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1. Summary. It has been shown in / 1 / that all partially balanced in-
complete block (PBIB) designs with two associate classes, can be divided into a
small number of types according to the nature of the association relations among
the treatments. One simple and important type is the group divisible (GD). The
combinatorial properties of GD designs have been studied in [f2_7 and the
analysis along with that for other types is given in [fl;7. Here we give methods
of constructing GD designs. These designs are likely to prove useful in agri-

cultural, genetic and industrial experiments.

o. Introduction. An incomplete block design with v treatments each re-

plicated r times in b blocks of size k is said to be group divisible (GD) if
the treatments can be divided into m groups, each with n treatments, so that
the treatments belonging to the same group occur together in Kl blocks and
treatments belonging to different groups occur together in xg blocks. If
xl = ke =\ (say) then every pair of treatments occurs together in A blocks and
the design reduces to the well-known balanced incomplete block (BIB) design.

It has been shown in /2 / that the perameters v, b, r, k, m, n, A; and A,
satisfy the following relations and inequalities.
(2.0) v = mn, bk = vr

(2.1) kl(n-l) + n.n(m-1) = r(k-1)

2

(2.2) Q = I‘-Kl 3 0, P=rk - V)\Q = 0.
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The GD designs were divided into three classes: (a) Singular GD designs charac=-
terized by @ = 0, (b) Semi-regular GD designs characterized by Q > 0, P = 0, (c)
Regular GD designs characterized by @> 0, P > 0. The combinatorial properties
of each class were separately studied. These will be referred to at appropriate
places so far as they are relevaent to the problem of construction of GD designs,
which is the main concern of this paper. We shall confine ourselves to the
practically useful range v = 10, r =10, k =10, and choose hl and he not to
exceed 3, except for a few singular and semi-regular designs of special interest.
As noted in 171_7 GD designs besides being a sub-class of PBIB designs
[ 73, 4 7 with two associate classes, can also be regarded as a sub-class of

inter- and intra-group balanced incomplete block (IIGBI) designs / 5 /.

5. Some types of balanced incomplete block (BIB) designs. (a) The con-

struction of GD designs can in many instances be made to depend on known solu-
tions for BIB designs 1-6, 7, 8, 9_7. We shall here bring together certain re-
sults with a view to subsequent use. The parameters of a BIB design will be de-
noted by a starred letter in order to distinguish them from the parameters of GD
designs. Thus the number of treatments will be denoted by v¥, the number of
blocks by b*, the number of replications of each treatment by r*, the number of
treatments in each block by k*, and the number of times any two treatments occur
together in a block by A*, The design 1s said to be resolvable /10 7 if the
blocks cna be grouped in such a way that each group contains & complete replica-
tion.

(b)' The simplest type of BIB design is the unreduced type with k = 2, the
blocks of which are obtained by taking all possible pairs of t treatments. The

parameters are

(3.0) v = t, Db¥ = t(tel)/2, r* = t-l, k¥ = 2, A* = t-2,
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We shall later use the fact that when t is even’the solution can be express-
ed in a resolvable form. For example, if t = 6, then we can write the 15 blocks
as

(1,4) (2,3),  (0,00)

(2,0), (3,4), (1,00)
(3.1) (3,1), (&,0), (2,00)

(k,2),  (0,1),  (3,00)

(0,3), (1,2),  (k,00)
where the treatments are 0, 1, 2, 3, 4 and 00,and the three blocks in any
particular row of (3.1) give a complete replication. In the general case when

t = 2u the solution can be generated by developing the initial blocks
(3.2) (1,2u-2), (2,2u-3), ..., (u-1,u), (0,00) mod(2u-1),

the treatment oo remaining unchanged. The designs (3.0) will be referred to as
belonging to series (u).

(c) BIB designs with parameters

(3.3) vk = 52, b* = 5° + 8, r¥ =8 + 1, k¥ = g, \* = 1

may be said to belong to the orthogonal series 1 (0S1). They are also called
balanced lattices 1_11_7, and can be obtained from a complete set of orthogonal
Latin squares / 6,7 /. They can, however, be more readily obtained by using
certain difference. sets [~12;7 due to one of the authors, which have been given

in Table I, and whose use 1s explained below.
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‘ | Table I

Difference sets for generating BIB designs
belongirg to the orthogonsl series 0S1.

] ( Difference set _ Modulus
2 1, 2 nod (3)

3 i, 6, 7 med (8)

b 1, 3, k4, 12 mod (15)
5 1, 3, 16, 17, 20 mod (2k4)
7 l, 2, 5, 11, 31, 3, 38 mol (48)
8 1, 6, .8, 1k, 38, 48, Ly, 52 mod(63)
9 1, 13, 35, 48, kL9, 66, 72, T, 77 1204(80)

. For example let s = L. If we develop the difference set for s = b,

mod(se-l), we get fifteen blocks of the BIB design
(3.35) v* =16, b* =20, r*¥ =5, k¥ = 4, A% =1,

They are given by the columns of the scheme

N

1 2 3 4 5 7 8 9 10 1 12 13 14 o

3 4 5 6 7 8 9 10 1 12 13 14 0o 1 2
(3.4)

» 5 6 7 8 9 10 1 12 13 1 o0 1 2 3

12 13 1+ o0 1 2 3 4 s 6 7 8 9 10 11

The remaining blocks are obtained by starting with the bleck 0, s + 1,
2(s + 1),00 and deriving other blocks by adding 1, 2, ..., s to the treatments
of this block, remcmbering that oeis invariant under addition. Thus 5 other

blocks are given by the columns of the scheme



(3.15)
10 1 12 13 14

(oo} 00 (o]e} oo} Q0

The design is resolvable, the i-th replication being obtained by taking the
i-th block from (3.45), and the i-th and every succeeding (s+1)-th block from
(3.4). We may thus rearrange the twenty blocks and get the design in the form,

where the replications are seperated by vertical lines.

(3.5)

1 611 0 | 2 712 1 % 3813 2 ., b 91k 3 | 510 0 &
3 813 5 ; » 91k 6 | 510 0 7 ! 611 1 8 712 2 9
L 91410 | 510 011 i 611 112 ! 712 213 813 31k
12 2 Too 113 3 8oo | 14 & 900 | 0O 510 o 1 611 oo

(d) BIB designs with parameters
(3.6) v = b* = g2 4 8+1, ™ =k¥ =8+1, \=1

mey be sald to belong to the orthogonal series 2(0S2). The solution for any
design of 052 can be obtained ffom the corresponding design of 0S1 by taking

8 + 1 new treatments, and by adding the i-th new treatment to each block of the
i-th replication, and finally adding a new block containing all the new treat-
ments. A solution is however more readily obtained by using the follcwing

difference sets due to Singer 1715_7, which have been given in Table 1I.
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Table IIX

Difference sets for generating BIB designs
belonging to the orthogonal series 082

s Difference set Modulus
2 o, 1, 3 mod (7)
3 0, 1, 3, 9 mod (13)
L 0, 1, L4, 14, 16 mod (21)
5 0, 1, 3, 8, 12, 18 mod (31)
7 0, 1, 3, 13, 32, 36, k43, 52 mod (57)
8 0, 1, 3, 7, 15, 31, 56: 5"": 63 . mod, (73)
9 o0, 1, 3, 9, 27, k9, 56, 61, T7, 81 mod (91)
11 0, 1, 5, 12, 20, 34, 38, 81, 88, 9k, 10k, 109 mod (133)
Thus the blocks for the BIB design
(3.65) vk = b¥ =13, r¥ =k*¥ =L, ¥ =1

obtained by using the difference set corresponding to s = 3, are given by the

columns of the scheme

(3.7)

10

11

12

o 3 W P=at
. O U
N OV 3 O

10

9 10 11 12 0

11 12 0 1 2

(e) BIB designs which are resolvable or (and) for which A = 1 are especially

important for the comstruction of GD designs.

We tabulate below designs of the

type for which r*¥ = 11, and which do not belong to the series u, 0S1 or 082 al-

ready considered. The reference to the series is in the notation used in Zf?ijz.

In each case the complete solution can be developed from certain initial blocks.
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Table III

BIB designs which are resolvable or (and) for which \ = 1,

Eiri&l Series, Parameters Initial blocks Modulus
' v* DE Tk k¥ A%

(1) T, |1326 6 3 1 |(1,3,9),(2,6,5) mod (13)

@2+ T, 1535 7 3 1 |(1,,2,%),(31,1,,5,),(6,,2,,3,) mod {7)
(5,,45,6,),(0,,0,,00)

(3) F, |[2550 8 L 1 | (00,01,41,13),(00,32,21,02) mod (5,5)

W |1, 1957 9 3 1 | (1,7,11),(2,14,3),(4,9,6) 04 (19)

(5)+| F, |2863 9 Lk 1 |(01,,02),10,,20,),(21;,12,,22,,11,) mod(3,3)
(01,,02,,10 205) (21,,12,,22 113)

(015,025,10, ,20,), (215,12,,22, )11;)
(001,002,00390)

(6)+ | (1) {20 7010 3 1 |(0,,0,,05),(31,2),%),(15,25,54,), (15,25, k)| mod (7)
(51) 52’63) ) (32; 53;61) ’ (55;51)62)R9PSI‘V113
(ll,QB,hz)RepVIII;(12,21,h§)RepIX;

(15,22,hl)Rer

(7) (Gl) 41 82 10 5 1 (1,57,16,18,10),(8,9,5,21,59) mOd(-hl)

(8) (G2) 459911 5 1 (011,021,103,205,002),(21 »12,, 3, oo ) mod(3,3)
(01,,02, ,1oh,20u,003),(21 12, 22h,llh,00 )
(013,025,105,205,ooh),(213,123, 59 5,ooh)
(01,,02),,10,,20,,00) , (21h’12u’22 11, ,00,)
(015,025,10,,20,,00, )5 (225,125,22 11,,00,)

(oo 00, ooj,ooh,oos)
9+ () |81 7 4 3 1(0,1,2,4),(3,5,6,00) mod (7)
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Designs marked + are resolvable. For (2), (5) and (9) the initial blocks
“ provide a complete replication. Hence,in developing,the replications remain
separate. For (6) the first seven blocks provide a complete replication and
vhen developed yield replications I-VII. Bach of the other three initial blocks
when developed yields a complete replication. The solutions given here have
been taken or adapted from /8 7, /14 7 and /15 /. 1In developing the initial
blocks the suffixes and 00 should be kept invariant (For the use of binary

symbols see Section 6).

4. Construction of singular GD designs. It has been shown in /2 7/ that

if in a BIB design with parameters v*, b*, r¥*, k¥, \* we replace each treatment

by a group of n treatments, we get a singular GD design with parameters

(4.0) Vv=nvk, b=Db¥% r=r% k=nk¥ m=v¥ n=n, A\, =r¥, A =\,

Conversely, every singular GD design is obtainable in this way from a
corresponding BIB design. The problem of constructing singular GD designs,
therefore, offers no difficulty. However, if r* and A¥ differ too much, then
in the derived GD design, the accuracy of the within group and between group
comparisons will appreciably differ. We give below some cases of practical

interest.
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Table IV
Parameters of some singular GD designs, and the

corresponding BIB designs from which they are derivable

Szgi:ir?:é Parameters of BIB design zigzﬁ§::rgDo§e:izzesponding ‘
vk  b¥ r* k¥ ¥ v b r k m n xl hg
(1) u+ 4y 6 3 2 1 12 6 3 6 6 3 3 1
(&) " " " " " 6 6 3 8 6 4 3 1
(3 " " " " " " 20 6 3 10 6 5 3 1
(k) o0s 2 T 7T 3 3 1 7 3 6 7 2 3 1
(5) " eoomoom 24 7 3 9 7 3 3 1
(6) u 5 10 L 2 1 10 10 4 4% 5 2 4 1
(1) " " oo 15 10 4% 6 5 3 4 1
8) " oo 20 10 4 8 5 L L4 1
(9) 0S 1 + 9 12 L 3 1 18 12 4 6 9 2 4 1
(20) ™ e 27 12 4k 9 g9 Lol
(11) os 2 13 13 L 4 1 26 13 4 8 13 2 L 1

A singular GD design may be considered to belong to the same series as the
corresponding BIB design. The series has been shown along with the serial nume
ber in Table IV. It is clear that if a BIB design is resolvable the same is
is true of a GD design derived from it. Resolvability has been denoted by +.

As an example consider the design No. (11) of Table IV. The blocks of the
corresponding BIB design are given by (3.7). Replacing each treatment i by two
treatments il and 12, we see that the blocks of the GD design under consideration,

are given by the columns of the scheme



1 h 7 1 1 1 1

% Yo % 3 K 5, 6 T, 8 9, 10, 11, 12,

L 3 M o5 6 T 8 9 10 1) 12 o

(h.1) 2% 3 by 5 6 T, & 9, 10, 11, 12, O,
5 M % 6 Ty 8 9 10 1) 12 0 L 2

B M % 6, T, & 9 10, L, 12, 0, 1, 2,

9 0 My 13y o 4 2 3 b 5 6 7, 8

% 10, 1y 12, 0 1, 2, 3 4 5, 6, T, 8

The treatments il and i2 belong to the same group (i =0, 1, ..., 12).
They occur together in the same block four times. Two treatments not belonging

to the same group occur together in a block just once.

5. Method of "variety cutting" for the generation of GD designs. Consider
Y &

a BIB design with parameters
(5.0) V¥, b¥, %, k¥, A% = 1 ,

A particular treatment @ occurs in r blocks. The remaining v¥-1 = r¥(k¥*.l)
treatments can be divided into r¥ groups, each containing k¥l treatments, two
treatments belonging to the seme group if they occur together in the same block
with ©. If we form a new design by cutting out the treatment 6, and all the

blocks containing it, we evidently get a GD design with parameters

(5.1) v =v¥-l, b =bkar¥, p =y¥l, k= k¥, m=1%, n = k¥-1, A, =0, A\, = 1,

1 e

Theorem 1. By omitting & particular treatment © from a BIB design with
parameters (5.0), we obtain a GD design with parameters (5.1). Two treatments

belong to the same group if they occur together in the same block as O.
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In particular, if we start with a BIB design belonging to the orthogonal
series 081, with parameters given by (3.3), we get a series of regular GD de-

signs with parameters
(5.2) v=b=8-l, r=k=s,m=s8+l, n = 8-, M o=1, M =0,

The method of obtaining the blocks of & design of 0Sl using the difference
sets in Table I has already been explained. To get the corfesponding design of
(5.2), it is convenient to cut out the treatment . Thus taking 8 = L4, the

blocks of the GD design
(5.3) V=b=15,I‘-‘-k:’-l-,m:s)n:}})"l:l)>“=0

are given by the columns of the scheme (3.4), and the groups are given by the
columns of (3.45), if the last row containing only oo is omitted.
The BIB designs (1) - (8) of Table III may also be employed to generate

corresponding GD designs. For example the blocks of
(5.4) v =13, b* = 26, r* = 6, k¥ = 3, A¥ = 1
obtained by developing the initial blocks given in Table III are

(5.5)
1 2 3 45 6 78 9101112 0 2 3 4k 5 6 7 8 9101112 0 1
3 5 6 78 9101112 0 1 2 6 7 8 9101112 O 12 3 b 5

9101112 0 1 2 3 b 5 6 78 5 6 78 9101112 0 1 2 3 4
Cutting out the treatment O, the blocks of the GD design
(5.6) v=12,b=20,r=5 k=3m=6,n=2,A =0, A =1

are given by the columns of the scheme
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(5.7 123 467891012 2 3 4 5 6 7 81112 1
3456 8 9101112 1 6 7 8 9101112 2 3 5
9101112 1 2 3 4 5 7 5 6 7 8 91011 1 2 L

and the groups are given by the columns in
5 i 2 S 10 &4
(5.8)
7 6 8 12 1 3,
We give below parameters of BIB designs with A = 1, together with the para-
. meters of GD designs derivable from them by variety cutting. Designs of the
orthogonal series 052, and the semi-regular GD designs deriveble from them have

not been included, as the latter will be obtained in Secticn 7, as members of a

more general class.
Table V
Parameters of BIB designs with A = 1 not belonging to the series 082
and GD designs derivable from them by "variety cutting".

Serial No. Parameters of BIB design Parameters of GD design

and series V¥  b* r¥ k¥ A% |v b r k m n hl xg
(1) os1 16 20 5 ) 1 |15 15 L b 5 3 0 1
(2 v 25 30 6 5 1 {24 ok 5 5 6 Lo 1
(3) b9 %6 8 7 1 |8 4 7 7 8 6 o 1
(&) v 6hb 72 9 8 1 (63 63 8 8 9 T o 1
5y " 8L 90 10 9 1 /80 8 9 9 10 8 o 1
(6) T, 13 26 6 3 1 |12 20 5 3 6 2 0 1
(1 1 5 3% 7 3 1 ji 28 6 3 7 2 o 1
(8) F 25 50 8 4 1 {2k 42 7 4 8 3 0 1
(9) =, 19 57 9 3 1 |28 8 & 3 9 2 o 1
(10) F, 28 63 9 4 1 |27 54 8 4 9 3 0 1
(11) Ty 21 70 10 3 1 |20 60 9 3 10 2 0 1
(12) G, L1 82 10 5 1 ko 72 9 5 10 b 0 1
(13) G, b5 99 11 5 1 (s 88 10 5 11 L 0 1
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6. Method of differences for generating GD designs. (a) The method of

differences has been extensively used in /8 7/ and /g / for the construction

of BIB designs. We shall here adapt it to the construction of GD designs.
Consider a module M with a finite mmbér of elements. To each elément let
there correspond h treatments, the treetments corresponding to the element x

being

(6.0) Xys Xpy weey Xy

Thus there are v = gh treatments. Treatments denoted by symbols with the same
lower suffix i1 may be said to belong to the i-th class.

Let x(u) and xgv) be two different treatments of the i-th and j-th classes

i
respectively, where x(u) and x(v) are elements of M. Let
(6.1) x(u) - x(v) =4, x(v) - x(u) = -d.
We then say that the pair of treatments xiu) and xgv) give rise to the difference

d of the type / i,j / and difterence -d of the type / j,i /. When i = j the
differences are called "pure" and when i # j the differences are called "mixed".
The differences d of the type / 1,J / and ~d of type / j,i_/ are said %o be
"complementary" to one another. Thus every pair of treatments gives rise to a
pair of complimentary differences, one difference corresponding to each order of
writing the treatments. C(Clearly there are h different types of pure differences
and h(h-1) different types of mixed differences. Since every non-zero element
of M can appear in a pure difference, and every element (zero or non-zero) in a

mixed difference, the total number of different possible differences is
(6.15) h(g-1) + h(h-1)g = v(v-1/g.
If @ is apn arbitrary element of M and

(6.2) x(a) = x(u) + 9, x(B) = x(v) + @
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then the pair of treatments x§a) and x(B) give rise to the same pair of compli-
mentary differences as xgu) and xgv). Since @ can take g different values, we
get g rairs of treatments giving rise to differences d and -d of tyves [i,37
and /7j,i_7 respectively, and it is easy to see that there are no other trest-
ment pairs which give rise to the same differences. The v(v-l)/2 treatment
pairs thus give rise to just v(v-1)/g differences, wkich checks with (6.3).

Given an initial block B containing k treatments we can get g blocks by
developing it in the following manner. Let © be any arbitrary element of M.
Then we get a new block Bg corresponding to @ by replacing each treatment xi in
the initial block by x{ where x' = x + ©. By varying © we get all the g re-
Quired blocks. The initial block B gives rise to k(k-1) differences viz. the
differences which arise from the li(k-1)/2 pairs of treatments which can be
formed from the treatments in B. If any pair of treatments occurs in L, then
all the g pairs of treatments which give rise to the same differences as the
given pair, occur in the corresponding positions in the blocks developeg from B.

(b) Theorem 2. Let M be a module with m elements and to each element of
M let there correspond n treatments. Let it be possiblé to find t initial blocks
Bl’ BE’ veny Bt each containing k treatments, and an initial group G containing
n treatments such that

(1)  the n(n-1) differences arising from G are all different,and

(11) among the k(k-1)t differences arising from the initial blocks each
difference occurs xg times, except those which arise from G, each of which occurs
A, times,

1

Then by developing the initial blocks Bl’ BE’

with parameters v =mn, b = mt,r = kt/n, k, m, n, xl, xg, the group being ob-

vy Bt we get the GD design

tained by developing the initial group G.
Proof: Two treatments belong to the same group if and only it the

differences arising from them occur among those arising from G. By the condi-
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tions of the theorem and what has been said before any such peir will occur
among the developed blocks Kl times, and all other pairs will cccur xe times.
Also in the developed blocks each treatment must occur in (n-l)xl+n(m-l)>\2
pairs. But if this treatment occurs in r blocks then this number of rairs is

also r(k-1). Hence r must be the same for all treatments and is given by
(6.25) (n-l)kl + n(m-l)k2 = r(k-1).

Again the total number of pairs in all the developed blocks is mk(k-1)t/2 and
this must equal mnr(k-1)/2 since eacﬁ treatment occurs in r(k-1) pairs. Hence
r = kt/n. This completes the proof.

In particular let M be the module of residue classes mod(m), and let the
initial group G consist of treatments
(6.3) 0y, Op, «ve, O
Then to get & GD design with parameters v, b, r, k, m, n, Kl, XQ we have to fiad
t initial blocks such that among the k(k-1l)t differences arising from these
blocks each pure difference and each non-zero mixed difference arises Just xe
times, and each zero mixed difference arises A, times. The designs (1)-(7) of
Table VI have been obtained by using this special case of Theorem 2. For example
for the design no. (2) of Table VI, the complete set of blocks obtained by de-

veloping the given initial blocks mod (7) , are given by the columns of the

scheme
L 3 M 5 6 0 1, 2, 3, 4 5, 6, o0
(6.4) 20 3 M 5 6 0 1 2, 3, k5, 6, O 1
4 51 6 0 1 2 51 I 52 6 0 1 2 52

The groups obtained by developing the initial group are given by the

columns of the scheme



(6.5) 1 1 3 1 1
® O, L, 2, 3 k 5 6
Teble VI

GD designs which can be generated by the method of differences

Serial | Parameters Modu-
No., v b r k |Initial group Initial blocks lus
m n XA, N
172
(l) lu 28 6 3 (01)02) (11)61)02)’(21)51102) mod(?)
7 2 0 1 (5l’ul’02)’(12’22’h2)
(2} b ab b b (01;02) (ll:el:)‘"l)oe);(12)22;)*2)01) mod (7)
7 2 0 1
(5) 26 52 8 u (01)02) (11)51191302))(21)61)51}02) mOd(l5)
13 2 0 1 (1553559550,)5(25,6,,55,0;)
. (%) 1854 9 3 (01102) (01’32’12)’(Ol’hE’OQ)’(Ol’52’82) mod (9)
9 2 21 (01,65,75)5(01,1,,%1),(04,2,,2,)
(5) 30 75 10 h (01)02) (Ol)zlilhl)ue))(Oe)zzllue’hl) mOd(l5)
15 2 2 1 {0,5,20,,1,),(0,,4,,10,,1,)
(01:81:02)82)
(6) 39 78 10 5 (01)02)03) (11231)91)02}03))(21)61151)02)05) mOd(l3)
15 5 2 l (12)32:92)05J01))(22)62)52,05)01)
(15, 33’ 95,01’02) L (23363,55)01}02)
(1) {1020 8 L(0,,0,) (01,15,25,45) 5 (05,1, ,2,,4)) mod (5)
5 2 0 5 (01’22’32’u2)’(02’21’31’u1)
(8) 16 32 6 3(0,4,8,12) (0,1,10),(0,2,5) mod (16)

‘ L b o 1 %P.C.
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Table VI (cont.)
iSerial Parameters
No. v b r k Initial group Initial blocks Modu-
mn A, A lus
12
(9) 2h 72 9 3| (0,4,8,12,16,20) (0,1,11),(0,2,7),(0,3,9) mod.(2k)
1
L 6 o 1 z P.C.
(10) 153 6 3 (0,5,10) (0)6;8):(0;11)]-“‘) mod (15)
1
5 3 0 1 3 P.C.
(11) (1548 9 3](0,3,6,9,12) (0,6,12),(0,3,4),(0,2,7) mod (15)
1
3 5 2 l B'P-C-
(12) |12 12 4 4| (0,6) (0,1,4,6) mod(12)
6 2 2 1 % P.C.
(13) 123 9 3 (0:,4)8) (0’1:3):(0)1)6);(0:2:5) mod(12)
L 3 o0 2 '% P.C.
(14) |26 26 9 9] (0,13) (0,1,2,8,11,18,20,22,23) mod (26)
13 2 0 3 % P.C.
(15) |3 70 20 5 |(00,10,20,30,40,50,60) | (10,20,40,01,04), mod(7,5)
5 7 2 1 % P.C. (10,20,40,02,0%}
(16) 13333 7 T1(00,10,20,30,40,50 (10,40,50,90,30,01,02) mod(11,3)
311 2 1} 60,70,80,90,t0)
1
EP.C.
(17) {15 30 8 L4 |(00,10,20,30,40) (00,4%0,21,22),(00,20,11,12) noé.(5,3)
1
5 5 l 2 B-PlCn
(18) |15 30 10 5 | (00,10,20) (00,10,21,22,24), mod(3,5)
5 3 2 3| LP.C. (00,10,21,22,23)




- 18 -

Table VI (cont.)}

Serial | Parameters Modu-
v b r k Initial group Initial blocks 1us
m n Kl KQ
24 60 10 4 |(00,30,60,90 (00,10,40,91) C.C. | mod(12,2)
3 8 2 1 01,31,61,91) (00,20,50,31) c.c.
5 P.C. (00,60,01,61) 2 re.
2k 80 10 3 |(00,20,40,60) (00,10,61) Cc.C. | mod(8,3)
6 4 01| frcC. ! (00,50,71) c.C.
(00,11,k42) c.c.
(00,01,02) % P.C.
12 30 10 & [(00,01,30,31) (00,20,30,11) C.C. mod(6,2)
3 b 2 3 %P.C. (00,10,50,41) c.C.
(00,20,01,21) 5 P.C.
|

(c) The scope of the method of differences can be further extended by
using the concept of "partial cycle" (P.C.), (cf. /14 7). We shall illustrate
the use of this concept Ly considering a specific example.

Let M be the module of residue classes mod (15), and to each element of M
let there correspond & unique treatment. Consider the set of treatments
(0,3,6,9,12) . This set cannot form an initial group for the purposes of Theorem
2, since the differences arising are not all different but are the elements
3, 6, 9, 12 each repeated five times. We however note that if we develop this
set, then the complete cycle of 15 sets consists of the three sets (0,3,6,9,12),
(1,4,7,10,13) and (2,5,8,11,14) each repeated five times. We can therefore say

that the complete cycle is divisible into 5 equal perts. If we take only s
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partial cycle, viz. 1/5 of the complete cycle for our groups, we see that any
two treatments,the differences arising from which are 3,12 or 6,9, occur to-

gether just once in a group.

We now note that among the 18 differences arising from the initial blocks
(6.6) (0,6,12),(0,3,4),(0,2,7)
the elements 3,6,9,12 each occur twice, and the other non-zero elements, viz.
1,2,%,5,7,8,10,11,13,14 each occur once. If therefore we develop these initial
blocks mod(15) we get the design No. (11) of Table VI, the groups consisting of
1/5 of the complete cycle obtained by developing the initial group (0,3,6,9,12).
This is denoted by writing 1/5 P. C. after (0,3,6,9,12) in the column 3 of

Table VI.

We may row state the following obvious generalizetion of Theorem 2.

Theorem 3. Let M be a module with cm elements and to each element of M
let there correspond n/c treestments (c is supposed to be a divisor of n). Let
it be possible to find t initial blocks each containing k treatments, and an
initial group G containing n treatments such that

(i) fthe differences arising from G consist of n(n-1) /c different
differences each repeated c times, the complete cycle of G being divisible into
¢ equal parts.

(11) Among the k(k-1)t differences arising from the initial blocks each
difference occurs xg times, except the n(n-l)/c differences arising from G, each
of which occurs xl times.

Then by developing the initial blocks Bl’ BE’ 2eey Bt we get the GD design
with parameters v =mn, b = mct, r = ket/n, k, m, n, Kl’ Ke, the groups being
l/c-th part of the complete cycle obtained by developing G.

In particuler let ¢ = n, and let M be the module of residue classes

mod (mn), one treatment corresponding to each element of M. Let G be

(6.7) (0, m, 2m, ..., m(n-1))
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then the differences arising from G are tne n-1 elements m, 2m, ..., (n-l)m
each repeated n times. The comﬁiete cycle of G is divisible into n equal parts
and we can get 1/n part of this cycle, by adding 0, 1, ..., m-1 to the elements
of G and taking residues mod (mn). This gives us the m groups. If it is pos-

sible to find the initial blocks Bl’ 52’ «+ey B_ each with k treatments, such

t
that the differences arising from them consist of the elements m, 2m, ...,(n-1)m
each repeated Kl times, and all other non-zero elements of M each repeated xe
times, then by developing Bl’ BE, ey Bt we get the blocks of the GD deeign
with parameters v = mn, b = mnt, r = kt, m, n, A > My+ Designs Nos.(8)-(1L) of
Table VI have all been obtained in this manner.

(d) In applying the method of differences, the use of systems of double
modulus (u,v) is often advantageous. The elements‘of such a system are binary
symbols xy, where x is a residue class mod (u) and y is a residue class mod (v).
In adding two elements, we add the components separately and reduce the first
component mod (u) and the second component mod (v).

In applying Theorem 3, using systems of double modulus we shall take u = n,
v =m, so that M is a system of double modulus (n,m). We shall illustrate by
considering design No. (18) of Table VI, where m = 5, n = 3. The initial group
G is (00,10,20), and consists of all elements of M for which the second component
is zero. The complete cycle of G consists of 15 groups divisible into 3 equal
parts. One of these parts is obtained by adding to G all the element of M for
which the first component is zero. The groups of this "partial cycle" are taken
as our groups. They are given by the columns of

co . 01 02 03 ok
(6.8) 10 11 12 13 14
20 21 22 23 2k

The fact that the groups are obtained by taking only 1/3 of the complete

cycle obtainable from G is denoted by writing 1/3 P.C. after (00,10,20) in
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Column 3 of Table VI. The differences arising from G are all the non-null
elements of M for which the second component is zero, each repeated 3 times. If
we now note that among the forty differences arising from the initial blocks
(00,10,21,22,24), (00,10,21,22,23) the elements 10,20 of M each occur twice,
and the other non-null elements of M each occur thrice, it follows from Theorem
5 that on developing these initial blocks we shall obtain all the blocks of the
design No. (18) of Table VI, Designs Nos. (15)-(18) of Table VI have all been
obtained in this menner. In design No. (16), t stands for 10.

(e) Finally instead of considering only complete cycles developed from
initial blocke, we may alsoc allow partial cycles. This will be illustrated by
considering the design No. (20) of Table VI. M is here a system of double
modulus (8,3). The initial group G coneists of n = 4 elements (00,20,4%0,60).
The differences arising from G are the elements 20,40,60 each occurring four
times. For our groups we therefore take 1/4 part of the complete cycle obtained
by developing G. Our blocks should be such that two treatments differing by
+ 20 or + 40 should not be in the same block, but any two treatments the dif-
ference of which is anything else should occur in a block Jjust once. Now the
differences arising from the initial blocks (00,10,61), (00,50,71), (00,11,42)
are all the elements of M (occurring once) except 20,40,60,01,02. Hence by
developing these initial blocks we would get all pairs of treatments occurring
together except those which differ by + 20, + Lo, T 01. We can therefore
complete the solution by adding the initial block (00,01,02) and taking 1/3 cf
the complete cycle obtainable from it, since the differences arising from it
are Ol and 02 each repeated thrice. The designs No. (19) and (21) of Table V
have also been obtained in a similar manner. The word C. C. after an initial
block means that we have to take the complete cycle developed from it, whereas
1/n P. C. after an initial block means that only 1/n part of the complete cycle
has to be taken. Of course this notation has been used only for those designs

in which some of the initial blocks have partial cycles.
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It should be noted that Theorem 3 when properly interpreted remains valid
even when some of the initial blocks have partial cycles. If l/s part of the
cycle arising from a block is taken, then this block counts-only as 1/s blocks,
and the differences arising from it count only as k(k-1)/s differences (i.e.,
every set of s identica#hifferences counts only as one). Thus in the design
No. (20) of Table VI, the number of initial blocks is t = 10/3 since only 1/3
of the cycle of the last initial block is taken. Since to each element there
corresponds only one treatment c= n, the relation r = kct/n is seen to remain
valid. The k(k-l)t differences arising from the initial blocks are the 6 x 3
differences arising from the first three initial blocks, together with the two
differences arising from the last initial block.

7. Construction of semi-regular GD designs with A 0. (a) For a semi-

l=
regular GD design P = rk - VA, = 0 by definition. Hence from (2.0) and (2.1)

(7.0) r =Amn - Kl(n-l)-

In this section we shall consider the case xl = 0. This leads tor = Aen,

k =m. Hence the parameters of the design can be written as

2

(7.1) v=mn, b=n"A r = n\ k=mm n, A, =0, X\

2’ 2’ 1 e’

We shall first establish the equivalence of the design (7.1) with an ortho-
2
gonal array A = [Tk2n » M, n, 2_/ of strength 2, which may be defined as a

matrix A = (aiJ)’ with m rows and xene columns for which each element a,, is one

iJ
of the integers 0, 1, 2, ..., n~-1, and which has the orthogonality property
that for any two rows, say i and u, the pairs (aij’auj)’ J=1,2, ..., kena

occurring in the corresponding columns consist of all possible ordered pairs of

the integers 0, 1, 2, ..., n-1, each repeated A\, times. It follows that each

2



- 23

of the integers 0, 1, 2, ..., n-1 appears nxg times in each row of A. Ortho-
gonal arrays have been stud}ed by Plackett and Burman, Rao, Bush and one of the
authors (Bose), [16 7, /177, [18 7, [19. 7, [207, [21 7, [22 7.

Theorem 4. The existence of a semi-regular GD design with parameters (7.1)
implies the existence of an orthogonal arrey A = ZfXEnQ, m, n, 2_7 of strength
2, and conversely.

Proof. Replace any integer x appearing in the i-th row of A by the treat-

ment (i-1)n+x. The i-th row of the derived scheme now contains the treatments
(7.15) (i-)n, (i‘l)n’i‘l’ ¢co ey (i*l)n+n‘l-

We shall show that the columns of the derived scheme give the blocks of
the GD design (7.l), where the i-th group of treatments is (7.15). Treatments
belonging to the i-th group occur only in the i-th row of the derived scheme.
Hence two treatments belonging to different groups never occur together in the
same block (column). Also from the orthogonality property of A it follows that
any two treatments belonging to different groupé occur together in xa blocks.
This proves our statement.

Conversely, suppose there exists & semi-regular GD design with parameters
(7.1). Let the i-th group of treatments be given by (7.15), 1 =1, 2, ..., m.
It has been shown in [-2;7 that each block of & semi-regular GD design contains
the same number of treatments from each group. Since k = m in the present case,
each block contains Jjust one treatment from each block. We can now exhibit the
blocks of (7.1l) as the columns of a rectangular scheme in which the treatments
of the i-th group occupy the i-th row. Replacing the treatment (i<1)n+x of
the i-th group by x, x ='1, 2, ...,Ln;l,-i =1, 2, ..., m. We then get an
orthogonal array A of size x2n2, m constraints, n levels and strength 2. This

proves the equivalence of the orthogonal array A and the GD design (7.1).
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Corollary. The existence of GD design (7.1) implies the existence of the

GD design with parameters

(7.2) v=mmn, b= naxe, r = n\

1 k= o, Wy, B, A

= 0, A\, = 1 wvhere m, < m.

2’ 1 2 1

If the GD design (7.1) is written in a form in which the columns give the
blocks, and the treatments of the i-th group appear only in the i-th row, then
to get the blocks of (7.2), we have simply to discerd the last n-my Trows.,

(b) In special cases the blocks of GD designs with parameters (7.l) can be
obtained more expeditiously by using affine resolvable BIB designs or finite
geometries rather than by directly using orthogonal arrays.

A resolvable BIB design is said to be affine resolvable if any two blocks
of different replications have exactly the same number of treatments common.

It has been shown by one of the authors (Bose) /10 /, that the necessary and

sufficient condition for a resolvable BIB design to be affine resolvable 1s
(7.25) b* = vH o+ T¥ - ],

In this case the number of treatments common to blocks of two different replica-
tions is k*z/v*, which must therefore be integral. The connection between
orthogonal arrays and affine resolvable BIB designs weas noticed by Plackett and
Berman /19 7.

It is clear that if we dualize an affine resolvable BIB design with para-

meters v¥, b¥%, r¥, k¥, A%, we get a semi-regular GD design with parasmeters

(7.3) v =b*, b=vk, r=ke k=r% m=r¥ n=Db*/r¥, \, =0, A, = k¥/v¥,

1 2

In particular the BIB designs (3.3) belonging to the series 0S8l are affine

resolvable and lead by dualization to the blocks of the GD design

(7.55) v = 82+'S, b = 32, r =8, k = 3+1’ m

L]
on
-+
=

-
=]

]
7]

-
>

]
(&

-
>

L]
-~



- 25 .

From this we can get the blocks for (cf. Theorem 4, Corollary)

(T.4) v =ms, b= 52, r=8,k=m m n-=as, Ay =0, My =1, where m < s+l.

2

It will appear that we can express the blocks of (7.4) in a resolvable form.
This will be illustrated by considering the special case s = 4. The columns of

scheme (3.5) give the blocks of the BIB design v* = 16, b% = 20, r* = 5, k* = L,

A* = 1 in a resolvable form. Let us write down the dual of this design. The
blocks of the dual corresponding to the treatments of the original can now be
nurbered O, 1, 2, ..., 1k and 0o. Also the treatments of the dual corresponding
to the blocks of the original can be numbered 1,2,..., 20, and can be divided
into five groups corresponding to the replications. If in the original (3.5),
the treatment i occurs in the block J in the dual we put the treatment j in the
block i. The blocks of the dual are then given by the columns of the following
scheme, where the last column corresponds to the block oco.

(7.45)

b 1 2 1 1 v 2 3 2 2 4 3 1 3 3 4
T 8 5 6 5 5 8 6 7T 6 6 8 T 5 T 8
11 11 12 9 10 9 9 12 10 1 10 10 112 1 9 12
13 15 15 16 13 1h 13 13 16 14 15 1k 1k 16 15 16

19 17 19 19 20 1T 18 17 17 20 18 19 18 18 20 20

Finally, we rearrange the blocks so that all blocks containing the same treat-

ment of the last group come together, and arrive at the scheme

(7.5)
1 & 3 2j2 & 1 3| 4 2 1 3|1 2 3 4

8 5 6 7118 6 T 5|71
1 9 12 10; 9 10 12 1|1 12 9 10,10 11 9 12

\A
[8)}
@
N
(O)
-3
@®

15 1w 13 16113 15 1 16 {13 15 16 1k 113 1b 15 16

7 17 17 17 18 18 18 18 19 19 19 19 20 20 20 20
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Taking only the first m rows of the scheme (7.5) the columns give the blocks

of the semi-regular GD design
(7.55) v=1Uim, p=16, r=4, k=m, m, n=U4, A =0, A,=1

when m < 5, the design is in a resolvable form the replications being separated
by the vertical lines.

«j vhe Luaiectioa oitw. n orthogonal arrays and finite gecmetries .3 given
in 1-22;7. We shall now illustrate the use of finite geometries in obtaining
the blocks of singular GD designs.

Consider the finite projective geometry PG(B,pn), where p is a prime, and
set 8 = pn. There ars exactly 52+s+l lines passing through any point O, Let us
choose 0 = (0, 0, O, 1). Choose any m < 82484l lines through 0, and let the
points other than O on these lines correspond to the treatments. We then have
ms treatments divided into m groups, the s treatments corresponding to points on

3 planes not passing through 0. T®ach

the same line forming a group. There are s
of these planes intersects a line through O in a unique point. Hence if we take
these planes for blocks, then each block would contain exactly one treatment
from each group. Also any treatment is contained in s2 blocks. Two treatments
belonging to the same group do not occur together in any block, but the points
corresponding to two treatments of different groups are joined by a line through
which s of the planes chosen for blocks pass. Hence two treatments not beling-

ing to the same group occur together in s blocks. We thus get a singular GD

design with parameters

(7.6) v=ms, b= 53, o= 62, k=mmn=s, i =01 =8 @m= se+s+l).

We shall now chow that ifm = se, then the blocks can be obtained in a
resolvable form. Choose any plane through 0, say x3 = 0, and call it the funda-

mental plane. There are 32 lines on the fundamental plene not passing through O.
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Through each of these lines there pass s planes chosen as blocks, which obvious-
ly give a complete replication provided that none of the m lines, the points of
which (other than Q) give the treatments, lie on the fundamental plane. Since
there are 52 lines through O not lying on the fundemental plene, we can get the
blocks of (7.6) in a resolvable form if m 32.

Again if 82~<2 m = 82+8, we can divide the blocks into s sets of 52 each,
such that the blocks of any set give s complete replications. This can be done
by taking & fundamental line, say X, = o, Xz = O. Let the lines whose points
corregpond to the treatments be different from the fundamental line. Then the
s2 blocks corresponding to planes passing through the same point of the funda-

rental line give s complete replications.

The equation of any plane not passing through O may be put in the form

axl + bx2 + cx3 + xu =0

where a, b, ¢ are elements of the Galois field GF(pn). Varying a, b, c we get

all the 83

planes., The s planes,for which a and b remain fixed but ¢ takes the
s different possible values, give a complete replication (when none of the lines,

whose points correspond to the treatments, lie in x_ = 0), and the 52 planes,

3

for which a remains fixed. but b and c take all possible values,give a set of s

complete replications (when Xy = 0, x, = 0 is not one of the lines whose points

3
correspond to the treatments). After the blocks have been calculated the points
representing.the treatments may be identified with the treatments 1, 2, ..., ms.
Using PG(j,E) we find that, if we retain only the first m rows of the
scheme (7.7), then the columns represent the 8 blocks of the semi-regular GD

design
(7.65) v=>2m, b=8, r==4 k=m n=2, \ =0, A_=2.

The vertical lines separate the replications.
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(7.75)
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1 211 2|1 2j}1 2

3 b1 3 W i4h 3|4 3

5 6| 6 5 5 6 | 6 5

7 8 8 T 8 7 7 8

9 9 10 109 9 10 10
11 11 12 12 |12 12 11 1
13 13 13 13 “1h  1h 1%k

The groups for (7.65) are given by the first m columns of

1 3 5 7 9 11 13

2 L G 8 10 12 1k

Similarly using PG(3,3) we find that, if we retain only the first m rows

of the scheme (7.83), then the columns represent the 27 blocks of the semi-

regular GD design

(7.8)

As before the vertical lines

(7.83)
1 2
L 5
7T 8 9

10 11 12

13 14 15

16 17 18

19 20 21

22 23 24

(oW O Y]

25 26 27

v =3m,

N0

1 3
L 6
T8 9
11 12 10
1k 15 13
17 18 16
21 19 20
2h 22 23
27 25 26

1 2 3
L 5 6
789
12 10 11
15 13 14
18 16 17
20 21 19
23 24 22
26 27 25

b = 27,

r

1 2
5 6
9 T
10 11
14 15 13
18 16 17
19 20 21
23 24 22
2T 25 26

@ & W

12

95

k =m,

1 2 3
5 6 bk
9 7 8
11 12 10
15 13 14
16 17 18
21 19 20
22 23 24
26 27 25

m,

-~ O\ o

1 3
5 L
9 8
1210 11
13 14 15
17 18 16
20 21 19
2k 22 23
25 26 27

n =3,

separate the replications.

A W

1 2
6 4
8 9 7
10 11 12
15 13 14
17 18 16
19 20 21
2k 22 23
26 27 25

1 2 3
6 4 5
8 97
11 12 10
13 1k 15
18 16 17
21 19 20
23 24 22
25 26 27

1 2 3
6 L 5
8 9 7
12 10 11
14 15 13
16 17 18
20 21 19
22 23 24
27 25 26

28 28 28
31 31 31

29 29 29
32 32 32

30 30 30
35 33 35

3k 34 34 36 36 36 35 35 35

28 28 28 29 29 29 30 30 30

32 32

32 33 33 33 31 31 31

35 35 35 34 34 3k 36 36 36

28 28 28

29 29 29

30 30 30

33 33 35 31 31 31 32 32 32
36_36 36 35 35 35 34 3k 3k

3T 37 37 37 37 37 37 37 37 38 38

38 38 38 38 38 38 38

39 39 39 39 39 39 39 39 39

The groups for (7.8) are given by the first m columns of
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1 b 7 10 13 16 19 22 25 28 31 34 37
(7.86) 2 5 8 1 1 17 20 23 26 29 32 35 38
3 6 9 12 15 18 21 24 27 30 33 36 39,

(d) Whenever an orthogonal array [fiene, m, n, 2 / of strength 2 is direct-
for -

ly availeble we can use it/Bbtaining the blocks of (7.1). The procedure to be

followed has already been explained in the proof of Theorem 4.
2

Using the array 1718, T, 3, 2;7 given in [ 22;7, we get the blocks of the

semi-regular GD design

(7.9) v=3mb=18r=6 k=mmn=3 A =0,x-= me 7)
by retaining only the first m rows of the scheme
(7.92)
12 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
b 5 6 b 5 6 5 6 4 6 b 5 5 6 4 6 4 5
7T 8 9 8 9 7 7 8 9 9 7 8 9 7 8 8 9 1
10 11 12 12 10 11 12 10 11 10 11 12 11 12 10 11 12 10
13 1k 15 1k 15 13 15 13 14 1k 15 13 13 1k 15 15 13 1k
16 17 18 18 16 17 17 18 16 17 18 16 18 16 17 16 17 18
19 19 19 19 19 19 20 20 20 20 20 20 212121 21 21 21.
As before, the blocks are given by columns, and the vertical lines divide

complete replications. Thus the design is resolvable for m < 6.

given by the first m columns of

1 7 10 13 16 19
(7.9%) 2 8 11 1k 17 20
3 9 122 15 18 21.

The groups are

Similarly using the erray / 32, 9, 4, 2 7 given in /22 7 we can get the

blocks of the semi-regular GD design



-30-

(7.96) v=0UWm b=3,r=8,k=m,mn=54 A =0, Ay =2 (me 9).

1
The design can be obtained in a resolvable form if m < 8.

Plackett and Burman / 19 / have given orthogonal arrays / bi,kn-1,2,2 7
for all integral A\ = 25, except A = 23. These may be used to obtain the
blocks of the corresponding singuler GD designs with parameters
(7.98) v==2m, b=W,r =2\, k=mmn-=2, A =0, Ay =N {m= n-1).

{ course only small values of N\ and m yield designs of practical interest.

We tabulate below the parameters of semi-regular GD designs for which
r =10, A =0, kgf 3, and the blocks for which can be cobtained by the methods
discussed in this section. The parameter m has been kept arbitrary, but the
maximum value of m for which the design exists and elso the maximum value of m

for which the design can be obtained in a resolvable form has been given.

Table VII
Parameters of seml-regular GD designs with >\l=0, 7\253, r<1o

Serial Parameters Maximum Maximum m
Trly v or xk omoon A A n for resolvability
(1 m 9 3 m m 3 0 1 4 3
(2) km 16 4 m m 4 0 1 5 4
(3) 5m 25 5 m m 5 0 1 6 5
(&) 6m 36 6 m m 6 0 1 3 2
(5) ™m 4% 7 m m 7 0 1 8 7
(6) 8m 64 8 m m 8 0 1 9 8
(7) om 81 9 m m 9 O 1 10 9
8 |im100 10 m m 10 o0 1 3 2
(9) om 8 4 m =mw 2 o0 =2 7 4

(10) 3m 18 6 m m 3 0 2 7 6

(11) bm 32 8 m m L 0 2 9 8

(12) 5m 50 10 m m 5 0 2 6 5

(13) 2m 12 m m 2 0 3 11 2

(1) m 27 n m 3 0 3 13 9
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No. (12) is the duplicate of no. (3), i.e., is obtained by repeating
‘ each block of (3) twice. Nos. (4) and (8) can be obtained by first writing
down the orthogonal array [—ng, 3, n, 2_7 corresponding to an n x m Latin

square n = 6, 10, as it is well known that a set of m-2 mutually orthcoonal

n x n Latin squares is equivalent to an orthogonal array thz, mn, 27/,
(cf. [18 7, /™1 7).

8. Constructicn of semi-regular GD designs Icr which xl% o, XQ% o.

Now P = rk - vxe = 0 by definition, and k = cm since each block contains the
same number of treatments from each group [72;7. Using (2.0) and (2.1), the
gight parameters of the design can be expressed in terms of m, n, ke and ¢

only, Thus the parameters are

(8.0) v=m, b = nzxz/c2, r =m,/c, k = cm
(8.1) m, n, Ay = n(c-l)xg/(n-l)c, Ay
. Also as proved in /2 7 for a semi-regular GD design,

(8.2) b= vem+ 1;

2 2

naA, =-¢C

(8-5) Coonm :;2 : i = 22 .

¢ (n-1)

The values of n, ¢ and xe must be such as to meke b, r and xl

m may be any integer subject to (8.3). It follows that, if N # 0, the only

integral, but

semi-regular GD designs in the range r <{10 are those listed in Table VIII.

Table VIIIA
Parameters of semi-regular GD designs with xlfo, r<10
Serial no. Parameters Maximum m
v b r k m n kl he
(1) bm 12 6 2m m L 2 3 3
‘ (2) 3m 9 6 2m m° 3 3 L L
(3) fm 20 10 3m m 6 N 5 3
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It is clear that, if the blocks and groups for the above designs can be
obtained for the maximum value of m, then for any smaller value of m we have
only to discard some of the groups and the treatments belonging to them. The
groups and blocks for the designs in Table VIIIA are given in Table VIIIB (for
the maximum value of m).
Table VIIIB

Blocks and groups for semi-regular GD designs with xl#O, r<10

Serial

1o Groups Initial blocks Modulus

(1) (OOl, Oll, lOl’ lll) (OOl, Oll; 002, 102; 003, 113) mod (2,2)
(002, 012, 102, 112) (001, lll; 002, 0123 002, 105)

(003, 015, 105, 113) (001, 1015 002, 112; 005, 013)

(2) (01’ ll) 21) (ol) ll; 02) 225 03, 233002,005) © mod (3)
(02, Y 22) (01, 245 0y, 15 03, 235005,001)

(05, 15, 23) (01’ 2,5 0y, 253 03, 13;001,002)

: (Rg,,€03,005)

(5) (ol’ l) l)?l)h' )oa) (Ol,ll’al’ 12}32))4'2; 03113)25) mOd (5)
(02’1 2:32’ 9% 9,) bo :51: 1,00b:02;22: 3:13325)
(05,15,23,33, 39%) 60,,0,,2,; 02,12,22;003,03,23)

(11)51; 15002;52:h23°°5:03:25)

Here the groups have been given in full, and ;nly the blocke have to be
developed. The validity of the solution follows from the notion of differences
developed in /8 7 and explained in section 6(a) of the present paper. For
illustration we shall consider the design no. (3) of Tables VIII A and B, when

m has the maximum value 3, and prove that the initial blocks shown give rise to
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it when developed.

The 18 treatments form three groups shown in the 2nd column of Table VIIIB.
The 15 treatments other thancai,oa2,ooj fall into three classes according to the
suffix carried (cf. section 6(a)). We shall distinguish three different types
of pairs:

(1) Pairs of the type @xﬁ,ooj); 1 #J; 1,3 = 1,2,5. Each of the three
pairs 6333002),(6&2,003),(003,001) occurs in Just one initial block shown in
the 3rd column of Table VIIIB. Since @ and the suffixes remain invariant when
the blocks are developed, each of these pairs occurs five times in the completed
design, as it should since A, = 5 and @, and ay (1 # J) belong to different
groups.

(1i) Pairs of the type (ooi,uj); i,J = 1, 2, 3; where u is an element of
the field of residue classes, mod (5). When developed, the pair (°°1’uj) gives
rise to five pairs, of which one component istl% and the second component varies

over all the five treatments of the j-th class. In the initiel blocks,o,, occurs

i
with just 4 treatments of the j-th class, if i # J, and 5 elements of the j-th
class, if i # j. It follows that any pair (ooi,uj) occurs 4 times in the
completed design if i = j and 5 times if i # J. This is as it should be, since

3y and uJ do or do not belong to the same group according as 1 = j or 1 # J and
A oS L, Ay o= 5e

(iii) Pairs of the type of (ui, uj); i, J =1, 2, 3, where u is an element
of the field of residue classes mod (5). It can be verified that leaving out

oo:l 0., ,oo3 the initial blocks give rise to each pure difference 4 times and each
mixed difference 5 times. Hence in the completed design any pair (ui, uj) occurs
L times if i = j and 5 times if i # j, as it should, since u, and uy do or do

not belong to the same group according as i = jor i % J.

Again it is easy to see that each of the treatmentsool,oo‘ 20 3 occurs 10
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times in the completed design, since each of these occurs twice in the initial
blocké. The other treatments also occur 10 times in the completed design, since
each class is represented 10 times in the initisl blocks. This completes the
proof.

If, in the design no. (3) of Teble VIII 8, m = 2, then the corresponding
blocks can be obtained by developing the initial blocks shown in Table VIIIB,
after dropping the treatments with suffix 3. It should be noted that the first
two initial blocks now give a complete replication, and the same is true of the

last two initial blocks. Hence the blocks are obtained in a resolvable form.

9. @D designs derivable by replication addition and subtraction.

* % % % ¥ *
Consider a BIB design with parameters v , b 5, k, A in which v 1is

*
divisible by k , and suppose that either a resolvable solution is known, or
*, *
at least a solution is known in a form where there are v /k blocks which give

& complete replication. Then we can get a GD design with parameters

%

* * *, * *
(9.0) v=v,b=th +a(v/k), r=tr +a, k=k

* ¥ *

* *
v/k,n=k , Mo=tA +a, A, = A

i

(9'1) m 2

in the following menner: Choose & set of v*/k* blocks giving a complete re-
plication. Repeat the BIB design t times, and then add the chosen set of
blocks a times. Then we get a GD design with parameters given by (9.0) and
(9.1), for which the groups are given by the chosen set of blocks.

When the BIB design is repeated t times, the chosen set of blocks is also
repeated t times. Hence instead of adding the chosen set of blocks & times,
we could delete the chosen set of blocks &y times (alfz t). This would give a

GD design with parameters (9.0) and (9.1) with a = -a If the original BIB

lt

design is resolvable, then the derived GD design is also resolvable.
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For example, if we start with the BIB designs of the series 0S1 whose

parameters are given by (3.3), we get resolvable GD designs with parameters

n

(9.2) v=s87,0D t(sa+s) +as, r =t(s+l) +a, k =3

]

(9.3) m

u
]
=1

L]
w
>

I}

t + a, Ao = t

where a = - t, and s is a prime or a prime power. As an illustration let s = b,

* * * *
t =1, 8 =-1. The blocks of the BIB design v =16, b =20, r =5, k =L,

*
A =1 are given in a resolveble form by (3.5). Hence the blocks of the GD

design with parameters

v=16,b =16, r=b, k=4, m=U, n=U4, A =0, r, =1

1 2

are obtained by taking any four replications from (3.5); the remaining repli-

cation then gives the groups.
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Table IX

from BIB designs

subtraction

i Serial no.}Parameters of BIB design| Auxiliary Parameters of GD design
‘ and series| b* r* k* h* pazamet:rs v b r k m n xl
(1)os1+ 16 20 5 4 1 1 -1 6 16 4 L 4 L4 o
(2) " " 11 16 24 6 4 L 4 o2
(3) " " 12 16 28 7 4 kb 4 3
(u) " " 2 2 6 %2 8 4 L4 4 o0
(5) " " 2 -1 %6 % 9 4 4 L4 1
(6)c . {25 30 6 5 1 1 -1 25 25 5 5 5 5 0
(7) " " 1 1 S 3% 7 5 5 5 2
‘||' (8) " " 12 25 bo 8 5 5 5 3
(9) " " 2 -2 25 50 10 5 5 5 0
(10) " k9 56 8 7 1 1 -1 b9 b9 7 7 7 7 0
(12) * . 11 W6 9 7T 7 71 @
(12) " " 1 2 b9 70 20 T 7 7 3
(13) 6k T2 9 8 1 1 -1 6L 64 8 8 8 8 ©
(1) v " 1 1 6 72 10 8 8 8 2
(15)" - 81 90 10 9 1 1 -1 8L 81 9 9 9 9 0
(16) ;v 15 35 7 3 1 1 -1 15 30 6 3 5 3 0
(x7) " " 1 1 15 % 8 3 5 3 2
(18) " ! 1 2 15 % 9 3 5 3 3
(19)F21 88 63 9 L 1 1 -1 28 54 8 L 7 4 0
(20) " " 1 1 28 69 10 & 7 L4 2
. (21)1; 21 70 10 3 1 1 -1 21 63 9 3 7 3 0
(22)G, (45 99 11 5 1 1 -1 4% 90 10 5 9 5 ©
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The blocks of BIB designs belonging to the series 0S1 can be obtained in
a resolvable form as explained in section 3, by using the difference sets in
Table I. The blocks for all other BIB designs occurring in Table IX can be

*
found in Table III, being in a resolvable form in every case except v = 45,

*

* * *
b =99, r =11, k =5, A = 1. In this case the block (Ool,OOE,OOB,OOu,OO5),

when developed mod (3,3), provides a complete replication.

10. Extension of GD designs. Suppose that there exists a resolvable

group divisible design with parameters
(10.0) v=ky b=rar, k,mn, A, Ay =1
so that the b blocks are divisible into r sets of @ blocks, each set giving a

complete replication. Let

(10.1) v%r,w=%%ﬁ,wqﬂ,w¢ﬂ,w=§n@mXFM,%ﬂ.

Then clearly

(10.2) v' =m'n', b'k' = v'z’,

and it follows from (2.0) and (2.1) that

(10.25) A(n'-1) + Afat(m'-1) = r'(k'-1),

Hence if b' and m' are integers, the parameters v',b',r',k',m‘,n‘,ki,ké
given by (10.1) can be the paremeters of & GD design. Suppose a combinatorial
solution of this design is available. We shall show that in this case we can

build up a solution of the GD design with parameters

(10.3) v'= viv', b= b4b!, r'=r, k"= k+l, m'=m+m', n"= n, x1=xl, xg = 1.

Let the treatments in (10.0) and (10.1) be different so that there are
altogether v+v' treatments. To each block in the iwth replication of (10.0)
adjoin the i-th treatmeant of (10.1), (1 =1, 2, ..., r). To the design (10.¢)

so extended, add all the blocks of (10.l). This gives us & combinatorial
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solution of (10.3) where the groups are the groups of (10.0) and (10.1) taken
together. It is easy to see that the necessary conditions are satisfied. This
method may be called the method of extension.

As an illustration we shall build up the solution of the GD design
(10.4) v=12, b =24, r=6,k=3m=6 n=2,N =2, A\, =1,
starting from a solution of
(10.45) v=6,b=18, r=6,k =2, m=3, n=2, A, =2, A, =1

vwhich can bz obtained by adding one complete replication, say the last, to
the solution (3.1) of the BIB design (3.0). Here @ = 3, and ve see from (10.1)

that for extension we require a solution of

(10.5) vi=6, b'=6, r'= 3, k'= 3, m'= 3, n'= 2, M=2, N = L.

It is seen from Theorem Z that a solution of this is obtainable by develop-
ing mod (6) the initial block (0,1,3). However to keep the treatments of (10.5)
distinct from those of (10.45) we may replace the i-th treatment of (10.5) by

a Proceeding as explained, the blockes of (10.4) are given by the columns of

i.
the scheme
1 2 02 31 3 4% 2 4% 0 3 01 4 o 1 4 8, 8 8p 83 8 85

(106) 4 3 000 4 001 0 002 1 003 2 00 3 2 8 8y 85 8 85 8,
8, 8, &, 8, 2, 8, a, a, a, 8y 8z 85 8) 8, 8, ag 85 85 85 8) 35 B, 8, 8,

and the groups are given by the columns of
0 1 4 a a

o} 1 2
3 2 o a3 ah a5 .

a

(10.65)

Agaln we can build up the solution of the GD design

(20.7) v=24 b=5 r=9, k=4, m=8, n=3, No=3 N1

by starting with the design
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(10.8) V=15:b=,+5:r=9,k=3:m=5:n=5))‘~1=3’>‘-2=l

which is the design no. (18) of Table IX, and use for extension the solution of
(10.9) v'=9,b' =9, r' =4, k' =k, m =3, n" =3, A! =3, Al =1

which can be obtained by developing mod (9) the initial block (0,1,3,6).

11. Addition of GD designs. The method of addition consists of getting
a new GD design by taking together the blocks of two suitable GD designs with
the same v and k. It may be regarded as a slight generalization of the method
of replication addition discussed in §§9. This will be explained by two
examples,
(a) 1f in (7.4) we put m = s-1, we get the GD design

(11.0) v = se-s, b = se, r =8, k =s8-1, m=s-1, n =8, Kl = 0, ha =1,

a solution of which is available if s is & prime or a prime power,

If we take the s blocks formed by taking all possible combinations of
8~1 treatments from the i-th group, we get an unreduced BIB design with
parameters

* * * * *
(11,15) v =b =8, r =k =8-1, A =82,

Repeating this for each group and taking together all the BIB designs so formed
ve get the GD design

(11.2) v = 52~s, b = se-s, r =8-1, k =8-1, m=s8-1l, n =8, xl= 8-2, h2= 0.

Taken by itself this is a disconnected design in the sense explained in
[ 237 and /24 7, and any contrast between treatments of different groups is
non-estimable. But if we take together the blocks of (11.0) and (11.2) we get

the GD design

2
(11.35) v = se-s, b=2 -8, r = 28-1, k = 8-1, m = s~1, n = 8, \,=8-2, A\, = 1.

1 2
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As an illustration we give below the blocks for the case s = k4 (Design
No. (3) of Table X).
14 3 22.4 1 3 4 2 1>,3 1 23 42111655510 9 9 9
(l;.h) 8 56 78 6 7T 5 7 56 8 5 67 83322 7766 ;l 11 10 10
1191209101211 11129101011 912 4 b 53 8 6 8 71212 12 11

The corresponding groups are given by the columns of the scheme

1 5 9

2 6 20
(11.45)

3 7T 1

b 8 12,

The first 16 blocks of (11.4) are obtained by taking the first three rows
of (7.5), whereas the remeining 12 blocks are obtained by taking all combina-
tions of three treatments from each group.

By taking s=5 in (11.35) we get the design no.(4) of Table X.

(b) Suppose we have solutions available for GD designs with para-

meters
(11.5) v=m, b, r, Kk, m, By, Ay N
(11.6) v' =mn/a, b', r', k'=k, m'=m/a, n'=n, ST

vwhere m' and @ are integers, and

(11.65) M ot A=Ay AL = A (say).

The m groups of (11.5) can be divided into a sets each of m' grours,
With the v' treatments occurring in any such set we can write down a solution
for (11.6). If we do this for each set and add the Ob' blocks so obtained to

the blocks of (11.5) we get the solution of a GD design with parameters

i _

(11.7) v"=mn, b"= b4b'a, r"= r+r', k"= k, m"= @, n"= m'n, A, A3= Ao

where the treatments occurring in a set now belong to the same group.
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Obviously every treatment occurs r+r' times in the final design, but we have to
show that any two treatments belonging to the same set occur together hi times,
and any two treatments belonging to different zets occur together ke times.,

If two treatments ; " belong to the same set, they either occur
together in the same group or in different groups. In the first case they
occur together in xl blocks cobtained from (11.5) and in hi blocke obtained
from (11.6). In the second case they occur together in xg blocks obtained
from (11.5) and N5 blocks obtained from (11.6), It follows from (11.65) that
in either case they occur together k{ times.

Again if two treatments belong to different sets they will occur together
in A, blocks cbtained from (11.5) and in no blocks obtained from (11.6). This
completes the proof.

As an 1llustration let us start with the GD design with parameters
(11.73) v =12, b=20,r=5 k=3 m=6,n=2 A =0, A\, =1,
the blocks of which are given by the columns of (5.7) and the groups by (5.8).

Let us take o = 2, and let the first three groups . belong to the first
set and the last three groups to the second set. Also as noted in ;;10 a
solution of the GD design with parameters
(11..8) v'=b' =6, r' =k' =3, m' 53, n' =2, \! L= 1

1l 2
is given by the last six columns of (10.6), and the groupe by the last three

=2, A

columns of (10.65). We note that A, +A!

1t = x2+x' = 2, Hence we can build up a

5=
solution of

(11.85) v =12, b =3, r=8,k=3m=2,n=6, A\, =2, A 1

1 2~
by adding to the solution of (11.75) a solution of (11.8) twice over identifying
845 815 8y, 83, 8, 85, once with 5, 11, 2, 7, 6, 8 and next with

9, 10, &, 12, 1, 3 respectively. Thus the 32 blocks of (11.85) are given by

the 20 columns of the scheme (5.7) together with the twelve columns of the
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following scheme
51 2 7 6 8 9 10 4 12 1 3
(11.9) 11 2 7 6 8 5 10 k12 1 3 g9
7 6 8 5 11 2 12 1 3 9 10 L.

The first group consists of the treatments 5,11, 2, 7, 6, 8 and the
second group consists of 9, 10, 4, 12, 1, 3,
The parameters of GD designs obtainable by extension and addition are

shown in Table X.

Table X

Paremeters of GD designs obtainable by extensicn and addition

Serial no Parameters

v b r k m n }"1 )\‘2

(1) 12 26 6 3 6 2 2 1

‘ (2) 2h 54 9 4 8 3 3 1
(3) 12 28 7 3 3 L 2 1

(4) 20 45 9 4 4 5 3 1

(5) 12 32 8 3 2 6 2 1
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