rewritten as

x [y
Dw, (1,1, +21,1, + 151, ) — phe? Wrslzlﬁ—f [ PX.Y,dxdy

m=1 n=1

+2ZZ . j j U j Zz mYn¢p¢qudy}¢p¢qustxdy, (5.5)

where
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|1=j(:*x§;‘)xmdx, lzzj;yvfdy, |3=jo'*xm”xmdx, I4:J.(:yYn"Yndy, 's=f(:yYn(4)Yndy,

IX . . . . . .
I = J. X_2dx and the superscript in “()” indicates the order of the derivative and double
0

prime is the second order derivative; the summation term in the right-hand side of this

w0

equation can be rewritten as ZZZwmniiCqu

0
m=1 n=1 p=0 q=0

X0 Yoy [ X 0,0 Y.y

SC, By mBrs =23 YW, Cove , in which

0
q=0 m=1 n=1

s

Z Wmn

1 n=1 p

[Ms

and then simplified as 2

3
I
I
o

Iy Iy Iy Iy
Byom = [ Xty dx[ "Yodidy and B =" X g,dx[ "Y,4,dy.

0

From Eg. (5.5), w,, then can be simply represented as

Wrs = El,rs + EZ,rsZinnCmnrs ! (56)

o0
m=1 n=1

[ " PX,Y,axdy
where E .= 0 -0 ~ and
DL, + 21,1, + Il ) - phatl, |,

2
25 D(10, + 21,1, + 11 ) — pheo®l, 1,

E

w, cannot be solved individually, but it can be solved in a series of equations (list
equations with different modal numbers). To solve w,., Eq. (5.6) is rearranged in the

matrix form as
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W, Wiy
W, W,
Wiy Wiy
W,, W,
W = [El,rs:INle +[E2,rs]NzXN2 [Cmnrs]NZxN2 W (57)
22 22
W, Won
_WNN N2x1 _WNN ANZa
where
E1,11 E2,11 0 0
E _ E.s E B 0 Epn -
[ 1vrS]N2A_ : [ 2vrSiINszZ . " 0 ’
El,NN N 0 0 EZ,NN N2xN2
C1111 C1211 CNNll
C C C ) o
[Comes Loz =| o7 2% Nz :and N is the upper limit of double
CllNN C12NN CNNNN N2xN2

summations (ideally N =00, but it is sufficient to apply a limited value for N to obtain a

converged result).

The Eq. (5.7) can be further arranged, and then the matrix of w,, can be solved as
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W.
le :{[1]N2><N2 _I:EZ,rs]Nle[Cmnrs N2xN?2 } I:Elrs] 24" (58)

where [1] . . is N*xN?identity matrix. After applying the result of w, (=w,,) into

Eq. (5.4), the flexural displacement of the plate, w(X,y), in a rectangular waveguide

with consideration of medium effect can be obtained.

5.1.2 Acoustic impedance and effective density

With the flexural displacementw(x, y) solved in the previous subsection, the acoustic

impedance Z,, of the vibrating plate can be calculated as

j I (X, y) dxdy
joWS?

z

am

(5.9)

where S is the area of a arbitrarily shaped plate, and W is the average flexural

displacement, which can be obtained from Egs. (5.4) and (5.8).

Substituting Eq. (5.3) into Eq. (5.9), Eq. (5.9) becomes
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o0 0 o0 o0 IX Iy
S+22. 3 Cpa 2. 2 WoaBran |, 4, (X)X (v)dly
Z — p=0 gq=0 m=1 n=1 . (510)
o jows?

Once Z,, is obtained, the effective density ( o, ) of a waveguide unit can be

obtained [1] [28] as

joM, +Z,.)S
peff :(J )

, 511
jod ( )

where M, is the acoustic mass of the medium in waveguide and is equal to p,d/S; p,is

the medium density; and d is the length of a unit cell, assuming the thickness of the plate

is negligible. Otherwise, the length of the unit cell is d +h.

5.2 Effective densities of AMMSs without mass attached under air and

water mediums

To verify the analytical model derived in Section 5.1, consider an aluminum plate

(E=70GPa, v=0.33 and p=2700kg/m*®) with dimensions I =1 =10mm and

thickness h =0.1mm as a fully-clamped plate in rectangular waveguides with air (air

density p,, =1.2kg/m?*; speed of sound in airC,, =343m/s ) and water (water density

Puuter =1000kg/m?; speed of sound in air C,,.. =1481m/s) mediums in an analytical

water
model and a FEM model. Figure 5.1 shows the acoustic impedances of the plate and the
effective densities of the AMM with the air medium obtained from the FEM model,

analytical model (including medium effect), and analytical model without medium effect
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(which is the same as the analytical model in Chapter Il or set A, in Egs. (5.2) and (5.3)

equal to zero) match well. This result shows that since the air medium is so light
compared with the density of the plate that the reaction pressure from the air medium can
be ignored. The first resonance frequency of the plate is around 8900 Hz (for both FEM

and analytical model) and the effective density is close to zero around this frequency.

o —
g 03 nE 200
)
o 0.2 K a 0
o 0.1 X
O > -200
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g -0.1 9 -400
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Frequency(kHz) Frequency(kHz)
(a) (b)

Figure 5.1. (a) The acoustic impedances of a fully-clamped square plate surrounded by
the air medium from the FEM model, analytical model, and analytical model without
medium effect (same as the analytical model in Chapter I11). (b) The effective densities

are calculated from the different models.

Figure 5.2 shows the acoustic impedances of the plate and effective densities of the
AMM with the water medium obtained from these three approaches. Based on the zero

acoustic impedance, the first resonance frequency of the plate is around 3150 Hz (this
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value is from the FEM model; in analytical model, the first resonance frequency of the
plate is around 3350 Hz). Since the water medium provides a much more significant
reaction pressure against plate vibration than does the air medium, the acoustic
impedance of the plate increases (which is larger than zero; larger acoustic impedance
means higher vibration resistance) to around 8900 Hz (the first resonance frequency for

the case with the air medium) so that the lower first resonance frequency is expected.
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Figure 5.2. (a) The acoustic impedances of a fully-clamped square plate surrounded by
the water medium from the FEM model, analytical model, and analytical model without
the medium effect (same as the analytical model in chapter IlI). (b) The effective
densities are calculated from the different models. (c) The effective densities are

calculated from the different models, but with a narrower frequency range.
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Fig. 5.2(c) plots the effective density of the AMM in a narrower frequency range and
it more clearly shows that around the first resonance frequency (FEM result: 3150 Hz),
the effective density is near the density of water, and the zero effective density is around
2650 Hz (FEM result), which is different from the case with the air medium. This
phenomenon can be explained by Eq. (5.11). When the operating frequency approaches
to the first resonance frequency of the plate, Z_ becomes to zero, and then the effective
density is the density of the medium. If the medium is air, the effective density is close to
zero (but is exactly equal to p,, =1.2kg/m® ) around the first resonance frequency of the

plate.

5.3 Summary

This chapter demonstrates how the reaction pressure from the medium is taken into
account in the structure of a plate-type AMM. After being validated by the FEM model
results, this analytical model is capable of evaluating the effective densities of a plate-
type AMM. Good agreements are found in the low-frequency region and frequency
around the first resonance frequency of the plate. Since the heavy medium (water) resists
the vibration of the plate, the first resonance frequency of the plate is significantly
decreased. Moreover, since the density of water is not negligible, the corresponding
frequency of the zero effective density is further decreased. This framework provides a
robust method for designing the plate-type AMMSs (without mass attached) that

interaction with water. This extends the design regions from air to water.
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Chapter VI

Conclusions and Future work

6.1 Conclusions

Analytical models for evaluating effective densities of the plate-type (or membrane-
type) AMMs are derived and investigated in this dissertation. Starting from a square
plate-type (or membrane-type) AMM, the acoustic impedance of a square, fully clamped
plate (or membrane) is first obtained via an analytical model and an approximate model
and then applied in the lumped model to evaluate the effective density of the AMM. The
damping of a plate (or membrane) can be included in the analytical model. Good
agreements between analytical and FEM results can be obtained for acoustic impedances,

effective densities, and transmission coefficient.

Next, the meshless boundary method is applied to extend the capability of the
analytical model to deal with arbitrarily shaped plate-type AMMs. The acoustic
impedances and effective densities of AMMs with three different-shaped plates, i.e. a
circle, a triangle, and a hexagon, are investigated to validate the analytical model. The
damping of each plate can be considered, and good agreements for the circular and
hexagonal cases are obtained. In the triangular case, a small discrepancy occurs in the
low-frequency region, due to three corners, which cause inaccurate calculations of the
average normal unit vectors for corners. Polygons with more sides, for example, the

hexagon, can have more accurate results in low-frequency region.

Finally, the medium effect for plate-type AMMs is included by considering the

reaction pressure from fluid medium in the equation of motion of a rectangular plate.
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When the medium is water, a significant medium effect is observed in which the first
resonance frequency of the plate is shifted down and the corresponding frequency of
near-zero-effective density is further shifted down. Although the agreements (between
results from analytical model and FEM model) in the case of air are better than in the
case with water, the results for case with water are still in a reasonable accurate range

(about 200 Hz discrepancy for the first resonance frequency).

6.2 Future work

Based on derived analytical models, plate-type AMMSs can be efficiently and

accurately designed. Some future work needs to be conducted.

First, utilize derived models to design plate-type AMMSs. Second, the current
analytical model assumes the waveguide is sound hard boundary and rigid, so the out-of-
plane vibration of waveguide is ignored. If an application needs a large scale, the whole
structure may vibrate as a plate and then the vibration of waveguides need to be
considered. Third, these derived models are currently for 1-D AMMs only, but can be
extended to the 2D case, which is suitable for the design of 2D AMMs, e.g.

complimentary metamaterials (CMMs) [5].
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