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1. Introducticn. Roy and Gnanadesikan [6] have considered certain types of

different alternatives in tie case of two dispersion matrices, of which first
three are strong alternatives, in the sense that all characteristic roots of
5‘_}_§2-l (i.e. cn 5122-1) are less thnan or equal to 1, or all ch 'Za_)'l\'.‘g'l > 1, or
union of these two alternatives. In this note, we derive the shorter confidence
bounds tnan tiuose given by Roy and Gnanadesiken [6] with probability > (1-@ ), vnen
the alternative is true. Moreover, we show that when tine alternative is complement
of the null hypothesis, then we come across the same types of confidence bounds
as derived by Anderson [1] by a different approach, Keeping in view the certain
types of alternatives for more than two population dispersion matrices, we give
shorter confidence bounds than those derived by Gnanadesikan [2,3], with probability
> (1-a). All our confidence bounds are based on either X2 or F distributions.
The confidence bounds tnat we derive have not the purpose in mind to give confidence
bounds on tie partials and nence, for the partials we cannot say that our confidence
bounds will &t all be suitable and this is true for Anderson's results [1] too.
Hence, we shall not try to give or compare any types of partials from them.

Without loss of generality, we shall assume that §i(i=l'2""’h? are inde-

s P,Zi )) (i=l:2:"°) &)

pendently distributed as Wishart denoted by W(-.‘ii » By 5

vhose density function is given by

-3pn, . -ip(p-1) k -p-1) -1

) : Y 1
LT I LA JCH 1
2 (I &~ ) Tl exp(-% trg, §, 1.



We snall denote cn:j A the j-th maximum characteristic (max, cn, ) root of

A:pxp 1i.e. cily

by 8§, &, and L respectively.

~

A e o = i
A> cn > > chp A. Vhen k=1, 'S*'l’ nl and 51 will be denoted

l ~
Lem ]} Let A:pxp be symetric positive definite and 4 = (ay,), At - (aY).
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2. Simultaneous confidence bounds on c‘np & orch X:

Then

, @)™ 1< en A

cnp.f}' < [ e, 1 A

ii
Proof:- by definition
e h < g'helgls < oen

alL
forAnon-null vectors g : pxl. Let ¢ have zero elements except at the i-th place

and so we get

JJ )-l

< cl'xl,t}: . . Since c‘nj&'l = (chp_j_l_l&,

Similarly c“npA-l < a for 4 is

positive definite, we get the lemma 1,

Lemma 2. If 8% = ( S*i;) be distributed as W(S* ; n,p,p,,,)
where D, = diag. (71,...,7P) , then ( g *iil'yi) angd (75 s 'X'jj)":L are independently
distributed as X® with n and n-p+l degrees of freedom respectively when i ;é J.
This lemma is a special case of Bartlett's decomposition tieorem (e.g. see
Kshirsagar [4]), and hence the proof is omitted.
Since 5 1is symmetric positive definite, we can find an orthogonal matrix 4
such that &4 E &' a_ 27 , & diagonal matrix with " S0 2 713 > 0. Then the distribu-

tion of S¥ = A8 4" is W(g* ; n,p,,Qy ).
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(2:1) Let us obtain the confidence bound on 7, with probability > (1-0 ) by con-

sidering tine pair of hypothes®s HO(71=1) and Hl(yl <1) . Ve note by lema 2,



3.

-1
that s* /7, and (7 s#11)! are aistributed as X2 wita n and n-p+l d.f.

HO(71=1) against Hl('rl < 1) is tested by the critical region

* -
s, S ¢ constant , or ( s*ll) = < ¢, constant, tnd on account
of
*11.-1 *
8 s

we shall choose the critical region

*

S
(1) 11 S ¢

where ¢ 1is determined from

(2) 13%()(?1 > ¢) =1-a .

* . R
Since Sll depends on the nuisance parameters of Z , we cannot carry out

the exact test given by (1), but we shall obtain the confidence bound on 7y with

probability > (1-¢ ). We note from (2) that

*
] = 1-
* *

but by lemma 1, chl§ = ch1§, > 511 . Hence (3) gives us the following confidence
bound on 71
(4) ¥, < et ocen.

i1 - 1~

be.

with probability > (1-o )’and it will less than 1 wien chlS < c.
- A P e

(2,2) Applying arguments similar to (2.1), we obtain the confidence bounds on 7P
with probability > (1-0 ) by considering tne pair of hiypotheses Hé(yb =1) and
H2(7p >1) as

-1
> b ch S
(5) 7 2 W3,

where b is determined from

(7) P& X?l-p-*-l S b) = l-a .



L,
(2,3) Now let us consider tue pair of hypotneses Ho(7p=la=71)and H3 = H UH, .

By union-intergection principle [7], tue critical region is

*ppy-1 *
(8) (v, <( s ?) IU{sllscl}

where, using lemma 2, bl and cl are obtained from

(9) Py (X2 41 S P2 (X2 >c)) =1-a .

The test procedure (8) cannot be carried out in practi ce, Hence, noting lemma 1, we

find tihe simultaneous confidence bounds on n or 7p with probability > (1-a ) as

-1 -1
(10) n< 9 c111§ or 7p2bl chp§)

where b, and c, a¥e given by (9).
We note that the confidence bounds given by (4), (5) and (10) are shorter tnan
those which can be derived by Roy and Gnanadesikan's tecinique [§].

(2,4) Now, we note that Anderson's confidence bound [1] on all ch Z can be

derived from tne following considerations.

(1-0) ) PR 2 o) = BpL(r, ST e m ) B ( s/ 2e)

[}

2
Py Xn_p
-1

*
1 %11 ] by lemma 2,

= Pz[cil ( s*pp)’l < all cn (Z ) <%

and so using lemma 1, we have

(11) 1-0 < Py (0] ch 8 <ell ea(g) < et en gl

. . . ) -1
3. Simultaneous confidence bounds on cn, z 7 L, of chy 5L, -

Lemma 2, Let A and B be two pxp symmetric positive definite matrices, and

let §l and §? be two unit ci., vectors corresponding to the max. and minimum (min.)

) _ 1,43 e isrpl g
ch. roots of A. If f’:’(aij)’ﬁ = (a™) , ti"§'i,§§'i and t _913 3
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. for i=1,p , tuaen

-1 P -' P, Jdd Jdy-1
cupé’BH < Lagv aii/tp , to/avY (tpa )

and

-1 } byndd Jay-1
AB" > [a,t, aii/'bl , ti/avY (tla. Y 1.

Cxll

Proof. Let A : pxp be an ortiogonal matrix wnose first column is §1 and t.ue last
column is §P such that Q'AQ = ,\Qz is as diagonal matrix, Let U = Q'BA . Then
uifti and uii= ti for i=1, p. Now, we shall only prove tae first part of tue

lemma 3, for the otner part can similarly be proved. We note tihat

5 I S, B P .
c;xp&BM = c:np(‘lgz 1} ];Ez) < [zpt , Zup/tp] by using lemma 1.

Morecwer, by lemma 1,

. cnp&-_- zps (aii , &
and so the first part of the lemma 3> is proved, and this proves the lemma.,

33 4

Since ;‘.ﬂ_ (i=1,2) are symmetric positive definite, there exists a non-singular

matrix g suci: that

(12) C&G' = Ry ,a diagonal matrix, and L =1L,

. ) o -1 * . * .
where 712722..._>_7p>0, 7i_cni§l§,2 . Let §l_‘§§19_‘ and §2_Q§2Q

* *
Then §‘l and §2 are independently distributed as

* *
(13) w,(ﬁyl ; nl:P;gy ) and‘ W(§2 : ng»‘p)z)'

Lemme 4, Let £ and gp be tie unit ch. vectors corresponding to the max.. and
*

*
min, ca. root of Sls( s,

13)’ ané let 8

* d S be distributed (13)
2, en §Q e distributed as (13).

O -l P
* 1a¥ - / *P J -+
Then 8 11( €l§2 el)(n2 p+l)/nl7:L and n /{8 (e §Q e) 7 (nl p+1)} ,

%o % 3
. wnere 8. 1. (s l‘]), are indpendently distributed as F witn nl,ne-p+l and



nl-p+l ) Dy d.f. respectively.
. Let be an ortnogonal matrix, wnose first and the last columns are g
S ~
* *
and sp’ sucih tnat ¢ '§1s is a diagonal matrix. Then it is easy to see that §1
and g'S*e = U are independently distributed as

AQN

*
w(g, ; n;,p,R, ) and WY nyp,I) .
o ee el i3 _ 1, .1
Ve note tuat if U =(u™) and U= (uij) , U= (gl§e 51)

ll)—l 0
P

* *
— t 3 s “
and u__ = gp§2 Sp* Using lemma 2, it can be seen tiat (u o 511 /71,

pp
(s*ppy P)'l are independently distributed as X® with respective d.f. n,-p+l,
n2,nl,né-p+l. From tnis, lemme 4 is obvious,
(3,L) Let us obtain the confidence bound on 7 = chl§ 1§ ;l by considering tne
pair of hypothests HO(71=1) and Hl(7l§ 1). Taen, the critical region as in

section (2.1) is

*
nt .

sll < a constan

*
Here, we note that s contains unknown parameters depending on Z and so, we

” * N L

. 3 > Q ' - ' -

require a function depending on §, . On account of (gl $o gl)‘z (51§e sl) N

we shall choose the critical region
. * *-1
4 -
(1) 811 (51§2 51) (n2 p+l)/nl < ¢
whnere ¢ 1is to be determined from
(15) Py (Fnl,ng-pﬂ > c.) = 1-0 .

We note tiat even though we cannot carry out the test procedure (1l), but we can

make a confidence statement on 7 wita probability > (z-O ). By lemma L4, we nave

(16) (1-a ) = By [ Sil (siQZ'l,g 1) (ny=p+1)/n 7, > el
< Egb[(chl§i§é1)(n2-p+l)ﬂp16’2 71] , by lemma 3 .



Te
Tiuws, (16) gives the confidence bound on 7, Wwith probability > (1-a ) consider-

ing tie pair Ho(71=l) and H1(715 1) .

(3,2) Similarly, we obtain tue confidence bound on 7o = cnp(g 1 ge'l) with
probability > (1-¢) by considering the pair of hypotheses H] (7P=l) and

}12(7p >1) as

(17) (cn 880 n/o(n-pH1) S 7

where b 1is to be determined from

(28) Py (F,

1P+L,n, < b) = 1-0 .

2

(3.3). Here, we give tie confidence bound on 7, or ¥ D with probebility > (1-Q)
S

by considering the hypotheses Ho(71=7 =1) and H3 = H.UH, as

12
. -1 RS
where ¢y and bl are given by
(20) Py, F, P, < b)) g,t (Fnl’ne'p+l >¢) = 1@

The confidence bounds given by (16), (17} and (19) are shorter than those given

by Roy and Gnanadesikan [6].

(3.4) Now, we note thet Anderson's result [1] on all (ch. Lz ;l) can be derived

from the fallowing considerations.

(- o) = P& (F l-P+1 ny < bl) P& (F n,-p+l > cl)
= By [ny/ { (n-pel)7, s*?P(gp@,P)} < b1E [s14( ] S5 el)(n -p+l1)/n 7y > ¢

1]

P‘Z [nz/{ (n;-p+l)s*pp(g ﬁﬁzfp)bl} < all ch(gl )< sll( gl)(ne-p+l)/nlcl]



Hence, using lemma 3 we have wita probability 2> (1-a ) ,

(21) (cn I nE/(n -p+l)b < all cn (Z‘.l}.'.‘. ) < (c“l~l~2 )(n P+l)/nlcl ,

where by and c, are given by (20).

L, Simultaneous confidence bounds on ch %, (i=1,2,...,k; t=1,p) .

Since {.‘.'l is symmetric positive definite, there exists an orthogonal matrix

4, suci tnat A, Z. A' = D a diagonal matrix, with diagonal elements

ML i,p”’
* *
= - $ i Ne
el 12 a oz eee 2 Bi,p >0 (i=1,2,...,k). Let S5 = Qi§igi . Then §. are in
*
dependently distributed as wzgi ; n,P D, ) , (i=1,2,...,k).

(4.1) Let us suppose that the k-th population is standard., We shall try to obtain

N

the confidence bounds on Bi l*ak (i=1,2,...,k-1) with probability > (1-@) by

considering the theses H i =1,2,...,k~-1) and
onsidering tie nypoth olBy g = Bp d = Li2eee,k-1)

H =Y Hl i (Q,l < Bk,p) . We note tiat for testing Ho,,,i, (ﬁi,l = Bk,p) against

Hl,i (Bi,l < Bk,p)’ we have tue critical region

(22) LA : 11 8 (nk-p+l)/n <4y

*o ¥4
where S 1. (skl'j) and d'i is to be determined from

> a )_loz.

(23) Py (o npi >

By tne union intersection principle [7], the critical region for testing Ho

against Hl is

k
(24) w= U w, sucitiat P (xew |H) = a .
i=1 z ~ [o]
Note thnat we cannot carry out tue test procedure (24)., Hence, we obtain the confi-

dence bounds on (B, llak p) witi probability > (1-a ) from (2l) as
J )

-1, . . -1 -1 s .
(25) ﬁi,llak,p <ay (cnlSi)(cnpSk) (n-pl)ng™ , =1 ... k-1



vmere d, ,d,, ..., 0 are to be calculated from
ir72 ‘- k-1

(26) Py, (Fni’nk'p+l >0 i=l,2,..., k-1) = 1-0

(4.2) Similarly, tue confidence bounds on ( B8, |e. .) wita probability >
A L,p k,1 =

(1-a) bg considering the nypotheses Ho(ﬁi,p =Bk,l , i=1,2,...,k) and

Hy =40 By 4

(B Bk,l)’ can be given by

(27) Bi,p|5k,l (cn S, )(cnlNk)"l nk(ni-p+1)'l , i=1lor 20r ...,

wiere el,...,ek_l are to be determined from

= l-a

1

F .
(28) Pi ( ni-P+l, nl{ "<- ei : 1=l, 2,..0)-1{-‘1)

Tue values ofd, and e, ,(i=1,2,...,k-1) can be determined from Nair's
tables [5,p.164] in some cases. The result similar to (2.3) and (3.3) can be written

down for tnis case too, but we are not giving it, because it is very straigntforward.

(4.3) Let us consider

Y ad

(29) 1-a=RB (Fy o1 0 <e. ; is1,2,...,k-1) B, (F > d.; i=1,2,...,%-1)
ARy " B e A 4 Yng,npr 3 dg E St

= Pz'[n | { S*Pp (n -p+l)e } <By plﬁk 1 ,i=1, ..., k- 1]

5
I

* -]
PP 1o _
32 (Bi)llak/p < 5511 S, (n p+l)(nld£),1_l,¢;...,k l;
LT
| Py < B ' i 115 o) w
bogrep - B - n.a. i=1,2 ... k-1
54 Sk,ll(ni'P+l)ei kfl 1l :

Hence using lemma 1 we nave wit. wrobability > I}na),

n, c“p§i sifg Bi,l (n -p+1) cu 8y . ]
(30) e.(n,-p+l)ca.§ B < B S dn cn 8 for i=1 2,... k-1,
iti 1k ;1 kp i'i o~k



10.
waere e, and 4, (i=1 2 ... k-1) are given by (29).
Ve note tnat tne confidence bounds given by (id)are saorter tuan taose given
by Gnanadesikan [2 3]. Our confidence bounds are not meant for deriving tue confi-

AN,
dence bounds on tue partials. Tue confidence bounds given by (30) are somesense
A

better tuan tnose given by Anderson [1].
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