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SUMMARY

A class of nonparametric tests is developed here for testing the hypothesis of
interchangeability of the two variates in a sample from a bivariate population with
an unknown distribution function., The classes of alternative hypotheses relate to
possible differences in location and/or Scale parameters of the two variates, and in
this light, the performance cnaracteristics of the proposed tests are studied and
compared with those of the standard parametric tests for the same problems (5ésed on

the assumption of bivariate normal distribution).
1, INTRODUCTION

In a random sample of size n drawn from a bivariate population having a contin-
wous cumlative distribution function (cdf) of unspecified form, a class of nonpara-
metric rank order tests is proposed and studied for testing the null hypothesis of
interchangeability of the two variates against admissible families of alternative
hypotheses which relate to shifts in locations or difference in dispersions of the
two variates., In this context, the concept of rank permutation tests is developed,
and with the aid of this, a class of genuinely distribution free rank order tests is
constructed. Further, the well known theorem of Chernoff and Savage (1958) [alsc

see Govindarajulu etal (1965)] on the asymptotic normality of a celebrated class of

nonparametric test-statistics (in the case of two independent samples) is extended
here to the bivariate (or paired sample) case. This takes care of the study of the

asymptotic properties of the proposed class of tests.

Certain variational cases are also considered here. First, the n sample observa-
tions are drawn not from a common population but from distributions which may possi-
bly differ from each other by shifts in location only., As we shall see later on that
this situation often arises in connection with design of experiments involving only
a pair of treatments which are replicated in two or more blocks. Secondly, the two
variates may be actually interchangeable only when each of them is normalized by suit-

able location and scale parameters which are not known. In such a case, one may be



interesied :n testing the identiiy of locations without assuiiing the scales to be the
same, or in testing the equality of gcales without assuming the equality of locations.
These problems may be regardec as the nonparametric generaliéations of the problems
of paired t-test and Pitman~Mbrgan test for the equality of variances, respectively.
Finally, in many psychometric prob;emg, tests for interchangeability of two or more

correlated variates arise in connection with testing the parallelity of two or more

<

tests (in a battery of tests admihistéred on s common batch of subjects). Wilks
(1946) has proposed and studied the likelihood ratio. test criterié Lywe? Ly and Ly,
for the hypotheses HMVC’ HM and HVC respectively, where H stands'for the hypothesis

of equality, M for the means, V for the variances and C for the covariances. Non-
parametric generalizations of these likelihood ratio tests are considered here only
for the bivariate case, while the more general case of p(> 2) variates will be consid-

ered in a separate communication.
2. STATISTICAL FORMULATION OF THE PROBLEMS

Let &1 = (Xla’ Xaa) be a bivariate random variable drawn from a population hav-
ing a continuocus cdf Fa(xl, xé), and let §1, ey Xn be n independent random variables
distributed according to the caf's Fl’ cony Fn respectively, where these Fl’ e Fn
need not be identical. Let nov Q be the set of all continuous bivariate‘cdf's, and

it is assumed that

F

g €% forall® =1, ..., n. : (2.1)

Let us denote the two dimensional Eucledian space by R2, and let W be a subset of &

for which
' 2
Fa(xl’ xe) = Fa(x , xl) for all (xl, x2) e R (2.2)

If (2.2) nolds, we say that X are interchangeable or X  is an interchange-

" X
1o %0 Sog
able vector. We are interested in testing the null hypothesis
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H: Fyew forallad=1, ..., n, (2.3)

against various types of admissible alternatives, Now, in testing the null hypothesis

(2.3), we may have either of the following two situations, First, the conventional

case where X , @ = 1, ..., n are n independent and identically distributed bivariate

ha’
random variables (i. i. d. b. r. v.) distributed according to a common cdf F ¢ o ,

and we want to test the mull hypothesis

H: Few (2.4)

. .

o
Secondly, {Xd}'s are independent but may not be identically distributed. Often, in

such & case, we have

=z I . +Y a=l, cco,n (2.5)

X a~2 A’
where-zevis a 2-vector with unit elements, (%u , o = 1, .vs, n} are n real quantities
which may or may not be stochastic in nature, and Zd = (YLm’ Yéa) are such that

under the null hypothesis to beAtested, they are interchangeable, for each

a =1, ;.., n. Situation (2.5) arises in design of experiments involving only a
pair of treatments which are replicated in two or more replicates. The replicate
effects under additive model correspond to ;a , @ =1, ..., n, vhile the treatment
cum error components are (le, Yéa)’ =1, +oa, n, Under the assumption of no
treatment effect, ¥, will be an interchangeable vector, and hence to test the null
hypothesis of no treatment effect, we may desire to test for the interchangeability

of zd without presuming the knowledge of Za, =1, ves, N
In testing the null hypothesis (2.3), the class of alternatives we are usually
interested, relates to possible differences in locations or dispersions of the two

variates., To pose these, we let Fa =F for all & =1, ..., n, where

F(x, x5) =F ([x; - w1/5,, [x, - u,1/8,); (2.6)



the cdf‘Fo(u, v) being assumed to be invariant under interchange of its arguments,
for all u, v € R2, and g = (ul, “2) and 3 = (81, 82) being respectively the loca-
tion and the scale vector with real elements. In the classical location problems,

we are interested in testing H, -in (2.4) under the assumption 3, =8, i. e., we

want to‘test for the identity 5f locations My and by assuming the equality of 61

and 5,. Similarly, in the classical scale problem, we want to test for the equality

2

, and 8, in (2.6) assuming the equality of W, and . In the studentized

location problem, we shall be interested in testing the null hypothesis Hy and Hy

of

without assuming the identity of 81 and 52. Similarly, in the general scale problem,

we are interested in testing the equality of 61 and 52 without assuming the equality
of Ky ang by OT their difference to be known,

Finally, referred to (2.6), we may be also interested in testing the compound
hypotﬁesis

Hyt By = by By =By (2.7)

against the set of alternatives that at least one of the two equalities does not
hold, This will be the nonparametric analogue of Wilk's (1946) Hywe in the bivari-
ate case, | -

Suitable families of rank order tests are offered for each of the above hypothes-
es and the performance chafacteristics of these tests are studied and compared with
these of the cérresponding standard pérametric tests based on the assumption of bi-

variate normal distribution.
3. RANK ORDER TESTS FOR I. I. D. B. R. V., SET

Let X, = (xm, Xaa)? O=1l eo., nbeni, i, d. b.' r, v. 's distributed accord-
ing to a common continuous cdf F(xl, x2). We pool these n paired observations into

a combined sample of size'N(= 2n), and denote these 2n observations by

%N.z (Zy 1o oves Zy y) | (3.1)

M W MR By = Ut S I W= .

I

- e . s

e
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where we adopt the convention that

ZN, 20-1 = X1 ZN,aa =Xy @ =1, ve., n. (3.2)

Let us arrange the N observations in (3.1) in order of magnitude and denote them

by

by virtue of the assumed continuity of F(xl, x2), the possibllity of ties in (3.3)

may be ignored, in probability. Now, we consider a sequence of rank functions

(which are real valued functions of N,) denoted as

By = (EN,i,- ceor By ) (3.1)

EN,i being an explicit function of i and N, for i = 1, ..., N, and defined for -each

N=2,054 .,.. Let us also define

. _ 1 if ZN(i) is an Xla ;08 =1, co0y D3 (3’5)_
N, i | O, otherwise; for i =1, ..., N. :
Let then
Sy = (CN,l, cees CN,N), (3.6)
so that
N N .
« 0 = 2 _ -
S &t Z Ox,1 = y Cy,q = 2 (3.7)
i=1 i=l
Then, we consider a statistic
N :
- e o
=Syt B/ S W TE ), s s .8)
i=1

Our proposed test is then based on the rank order statistic Tn’ and by considering
various posseible EN (with emphasis on different classes of alternative hypotheses)
we will get a class of tests which will be studied here in detail.
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Now, referred to (3.3), tie rank of X, is denoted by R, for i =1, 2,
a = }, ess, n. Thus, corresponding to the‘vgctor 5& = (Xla’ Xza) we have a rank-

pair

R = (R =1, ;.., n. | (3,9)

o 1o Raa)’ o

Then (Rl’ vees Rn) will be a permutation of the numbers (l, ees, N)o We denote by

%& the column vector corresponding to R in (3.9), and define a 2 x n matrix
EN = (Ri; I.'OA, RI'].) (3.10)

which we term the collection rank matrix., The matrix EN has 2n (47) elements which

are all distinct and which form a permutation of the numbers (1, ¢ss, N). The ma-
trix thus consists of n random rank-pairs which constitute its célﬁmns. Thus, BN
is itself a stochastic matrix, Two such collection matrices BN and Eﬁ (Say, ) are
said to equivalent if it is possible tp arrive at BN from EN* by & finite number of
inversions gf the ecolumns of the later. This equivalence haé some gtatistical
significance to&. This means that if instead of taking the observation vector as
(51, "}f_zn)’ we take it as (%il, cees %in) where (il, cery in) is any permutation
of (1, ..., n), then the two collection rank matrices corresponding to the two
observation vectors will be equivalent, (as it should be). In this manner, we
achieve the uniqueness of the collection rank matrix for any given (gl, ceey XD
The total number of possible realizations of Ry (on non-equivalent sets only) is
evideﬁtly equal to (2n)!/n! , and the set of all such possible realizations of EN
is denoted by N Thus, any :>bse:rved.»'cN lies in N Now, Qﬁy isa2xn stochggtic
matrix with column vectors Ri, eeey Rﬁf If we permute the two rank elements within
each of the n colums, we will get a set of 2" possible rank matrices which can be
obtained from Ry. This set is denoted by S(BN)2 so that Rye S(ﬁN). On the other-
hand, SC&N) is a subset of ., there being [(2n)!/ 2™n!] such subsets. Thus, we

get

&GN S Us s N . .!.I;'l!llll ua

- l-l‘ -l

-
|
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The set S(BN) will be termed the permutation-set of Ry.

The probability distribution ofTQN over (defined on an additive class of
subsets AH of 4N) will evidently depend on the parent cdf Fleven under the null
hypothesis (2.4). However, if the null hypothesis H_ in (2.4) nolds, given X, the
firsﬁ variate may assume either of the two values Xla’ Xza with equal probability
(i.e., %) for all a =1, ..., n. Hence, given R, the variable X,  can have either

of the two ranks R R ayith equal probability. Thus, given BN’ the conditional

10’ T2

distribution (under Ho) of the ranks of (Xla’ =1, ..., n) over 2" possible
realizations (obtained by intra-pair permutations) would be uniform., - This implies
that, if corresponding to the given rank matrix BN we consider the permutation set

S(BN), then given S(BN) there will be 2 possible realizations of Ry which are

conditionally equally likely, viz.,

PRy | sy, H =27, (3.12)

for any S(EN). Thus, if we consider the statistic T in (3.8), it follows from
the above discussion that given the set S(Eﬁ) there will be 2" equally likely
(conditionally) realization of Ry which in accordance with (3.8) will lead to 2"
reglizations of Tn. This set of values of Tn is denoted by Tn[s(gw)]. Thus, from
(3.12), we get that conditionally on Tn[S(EN)J’ the permutation distribution of T
over the 2" elements of this set (not necessarily all distinct) would be uniform
when H in (2.4) nolds. Let us denote this permutational probability measure by
Pn, and consider a test function ¢(§N) which with the aid of‘Pn associates to each
Zy @ probability of rejecting H_ in (2.4), so that 0 < ¢ < 1. Since P, is a conm-

pletely known probability measure, we can always select ¢(§N) such that

E{o(zy) | P} =er0<e <, , (3.13)



£ being the preassigned level of significance of our test. (3.13) implies that
E{Q(éN) | H)} = e Hence, it follows from a well-known result of Lehmamn and
Stein (1949) that ¢(gN) has the property of S(e)-Stiucture of tests and hence is a
strictly distribution free similar test of Size €.

In actual practice, if n is not large, then corresponding to our given %N we
have a rank-matrix gw‘whose permutation set S(QN) will then consist of 2" elements
{EN), and corresponding to these elements we have the set of 2" values of.Tn which
is denoted by Tn[s(gN)]. Thus, conditioned on the given _Tn[S (BN)], we can find out
the permutation distribution function of Tn(over the 2%elements in this set), and
the same may be utilized to construct the exact test ¢(§N). However, if n is large,
the labour involved in this computation increases considerably, and as in the case
of majority of other permutation tests (for various other problems in inference;)
we shall develop first the asymptotic permutation distribution theory of Tn and

use the same for the construction of large sample permutation tests.
4, ASYMPTOTIC PERMUTATION DISTRIBUTION OF Tn

For this study we shall impose certain regularity conditions on Ep in (3.4)
as well as on the parent cdf F, Extending the idea of Chernoff and Savage (1958)

under the relaxed conditions of Govindavajulu et al (1965), we define
_ a i} | L
E - J (--"—) ) a had l, ooy N, ( . l)

where the function Jy need be defined only at i/(N+1), for i =1, ..., N and its

domain of definition may be extended to (0, 1) by the Chernoff-Savage convention.

Let us then define

FN[i](x) = —%—[Number of Xy S x], 1i=1, 2; | . 'iﬁﬂ”“h.e)

Hy(%) = 5By () + Fypoy(0)3s (+.3)

FN(xl’xé) = —%—{Number of (Xla’ Xaa) < (xl, XQ)] (4.4)
8
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Again, let F[i](x) be the marginal cdf of X, , i =1, 2, and let
H(x) = 508 [ 1(x) + F[p9(x)] (1.5)

For the study of the asymptotic permutation distribution of Tn’ we shall assume

that
(c.1) J(H) = lem o Iy (H) exists for O < H < 1 and is not a constant.

N 1

(c.2) & ) [ () - 165 | = ot (1.6)
o

and f [J Gy () - I By () | a0 = 0,7, (4.7)

(c.3) J(H) is absolutely continuous in H: O < H < 1, and

15 @) - | S 7 @] < xmm1ES ’ (4. 8)
dH

for i = 0, 1 and some ® > O, vwhere K is a constant. In addition to these three

conditions, we require the following two conditions only for the asymptotic con-
1

vergence and non-nullity of the variance of the permutation distribution of nzTn.

N
(cd) = ?[ﬁ (%) - (Nﬂ)] =o(1); (%.9)
Q=1

_[I[J(Nﬂ () 3 (e B ()

3G By () 3G B, (0) ] a9 = 0 (1) (10)

Also, we define

Vis (F) = f J2(H(x)) dF[i] (x) for i = 1, 2; (k.11)
e @ = [ [ ata) sta) @i, ), B R
9



and let S
- ,/"11 (%), Y12 (F>\ 13)
v F) = . .13
Ly ® vy (F>/

4‘-

(c.5) Iet @ be the set of all continuous bivariate cdf's, for which v(F) in
(%.13) is positive definite., Then we assume that

Fea co (4.14)

'For any finite N, let us define

1%1 y By, J 1\1¢1 By (x)) aH(x). | (4.15)
l .

Using conditions (c.2) and (c.3) ‘and defining u= f‘J(H) dH, we readily get that
— i
Eg - b= o(N"2) (k.16)

Let us also define

1
- f £ (m) an, (4.17)

‘wiich by (c.1) and (c.3) will be a finite non-null quantity. Finally, we define
1 E 2
_ L cE L] (.18)

Using then (3.8) and (3.12), we get readily that

E(Tnl P) =By =p+ o 2), ' (%.19)
v(r | e ) = 5 ot (k.20)

Now, from (4.5), (k.11) and éﬁ 17) we get that
0 < vy (F) + vp(F) I PH) & Pryq &) + Fppp ()]

!f(ﬁ) aH=2F <o, (k.21)
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THECREM %,1 If F ¢ 0, and the conditions (c.1), (c.2), (c.3) and (c.b4), (c.5)

hold, then

eE 1 vy, (B) = 2w, (F)] = 9° (F) >0
oy =5 lvy1 (F) Voo = 2vyp =V - v, .

PROCF From (4.18) we get that

3 T
2 = AL_ e _g_ \ B L, 00
N TF ZENCX T RlaE JRoy (h.22)
o=1 A o=1

Also, from (4.1), (4.3), (4.9) and condition (c.3) it is easily seen that

) o -
'%f“y 2y =) B me) ey - [PEE R) e o)
o=l o )

. |
=[ P () ai + o(1) = V& + of1). (4.23)

So we require to show that the second term on the right nhend side of (4.22) con-

verges to v12(F). Now, using (4.1), (4.3) and (k.12), the same can be written as

[ o e (09 (i iy 00) ang(x,y)

f f S m () I B @y (5 y) +o (1) (1.21)

mId wC .

Also, using (4.4) and (4.5), we have
2

SU.P N+l I{N(x) H(x)] = SEP N%, ? {Nﬂ. N[i] (x) ](x)}fEI

i=]l
<ot f [0 o4 B @ - v (x)l}] (1.25)

Thus, using the wellknown results on the univariate Kolmogorov-Smirnov statistic

we get from (4.25) that

Sup & | N . . o
< N lN+l HN(X) - H(x) | is bounded in probability. (k.26)

11



Again by simjple algebraic mani'ibulations we get that
0 <Fypyy (¥ S2Hy (x), 01 - Py (K)1s2 [ - 1wy (x)] (4.27)

for i = 1, 2. Proceeding then precisely on the same line as in the proof of Theorem

5,2 of Puri and Sen (1966), we arrive at the stochastic convergence of (L.2L) t&*

29 (F). Hence, we get that
2 B oo 1 | |
oy = V- Vi F) = -é-—[vll {F) + Von (F) - 2vy, (7)1 (4.28)

(by (¥.21),). It remains only to show that if F ¢ Q_, then 2 - Vs (F) > 0. TFrom

(h.28)", we get that

Pevp(®) = I, y () 130, | (4.29)

vhere I, = (1,1) and y (F) is defined in (#.13). Since for F e 9, -3(F) is positive

definite and (4.29) is a Quadratic form in y (F), with a non-null vector I,, it follows

readily that it will be also a positive quantity. . .l
Hence, the theorem. o o . .
THEOREM 4.2 If F €  and tie conditions (c.l) through (c.5) hold, then under the '

1 -
permutational probability measure P , the statistic N 2(Tn - EI\T)/--GN has asymptotically, l
in probability, a normal distribution with zero mean and unit variance. g

PROOF From (3.%), (3.5), (3.8) and (4.15) we readily get that

1. (4.30

= 1 1
E - E o —— 5-‘ —-—{E - B
e A W, Ry W, Ry

1

Now , the permutational probability measure Pn defines a set of ol (conditionally)

e n
= . 1 .
equally probable values of Tn - EI\I which may be expressed as ; }j Q=1 dl\T, op Where

dN q’ &= 1, ..., n are independent and
)

L 1 1
P{g = =[E -E P Y==
“N, 5l N, Ry~ Rga” nl =3
(4.31)
. l - l
P{ S e e N . - E e = =
dN,oe 2 [N, Ry M Ry, I n 2

12




Let us now define another set of n independent random variables (W, N o =1, ..., n}

by

PV [J(N+l) N+1)11 e} = QQL-, @=1, 0., N (4.32)

N,o "
Then, it follows from candition (c.2), (4.30) and (4.32) that under the permutational

probability measure Pn

1 I A B o
n3(r_ - E) = n 2>_;=1 L (4.33)

1 n

Hence, it is sufficient to show that n 2% q=1 " o PeS (under the permutational proba-
= ’

bility measure Pn) asymptotically a normal distribution. To prove this, we will use

the Berry-Essen theorem [ef. Loeve (1960, P 288)], whiclh may be stated as follows:

Let {Zi} be a sequence of independent random variables with means {ui) , variances

{c?} and absolute third moments {Si}, and let
2 _ n ;ﬁ
2T s T -

Also, let G (x) be the cdf of = (Z - u.a)/Sn and ®(x) be the standardized normal

o=1

cdf. Then there exists a finite constant c(< «), such that for all x.

IGn(x) - o(x)]| <¢ P, / si. (4.35)

Thus, if we take WN o for Z,, a=1, ..., n, then from (4.32), we get that My = ©

for all o= 1, ..., n, Also, precisely on the same line as in theorem 4,1, we get

that
n
121 L
7% n y E(Wﬁ,a = n y [J(N+1 (N+l)]
=1 =1
2 P
=0y ¥ op(l) SV - v, (F) >o. (4.36)

Again, using condition (c.3) and (4.32), we get that

13



n x ‘ r
L, =4 1
Sp == Z E(fy ol 312,) < Max iy o 13 X E(w;al«vn)
o=l Q=1
25 (142 |
SKWET, (28D, (4.37)

From, (4.36) and (4.37), we readily get that
3 -3
o/ 8 = o, (87), (4.38)

and hence from (4.35), we get that under the permutational probability measure P o’
%'F a/c has asymptotically, in probability a normal distribution with
zero mean and unit variance., The rest of the proof fol;ows from (4.33).
Hence, the theorem,
(It may be noted that the probability méasure Pn being a conditional measure (depend-
ing on %N)’ the above theorem iolds, in probability, i.e., for all most all gN.)
Before we proceed to formulate the permutation test function ¢(§N) for both
small and large samples, we will study the asymptotic distribution of n%'(Tn - u) for
arbitary parent cdf F, as the same will be required subsequently to study the

asymptotic properties of our proposed test.

5. ASYMPTOTIC NORMALITY OF Tn FOR ARBITRARY CDF

It follows from (3.8), (4.1) (4.2) and (L.3) that

T, =_%[ 3y By ()] dFN[lj(x)’ (5.1)

which has a Wery close analogy with Chernoff-Sabage type of Statistics, (with the
only difference that here there are n paired observations, while in the other case

there are N independent observations). Let us then define

(8 = [[3)) @y y00), | (5.2)

1k




£ @ =3[ [ 7y 000 7001 30607 G0N @60y 0)

~ < x<K<y<ow

o [ [ R - Py 3 EET B @y (e ) ()

~0 K X <y <o

[ [y - 0 Py )] 3166 Dy () @) |

-C0 (O

THEOREM 5.1 If ‘the conditions (c.l), (c.2) and (c.3) of section 4 hold then for any

continuous F for which cri(F) >0,

im % 1 -%-x2
B PR - p (7)) [0 (F) < t) -2 [ .
PROOF If we write

(l) FN[J.] (X) = F[l] (X) + [FN[].] (X) - F[l] (x)],

) f [N”fl g (X) Ty () = f Il Hy () @yppy () + o, @),

-Co

(by (c.1),)

(111) J(g By (1)) = J(H(x)) + (B (x) - H(x)) 3'(H(x)) - g7 Hy (x) 3" (H(x))

N+l

ot g () - 308 60 - (G () - HG) TG}

then proceeding precisely on the same line as in the modified proof of Chernoff-
Savage theorem by Govindarajulu, LeCam and Raghavachari (1965), we get after a few
simple steps that
L
T=u(F)+B +Yc (5.4)
i=1 :
where

15



By = [y @) - Ty (01 3 E) @y (o), (5.5)
By = 5 [y (9 - Fpy @100 ) @y () (5.6)
2, 2 By ) - Frap (17 () ey G,

Ly = - i By (9 TG g () (5.7)
1,N N1 N[1]

o = [y () - 5] 3 () aliypy () - 7y WL, (5.8)

o = [ Hy G) - 30 - G By () - HE) I )T a6

(5.9)
and oo :
0y = [ Uy By () - (G BT aRyp g (). (5.10)

]

OP (N-%): by (C'l)-

As in the proof of Chernoff-Savage theorem we shall show later on that Ci N’ i=1,
. . J
s o o
2, 3 ame all op(N 2) and may be termed the higher order terms, Thus, from (5.4),

we get that

1 i, & .
nE(Tn - un(F)) = nz[Bl’N + ] + n2 Z- : ’ (5.11)
i=1

With this, we consider first the asymptotic distribution of

n
L X .
né[Bl’N By, N] =n % Y [B, (X5) - B, (%X,,)] }, (5.12)
o Q=1
where
B,(Y) = 3 f[Flfel - Fpyl T @ (), (5.13)
B,(X) = f [Fipag - Frogd 9/ &y ), (5.14)
Fl[l] and Fl[2ﬂ being the empirical cdf (marglnal) of (Xla Xza) based on a random

16
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sample of size unity, Thus, it follows from (5.12) that Bl N + BE,N is the average
of n 1ndependent and identically distributed random varlables {[B (x ) - B, (Xla)]’
& =1, .os, n} . Hence, for the asymptotic normality of nZ[Bl n* 2 N] in (5.12),
we may use the classical central limit theorenb provided tie variance of [Bl(xéa) -

B (x )] is positive and finite, Now, using (5.13), we get that

-0 CO

T (E(x))T" (Hx)) &Fpyy (x) @Fpyq @)

c2 [ [rppp () D] F G 3 @) @y () By O (5.25)

o Ex<y<o»

Similarly,

b Var (B,(x)) = 2 [ f< Py (0 - 7y W1 7(60) 7 (60) gy () Ty 6
-Co XYy [ -
(5.16)

b cory (), B0l = [IFGoy) - Py y) Frpy (1 7 (H(x))

-COmCO

J'(H(y)) BFD-] (x) dF[2] (v). ) (5-‘17)

From (5.15), (5.16) and (5.17), we get that the variance of [Bl(xza) - B2(X1a)H is

equal to ci(F), given in (5.3). Now, in the statement of the theorem, it is assumed

that oh(F) isnon-zers. Now, from (5.3), (5.15), (5.16) and (5.17) we get that
E(F) g2 Var (B ()} + Var (B, (X)}]. | (5.18)

Thus it is sufficient to show that Var{Bl(Xaa)} + Var{B (X )}13 finite. Now, by

(4.5), we have

(1) F[i](l - F[i]) <Wb H( -H) for i =1, 2; | (5.19)

C (1) @ (o) 25 @), =1, 2 (5.20)
17



Hence, from (5.15), (5.18), (5.19) ana (5.20) we get after a few siaple steps

“~

<16 [ [HG) R @) § @) & &) a ()

Vo

-l <y <.

1 1 1
8 ‘]pJg(u) du ~ { k]n'J(u)SQu}e] <8 M/\ J2(u) du
o ) ' o

~

i

1/

l . .
5K jp [u(l-u)]l-zs du < @, by condition (c.3). (5.21)

e

Thus, to complete the proof 5f the theorem, it remains only to shéw that C,

i, N’
1 . ) ’
i=1,2, 3 are all o_(n 2). To do this, we first note that all-the elementary.
results of Chernoff TP and Savage (1958, p. 186; results 7.A.1 to 1

7.A.10) also hold in our case with the fumther simplification that )N - %b =5 -

For brerity; these results are therefore not reproduced again. Now, as in the

treatment of ClBN of Cherenoff and Savage (1958, p 988), we have readily

n Il
£+
ool s 2 ) g )l s g § ) ) G
O=1

Q=1
n
K . L o A %
LS - = IS
SEEE ) By () (- Ry ) 007D (5.22)
Q=1 _ '
. ) . _%
Thus, we gre tovshow that 02,'N and Ci,N are a}éo op(n ).
Let now (aN, bN) be the interval SNg , Where '
Sy e = {xt BQL - H) >0 /n). o (5.23)

Then by the result 7.A.9 of Chernoff and Savage (1958, p 9385) (with a simple extension
to the Wwivariate case,) there exists an ne > O independent of F(xl, x2). Such that

P{x,, ¢ i=1,250=1, ..., n} 21 - e . (5.23)

SN,e ’
Thus, with probability greater than l-e¢ , there are no observations in the complemen-

tary region SN,e . Further, if H = H(aN) and Hy= H(bN)’ then H) = 1 - Hy < K/N,

K being a constant, which may depend on € and ne . Further, it follows from lemma

v .



4,2.2 of Govindarajulu et al (1965) that for every y > 0, there exists a c(7) >0,

such that withiprobability greater than 1 - % 7, we have .

1
P ] i (1-8)/2
lFI\T[i] - F‘ < c(y) n [F[l] (1 F[l])] ’ (5.24)
for i = 1, 2, Thus, from (5.24), we get that with probability greater than 1-7,
2

2
IH-N(X) - H(x)l = %" ! y [FN[J.] (x) - F[l] (X)” S% FIFN[l](X) - F[:LH (X)l

i=1 i=1

2 ,
<39 ) g 60 1wy 01 )2
L |

o(r) 2002 1By 1 - (11102

in

() NEEG) [ - HD) B2, 0<ox(s) <o (5.25)

Thus, expressing the integral on the right hand side of (5.8) as the sum of two inte-

grals over the domains of integration SN e and SN c respectively, and noting that by
7 )

condition (c.3) and (5.23) (with probability >1 - ¢,)

1t 6 - BT 3 ) @ ey ) - w11

SN,e

K/N 1
<e / w0 a1 B P aneo w2 [ w1 fneo 1 e
o 1-K/N

: L
= o(n"2); (5.26)
we get that
1
oy yl = | f[HN(x) - B(x)] 7' (H(x)) dlFypyq (x) - T+ 0 (a72). (5.27)
SN,e
Using then (5.25), we get that with probability greater than 1l-7,
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e |Hy(x) - B(x) |37 (H(x)) < c*(7) [H(x) (1-H(x) } /2 (5.28)

Slnce, the right hand side of (5.28) is integrable with respect to H(x), N[l}(x)

< an (x), H(x) *

shown after a few simple steps (with the aid of(5.27) and (5.28),) that

8,8,

&$ H(x), Py = Froy(®), end &Fpp4(x) <2 dH(x), it can be

1 ot
2 p 3 — . --é— . - _,i:'
N lca,Nl %0 i.e., lCE,N |= op(N ). | (5.29)

1
The proof of |C3 Nlbeing op(N-a) follows precisely on the same line as in the proof
3 .

/

of a similar C (for the case of two independent samples) considered by Govindarajulu

3,N
et al (1965), and hence for the intended brevity of our discussion, the details are

omitted,
Hence, the theorem.

THEOREM 5.2 If the conditions of theorem'Sml hold and in addition

fet
-y s S o8 8 e W B e

Py () = v, Ty G0 oy (G- gy : - 6:30)

where ¥ has a continuous density ¥(x) and O =0, By »1 as N —e, then cﬁ(F), de-

fined in (5.3), is positive for all F e (defined in (4.1k4),) and n%lmn - un(F))/ch(F)
has asymptotically a normal distribution with zero mean and unit variance.
PROOF In order to prove the theorem, it appears to be sufficient to show that under
(5.30), 0°(F), defined in (5.3), is positive.

Then proceeding precisely on the same line as in the proof of corollary 4,12
" of Govindarajulk et al (1965), we get that under (5.30) the sum of the flrst Hwo
1ntegrals on the right hand side of (5.3) converges (as n —«) to —{ f Jz(u) du

o

-[ f J(u) du] }. Again, by a similar technique it can be shown that the last

1ntegral on the rlght nand side of (5.3) converges ( as n— ) to

%{/“12 (u) du "f[ J(F[ljéx)) J(F[Qﬂ(y)) dF (x, Y)}' (5.51? )
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Again from (4.11), (4.12) and (4.17) we get that (5.31) is nothing but
1,2 1 i - L
§(v - VlE(F)) =7 Ivll(F) +v22(F) 2v12(F)} >0 for all F € 0, by condition
(4.14) and (c.5).

Hence, the theorem,

Incidentally, from theorem 4.1 and theorem 5.2, we arrive at the following

result that under (5.30)

2 P 2
o 2 G§(F) -V - vl2(F) >0, 5.32)

for all F € Qo. This result will be very useful in the next section.
6. ASYMPTOTIC EFFICIENCY OF RANK ORDER TESTS

We shall now consider some specific rank order test for location or scale and
study their effeciency aspects. It follows from our results in the preceeding three
sections that the exact perrutation test based on Tn in (3.8) reduces to a very
simple form for large values of n. Also, it follows from theorem 5.2 that if we

. . A 2 .
have any consistent estimate Gh(F) of ch(F) in (5.3) (under HO), then a large sample
1
= A
2 -
(Tn H)/ Oh(F))

where i is defined in (4.16). By virtue of theorems 4.2 and 5.2 and of (5.32),

(unconditional) test may be based on the studentized statistic n

we may then readily conclude that the large sample permutation test and the large
sample-unconditional test will be stochastically equivalent for the entire class of
hypotheses in (5.30). Hence to study the asymptotic power efficiency of the test
based on Tn’ it will be sufficient to consider only the large sample unconditional

tests.

6.1 ILocation problem For the matched sample location probiem we assume that Xlu

and -0 are statistically interchangeable for some real ', and the null hypothesis

Xoa
states that @ = 0. We shall condider several rank order tests based on statistics

of the type (3.8), for which we assume further that L. is a monotonic function
2

of ¢+ 1< <N. As in the case of univariate location tests, the above condition

.

case ensure the consistency of the tests for any non-null €, We shall consider
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é%ecifically the followiné EN"

(i) Median Test Here we have

1if o < [1/2],
E = (6' 1‘)
Mo Loir o> /2],

([s] being the largest integer contain in s). In the univariate case, the correspond-
ing test is propesed by Mood (1950) and is known as the median test. For the case

of two independent bivariate samples, the generalization of tie test is due to
Chatterjee and Sen (1964).

(i1) Rank-sum test Here, we let

Eyo =% for @ =1, oo, N (6.2)
In the univariate case, the corresponding test is due to Wilcoxon (1945) and Mann
‘and Waitney (1947). For the case of two independent bivariate samples, generaliza-

tion of tae same has been made by Chatterjee and Sen (1954 ).

(1i1)  ¥-Score test Let ¥ be some assumed cdf, and let in a randow

sample of size N drawn from a population having the cdf ¥, N o be the expected

2

fl

value of the O~th order Statistic, for @ =1, ..., N. Then, we take

By = Mg TT =L e T (6.3)
Sometimes, we also take

By, = v/ (W41) ), L<a <N (6.4)

In particular, if ¥ is a standardized normal cdf, the scores taN a} are tested toe
1
normal scores and the test as tie normal,score test. In the univariate case, tests

of this type are due to Fisher and Yates, Terry, Hoeffding among many others, and a
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Tl

i

nice account of the same is given- by Chernoff and Savage (1958). Generalization to
the case of multivariate multi sample situations is due to Puri and Sen (1966).

For the study of the asymptotic relative efficiencies (A.R.E.) of these tests as
well as the parametrically optimum paired t-test, we have to select some sequence of
alternative hypotheses (say, {ngla) for which the péwer of the tests lie in the

open interval (0,1). For this, we define
(1), - -3
Hn H F[2] (X) = F[l] (X +n e), (6- 5)

where 6 is real and finite and the cdf F[l](having a continuous density f [1] (x),)

is assumed to s&tisfy the conditions of lemma 7,2 -of";;uri(]_g@),Let us then define

1 1
AQ(F,J) =f e (u) qu - -{/J(u) du}2; (6.6) -
0 o '
I 0 1
o5, ) = [ [ 3651603 y0)) @, ¥) - [a) @
[ S @“ 1) ' 5 (67)
22(F, 7)
B(P, J) = f 3@ ppp(R) £y @y (). (6.8)

-Co
: . . . (1}
It is then easily seen that for the sequence of alternatives IHn in (6.5),
the AL.R.E. of the rank order test based on Tn is propostional to
1
Snl
[B(F, 3)/A(F,d) {(1-o(F,3)3}°I". (6.9)
Again, if we consider the paired t-test (under the assumption of homoseedasticity,
consequent on (6.5),), it can be shown that the A. ®# E. of this test is propostional
to
2
1/ (1-p), (6.10)
where 02 is the common variance and p is the correlation coefficient of xlOt and Xpy -
Thus, if we define € f_(gl’ {:’2) as the (population) median-vector of (:& o e

and write
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Rip = Py S8y XS Spd - (6.11)
then it is easily seen that the A, R. E. of the median test is

£ (6) /(o) = By (Sey). (6.12)

Similarly, if ﬁg stand for the grade correlation of Xy and o [cf. Hoeffding (1948,

p. 318)], then the A. R. E. of the rank sum tést will be equal to

a2t f ) &) /0 6) - By (ee) (6.13)

Finally, if we substitube \If'l(F) for J(B) in (6.7) and denote the corresponding
measure by p¢V the ¥ -score correlation of X0 and Xary? the A. R. E. of the ¥-score

test would be

0 [y 0 vy @) @y /G < B, (6

vhere cﬁ stands for the variance of the cdf ¥+ If Pe F[l] =¥, the above reduces to

l/c%(l—pwa and if further ¥ 1is normal, it is easily seen that bwf‘p, and hence, the

A.R.E. of the¥ -score test will be equal to (6.10), the same as of the t-test. Thus

for normal alternatives, the normal score test and the paired t-test are asymptotically

power equivalent (for the sequence of alternatives [Hél>} in (6.5)). Further, it
follows from (6.9) that the A.R.E. of any proposed test is the product of two factors;
the first factor depending only on the marginal cdf F[l] (as‘AQF,>T) is independent
of F,) while the second factor being dependent on p(F, J), which depends on both

F and J. This makes the usual univariate bounds for A.R.E. inapplicable.in this case.
However, if we can find bounds for the variations of (1-p(F, J))/{1-p), the same can
be used to study the bounds for hhe A.R.E. Unfortunately, this depends on the un-
known F in a very involved way and no unlveraal bounds may be attached. For the ﬂ

specific case of normal cdf's, it is well-known that
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b(x,, - l'l;) - % sin™t p and pg = % sin™t p/2, (6.15)

and hence, we get that the Pitman-efficiencies of the median test and the rank-sum

test with respect to the paired t-test are respectively

1-

COSnl(

(6.16)

(lap)/cos'l 5 and

Ml -0

p - 1)

Now, (6.16) agrees with the expressions obtained by Bickel (1965, pp 170-171) for
his median and rank-sum tests for the symemtry of a bivariame cdf (around the origin).
Consequently, the efficiency study made by him can be ag it is applied in our case
to get similar bounds for the quantities in (6.16).
Finally, in the leterature, the signed-rank test by Wilcox on (1949) and the
normal score test by Govindarajulu (1960) are based on the values of X, - Boo 2
¢ =1 ..., n. If we consider the asymptotic efficiency of the type of rank order

test considered here with respect to the similar test according to the other method,

the same will be obtained
(1-p)/[1-p(F, 3)], (6.17)

and hence, nothing can be said, in general, about this, However, for normal score
test, (£,17) will be equal to unity, while for normal alternatives, the bounds for
(6.17) for median or rank-sum test may be easily obtained by using Bickel's (196k,

pp 170-171) results.

6.2 Scale problem To the best of knowledge of the author, there is no nonparamefric

test for the equality of Scales parameters of a bivariate distribution. Here, we

assume that X, and X, have a common location (unknown but real), and (Xla - M)

10
and G(Xéa - u) are interchangeable for some real and finite®( 0) 6; the null
hypoﬁhesis being 0 = 1.

In the parametric case, the test by Morgan (1939) is Wased upon the significance

of the observed correlation between ua = Xla - 82a and Vd = Xla + X2a. This test
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is also related functionally to the likelihood ratic test for the same problem,
and hence, possesses some optimum properties too.

The proposed rank order tests for this problem are all based on statistics of

the type T in (3.8). As under the null hypothesis 6 = 1, we may take without any’
loss of generality that p is the population median of either variate, and by change
of origin, we can always take u = 0. We then assume that the weight-function J(F)

corresponding to T in (3.8) satisfies the condition
J(F(ex)) - J(F(x)) is¥in 6 for x > O, (5.18)

.1
isdin o for x < 0, or vice versa. -
It is easily seen that under (6.18), the rank order tests based on T, in (3.8) will

be consistent against any 6 # 1. The univariate scale tests satisfy (6.18) in almost

all the cases. We shall consider here specifically the following renk order statistics.

(i) Rank mean-square statistic We let

- T2

EK,CZ = ((X 5 for 1 <a< N. v V ' (6.3‘-9) ‘

In the case of two independent univariate samples, the corresponding'Tn is proposed
by Mood (1954) for the scale problem. Multivariate extension of this is .due to

Puriand Sen (1966).

(ii) Symmetric rank-statistic 1. Here, we let

E =N +1-~0¢) for =1, ..., No (6.20)

N,x

Univariate tests of this type are dite to Sen (1963) and Chatterjee (1966).

(i1i) Y¥-Score statistics With the notations in (6.3) and (6.4), we define

= g8 -1 2 )92 -
EN,a = oy o OF [y (N+l)] , =1, ..., N _ - (6.21)

As for the study of the asymptotic efficiency of these tests, we proceed

similarly as in the location problem and write
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B2: Fpy () = Fp (420005 e w= 0); (6.22).

where 6 is real and finite and F[l] satisfies the conditions of lemma 7.2 of- (1964).

Puri,
We also define A(F, J) and p(F, J) as in (6.6) and (6.7), and 1kt

o]

o(F, 7) = \/hx TU(F () £y () @ gy (0. (6.23)

-CO

It is then easily seen that for the sequence of alternatives {Hé?)} in (6.22),

the A. R. E. of the rank order test based on Tn will be proportional to

2
[e(®, 0)/AF, 3)17/[1-o(F, 9], (6.24)
while the A. R. E. of the Morgan {1939) test for the same sequence of alternatives

will be proportional to
2 ' 7
1/(1-p°), (6.25)

where p is the correlation coefficient of (th’ Xea).

Now, if we work with the normal scores i.e., (6.21) when v is assumed to be
normal and if F[l] =¥, it is easy to show (on using (6.7),) that p(F, J) in this
case will be nothing but p2. Further, if follows from (6.23) that in this case,
c(F, J)/A(F, J) will be equal to unity. Hence, from (6.24) and (6.25), we will
get that for normal alternatives (scale), the normal score test and the Morgen test
will be asymptotically power equivalent.

The asymptotic efficiencies of the other tests may be studied precisely on
the same line as in the location problem. These will naturally- depend on the

correlation p(between Xha 5 X2a) and, in general, no proper bounds may be attached

to these,

7. TESTS FOR INTERCHANGEABILITY IN BLOCKED EXPERIMENTS

Here we shall work with tihe model (2.5), and will test for the interchange-

abllity of (Ym, Yza) eléminating the effect of Z,, for 0= 1, ..., n. The procedure
27



will be a vety simple modification of what we have done before. This may be termed
[after Hodges and Lehmann (1962)] ranking after alignment,’

= 1 _
We Gefine X, = 2(X1a + XEOt) for @ =1, ..., n and let

- ¥ _ % Ly
Wy = Xqq = %y = 2(X1a Xea)

l N . . ; s )
-2-(Yla -Yza) fora =1, ..., n; : (7.1)
(by (2.5))

Thys {wa , =1, ..., n) are ni, i. d. r. v. which are free from the effects
of (za , =1, ..., n) and if really Yo Yoy

a distribution symmetric about the origin. Thus, conditioned on the given set

are interchangeable, then Wa will hawe

chx" =1, ..., n }. There will be ot possible realized walues of [Wa, g=1, ...,n}
where each Wa can assume two valueé * IWa! , independently of each other and with
probability % if Ho is true. We now rank the values of ]Wal and let ARa be the
rank of ]Wal among the n values. Then R = (Rl, ceey Rn) will be a permutation of

(1, «+., n). Thus, if we define E = (E , B n)'(where E o is a function

n,1’ °°°’ “n, , 0
of af(n+l)), then we may define a rank order statistic T, by
1 n
Th=n ? a=1 En,a Ay (7.2)

vhere da islor O accoi'ding as Woc is positive or not. Once, we do this, we reduce
the problem to the univariate problem of symmetry, and all the available tests for
that may be used here. Incidentally, here, the permutation distribution.of Tn will
be identical with the null distribution of it, and as in our theorem 4.2, the
asymptotic normality of n%('.[.‘n - -E-n) will follow readily. TFor this, the details

are omitted, and we conclude this section by a note that the tests based on Tn in
(7.2) will be valid only for the location problem; while as a result of the reduction
of the bivariate

. . problem to a univariate problem (of symmetry), we aee not in a position to test

for the equality of the scale parametefs in this manner,
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8. STUDENTIZED LOCATION AND GENERAL SCALE PROBLEMS

First, referred to (2.6), we want to test for the equality of the location My
and Mo without assuming the seales 81 and 82 to be equal br to bear a known ratio
to each other. This will be then a proper nonparametric generalization of the
problem of paired t-test, where actudlly the two variances may be arbitarily
different from each other. The paired t-test is based upon the assumption of
normality of the bivariate cdf F in (2.6), while our proposed tests will be vatid
for a wider class of cdf's.

We define a bivariate cdf F(x, y) to be diagonally symmetric around a location

g o= (pl, pe) if for all (x. y) in the two dimensional real space (Re),
Py =% by =¥) =1 ~F(u +x -0, ®) =F(e, p, +y - 6)

+ F(p1 tX =0, b, +y - 0), (8.1)
and the class of all diagonally symmetric edf's will be denoted by Qs' Then, we
have the following lemma, whose proof is simple and left to the reader,

LEMMA 8.1 If F(x, y)e 0, then X - Y will have a distribution symmetric about
Moo

Consequent on this, we note that if F in (2.6) is diagonally symmetric and if
“l = “2’ then the cdf of Xla - Xza will be symmetric about 0, no matter whatever be
the values of d, and 8,. Thus, here also, if we assume that F ¢ QS and we work

1 2
with the values of W_ =X, ~-X,., O=1, ..., n, then we may proceed peecisely on
(0] 20 ?

1
the same line as in section 7 and get a class of rank order tests which are also
used to test the symmetry in the univariate case.  The efficiency study of such
tests have already been made in connection with the one sample location problem
(uﬁivariate) by Govindarajulu (1960), and hence will not be repeated here.
Let us now consider the general seale problem. Here, referred to (2.6), we
want to test for the equality of 81 and 62 without assuming the locations to be

identical. As in the case of two independent samples, one way of approach would

be consider suitable tests based not on the original observations but on the ones
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centered at the respéctive éstimated location parameters [ef. Sukhatme (1958)
and Raghavachari (1965)]. Thus, we let ﬁi and %% to be some consistent estimates of

Hy and ko respectively, and regarding these we shall assume that

i -

| ?& - uil , i =1, 2 are bounded insprobability. (8.2)

»]

Then, we define the centered observations as

.(3}105, R = (X - (I W) y =1, | (8.3)

Our proposed tests will be then based upon these centered observations.

Thus, we may now proceed with these centered observatdons as in section 3
and use a rank order statistic as in (3.8). This statistic will be terfed a
modified rank order statistic and will be denoted by @n' For small samples, the
distribution of %n will be quite involved and will fail to be distributdédn-free.
Thﬁs, as in the case of unpaired samples, we will confine ourselves only to the

large sample case. We shall study the conditions under- which
ndz -8y 5o | . (8.4)
n n -3, . ‘ .

If (8.4) nolds, then asymptotically %n will have the same properties as that of Tn’
and theorems 5.1 and 5.2 will also apply to it. Consequently, the two tests based
on Tn and &n will be asymptotically puwer-equivalent for scale alternatives of the
type (6.22).
THECREM 8,2 If ) = (ﬁl, .@.2) shhisfies (8.3), and if in addition
(1) F[i] (having a continuous density f[l]) is sympetric about w,for i =1, 2;
(i1) J(u) is symmetric about u = % ;
(iii) J'(F[i](x-t))f[i](x-t) < K T(x)
for all [t] <c, (c end K being constants), where T(x) is guadratically integrable
with fespect to F[l]’ i = 1, 2; then the modified rank order Statistic based on
the centered observations and the original rank order statistic based on the true

deviations from the respective locations will be azymptotically equivalent, in

probability.
30
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PROCF By virtue of these assumptions it &s easy to show that

\/P J’(H(x))f[i] (x) dF[j] (x) =0 for i, j =1, 2. (8.5)

=co
Proceeding then precisely on the same line as in the proof of theorem 3.1 of Raghava-
chari (1965), it can be shown that all the regularity conditions for his lemma 3.3
are satisfied, and the rest of the proof can then be completed by our theorem 5.1
The details are omitted.

It is also easy to verify that the rank order statistics corresponding to
(6.19), (6.20) and (6.21) all satisfy the above conditions for a wide cdass of
diagonally symmetric (bivariate) distributions,

Hence, in large samples, we may use the rank order statistic %n for the

general scale problem, and the asymptotic power of these will be the same as in the

case of tests based on T in (3.8).

9. TEST POR COMPOUND SYMMETRY

Here, referred to (2.6), we want to test Wilk's (1946) nypothesis of compund

symmetry, which reduces to

Hit by =iy and &, = 8, i (9.1)

against the set of alternatives that at least one of them is not true. Here, we
can work with a pair of rank order statistics, say Tél) and Tﬁa), where the first
one will test the equality of locations and the second one the equality of scales.
It follows from our results in section 3 that given Ry in (3.10), there will be a
set S(RN)C Ry oF 2" (conditionally) equally likely realizations of @N, and (3.12)
holds for thiés, when H  in (9.1) nalds. Thus, if we define T = (Tél), Téa)),
there will be a set T (s(gN)) of 2" (conditionally) equally likely values of
hgn’ and hence, as in section 3, we can construct a similar size C test for the
hypothesis (9.1)

However, in the majority of the cases, we shall prefer to use a single valued
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statistic which will be a furction of T . If we proceed as in'section 4 or 5, we
may deduce (under similar conditions as in there,) the joint asymptotic normality
of En both under the permutational as well as unconditional.probability‘measures./
Hence, it seems quite appropriate to use the quadratic form in In with the discrimi-
nant as the inverse of the covariance matrix of the same.

Now, corresponding to the rank order statistic Tél), we define the sequence

§§i) (as in (3.4)) by

E§i) = (Elﬁf)l, Eﬁ) i=1, 2 (9.2)
where |
Elg,ig‘ = (1) (1\—1%1-), 1<a<h i=1, 2 (9.3)

The function Jﬁ(i) will be assumed to satisfy the regularity conditions of section

4, 1In addition to this, we say that E&l) and Eég) are orthogonal to each other, if

N
) @& @) -5 - o, (9.4)
o=l
where _(i), i =1, 2 are defined as in (4.15). The orthogonality of Eéi) and Eé?)
is not essential for our purpose, but we shall see later on that it simplifies
the statistic apprecisbly and it holds in the majority of the cases. In fact,
the location and seale tests considered in sectdon 6 all satisfy this condition
(under suitable choice of‘pairs of Tél), Tie)).
If (9.&) hélds, and we define the permutation variance of Téi) by ch?i/N,

i =1, 2 (as in (4.20)), then it is easy to show that under the permutational

pfobability megsure @n,

2 |
s, =N S(Téi) - flgi))a/c 12\21,:1 , | (9.5)
i=1

has asymptotically, in probability, a x? distribution with 2 d.f., and as a suitable
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test statistic, we may propose Sn' If (9.4) does not hold, we have to define

i j ..
NCov(Tr(l ), Tia)lpn) =0 ..3 1, =1, 2;

N,ij
By = (o 30 I = (57 = (D), o (9.6)
and 5 5
s,=v ) o @l g5 @l 5. e
iz 1 3=l - e

It can be shown by a straight forward vector extension of theorem 4.2 that SN will
have asymptotically, in probability, (under Pn), a chi square distribution with

2 d.f. Hence, in any case, we may use S  in (9.5) or (9.7) as a suitable test-
stati&btic, and carry oub the permutation test besed on it both for small and large
sampleé. '

Further, we define

w2 [y Ee) @y @, BN CX:)

(F) = G (F) in (5.3) with J = J( ) if i=j;

-1 { [ ey 0oy 001 7 @0 5 () +

~o < X <P < o

n,1ij

Ity () J(2)<H<x)>}aF[l](x) ) 9.9)

r [ [y 751 fopg ) Sy ) =

¥

~e < X<y <o

Ttpy (8(x)) gy () }aF[a] (x aF 7 (v)

[ 6w - Ppq00 7paq@)] 51y () 34y (BED) oy 1) ()

(V)

. -~ -
o 5] )

[ [ mew - o0 Fag)] Ty ) 31y (6) @ g9 @)

-CQ -Cd
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Then, by a more or.less straight forward vector generalization of theorem 5.1,

we will arrive at the (unconditional) joint asymptotic normality of

Gre® - By, @) - B (9:10)

with a null mesn vector and the dispersion matriz I(F) = ((o'n ij(F)))’ Theorem 5.2
>
also extends directly to this case; and it can be shown easily thaet

Ly~ Ky under (5.30). (9.11)

Thus, in this case also, if we have any consistent estionator %(F) of §(F)) and
we propose a large sample unconditional test based on the quadratic form in 'T'n - E':'I\I
with discriminant as the hnverse of %('F) , then the permuation test based on Sn_ in
(9.7) will be stochastically equivalent to this test for sequences of alternatives
in (5.30).

Let us now consider two specific rank-order tests for compound symmetry.

(I) Rank order test, I. Here, we let

Elg’lg‘ = @ l<a i (9.12)
El\(fgz = (@ - (41)/2)% for 1<a <N | (9.13)

Thus, Tr(xl) will be the rank-sum test (as in (6.2),) for location, and Tr(12) will
be the rank mean square test for Scale (as in (6.19)). It is easiiy seen that
(9.4) nolds for (9.12) and (9.13). So our statistic S reduces to
(1) E+1,2 (2) N 1.2
(2, - =) (2 - 5=
N + N , (9.14)

2 2
N,1 °N,2

where Oy 12 is the permutation variance of N Tr(ll) , i =1, 2, vhich may be evaluated
)

as in (4.18).

(IT) ¥-score test Hure, we define ag ; as in (6.3), and let

Elg'::()x = a'N,a , Elg?a = (aN,a - KN)a, @¢=1, ..., N, ) (9-15)

34

e I -~



1 N

a == sernative {
where aV T a—l N o Alternatively, we umay take,
(1) gt (2) _ -1, o =1,1y42
o =1, ..., N. (9.15)

Again, if ¥ is a symmetric cdf, it is easily seen that (9.4) holds. (In parti-
cular, if ¥ is normal,‘then also (9.4) hdlds.) Hence, for symmetric ¥, the
statistic s, in (9.7) reduces to a form similar to (9.1%), where instead of
(N+1)/2 and §N2 1)/12, we will have to use the respective means of E(l) (?&
in (9.15) or (9.16). TFor normal ¥, the aboVve statistic will be termed the normal
score statistic and the test as the normal:;core test for compound symmetry.

As for the study of the asymptotic power properties of these tests, we may

use the extension of Theorem 5.2 considered earlier, and with that for the sequence

e

of altermativééiAA
1
2

1. Proyle) = Fpyp(lx » "2 oIl + 0= 6l (9.27)

(with 61, 62 regl and finite and F[l] satisfying the conditions of lemma 7.2 of Puri
(1964),) it can be easily shown that for normal alternatives, the normal score test
and Wilks! LMV test are asymptotically power-equivalent, The efficiency of the
normal score test against LMV test for non-normal alternatives will depend on the

two unknown correlations g(F, J(l)) and o(F, J(2)) in (6.7), (where J(l) = Y’l(F[l](x)'
and J, = [QJKF[l](x))]E,) and hence nothing can be seid, in general, about the bounds
for the same. Finally, the efficiency of the other rank test will also depend on

two such unknown correlations, and hence, no proper bounds can be attached to the
same, However, it can be shown that there are many situations where the proposed
rank order tests are more efficient (asymptotically) than the Wilks' L. test. As

an example, we may consider the case, where

F(X, y) = F[l](x)_F[QJ(Y): » (9.18)

where both F[ 1] and F[2] are cauchy cdf's with appropriate cdf's. In this extreme

case, the efficiency of the normal score test with respect to LMV test will be
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NGETL Lpdy LBrEe .+ fa;;A“LMv,t¢$k will ve inconpistent v this case, whi.e
the ~taer cne will be reasonably efficient.
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