ABSTRACT

GROVES, EMMA KATHRYN. Subinvariance and Ascendancy in Leibniz Algebras. (Under
the direction of Kailash Misra and Ernest Stitzinger ).

Leibniz algebras are a non-commutative generalization of Lie algebras that satisfy all the
defining properties of Lie algebras except for the antisymmetry of its product. In 1965, Bloh
first considered Leibniz algebras, though he called them D-algebras. They were popularized
by Loday, who adopted the name Leibniz algebras, in the 1990s. All Lie algebras are Leibniz
algebras. A natural question to ask is which results from Lie algebras hold, sometimes
with slight modifications, in Leibniz algebras? Many important results in Lie algebras have
been shown to have Leibniz analogs such as Lie’s Theorem, Engel’s Theorem, and Cartan’s
criterion. In this dissertation, we are going to examine some results of subinvariance and
ascendancy in Lie algebras and see if they generalize to Leibniz algebras.

A subalgebra B of Leibniz Algebra A is said to be subinvariant if there exists a chain
ofideals B = B, < B; <... < B, = A. The infinite dimensional analog of subinvariance is
w-ascendancy. A subalgebra B of Leibniz Algebra A is said to be w-ascendant if there exists
B=B(0)< B(1)<--- < B(w)= A where B(w)= U,;“;O B(k). In this dissertation, we give the
Leibniz analog of several results in Lie algebras on subinvariance and ascendancy. For
example, if a subalgebra B of Leibniz algebra A is subinvariant (respectively w-ascendant)
in two subalgebras H and K of A, we show that for certain classes of Leibniz Algebras, B is

subinvariant (respectively w-ascendant) in the subalgebra generated by H and K.
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CHAPTER

INTRODUCTION

1.1 Introduction

Marius Sophus Lie first introduced the concept of Lie algebras to study infinitesimal trans-
formations in the 1870s [13]. Leibniz algebras are a non-commutative generalization of Lie
algebras that satisfy all the defining properties of Lie algebras except for the antisymme-
try of its product. In 1965, Bloh first considered Leibniz algebras, though he called them
D-algebras [3]. However, they were popularized by Loday, who adopted the name Leibniz
algebras, in the 1990s [10]. Loday discovered, while studying the properties of the homology
of Lie algebras, that the antisymmetry of the product was not needed to prove the derived
property defined on chains. This led him to introduce the notion of right Leibniz algebras,
where the right multiplication operator is a derivation. Similarly, in a left Leibniz algebra
the left multiplication operator is a derivation. In this dissertation, a Leibniz algebra refers
to a left Leibniz algebra.

All Lie algebras are Leibniz algebras. A natural question to ask is which results from Lie

algebras hold, sometimes with slight modifications, in Leibniz algebras? Many important



results in Lie algebras have been shown to have Leibniz analogs such as Lie’s Theorem,
Engel’s Theorem, and Cartan’s criterion [6]. In this dissertation, we are going to examine
some results on subinvariance and ascendancy in Lie algebras and see if they generalize
to Leibniz algebras. Wielandt first introduced the concept of subinvariance for groups
[18]. Schenkman later popularized the idea of subinvariance in Lie algebras [14]. Chao
and Stitzinger looked at subinvariance in finite dimensional, solvable Lie algebras [5].
Later, Stitzinger extended this work to infinite dimensional, locally solvable, ideally finite
Lie algebras [16]. Kawamoto explored the relationship between repeated multiplication
by a subalgebra and subinvariance [9] which was generalized by Tégo6 and called weakly
ascendant subalgebras [17]. Aldosray in [1, 2] and Maruo in [11] examined if a subalgebra B
is subinvariant in two subalgebras H, K, when is B subinvariant in the subalgebra generated
by H and K.

1.2 Preliminaries

In this section we will introduce the basic definitions, structures, and properties of Leibniz

algebras.

Definition 1.2.1. A left Leibniz algebra A is a vector space over a field with a bilinear
product
[[]:AxA— A
that satisfies the Leibniz identity
la,[b, cll=[la,b],c]+[b,[a,c]]

foralla, b, c € A. Aright Leibniz algebra is a vector space over a field with a bilinear product
that satisfies the Leibniz identity

[la,b],c]=[a,[b,cll+[[a,c], b]
foralla, b, c € A.
Note that all Lie algebras are a Leibniz algebras. However, a Leibniz algebra is not always
both a left and right Leibniz algebra as this example shows.
Example 1.2.2. Consider A, a 2-dimensional algebra with multiplications

[x,x]=0,[x,y]=0, [y, x]=x, [y, y]=x



First let us show that A is a left Leibniz algebra.
[x,[x, x]]=0 =[x, x], x]+[x,[x, x]]
[y, [x, x]1=0 =[x, x]+[x, x]=[[y, x], x] +[x,[y, x]]
[x, [y, xl]=[x, x]=0 =[x, y], x]+[y,[x, x]]
[x,[x, y]]=0 =[[x, x], y]+[x,[x, y]]
[x,[y, yI=[x,x]=0 =[x, y], y]+[y.[x, y]]
. lx, y]1=0 =[x, y]+[x, y]=ly, x}, y]+[x, [y, y]]
vily, xl]=1y, x]=x =[x, x]+[y, x]1=[ly, ¥y x]1+ [y, [y, x]]
ly, ylI=ly, x]=x =[x, y]+[y, x1=[ly, yLy1+1y. [y, 1]
Thus, all combinations of x and y satisfy the left Leibniz identity. Therefore, A is a left
Leibniz algebra. Now consider
[y, ybyl=lx,y1=0#x =[y, x]+[x, y1=y. [y, yN+y, ] ¥].

Since [[y, y], y]1=[x,y1#[y,[y, ¥]]1+I[ly, ¥] v] A does not satisfy the right Leibniz identity
and is therefore not a right Leibniz algebra.

For a Leibniz algebra A with element a we define two multiplication operators: the left
multiplication operator L, : A— Aby L,(b)=[a, b] and the right multiplication operator
R,:A— BbyR,(b)=[b,a]forall b € A. Due to the Leibniz identity, L, is a derivation in a
left Leibniz algebra and R, is a derivation in a right Leibniz algebra. Throughout this work,

a Leibniz algebra always refers to a left Leibniz algebra.
Definition 1.2.3. A subspace B of Leibniz algebra A is a subalgebra if [B, B] C B.

Let C be a subset of a Leibniz algebra A. Then (C) denotes the subalgebra generated by
C.In other words, (C) is the smallest subalgebra of A containing C. If B=(C) has a finite

set of generators, then we say that B is finitely generated.

Definition 1.2.4. A subalgebra I of Leibniz algebra A is a left ideal if [A, ] C I and right
ideal if [1, A] € A. If I is both a left and right ideal, then I is an ideal of A. We denote I an
ideal of A as I < A.

Like in Lie algebras, the sum and intersection of two ideals is an ideal. Unlike Lie algebras,

the bracket of two ideals is not necessarily an ideal, as shown in the example below.



Example 1.2.5. Let A=span{x, y, v, u, w} have non-zero multiplications
[y, vl=u, [v,yl=w, [x,y]=y =y, x], [x, u]=u, [x,w]=w, [u, x]=w, [w, x]=—w

Let I =span{y, u, w} and J =span{v, u, w}. Both I and J are ideals of A. [I, J]=span{u}
is not and ideal of A.

Definition 1.2.6. The left center of A is denoted by Z!(A)={x € A|[x,a]=0for all a € A}.
The right center of A is denoted by Z"(A)={x € A|[a, x] =0 for all a € A}. The center of A
is Z(A)=ZY (AN Z"(A).

For Leibniz algebra A, define Leib(A) = span{[a, a]| a € A}. Leib(A) is the minimal ideal
of A such that A/Leib(A) is a Lie algebra. Define AV = [A, A] and AU+V = [AW), AD] for all
i € N. The series of ideals

A A2 AP .

is called the derived series of A.
Definition 1.2.7. A Leibniz algebra A is solvable if A" =0 for some m €N.

Like in Lie algebras, the sum and intersection of two solvable ideals of a Leibniz algebra
is also solvable. Therefore, all Leibniz algebras A contain a unique maximal solvable ideal
denoted rad(A).

Define A' =[A, A] and A"*! =[A, A'] for all i € N. The series of ideals

ADA'DA%D...

is called the lower central series of A.
Definition 1.2.8. A Leibniz algebra A is nilpotent if A” =0 for some m €N.

Like in Lie algebras, the sum and intersection of two nilpotent ideals of a Leibniz algebra
is also nilpotent. Therefore, all Leibniz algebras A contain a unique maximal nilpotent ideal

called the nilradical of A and is denoted nilrad(A).

Definition 1.2.9. Let A be a Leibniz algebra and B be a subalgebra of A. B is subinvariant in
A, written B <1< A, if there exists a chain of ideals such that B=B(1)< B(2)<...< B(n)= A.

Example 1.2.10. Let A be a 5-dimensional Leibniz algebra with basis {x;, x,, x5, X,, x5}. The

nonzero products are given by:

[x1, 1] = X5, [ X1, Xp] = X5 =—[ %, X1 |, [ %1, X3] = X4 = —[ X3, X1],



[X1, X4] = X5 =—[x4, X1]

We can construct the chain of ideals
span{x;, x5} < span{x;, x4, X5} < span{x;, x5, x4, X5} < A.

Thus span{x,, x5} is subinvariant in A, but clearly not an ideal of A.
Now let us give an example of a subalgebra that is not subinvariant.

Example 1.2.11. Let A be a 4-dimensional Leibniz algebra with basis {a, b, x, y}. The

nonzero products are

[a,x]=x,[b,y]=1y.

B =span{a, b} is a subalgebra of A. Note that B is not an ideal of A since [a, x] = x. For
a contradiction, let C be a three-dimensional subalgebra of A such that B < C. Then
C =span{a,b,aa+pb+yx+0y}.la,aa+Bb+yx+06y]=7rx and since B < C, then
y = 0. Similarly, [b,aa+ Bb +yx+0y] =0y and since B <« C, then 6 = 0. Thus C =
span{a, b,aa + B b} and is only two-dimensional, which contradicts the assumption that
C is three-dimensional. Therefore B is not an ideal of a three-dimensional subalgebra of A

or A. Thus we cannot construct a chain of ideals from B to A and B is not subinvariant in A.

The analogous structure to subinvariance in infinite dimensional Leibniz algebras is

ascendancy.

Definition 1.2.12. Let A be a Leibniz algebra and B be a subalgebra of A. A is w-ascendant
in A if there exists a chain B= B(0)< B(1)<--- < B(w)= A where B(w)= UZZO B(k).



CHAPTER

2

SUBINVARIANCE

2.1 Finite Dimensional Solvable Leibniz Algebras

We will start by examining finite dimensional solvable Leibniz algebras. Let T be a linear
transformation acting on a finite dimensional vector space V. Let
V= {v|T'(v)=0}
V!'={v|3w €V such that T'(w)= v}
Then
‘/10C ‘/ZOC"'C ‘/rozvo

r+1°°°

‘/113‘/213_”3‘/30:‘/0

s+1°°°

where r=sand V=V°@® V' V°and V' are called the Fitting null component and Fitting

one component, respectively.

Now let V be an algebra. If T is a derivation of V then V? is a subalgebra of V, T acts
nilpotently on V?, and T is nonsingular on V. For Leibniz algebra Aand all x € A, L, is



a derivation. Let Ay(x) be the Fitting null component of L, acting on A and A,(x) be the

Fitting one component of L, acting on A.

Lemma 2.1.1. Let A be a finite dimensional solvable Leibniz algebra and D be a nilpotent
subalgebra of A such that each element x € D has L, nilpotent on A. Then D is subinvariant
inA.

Proof. Let B be a minimal ideal of A. We claim B is abelian since A is solvable.
Assume for a contradiction that B is not abelian. Then there exists x # 0 such that
x=la,b], x,a,b € B.Let y € A. Then

[y, x]=1y,la,bll=[[y,al], b]+[a,[y, b]|€[B, B]
—— —~—

[x,y]=[la,b], yll=la,[b,yl]-[b,[a, yl]€[B, B]
€B €B

Thus[B, B] < Asuch that[B, B] ¢ B. This contradicts the minimality of B. Thus, B is abelian.

In D + B, each element x € D has L, nilpotent on D + B, since L, is nilpotent on A
for all x € D. Using the Jacobson’s Refinement to Engel’s Theorem [4], D + B is nilpotent.
Since a Leibniz algebra is nilpotent if and only if all subalgebras are subinvariant, D + B
nilpotent implies D is subinvariant in D + B. Now (D + B)/ B satisfies the conditions in A/B
by induction. Therefore, D + B is subinvariant in A. D << D + B and D + B << A implies
D << A. O

Theorem 2.1.2. Let A be a finite dimensional solvable Leibniz algebra and B be a subalgebra
of A that is not subinvariant in A but is subinvariant in all proper subalgebras of A that
contain B. Let M be a maximal subalgebra of A with B C M. Then there exists x € B such
that M = B+ Ay(x).

Proof. Note that B + Ay(x) is only a vector space sum.

First, let us show that M C B+ Ay(x) for all x € B:

We claim since B << M, M,(x)C B.Let x € B. M,(x)={(L,)" (w)|lw € M}.Let m € M,(x).
Then m =(L,)"(w) for some w € M. There exists a chain of subalgebras of M such that
B=B,<:---<a4 B, =M.

L. (w)=[x,w]eB,sincexe BCB,,B,<B,=Mand weM

(L. )*(w)=[x,[x, w]]€ By since x € BC B;,B; < B, and [x, w] € B,



(L) (w)€ B,y

r+12> s otherwise M/ *' # M/, which is a contradiction. Thus, m € B,,; € B; = B which
implies that M,(x) € B. So, M = My(x)+ M,(x) € My(x)+ B C Ay(x)+ B.

Now we need to show B + Ay(x) € M for some b € B. Since B € M, we need to show
there exists x € B such that A,(x) C M.

Case 1: Suppose there exists a minimal ideal C of A such that C € M. Then (B+C)/C sat-
isfies the properties of the theorem in A/C. By induction, there exists x € (B+C)/C such that
(A/C)(x)EM/C.Lety € Aand L"(y)=0where x=x+C.Then L” (y+C)=L}(y)+C
which implies that y + C € (A/C)y(x) € M /C.Hence y € M and Ay(x) S M.

Case 2: Assume no minimal ideal of A is contained in M. Then A is a solvable primitive
algebra (i.e A contains a unique ideal D which is its own centralizer) with self centralizing
minimalideal D.A=D+ M and DNM =0. i.e A= D & M is a semidirect sum).

If B is nilpotent, then since B << M, Ay(x)2 M forall x € B.If Aj(x)=Aforall x € B,
then B << A by Lemma 2.1.1, which is a contradiction. Hence, Ay(x) # A for some x € B
and the subalgebra Ay(x) contains the maximal subalgebra M, so Ay(x)=M [12].

Suppose B is not nilpotent. Since B << M, B” #0 and B” < M. Hence, B¥ contains
minimal ideal C of M. Since M is solvable, C is abelian. Since C < M, Ay(x) 2 M for all
x € C. Hence, either Ay(x)= M for some x € C and we are done or Ay(x)=Aforallx € C.In
that case, let E = D + C. Then E is nilpotent by the Jacobson refinement to Engel’s theorem
for Leibniz algebras and E < A since E/D ~C <M ~ A/D. Since C,(D)= D, Cy(D)=D.
Therefore, Z(E) C D (Z(E) is the center of E). But Z(E) < A since it is characteristic in E.
By the minimality of D either Z(E)= 0, contradicting nilpotency of E, or Z(E)= D which
yields E = Cz(Z(E))= Cz(D)= D and B =0, which is a contradiction. Hence, Aj(x)= M for
some x € Band M = Ay(x)+ B. O

Theorem 2.1.3. Let A be a finite dimensional solvable Leibniz algebra and B be a subalgebra
of A. The following are equivalent:

1. B<< A



2. Forallbe B,A= B+ Ay(b).

Proof. Assume 1.Then A,(b)C Bforall b € Band A= Ay(b)+A,(b) S Ay(b)+Bforallb €b.

Assume 2. Let (B, A) be a minimal counterexample. Then B is subinvariant in a maximal
subalgebra M of A that contains B. By Theorem 2.1.2, there exists x € B such that M =
B + Ay(x). This contradicts the hypothesis. ]

Theorem 2.1.4. Let A be a finite dimensional solvable Leibniz algebra and B be a subalgebra

of A. The following are equivalent:
1. B<< A
2. Foreach x € A, B<< (B, x)
3. Foreach x € A, B<< (B, R,(B))

Proof. Clearlyl = 2 = 3since (B, x) € Aand (B, R,(B)) € (B, x). We will show that 3 im-

plies the equivalent condition to subinvariant in Theorem 2.1.3, forall b € B A= B + Ay(b).

For each b € B and n = dim(A), L;(x) € B for all x € A since B is subinvariant in
(B, R.(B)). Hence A,(b) € B and B + Ay(b) = A for each b € B. Therefore, by Theorem 2.1.3,

B is subinvariant in A O
Recall that B is aright ideal of Aif [B, A] C B. Denote B aright ideal of A as B <, A.

Definition 2.1.5. We say that B is right subinvariant in A if there exists a chain of right
ideals
B=B,«, B, «,...<, B, =A.

Theorem 2.1.6. Let A be a finite dimensional solvable Leibniz and B be a subalgebra of A.

Then B is right subinvariant in A if and only if B is subinvariant in A.

Proof. B subinvariant in A clearly implies that B is right subinvariant in A since a chain of

ideals is also a chain of right ideals.

Now let us assume that B is right subinvariant in A. Then there exists a chain of right
ideals
B:Boqr Bl 4,« "‘47‘ Bm:A.



Let b € B then L}'(x) € B for all x € A due to the chain of right ideals. Thus A,(x) € B
implies A= B+ Ay(b) since A=A,(b)® Ay(b). By Theorem 2.1.3 B <1< A.
]

2.2 Curly Bracket

Let A be a Leibniz algebra and let x, y € A and B, C be subsets of A. Define the following:

{x, yr=0x,yl=ly, xL{x, iny}=Hx, i y}b yI=1y.{x, iy}
{C’ 1B}:[C!B]+[_B!C]; {C’ i+lB}:[{C’ iB})B]+[_B){C) lB}]

Note that if B is a subalgebra of Athen B=—Bso {C, B}=[C,B]+[B,C]and {C, ;;,B} =
[{C! ZB})B]+[B!{C! ZB}]

Definition 2.2.1. Let H, K be subalgebras of A. We say that (H, K)isa Ny-pairif {K, ;H} S H
forsome k € N.(H, K)is a N4, -pairifforeach x € K there exists k € Nsuchthat{x, ,H} < H.

Let Ni(H)={a € Al{a, ;H} € H} for k e Nand N, (H) = J,y Ni(H). Note that N;(H) C
Ni.,1(H) since for all a € N, (H)

{a, rmH}=[H {a, H}|+[{a, H}, HIC[H, H]+[H,H]=[H,H|CH
Let H® =),y H"

Lemma2.2.2. Let A be a Leibniz algebra over a field, C be a subset of A and H be a subalgebra
of A. Then

1. [H',C]C{C, ,H} forl €N.
2. [C,H'|<{C, H} forl eN.

Proof. We will show 1 using induction. For the base case of [ =1 we have

[H!C]E[H»C]+[CrH]:{C’ 1H}

10



Now assume [H!,C]C {C, ;H}. Then
[H™,C]=[H,H'],C]

C[H,[H',ClI+[H",[H,C]]
C[H,{C, HY+[H'{C, H}]
c{C, mH}+{{C, H}, |H}
={C, 1nH}+{C, |, H}
={C, 1,H}

Therefore [H!,C]C{C, ,H}.

Next, we will show 2 using induction. For the base case of [ =1 we have
[H,C]C[H,C]+[C,H]={C, H}
Now assume [C,H!]C{C, ;H}. Then
[C,H"]=[C,[H,H"]]

c[[C,H],H'1+[H,[C, H']
C{C,\H}H'I+[H,{C, H}]
c{C,nH}+{{C, H}, | H}
={C, 1nH}+{C, ;, H}
={C, 1.1H}

Therefore [C,H'|C {C, ;H}.
]

Lemma 2.2.3. Let A be a Leibniz algebra such that H is a subalgebra of A and x,y € A. Then
{[x’ J/]» mH} g2i+j:m[{xr iH}»{y! ]H}]+[{yr jH}!{xr IH}]

Proof. Let us prove this lemma by induction. First, let us consider the base case of m = 1:
{lx,y], H}=[H,[x, y]]+[[x,y] H]
ClH, x], yl+1x,[H, yl]+[x,[y, H]| +[y,[x, H]]
Cloe Ay HY+[{y, H} x]+[{x,  H}, y]+ [y, {x, 1 H}]
= Ux, Hy Ay, ;HN+[{y, H} {x,  H)]

i+j=1

Now letus assume {[x, y], , H} € D {x,;H},{y, jH}+[{y, ;H},{x, ;H}]and show

i+j:m[

11



{[x’ y]» m+1H} c Zi+j:m+1[{x’ iH}:{y’ jH}]'i'[{y’ jH}:{x’ iH}]:
{{x, ¥l mnHY=[H{[x,y], n H}+U{lx,y], nH}, H]
- Z [H,[{x, H} {y, ;H}I+[H,[{y, jH}L {x, ;H}]]

i+j=m
+IHx, HY y, jH) HI+[{y, ;Hb {x, ;H}], H]
- Z [[H {x, ;H}{y, ;H}+[{x, ;H},[H {y, ;H}]

iyt
+[H,{y, ;H} {x, ; H}+[{y, ;H},[H,{x, ; H}]]
+[{x, (H}, [y, jHY, H+y, jHY, [{x, H}, H])
+{y, jHYLUx,  HY, H+[{x, :HY, [{y, jH}, H])
S > Ux, i HL Y, jHY+x, (HYL Y, o HY

i+j=m
+1{y, jaHY x, HY+ [y, jHL (X, 0 HY
= > lx, Hb{y, H+y, jH}, {x, HY)

i+j=m+1
We have shown that {[x, y], ,H} C Eiﬂ:m[{x, HY Ay, jH+[{y, jH} {x, ;H}].
[l

Lemma 2.2.4. Let A be a Leibniz algebra over a field and H be a subalgebra of A. Then
[H!,H/]c H™ fori, j€N.
Proof. Let us do an induction on i. For the base case of i =1 we have that
[H,H/]=H" c H/*!
for all j € N. Now let use assume [H', H/] c H'*/ for all j € N and show [H*!, H/]c H*/+!
[H™',H/]=[[H,H'],H’]

C[H,[H H]|+[H",[H,H]]

C[H,H™*+[H',H*]

C {4 it

;Hi+j+1

Therefore [H', H/]c H'*J forall i, j € N.

Lemma 2.2.5. Let A be a Leibniz algebra over a field and H be a subalgebra of A. Then

12



1. No(H) is a subalgebra of A and (H, No(H)) is a N, pair.
2. H? isan ideal of N (H).

Proof. Firstletusshow 1. Let x, y € No(H). There exists some k € N such that x, y € N.(H).
Letm=2k—1.ByLemma2.2.3 {[x,y], ,H} < Ziﬂ.zm[{x, Hby, jHY+[{y, jH} {x, H}].

We claim that for any i,n e Nwith i > n that {x, ;H}={{x, ;_.,H}, ,H}.
{x,H}=Ly({x, ;5 H})+Ry({x, ,.1H})
=LyLy({x, ;i oH})+LyRy({x, , 2H})+RyLy({x, ;H})+RyRy({x, ,_,H})

= > LgR}..LYRP(x, i ,HY)

a;+p1=1;a;,8,€0,1
= {{x) i—nH}) nH}
Thus {x, ;H}={{x, ,_,H}, ,H}.

Leti,j €e Nsuchthati+ j=m =2k —1. Then eitheri > k or j > k. Let i > k and
consider [{x, ;H},{y, ;H}. {x, ;H}={{x, H}, ,_«H} S {H, ,_H} since x € Ni(H). Thus
{x,:H}L{y, ;H} S[{H, ,_+H},{y, ;H}]. Now let us show by induction that {H, ;H} C HH!
for l eN.

For the base case of [ = 1 we have that:

{H’IH}:[H)H]+[H)H]:H2
Thus {H, ;H} € H?. Now assume true for / and we will show for [ +1.
{H’ l+1H}:[{H) IH}’H]+[H’{Hr ZH}]
g [Hl+1,H]+[H,Hl+1]
CH'" 4 H!*? By Lemma 2.2.4
:Hl+2
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Thus {H, ;H} € H!*'. Therefore,
[{x, ;H} {y, jH}]Q[Hi_k+1»{J/» iH}]
<y, jH}Y ik H} By Lemma 2.2.2
={V, jrickn H}
={y, 2k1-k1 H}
={y, «H}
CH
Now let us consider [{y, ;H}, {x, ;H}]:
Uy, jHbAx, :H) =y, jH} H{x, «H}, i H}
Sy, j;HL{H, i H}]
Sy, ;HLH ™
Sy, jH} ickn H}
={y j+i—k+1H}
={¥, sk1 k1 H}
={y, «H}
CH
Thus [{x, ;H},{y, jH}+[{y, jH},{x, ;H}] € H + H = H. Similarly, if j > k then
{x, :H}L{y, jH}+[{y, jH}, {x, ;H}] € H. Therefore,
x5y} wHY= > Ux, HhL iy, ;HN+ 1y, ;H} {x, HY S H

i+j=m

which implies that [x, y] € N,,(H) € Noo(H). So N,(H) is a subalgebra of A.
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Now let us show 2. Let x € No(H). Then x € N;(H) for some k € N. Then for any m > 0.
[x, H®] S [x, H*"7]
C{x, krm1H}
={{x, «H}, w1 H}
S{H, . H}
CH™
CH?

[Hw, x] C [Hk+m_1,X]
g {xv k+m—1H}

CHY

Thus H® < No(H). O

Theorem 2.2.6. Let A be a Leibniz Algebra over a field. Let H be a subalgebra of A and B be
an abelian ideal of A. If(H, B) is an N,,-pair for somen €N then H <" B+ H.

Proof. Let B;= BNN;(H) for i € N. We will show that B;+H < B;;,+H foralli.Letg,h€ H,
a€B;and b € B;;,. We claim that[a+ g,b+ h]e B,,, + H.
[a+g, b+h]=[a+Db]+a, h]+[g,b]+][g, h]
——" ——

=0 €H

Now let us show that [a, h],[g,b] € B;;,; = BN N;,(H). Since B< A, [a, h],[g,b] € B. Thus
what is left to show is that [a, h],[g, b] € N;(H).
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{[arh]) i+1H} c Z [{Cl, kH}r{h’ ]H}]+[{h) jH}’{ar kH}]

k+j=i+1

Y. Ua, ¢ HY{H, HN+[{H, ;H} {a, (H}]

k+j=i+1

€ D Ua oHLHI+[H* {a, (H))

k+j=i+1

€ > Ha cH}, juH)

k+j=i+1
= {av i+2H}
CH
because a € N;(H)C N;,,(H). Thus [a, h]e N, ,(H).

{lg,b], inH} C Z [{g, «H}, {b, ;H}+[{D, ;H} {8,  H}]

k+j=i+1

c Z [({H,  H}],{D, jH}|+[{b, ;H},{H,  H}]

k+j=i+1

c > [H" (b, ;H}+[{b, ;H}, H*")

k+j=i+1

S D b, ;H}, e H)

k+j=i+1
= {b’ i+2H}
CH

because b € N;,(H) € N;,,(H).Thus [g, b] € N;,(H). Therefore [a +g,b + h] € B;;, + H.
Similarly [b+h,a+g]=[b,al+[b,g)+[h,al+[h,g]€ B;,, + H. Therefore B;+ H < B; ., + H.
Since (H, B) is an N,-pair then B € N,(H). Thus B, = B.So H = By+ H <" B,+ H =
B+H. O

In the next chapter, we will extend this result to ascendancy and N, pairs.

2.3 Weak Subinvariance

Definition 2.3.1. A subalgebra H of Leibniz algebra A is said to be n-step weakly subinvari-
ant if there exists an ascending chain of subspaces M, € M, C--- C M,, such that

1. M\y=Hand M, =A
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2. [M;.,H],[H,M;,,]<M,foralli<n
When this is true, we write H <" A.
Lemma 2.3.2. Let A be a Leibniz Algebra over a field.

a) If H is an n-step weakly subinvariant subalgebra of A and K is a subalgebra of A then
H N K is n-step weakly subinvariant in K .

b) If H is an n-step weakly subinvariant subalgebra of A and K is an ideal of A then
H + K is n-step weakly subinvariant in A.

c) Let f be a homomorphism of A onto A, H be a subalgebra of A and H be a subalgebra
of A. IfH <" A then f(H)<" A. IfH <" A then f~'(H) <" A.

Proof. Let My C--- € M,, be the weakly ascending chain of H in A.

a) Consider the chain (M,NK)C---C(M,NK).(M,NnK)=HNK.(M,NK)=ANK = A.
Let xe M;;;NK and ye HNK.Then [x,y]€e M, since x € M;,; and y € H and [x,y]€ K
since x, y € K. Thus[x, y]€ M;NK which implies that[M; ,NK,HNK]C M;N K. Similarly
[HNK,M;,,NK]ESM;NnK.Thus (MyNnK)C---C(M,NK)is aweakly ascending chain and
H N K is n-step weakly ascendant in A.

b) Consider the chain (My+K)<---C(M,+K).(My+K)=H+K.(M,+K)=A+K = A.
LetmeM,;,;,h€e H ke K and j € K. Then
[m+k,h+jl=[m,h]+[m, jl+[k,h]+[k, jle M; + K

N o~ N~ N~

eM; ek eK €K
which implies that [M;,, + K,H + K] < M; + K. Similarly [H + K, M;,, + K] € M; + K. Thus
(My+K)C---C (M, +K)is aweakly ascending chain and H + K is n-step weakly ascendant
in A.

c) f(M,) C--- C f(M,) is a weakly ascending chain for f(H)in A. Let M, C---C M, be

a weakly ascending chain for H in A. Then f~'(M,)C--- C f~'(M,,) is a weakly ascending
chain for f~'(H) in A.

O

Lemma 2.3.3. Let H be a subalgebra of Leibniz algebra A. For n € N, H is n-step weakly
subinvariant if and only if(H, A) is a N,,-pair.
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Proof. Assume that H is n-step weakly subinvariant in A. Then we have a weakly ascending
chain M, C..- € M,,. Then

{A: 1H}:[A’H]+[H’A]:[MnrH]+[H)Mn]gMn—l
{A» ZH}:[{A’ IH}’H]+[H!{Ar IH}]g[Mn—liH]'i_[H!Mn—l]gMn—Z

{A’ nH}:[{A» n—lH}rH]—*_[H){A’ n—lH}]E[erH]—}_[H’Ml]gMO:H

Thus {A, ,H} € H which means (H, A) is and N, -pair.

Now assume that (H, A) is a N,,-pair. Then {A, ,H} € H. We will construct a weakly
ascending chain of subspaces. Put M; ={A, ,_;H}+ H for 0<i < n. Then

1. My={A, ,H}=H

2. M,={A,(H}+H=A

3. [Mj+1vH] =[{A, n—(j+1)H}rH] c{4, n—jH} = Mj

4. [H, M) =[H A,y HY 1A, HY =M.
Thus (M;);<,, is a weakly ascending chain for H in A so H is n-step weakly subinvariant in
A. O

In the next chapter, we define weak ascendancy and extend this result to N, -pairs.

Lemma 2.3.4. Let A be a Leibniz algebra over a field such that A= H+K with H a subalgebra
of A, and K and abelian ideal of A. Then H is n-step weakly subinvariant in A if and only if
H is n-step subinvariant in A.

Proof. 1f H <" Athen H <" A.

Assume that H <" A and let M, C --- € M,, be the weakly ascending chain for H in A.
Then forany i <n[M;, H],[H,M;]C€M; and M; =M;N(H + K)=H +(M; N K). Then
[My, My ] =[H +(M; 0 K), H +(M; " K)]
CH*+[H,M;,;NK]+[M;NK]+K*?
CH+(M;NnK)
=M,
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Similarly [M,,,, M;] € M;. Hence, M; is a subalgebra of A and M; < M;, for all i < n. Thus,

H is n-step subinvariant in A. O

Given a Leibniz algebra A with subalgebra H, Core ,(H) is the largest ideal of A contained
in H. Let ™ be the class of solvable Leibniz algebras with derived length less than or equal

to m.

Theorem 2.3.5. Let A be a Leibniz algebra over a field F and H be a subalgebra of A. If
A/Core,(H)e U™ and (H,AY) is an N, -pair for some m,n > 0 then H <"~V A,

Proof. Fori>1letA=A/AD and H =(H + A?)/A". Then A" " is an abelian ideal of A. By
assumption (H, A") is a N, -pair which implies that (H,A") is a N, -pair. Since A" C A" "

for all k €N, then (H, Z(H)) is a N,,-pair. Thus, by Theorem 2.2.6, H <" A+ H. Therefore
AL H " AV g,
A/Core,(H) € 4" implies that A" C Core,(H) C H. Thus
H=A"™ 1 H <" A0 L 7
Now let us show that AV + H < A.
[AV+ H,A]=[AY, A]+[H, Al C[A, Al +[A A=AV c AV + H
[H, AV + H]=[A,AV]+[A H]C[A A]+[A, A=AV c AV + H

Thus AY + H < A. So H <™m=D+1 A,
O

Corollary 2.3.5.1. Let A be a Leibniz algebra over a field F and H be a subalgebra of A. If A
is solvable and (H, A) is an N,,-pair for some n €N then H << A.

Proof. Since A is solvable, then A/Core,(H) is also solvable. (H, A) an N,-pair implies
(H,AW)is an N, -pair since AV C A. Thus, by Theorem 2.3.5, H << A. O

Lemma 2.3.6. Let A be a solvable Leibniz algebra over a field, and let H be a subalgebra of

A. Then H is weakly subinvariant in A if and only if H is subinvariant in A

Proof. Assume H is subinvariant in A and has chain of ideals H = Hy< H, < ... < H,, =
A. Then {A, ,H} € H since H C H, for all i. Thus (H, A) is a N,-pair which implies by

Lemma 2.3.2 that H is weakly subinvariant in A.

Now assume that H is weakly subinvariant in A. Then there exists n € N such that
{A, ,H} C H. Then by Corollary 2.3.5.1 H is subinvariant in A. O
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Lemma 2.3.7. Let A be a Leibniz algebra over a field. Let X, H;(i =1,..., n) be subalgebras
of A such that X is a subalgebra of H; for alli and (H,,...,H,) = H,+...H,. If X is weakly
subinvariant in H; for all i then X is weakly subinvariantin H, +---+ H,,.

Proof. Let X be m;-step weakly subinvariantin H; foralli =1,...,nandlet m = max;_; _,(m;).
Then {H;, ,, X} C X forall i. Thus {H, +---+H,, ,,X}={H,, ,, X}+---+{H,, ,,X} C X. Thus,
X is weakly subinvariant in H; +---+ H,,. O

Corollary 2.3.7.1. Let A be a solvable Leibniz algebra over a field. Let X, H; (i =1,...,n) be
subalgebras of A such that X is a subalgebra of H; for alli and (H,,...,H,)=H,+...H,. If X

is subinvariant in H; for all i then X is subinvariant in H,+---+ H,,.

Proof. Assume X is subinvariant in H; for all i. Then by Lemma 2.3.6 X is weakly subin-
variant in H; for all i. By Lemma 2.3.7 X is weakly subinvariant in H; +---+ H,,. Since A is
solvable so is H, +---+ H,,. Thus, by Lemma 2.3.6 X is subinvariantin H, +---+ H,,. ]

Theorem 2.3.8. Let A be a Leibniz algebra over a field. Let X, H, (o € I) be subalgebras of A
such that X is a subalgebra of H, for all o and X is of finite codimension in (H,|o € I). If X
is weakly subinvariant in H, for all o then X is weakly subinvariant in (H,|o € I)

Proof. LetH = (H,|o € I)and No,(X)={a € Al{a, ,X} C X for some n € N}. ByLemma2.2.5
Noo(X) is a subalgebra of A. Since X is weakly subinvariant in H, then

{H,, ,X} € X for some n € N. Thus H,, is a subalgebra of N, (X) for all x € I which implies
that H is a subalgebra of N, (X).

Since X is of finite codimension in H by assumption, there exists a,, ..., a,, € H such that
H =X +span{a,,...,a,}. Foreach i €1,..., m there exists n; sinN such that {a;, , X} C X.

Let n =max,_; ,,(n;). Then {H, ,X}C X. Thus X is weakly subinvariant in H. O

.....

Corollary 2.3.8.1. Let A be a finite dimensional Leibniz algebra over a field. Let
X,H;(i=1,...,n) be subalgebras of A such that X is a subalgebra of H; for alli. If X is weakly

subinvariant in H; for all i then X is weakly subinvariant in (H;,..., H,).

Corollary 2.3.8.2. Let A be a finite dimensional Leibniz algebra over a field. Let H; (i =
1,...,n) besubalgebras of A such that A= (H,, ..., H,). If H; is weakly subinvariant in (H;, Hj)

foralli, j=1...,n then H; is weakly subinvariantin A foralli=1,...,n.

Using Lemma 2.3.6 and Theorem 2.3.8 we get the following:
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Corollary 2.3.8.3. Let A be a solvable Leibniz algebra over a field. Let X,H, (o € I) be
subalgebras of A such that X is a subalgebra of H, for all o and X is of finite codimension in
(Hy|o €I). If X is subinvariant in H, for all o then X is subinvariant in (H,|o € I).

Lemma 2.3.9. Let A be a Leibniz algebra over a field. Let A= B+ X such that X is a subalgebra
of A and B is a solvable ideal of A with B1) = 0. If X is m-step weakly subinvariant in A then
X is cm-step subinvariant in A.

Proof. We will prove this using induction on ¢. When ¢ = 1 then BY) = 0 which implies that
B is abelian.
{B, n X} {A, , X} CEX

since X is m step weakly subinvariant in A. Thus, by Theorem 2.2.6, X < B+ X = A.

For the inductive step, assume that X <” A implies that X <"V A, Let N = B¢™,
Then N is an abelian ideal of A. Let A= A/N, B=B/N and X = X/N. Then we have
A=B+X B<A B7=0 X<"A
By the inductive hypothesis, X <"~V Aso X + N <D A, Now N is an abelian ideal of

X+Nand X <™ X+ N.ByLemma2.3.4 X <" X + N. Thus X <™ X + N <™~V A which
implies X <™¢ A. [

Lemma 2.3.10. Let A be a Leibniz algebra over a field. Let X, H, K be subalgebras of A and
B be an ideal of A suchthatA=H+K,A=B+X,and B9 =0.IfX <™ H and X <™ K then
X <M A.

Proof. By Lemma 2.3.7 X <" H+ K = A. Then by Lemma 2.3.9 X <™ A. ]

Corollary 2.3.10.1. Let A be a Leibniz algebra over a field. Let X, H, K be subalgebras of A
and B be an ideal of A such that A=H+K,A=B+X,and B =0.If X <™ H and X <™ K
then X <™ A.

2.4 Join Subinvariance

Theorem 2.4.1. Let A be a finite dimensional Leibniz algebra over a field with characteristic
zero. Let B, H, K be subalgebras of A suchthat A=H+K,BCH,and BC K. Then B<< A
ifand only if B<<H and B << K.
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Proof. If B <<t A then clearly B <<t H and B << K. Now let us show the converse.

Assume A is a counter example of minimal dimension and assume that the choice
of B, H, K have been made in such a way that H has maximal dimension. We have that
B << H and B << K but B<t<A. By Theorem 2.3 in [12] B® < H and B® < K so B® < A.

If B #0 then by the assumption that A is a minimal counter example B/B® <1< A/B®.
Then there exists a chain of ideals

B/B”=B(1)/B”<...<4B(n)/B“=A/B®.
This gives the chain of ideals
B=B(1)<...<B(n)=A

which implies that B <i<t A. This is a contradiction. Therefore B® =0 and B is nilpotent.

Let b € B. Since a Leibniz algebra is nilpotent if and only if all its subalgebras are subin-
variant then (b) << B. If the theorem were true for the case where dim(B) = 1 it would
follow that (b) << A for all b € B and by Theorem 3.9 in [12] B C nilrad(A). Therefore B

would be subinvariant. It follows that we may assume the B = (b) for some b € A.

Let S =rad(A). Leib(A) C rad(A). If S = A then B <<t A by Theorem 2.1.4 which is again a
contradiction. Thus S # A.

S + B is solvable because S is solvable and B is nilpotent. Therefore it follows that
S+ B # A.If S #0 then (S+ B)/S << A/S by minimality. But dim(S+ B)/S <1 and A/S is
semisimple. Thus B is a subalgebra of S. Since L, is nilpotent on H and K, L, is nilpotent

on S. By Lemma 2.1.1, B <<t S < A, which is a contradiction.

Thus S = 0 and Leib(A) = 0 which implies that A is a Lie algebra. Then B << A by the

Theorem 1 in [2], which is a contradiction.

Thus we have shown B <i<1 A. O

Corollary 2.4.1.1. Let A be a finite dimensional Leibniz algebra over a field of characteristic
0. Let B and H;(i = 1,...n) be subalgebras of A such that A= H,+---+ H,,, B C H; for all
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i=1,...n,and (H;,H;) = H;+ H; foralli, j=1,...n. Then B << A if and only if B << H; for
alli=1,...n

Proof. If B<<Athen B<< H; foralli=1,...n.

Now assume that B << H; for all i = 1,...n. We will show by induction that B <<
H,+...H,, forall m =1,...n. For the base case of m =1, B << H; by assumption. For the
inductive step, assume that B << H, +... H,, for m < n. Since B << H,,,; by assumption,
then by Theorem 2.4.1 B<< H,+---+H,,+ H,,,,. Thus B<< H,+...H,, forallm=1,...n
which implies that B << H; +---+ H, = A. O

Corollary 2.4.1.2. Let A be a finite dimensional Leibniz algebra over a field of characteristic
0.LetH; i =1,...n besubalgebras of A such that A= (H,, ... H,) and H; << (H;, H;) = H; + H;
foralli,j=1,...n. Then H; << A foreachi=1,...n.

Proof. First, we will show that i, +...H, = A. Clearly H, +... H, C A. Now let g € H; and
h € H;. Then
(g, h],[h.gl€(H; H;)=H;+ H; CH, +--+ H,.

Thus AC H, +...H, which implies A=H, +...H,/

Now, without loss of generality, consider H;. Let K; = (HI,HJ-) for j =2,...,n. Then
A=K,+--+K,, H CK;for j=2,...,nand H, << K; j=2,...,n. Additionally, (K;, K;) =
(Hy+H;, Hi+H;)=H,+H;+H; = K;+K; for i, j=2,...,n. Then by Corollary 2.4.1.1 H, << A.
This implies that H; << Aforeachi=1,...n O

Definition 2.4.2. A Leibniz algebra A is solvable-by-finite if there exists a solvable ideal S
of A such that A/S is finite dimensional.

Definition 2.4.3. A Leibniz algebra A is residually nilpotent if there exists (I,,),c ., ideals
of A such that A/I, is nilpotent for all @ € .« and (), ,, I, = 0. The residual R of A is the

smallest ideal of A such that A/R is nilpotent. R is uniquely determined.

Lemma 2.4.4. If Leibniz algebra A is solvable-by-finite and residually nilpotent, then A is
solvable.

Proof. Pick S to be a maximal solvable ideal of A. Let R/S be the nilpotent residual of A/S
and let I, < A such that A/, is nilpotent and ("), = 0. Therefore A/(I, + S) is nilpotent and
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R is a subalgebra of (I, + S). Hence R is a subalgebra of I, and R = 0 for some m € N.
Thus R € S and S € R by definition of R. So R =S.

So (A/S)? =0but A/S is finite dimensional by definition, so (A/S)" =0 for some n € N.
Thus A/S is nilpotent. Since S is solvable, SU) = 0 for some j € N.

Al C (An)(j) =S =0
Therefore A is solvable.
O

Theorem 2.4.5. Let A be a solvable-by-finite Leibniz algebra over a field F of characteristic
zero and let B, H, K be subalgebras of A such that A=H + K, B<< H, and B << K. Then
B << A.

Proof. By Theorem 2.3 in[12] B <<t H and B << K implies that B® < H and B“ < K. Thus
B® < A. B/B? is solvable-by-finite since A is solvable-by-finite. B/B® is also residually
nilpotent. Thus by Lemma 2.4.4 B® is solvable. So without loss of generality, we may assume
that B is solvable.

Let S be a solvable ideal of A such that A/S is finite dimensional. Then (B+S)/S << A/S
by Theorem 2.4.1 which implies B+ S << A.

Next let us show B << B + S. To do this we claim that {B+ S, ,,B} € B for some m €N.
Since B << H and B << K wehave B=H,<...<H,,=H and B=K;<...< K, =K for

somem,neN.Let x€e B+S.Then x=h+ k forsome h€ H and k € K since A=H + K.
Therefore {x, ;B}={h, ;B}+{k, ;B} forall i e N.

{h, ,B}=[B,h]+[h,B]< H,,_,sinceheH,=Hand BC H,,_,<H,
{h) ZB} = [B7{h! 1B}]+[{h’ lB}xB] < Hm—2 since {h) IB} < Hm—l and B < Hm—2 < Hm—l

{h’ mB} = [B’{h’ m—lB}]+[{h! m—lB}rB] < H() = B since {h’ m—lB} < Hl and HO < Hl
Similarly {k, ,B} € K, = B. Without loss of generality, assume that n < m. Then
{k, wB} =k, ,B}, m—nB} S{B, _n B} C B.
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Therefore {x, ,,B} =1{h, ,,B}+{k, ,, B} € B which implies that {B+ S, ,, B} € B for some
meN.

Since B + S is solvable and {B + S, ,, B} € B by Theorem 2.3.5 B <<t B+ S <1< A. Thus
B << A. O

Corollary 2.4.5.1. Let A be a solvable-by-finite Leibniz algebra over a field F with charac-
teristic zero and H,, H,, Hy be subalgebras of A such that A= (H,, H,, H3). If H; << (H;, H;) =
H;+ H; foralli, j =1,2,3 then Hy, H,, Hy are subinvariant in A.

Proof. Assume that Ais a Leibniz algebra over a field F with characteristic zero and H,, H,, H;
are subalgebras of A such that A= (H,, H,, H;). Also assume that H; << (H;, H;) = H; + H;
forall i, j =1,2,3. Let us consider H;.

H, << (H,, H,) = H, + H, and H, << (H,, H;) = H, + H;. Then by Theorem 2.4.5
Hl << (Hl,H2> + (HI,H?’) = Hl + H2 +H3

We claim that H, + H,+ H; = A. Clearly H, + H,+ H; € A. Now let us show A € H,+ H,+ H;.
By assumption A= (H,, H,, H;). Let h € H,, g € H,, and [ € H;. Then by the assumption that
Hi << <H1,H]> :Hl+H] f0r all l,] = ].,2,3

(h,gllg,hle H+H, CH +H,+ H;
[h,1),[l,hle H+ H;C H,+H,+ H;

(l,g)lg,lle H,+ H; € H,+ H, + H;.

Thus A € H, + H, + H; which implies A = H, + H, + H;. Therefore H, << A. By the same
reasoning H, <<< A and H; << A
]

Let 4 and & be classes of Leibniz algebras over a field. Then .A4"-by-Z' is the class of
Leibniz algebras A that have an ideal I € 4" such that A/I € Z'.

Definition 2.4.6. A Leibniz algebra A is join-subinvariant if for all subalgebras H, K of
A such that H + K = A with X subinvariant in H and X subinvariant in K then X is

subinvariant in A.
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By Theorem 2.4.1, finite dimensional Leibniz algebras over a field with characteristic 0

are join-subinvariant.

Theorem 2.4.7. Let X be a class of Leibniz algebras that are join-subinvariant. Then the

class of solvable-by-Z is join-subinvariant.

Proof. Let A= H + K be solvable-by-Z and X be a subalgebra of A such that X < H and
X <™ K. Then there exists N an ideal of A and ¢ € N such that N) =0 and A/N € % . Since

A/N=(H+N)/N+(K+N)/N  (X+N)/N<™(H+N)/N (X+N)/N<"(K+N)/N

and A/N is join-subinvariant there exists f € N such that (X + N)/N </ A/N. Thus
X+N </ A.

Since X <™ H, X <™ K and A= H + K then by Lemma 2.3.7 X <™ A. This implies that
X<"X+N.N<X+N and N© thus by Lemma 2.3.9 X <¢" X + N.

Therefore X <¢™ X + N </ A which implies that X </*¢™ A, O

An example to the theorem above was given in Theorem 2.4.5 where we showed that

solvable-by-finite Leibniz algebras are join-subinvariant.
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CHAPTER

3

ASCENDANCY

3.1 Locally Solvable, Ideally Finite Leibniz Algebras

In this section, we extend the results from section 2.1 to infinite dimensional Leibniz
algebras generated by finite-dimensional ideals. Stewart examined Lie algebras of this type
in [15]. We will specifically consider locally solvable, ideally finite Leibniz algebras.

Definition 3.1.1. A Leibniz algebra A is said to be locally solvable if every finite subset of A

is contained in a solvable subalgebra of A

Definition 3.1.2. A Leibniz algebra is said to be ideally finite if every element of the algebra

is contained in a finite dimensional ideal.

Recall that B is w-ascendant in A if there exists a chain B=B(0)< B(1)<---< B(w)=A
where B(w) = J,, B(k). For each element a in Leibniz algebra A, let Ay(a) = {x € A|L¥(x)
0 forsome k=1,2,...}and A,(a) = ﬂzil range(L(’;).
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Theorem 3.1.3. Let A be a locally solvable, ideally finite Leibniz algebra and let B be a
subalgebra of A. Then the following are equivalent.

1. B isw-ascendantin A
2. B+Aya)=Aforallac B
3. Ai(a)C B forallac B

Proof. Assume 1. Then we have B =B, < B, <...< B, = A. For b € B, LZ(B,C) C B and
Li(Bk) CBfor j>k.A(b)= ﬂjzl range(L{;) C B. Hence 3 holds.

Next, let us show that 3 implies 2. Assume A;(a)C Bforallae B.Leta € B, x € A, and
let C be a finite dimension ideal which contains x. Then C = Cy(a)+ C;(a). Thus

X e B + C = B + Co(d)'i‘ Cl(a) = B + C()(a) g B +A0(a)
since C,(a)C A,(a) € B. Thus A= B+ Ay(a) for all a € B.

Last, we show that 2 implies 1. Assume that B + Ay(a) = A for all a € B. Since A is ideally
finite, A is the union of finite dimensional ideals { H(A)}. Hence each H(A) contains a chain
0=H(A,0)c---Cc H(A,n(A))= H(A)whereeach H(A,i)isanidealin Aand H(A,i)/H(A,i—1)
is an irreducible A-module. Since A is locally solvable and H(A,1), H(f,1) are minimal
[H(A,1),H(B,1)]=0. Consider H(A, j)and H(f,k). Let T=H(A,j—1)+ H(B,k—1). T is
anidealin A. (H(A, j)+ T)/T and (H(B,k)+ T)/T are either minimal ideals or 0 in A/T.
Hence [H(A, j)+ T,H(B,k)+ T]1C T and

[H(A, j),H(B, K]]S H(A, j—1)+H(f, k—1) 3.1

We construct a chain of subspaces {€2(i)} such that {B + Q(i)} is of the desired type.
Let Q(0) = 0 and Q(1) is constructed as follows: If H(A) € B then let r(A) be the smallest
positive integer such that H(A, r(A)) € B. Let W(A,1) = {z € H(A,r(A))|[B, z] € B}. Now
(H(A,r(A))+ B)/B is finite dimensional and since Ay(a)+ B=Aforalla € B,eacha € B
induces a nilpotent operator on this space. Hence W(A,1) # 0. If H(A) € B then let
r(A) be the smallest positive integer such that H(A, r(A)) = H(A) and define W(A,1) as
above. In this case W(A,1) may be 0. Since W(A,1) € H(A,r(A)) and H(A, r(A)—1) € B,
(WAL, W(B,D]C[H(A,r(A),H(B,r(B))] S B by (3.1). Also [B, W(A,1)] € B. Let (1) be
the subalgebra of A generated by all W(A,1). Then [B, B+Q(1)] € B.
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Now suppose that Q(k) has been constructed and we construct Q(k + 1). If
H(A) € B+ Q(K), let r(A) be the smallest integer such that H(A,r(A)) € B + Q(k).
Then (H(A, r(A)) + B + Q(k)))/(B + Q(k)) is finite dimensional and each element of B
induces a nilpotent linear transformation on the space. Hence WA,k +1) = {z €
H(A,r(A)|[B,z] S B+Q(k)}#0.If H(A) € B+Q(k), let r(A) be the smallest positive integer
such that H(A, r(A)) = H(A) and define W(A, k + 1) as before. Let (k + 1) be the algebra
generated by all W (A, k+1). Then [B,Q(k+1)] € B+Q(k). Also, W(A,k+1) C H(A, r(A)) and
H(A, r(A)—1)C B+Q(k). Hence [W(A, k+1), W(B, k+1)] C [H(A, r(A), H(B, r(B))] € B+Q(k)
by (3.1). Therefore, [k +1),Q(k +1)] CQ(k)+ B and [k + 1)+ B,Q(k + 1)+ B] < Q(k) + B.

Since W(A,1) ¢ W(A,2) c ... until H(A) is reached, H(A) € Q(dimH(A)) and A C
U?:l Q(i). Hence {B + (i)} shows that B is w-ascendant in A.
]

So far we have considered the case where we can construct a chain of two-sided ideals.
Now let us consider a chain of right ideals. Recall that a subalgebra B of Leibniz algebra A
is arightideal if[B, A] € B. Denote B aright ideal of A as B <, A.

Definition 3.1.4. B is right w-ascendant in A if there exists a chain B = B(0) <, B(1) <,
...<l, B(w)=Awhere B(w)=-, B(k).

Theorem 3.1.5. Let A be a locally solvable, ideally finite Leibniz algebra and let B be a
subalgebra of A. Then B is right w-ascendant in A if and only if B is w-ascendant in A.

Proof. B w-ascendant in A clearly implies that B is right w-ascendant in A since a chain of

ideals is also a chain of right ideals.

Now let us assume that B is right w-ascendant in A. Then there exists a chain of right
ideals
B=B(0)<, B(1)«,...<, B(w)=A.

Leta € B.Then A,(a)= ﬂzil range(L’;) C B dueto the chain ofideals. Thus by Theorem 3.1.3
B is w-ascendant in A.
]

Let AD A% D... be the lower central series of A and A® = ﬂ,;“;l

Lemma 3.1.6. Let A be a Leibniz algebra and B be w-ascendant in A. Then B® < A.
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Proof. Let B=B(0)< B(1)<--- < B(w)= A where B(w) = UB(i). Let x € A. Then x € B(n)
for some n and B is subinvariant in B(n). Since B® < B(n), [x, B®]C B® and [B®, x] C B“.
Thus B® < A.

]

Lemma 3.1.7. Let A be a locally solvable, ideally finite Leibniz algebra and let B,H, K be
subalgebras of A such that BC HNK. If B is w-ascendant in H and K, then B is w-ascendant
in(H,K).

Proof. We may assume A= (H,K). Let B2 B?D.... be the lower central series of B with
B« = ﬂ B*.Since B is w-ascendantin H and K, by Lemma 3.1.6 B® < H and B® < K which
implies that B® < A. We may assume B® = 0 (otherwise, quotient out by B®). Let a € B.
Then Hl(a)ﬂiil range(L’g) C B by Theorem 3.1.3. Let x € H. Then there exists k such that
L’Lj(x) € B and then, since B® =0, x € Ay(a). Hence H C Ay(a) and similarly K € Ay(a). Thus
Ayg(a)=(H, K) = A for each a € B. Therefore by Theorem 3.1.3, B is w-ascendant in A.

]

Theorem 3.1.8. Let A bealocally solvable, ideally finite Leibniz algebra and B be a subalgebra
of A. Then there exists a unique maximal subalgebra in which B is w-ascendant in A.

Proof. Let ¥ be the collection of subalgebras in which B is w-ascendant. Clearly . # 0.
Order . by inclusion and let T(1) € T(2) ... be an increasing chain in .. Let R = U T(i7).
If x € R then x € T'(n) for some n. Let a € B. Then there exists k such that L’;(x) € B since B
is w-ascendant in T'(n). Hence, R,(a) C B for each a € B and B is w-ascendant in R. Hence
< has a maximal element S by Zorn’s Lemma. Let U € .. Then U + S € & by Lemma 3.1.7.
Hence U C S and S contains all elements of ..

]

Let a(B, A) denote the maximal subalgebra of A in which B is w-ascendant. Note that
a(B, A) is the maximal subalgebra C of A such that C,(a) C B for all a € B.

Lemma 3.1.9. Let A be a locally solvable, ideally finite Leibniz algebra and B be a subalgebra
of A such that B is w-ascendant in (B, L(B)) for all x € A, B is not w-ascendant in A
but B is w-ascendant in a maximal subalgebra M of A. Then there exists x € B such that
B+ Ay(x)=M.
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Proof. Since M is maximal in A and A is ideally finite, M is of finite codimension
in A. Let K be a maximal ideal of A contained in M. Then K has finite codi-
mension. Let N be a finite dimensional ideal of A which supplements M. Let
Cu(N) = {x € Al[x,y] = 0and[y,x] = Oforall y € N} be the centralizer of N in A.
We claim that C,(n)NM < A:

Let x € C,(N)N M and consider y € A. Either ye Norye M.If y € N then[x,y]=0=
[y, x] which implies that [x, y],[y,x]€ CA(N)NM.If ye M, [x,y],[y,x] € M since M is a
subalgebra. All that is left to show is that [x, y],[y, x] € C4(IN). Let z € N. Then

[z,[x, ylI=[[z, x], y]+[x,[2,y]]=0

0 eN
N——
0

[[x,y] z]1=[x,[y, zl]-[y,[x,2]]=0
[z,[y, x]]=l[z,y] x]+[y,[2, x]]=0
[[y,X],Z]=[y,[x,z]]—[x,[y,z]]:0

Thus [x, y],[y, x] € C4(IN)N M which implies that C4(r)N M < A.

Let ] = C4(N)Nn M. Since C4(N) has finite codimension in A, so does J. Since B is
w-ascendant in M, M € B + Ay(x) for all x € B, hence we only deed to find x € B such
that Ay(x) € M. (B + K)/K = B is subinvariant in M/K = M and M is self-normalizing
in A/K = A. Now A is a primitive algebra and by the same proof Theorem 2.1.2, there
exists x € B such that M = B + Ay(X). Then Ay(x) € M since if y € A and L"(y) =0 then
L' (y+K)=L(y)+K=K and y € M hence y € M and A,(x) C M.

]

Theorem 3.1.10. Let A be a locally solvable, ideally finite Leibniz algebra and B be a subal-
gebra of A. Then the following are equivalent:

1. B isw-ascendant in A.
2. B is w-ascendant in every subalgebra C of A such that B C C and dim(C/B) is finite.

3. B isw-ascendantin (B, x) forall x € A.
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4. B is w-ascendant in (B, R.(B)) for all x € A.

Proof. Clearly 1 = 2 = 3 = 4. What is left for us to show is 4 implies 1.

Suppose that B is w-ascendant in (B, R.(a)) for every x € A but B is not w-ascendant
in A. Then a(B,A) # A. Let x € A, x ¢ a(B,A) and let N be a finite dimensional ideal of
A containing x. Then a(B, A) has finite codimension in a(B, A)+ N. Hence there exists
a minimal subalgebra of a(B,A) + N which contains a(B, A) properly. Thus we may
assume that there exists B C A such that B is w-ascendant in (B, R,(B)) for all x € A, B is
not w-ascendant in A but B is w-ascendant in a maximal subalgebra M of A. Then by
Lemma 3.1.9, there exists x € B such that B+ Ay(x)= M.

We show that if y ¢ M then (B, R,(B)) = A. Hence B is w-ascendant, a contradiction.
Let x € B such that M = B + Ay(x). Suppose (B, R, (B))# A. Then (B, R,(B)) C a(B,A) =M
by Theorem 3.1.8 and [x, y] € M. Let C be a finite dimensional ideal such that y € C. Then
Yy € Cy(x)+ Ci(x)CAp(x)+ A (x). Let y =s+t where s € Ay(x) and t € A;(x). Then t ¢ M
since s € B+ Ay(x)=M.Then [x,t]=[x,y]—[x,s] € M. However, L, is non-singular on
the finite dimensional space A,;(x) and M N A,(x) is L, invariant. Hence if x € A;(x) and
[z,x]€ M NA(x), then ze€ M NA,(x). In particular this holds for z = ¢, a contradiction.
Hence (B, R,(B)) = A and a(B, A) = A. Thus we have shown B is w-ascendant in A and we
are done with the proof.

]

Theorem 3.1.11. Let A be a locally solvable, ideally finite Leibniz algebra and B be a subal-
gebra of A. Then the following are equivalent:

1. B is w—ascendantin A.
2. Forall x in A, x € (B, R.(B)) implies x € B.

Proof. Assume 2 and assume for a contradiction that B is not w-ascendant in A. Then
M =a(B,A)# A.If z ¢ M then let N be a finite dimensional ideal containing z. (N + M)/M
is finite dimensional. Hence there exists a minimal subalgebra K between M and M + N.
Thus B is w-ascendant in the maximal subalgebra M of K but notin K. By Lemma 3.1.9
there exists x € B such that M = B + Ky(x). Suppose that y € Kij(x) and y ¢ M. If
(B,R,(B)) = K then y € (B, R,(B)) which implies that y € B ¢ M by the assumption, a
contradiction. If (B, R,(B)) # K then (B, R,(B)) € M since M is the maximal subalgebra
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of K by the construction of K. So R,(B) S M. y = s+t for some s € Ky(x) and ¢ € K;(x).
t ¢ M since y ¢ M and s € Ky(x) € M. Consider [x, ] =[x, y]—[x,s]. [x,y] € M since
x€Band[x,y]€ R, (B)<S M.[x,s]€ M since s € Ky(x) implies that [x, s] € Ky(x). Thus
[x,t] € M. L, is nonsingular on the finite dimensional space K;(x) and M N K;(x) is L,

invariant. Since[x, ] € MNK;(x)sois t. Hence t € M, a contradiction. Therefore 2 implies 1.

Assume 1 and that x is in (B, R,(B)). Let B= B(1) < B(2) < ... < B(w) = A be the w-
ascending chain from B to A. x € B(n) for some n. B € B(n—1) < B(n) and x € B(n) implies
that R,(B) € B(n—1). This is true for all n. Thus x € B(1)= B.

]

3.2 Weak Ascendancy

The following lemma is an extension of Theorem 2.2.6 to ascendancy.

Lemma 3.2.1. Let A be a Leibniz algebra over a field. Let H be a subalgebra of A and B be an
abelian ideal of A. If(H, B) is a N, -pair for somen €N then H <“ B+ H.

Proof. Since (H, B) is a N, -pair then B C N,(H). So

B=Bn(| Nnumn)=|JB.

ieN ieN
It follows that
B +H)= JB)+H=B+H.

ieN ieN
Thus H=B,+ H<“ B+ H.
O

Definition 3.2.2. A subalgebra H of Leibniz algebra A is said to be w-step weakly ascendant
if there exists an ascending chain of subspaces M, € M, C--- € M, such that

1. M,=r M,
2. My=Hand M,=A
3. [M;,,,H],[H,M;;]C M, forallieN

When this is true we write H <¢ A.
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Lemma 3.2.3. Let H be a subalgebra of Leibniz algebra A. H is w-step weakly ascendant if
and only if(H, A) is a Ny, -pair.

Proof. Assume H is w-step weakly ascendant. Then we have a weakly ascending chain
M,<---SM,.Let x € A.Then x € M; forsome i € N.Since H C M forall jeN, {x,  H} C H
and (H, A) is a N, -pair.

Now assume (H, A) is a N, -pair. We will construct a weakly ascending chain of sub-
spaces. Put M; ={a € Al{a, ;H} C H} for 0<i eN. Then

1. M, = M;

2. My={acAl{a, (H}CH}=H

3. M,={acAl{a, ;H} C H forsome i eN}=A
4. [Mj+1»H]§{Mj+1»1H}:Mj

5. [H’Mj+1]g{Mj+l»lH}:Mj-

Thus (M;),<, is a weakly ascending chain for H in A so H is w-step weakly ascendant in
A. O

Lemma 3.2.4. Let A be a Leibniz algebra over a field.

a) IfH is an w-step weakly ascendant subalgebra of A and K is a subalgebra of A then
H N K is w-step weakly ascendant in K.

b) IfH is an w-step weakly ascendant subalgebra of A and K is an ideal of A then H + K
is w-step weakly ascendant in A.

c¢) Let f be a homomorphism of A onto A, H be a subalgebra of A and H be a subalgebra
of A. IfH < A then f(H)<® A. IfH <® A then f~'(H) < A.

Proof. Let My C---C M, be the weakly ascending chain of H in A.
a) Consider the chain (M,NK)<---S(M,NK).(MyNnK)=HNK.(M,NK)=ANK = A.
U M;nK)= (U2, M;)NK =M,NK =K.Let x € M;;; NK and y € HN K. Then

[x,y]€ M, since x € M;,; and y € H and [x, y] € K since x,y € K. Thus [x,y] e M;NK
which implies that [M;,, N K,HNK]C M;NK. Similarly[HNK,M;,;NK]<C M;NK.Thus
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(MynK)<---<(M,NK)is aweakly ascending chain and H N K is w-step weakly ascendant
in A.

b) Consider the chain (M,+K)<---C(M,+K).(My+K)=H+K.(M,+K)=A+K =A.
UM+ K)=(U2, M)+ K=M,+K=M,.Let meM,,;,h€ H, k€K and j € K. Then
[m+k,h+jl=[m,h]+[m, jl+[k, h]+[k,jle M;+ K

e~ N N N~
eM; ek €K eK
which implies that [M, ., + K,H + K] € M; + K. Similarly [H + K, M;,, + K] € M; + K. Thus
(My+K)C<---C(M,+K)is aweakly ascending chain and H + K is w-step weakly ascendant
in A.

c) f(M,) C---C f(M,,)is a weakly ascending chain for f(H)in A. Let M, C---C M, be

a weakly ascending chain for H in A. Then f~'(M,)C--- C f~'(M,) is a weakly ascending
chain for f~'(H) in A.

O

Lemma 3.2.5. Let A be a Leibniz algebra over a field such that A= H+K with H a subalgebra
of A, and K and abelian ideal of A. Then H is w-step weakly ascendant if and only if H is
w-ascendant in A.

Proof. If H < Athen H <“ A.

Assume that H <“ A and let M, C --- € M,, be the weakly ascending chain for H in A.
ThenforallieN[M;, H],[H,M;]C M; and M;=M;N(H+ K)=H +(M;NK). Then
[M;, M ]=[H +(M;NK),H +(M; N K)]

CH?*+[H,M;,NnK]+[M;NnK]+K?

CH+(M;NnK)

=M,
Similarly [M,,,, M;] € M;. Hence M, is a subalgebra of A and M; < M;, for all i € N. Thus
H is w-ascendant in A. O
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