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ON AN ANAIOG OF REGRESSION ANALYSIS.

by
‘ 1
P. K. Bhattacharya.

1. Introduction.

Suppose (Xl, e Xh’ Y) follow an unknown multivariate distribution on
which independent observations are made. The nature 6f dependence of Y on
(Xl, soe, Xh) is fully understood only when we know how the conditional distribu-
tion of Y given Xl = Xys e Xh =X, changes with (xl, oo, xh). This can be
attempted in two different ways. One approach is to meske inference about the
'functional relation between the conditional moments of Y given Xl =Xy, ...,Xh =Xy
and (xl, vess xh), and a special case of this (when the behavior of only the condi-
tional expectation of Y is studied) is known in statistical literature as regres-
sion analysis. The classical methods of regression analysis are based on the as-
-sumption that E/Y | Xy = Kpy eee, X = xh.;7 is & linear function of Xy, v+, X,.
Mahalanobis ZTEL7 and Parthasarathy and Bhattacharya Z_%;7 have proposed some
methods of regression analysis which do not involve any such linearity assumption.
The methods proposed by Parthasarathy and Bhattacharya can be generalized in a
straightforward manner for estimating and testing hypotheses about higher order
conditional moments of ¥, but in order to prove the consistency of these estimates
and tests for the first m conditional moments, one should assume the existence of
at least first 3m conditional absolute moments. A second approach to this problem
is to make inference about the functional relation between the quantities of the
conditional distribution of Y given Ky = %35 eee, X =%, and (xl, cees xh).
This kind of an analog of the variance components analysis has been considered by
Roy and Cobbiz-§;7, wvhile Sathe'[_§;7 has given a test for the conditional median

of ¥ given X under a restricted model.

1. This reséarch was supported by the Air Force Office of Scientific
Research. - L



In this paper, estimates have been proposed for conditional gquantile func-
tions of Y given Xl’ seey Xh’ and the simultaneous uniform convergence of any num-
ber of such estimates to the corresponding conditional quantile functions has been
studied. A large sample test for the hypothesis that certain conditional quantile
functions are equal to specified functions, has been suggested and proved to be
consistent. In order to avoid complicated notations, the methods and their prop-
erties will be discussed for the bivariate case in sections 2, 3 and 4, while in
section 5, the corresponding methods for the multivariate case will be explained

and their properties will be stated without using too many symbols.

2. Problem, assumptions and notations.

(X, Y) has a bivariate distribution. F is the marginal distribution func-
tion of X and GX is the conditional distribution function of Y given X = x. For

any 0 <p <1, ¢p(x) is the solution of the equation

(1) 6 (B 0) =p

On the basis of independent observations on (X, Y), we want to estimate
the function ¢P for a given p, and for a specified real valued function p defined
on the range of X, we want to test the hypothesis HO: ¢b = Mo

In what follows, O < p < 1 is always & specified number for which we are
interested in ¢p' .

We make the following assumptions about F, { Gx } and ¢p:

(i) The range of X is bounded; for simplicity O < X < 1.

(ii) F is continuous and strictly increasing.

(iia) For each x, 0<x<1, Gx 1s continuous and strictly increasing.

(iii) ¢p is continuous (hence uniformly continuous).



(iv) PFor any given € > 0, there exists 5> O (not depending on x) such that
Ip' - p | <& implies ]¢p(x) - ¢p,(x) | < e for all x.
It should be noted that when '; say that a univariate distribution function H is
strictly increasing, we mean thereby, that H is strictly increasing on an interval

(a, b), vhere

a the f. u. b. of the set {x: H{x) O} if this set is non-empty
-~ o otherwise,

and

o’
]

l}‘ if this set is non-empty

[l

{ the g. {. b. of the set {x: H(x)
@ otherwise.
Another point to note is that condition (iv) is satisfied if there exists a func-
tion ¥ on /70, 17 such that G (y) = G_(v + ¥(x)).

(Xl, Yl), cers (Xnk’ Ynk) are independent observations on (X, ¥). ILet
X(l) < aoe < X(nk) be the ordered values of Xl’ cae, Xnk' Y(i) = Yj if X(i) =~Xj.

For r =1, «vv, kand for s = 1, ..., n,

X—-—-—. . = X » _ =
(z=1-n+s) s (7-T-n+s)

rs

For any given integer k, define a set of random intervals as follows:

Ikl =‘Z—O’ Xln-;7’ Ly = (thl,n’ Xrg}’ r
I

Kk (Xk—l,n’ 1/ .

fl

2, LB 1 k-l’ and

Next let Y <. <Y be the ordered values of ¥ ., ..., ¥ , and denote
r(1) r(n) rl rn

‘by_l_q;7 the largest integer < a. DNow define a random step-function fnk on_Z—O,;;7

as follows:

fnk(x) = Yr([npj) if xel, . R r=1, «.., k
In course of the analysis carried out in the next two sections, we shall

make mse of an upper bound for the tail probabilities of sums of independent and




bounded random variables due to Hoeffding [ 2__7. We shall also make use of an
upper bound for the error of approximation by the Central Iimit Theorem and an
upper Bound of error involved in the usual approximation of the distribution func-
tion of "frequence X2” for a simple hypothesis regarding a multinomial distribu-
tion, both due to Esseen [ l7 For the sake of completeness, these are stated
below.

Theorem (Hoeffding). If Xl 3 seey Xn are independent random variables,

O<X <1,E% =u, 8 =X + ...+, and 1f 0 < t < l-y, then

—Qnt'2
(2) B[S, -ES >nt/<e .

Theorem (Esseen). If Xl, ooy Xn are a sequence of independent random
variabies with the same distribution function F, the mean value zero, the variance

2
g ;é O and the finite absolute moments Bl’ cesy Bv (v is an integer 2 3), then for

| x | < VT +55v - 2) Tog n_,

2 '
G) 17,0 - B sy, BT 20+ | x P a0, oD

where F_ is the distribution function of (X1 +oeee F Xn) /\/-1’-1 o, @ (x) =

X

5 .
f L gt /2 at, 01(6, B) and 02(8, B) are finite constants, depending only

AN

on 0 <% < 1, and the moments Bi, vees By

Theorem (BEsseen). If n independent observations are thken on a multinomial

distribution with (m + l) classes and with class probabilities ql, ceny /qm+l" :

m+l

£ q, =1, and ifn,, «e.; n are the respective observed frequencies,
1 i 1 m+l

m+1 o

Z n, =n, then



2
X
n+l .
L [ . - ng, 2 ng, 2 = 1
2 [T o o ) °

o(qys «es A
nm./(m+l) ?

-w/2 Wm/e-:L dur

+

where O(ql, ven, qm+l) is a finite constant, depend;ng only on Ays ooes U1

3. Convergence of fnk'

In this section we shall study the convergence in probability and almost
sure convergence of fnk to Qp, uniformly. It is obvious that both n and k should
tend to infinity for such convergences to take place, but the crucial point in our
analysis 18 +to find out how n and k should depend on each other asg they tend to
infinity.»

We shall first prove a probability inequality for the event that the
rendom variables {‘Xrn.i » r =1, «.., k-1, lie in some neighborhoods of Frl(r/k),
r=1, «.., k-1 respectively. The following lemma is & modification of a similar

probability inequality given by Parthasarathy and Bhattacharys Z~Q;7,

Temma 1. Iet O < 8, <1l, k=1,2, ... ad inf., be a sequence converging to zero.

Under assumption (ii),

2
-Enkak

(5) P[F'l(-}-l; - a) < X, < F'l(TI; tad, r=1, ..., k.17 >1 - 2ke ,

where Frl(a) for a < 0 is defined to be O and Frl(a) for a > 1 is defined to be 1.




Proof. The left side of (5) is

k-1 k-1

-1l r -l,r
>1- = Bfx <Fig-eaJ)/- 2 B[X >F(y+a)]
r=1 r=1
k-1 s kn-s k-1 s kn-s
=1- 2z (ME-a (- fva) -2 = (M@-f-a) E+a)
r=1 qun r=1 gzkn-rn
=1 - X z ’ (-2a)(1-=+a
_ r ~'8 "'k k k k
r=1 gqu[—(k - ak)+ak:7
k-1 s kn-s
kn r r
- z CY1-=-2a) (s +a)
T , s k k' *k. k
=1 s>kn/ (1- %" ak) o 7
. -2nkak2
>1-2(k-1) e , by (2)
menkake
> l - 2ke ]

We now find a probability inequality for the event that the length of

ITIRERY Ikk is less than a specified positive nunmber.

Let L(I) denote the length of an interval I on the real line.

each of the intervals Ik

Lemms 2. Under assumptions (i) and (ii), for any & > O,

-2kna. 2

k
P[L(Ikr) <@, r=1, «or, k/>1- 2ke

for sufficiently large k.

Proof. We first note that under assumptions (i) and (ii), for any given > O,

there exists an integer ko such that for k > ko,
~1,1 ~1,r+1 ~l.r
(6) max/ F ('1?: +ak), Fo(==+ ak) - F (5 - ak), r=1, ..., k-2,

~l k-1
l-F(T-ak)__7<5 .



We shall show that (6) along with

~1,7 »l,r
(7 FE - ak)fxran (-E+ak) s r=1, «o., k-1 R

implies L(Ikr)< B, r =1, «.., ke

For r =2, .., k-1,

L(Ikr) =Xy - Xr--l,n
-l r ~l,r-l
<F QE + ak) -~ F (—i_ - ak) s by {7)
< B , by (6) o
Also, L(Ikl) <X
~1,1
SFALH ak) s vy (7)
<bd 3 by (6) ’
-1, k1 1 .
and (Iy) S1-F (5= - s) , vy (7)
<8 s by (6) .

An application of lemma 1 now completes the proof.

Lemma 3. Under assumptions (iia), (1ii) and (iv), for sufficiently large k and for

any given n > 0,

2
-Enkak
P/ Sup ¢p+€(x) - Inf ¢p_€(x) <q, r=1, ...k /> 1 - 2ke s

erkr erkr

if € > 0 is such that

| p' - p | < e implies | ¢p(>c) - ¢p,(x) | < n/3 for all x.

(By assumption (iv) such an € > O exists for any given 7 > 0.)




Proof. Choose © > 0 such that

x,€ [0, 17 s xee_l-o, 17/ , | X, - x, | <®
together imply
[ (x) - #(x) I<n/3 .
By assumption (iii) such a & > O exists for any given n > 0. Now,

P/ Sup ¢p+€(x) - Inf ¢p_e(x) <myr=1, ..., k7/

erkr erkr
> P/ sup ¢p+€( - Inf ¢ (x) <, L(Ikr) <%, r=1, ..., k7 .
er er
kr
But P/ Sup ¢p+€ - Inf ¢p_e(x) <mr=1, e, k(I ) <8,r=1,...,k7
erkr erkr

= B/ Sup { ¢p+e(xl) - ¢P“5(x2) } <fyr=1, ..., le(Ikr) <8 r=1,...,k /

xl,xeeI
z%}g%wygwyw<m%$rﬂﬂ - $(x) | < /3,

g%p l¢ x)*¢(x)!<n/3 s =1, e, k[ KT ) <8, r=1, ..., k] =1,

by the choice of & and €. An application of lemms 2 now completes the proof.

Lemma 4. Under assumptions (iia), (iii) end (iv), for arbitrary € > 0 and for

large n,
P Inf <Y < X, = ceey, X =
[xe? ¢ r([np-:]) x:lIlp ¢ (X) ‘ 1 x13 s “nk Xnk_7

-net
21~ 2ke B

for any given Xys eoes Xk in'Z—O, %;7.



Y, «o0, Yn be mutually independent random variables, Yi having distribution

function Gx s 1 =1, .v., n. Also let Y(l) < eee < Y(n) be the ordered values

1
of Yy, v, Y . Then

B[ Inf @ (x)7
([ 7)< . p-€

P/ at least [np / of Y, ..., Y are < Inf ¢
x€/ a,b_

i

(x) 7

p-e -

P/—U + e U >[np7- Z Crx( Inf ¢p_€(x))__7 ’

i=1 i xe/ a,b_

where U Un are mutually independent random varisbles with

l, ve0v y

P[Ui 1-6_ ( Inf ¢ ())7—G ( Inf g (x))

i xe¢/ a,b_ % xe a,b_ p-€

and

-G_ ( Inf ¢ ())7—1-G(Inf @

P[Ui (X))J

= xe[a,b__ %3 xe a,b_ p-¢€
i = l, seey n.
Now, G, ( Inf g (x))
xl xe[a b7 p-€
< Gxi(¢P- €(Xi)) since xit-:[a,b_—/
=p- € by (1) .
n
Hence [mp/- Zz ¢ (Inf g (x))
i=l *i xe/a,p ] F€
>np-1-n(p- € =ne-1>ne /2 for large n.

Proof. Suppose Xqs eeey X aTe points in an interval [a, b__7 C [O, 1_7. Iet
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Thus, B/U 4 oo +U > /7 - z G, ( Inf ¢p_€(x))_7
1=1 %4 xe a,b_

SB[U  + .o + U >ne/ 2]

2
< e B¢ , by (2) .

2
similarly, B/ ¥ [np 7) 7 ¢p +E(;;)__7 < o-2ne .

xe[ab

The desired probability inequality is now obtained.
We are now in a position to prove the following theorem about uniform

convergence of £ to ¢p.

Theorem 1. If F, {Gx} and ¢p satisfy conditions (i) - (iv), then for n > x’,

y>0,d. = Sup £ (x) - 8_(x)| converges to zero in probability as
nk nk P
0<x<1
k —> o and for n > k, dnk converges to zero with probability one as k —> o0 .

Proof. Iet 1 >0 be given.

/[ Sup £, (x) - ‘¢P(X) | <n_/

0<x<1
> 3[‘ Inf ¢ < Sup ¢ . (x), Sup ¢ (x) - Inf ¢ (%)
xel, . r([ np 7) i pre xel, xel, . p-€
<7n, r=1, ..., k/, for arbitrary € > O,
= P/ Inf ¢p_€(x)<Y < Sup¢ (x),r—l, eee, k| Sup ¢
xel, . r(/ np /) xel, . xel, .

- Inf ¢p_€(x) <mn, r=1, ..., k /x P/ Sup ¢ (x) Inf ¢p_€(x) <,
X€el x€l er
kr kr
o r=1, +c0, k_7
—nt-:2 -2nkak
> (1 - 2ke )+(1 - 2ke )
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by lemmes 3 and 4 if € > 0 is so chosen as to satisfy the condition of lemma 3.
Both the factors in the last term tend to one as k —> oo if n > k7, v > 0 and

k- v/2 , which proves the first part of the theorem. Again,

ak =
. 2 -
00 _n;@-_ _ .-2nka.K
£ [1-(1- 2ke ™ )(1 - 2Kk6 )7
k=1
converges if n > k and a, = kfl/e. The second part of the theorem now follows

from Borel-Cantelli lemma.

If we have 0 < Py < ... <P, <1, and if we define

(i)
oi(x) =Y for xgI r=1, +uoe, k i=1, vou, m
nk v kr) ) 3 2 3 J 2
(/[ op, /)
then theorem 1 can be immediately extended for the simultaneous uniform con-
vergence of f(l), cre, f(m) to @, «u., §_ respectively.
nk nk Py Pm

4, ILarge Sample Tests for Specified Conditional Quantile Functions.

Iet 4 be a specified real-valued function on [ o, l_7and consider the
problem of testing the hypothesis Hy: ¢p = | ageinst the alternative H : ¢p FETR

We define random variables {Ursg s, r=1, s, k;y 8 =1, «¢., n, as
follows:

U, = 1 1Y < u(X,)

0 otherwise .

These are mutually independent random variables and under H., each of them takes
n

values 1 and O with probebilities p and l-p respectively. ILet Ur =X Urs/n’
s=1

r=1, ¢¢s, k, and
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If we can find the limiting distribution of Tk (suitably stendardized) under
HO » then we can test HO at any given level of significance O < @ < 1, as follows:

Reject Hy if and only if 7, > Tnk(a), where

lim Pfr, <~ (a)} 7=1-« .
K ——> 00 nk-= 'nk HO-

Agein, suppose 0 < Py < .o < Py < 1 are given numbers and K, ..., um are
specified reali-valued functions on [ o, 1_7 , satisfying the condition that
ul(x) < ee < um(x) for ell xe[ 0, 1_7. Consider the problem of testing the

hypothesis Hém):(¢p = p.l, veus ¢p = um) against the alternative H(m) that
m

1 1
¢p # My for at least one i, 1 =1, ..., m.
i
; (1) _ :
Define U, ' = 1 if Y < (X))
0 otherwise B
(1)_
Urs - 1 iz “i-l(er) < Y1:‘53 < I"‘i(er‘)
0 otherwice R 1=2, ¢, m s
(m+1) .
U.s = 1 £y > w(X,)
0 otherwise B
n
i i .
and Ug-,o) =s>£llU§s) R =1, «s.y, k B 1i=1, .e., mtl .

let Q =Py» G =P - Py_qo 1=2, coeym g 4=1- P, and consider the

i
statistic
.y 2
m+1 (U(l) - nq,)
'r(m) = Sup z o = .
e R A ] nd,

If we can find the limiting distribution of 'rf]f:) (suitably standardized) under

m

H(()m) ,» then we can test Hém) with the help of T1(1k) in the same way as we hope to

test HO with the help of Tk *
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The following theorem gives us the limiting distributions of Tk and Tgﬁ)

under Hb and Hém) respectively.

For any real @ and for any integer k, define

hk(O) = \/é(O + log k -~% log log k) if @ +log k --% log log k >0

0 otherwise »

and . ' .
xim)(o) = { 2 {o + log k + (m/2-1)log log k} if O + log k + (m/2-1)log log k >0

0 otherwise .
Theorem 2. (&) If n>k’, ; >0, then
lim R[~Tnk'5 hk(O)]Hb 7] =exp/ - R 7 .
k—>c0 Jn

() Ifn> (k log K)XY® | tnen

(m) _ ,(m) (m) - _ 1 -0
k_lfﬂwP[Tnk Shy (BT T = e[ - w0/
Proof. (a) Under Hy, {iUrs} are independently and identically distributed
with mean p, variance p(l-p), and with finite moments of all orders which are

functions of p only. let v be so large that

(8) xk(o) <L T +8)(v-2)y Iog k ,0<8<1 s and

(9) nv=-2)>e2 .
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By (8) and (3),

’TJ-. -"":p‘
P s WO By | = Do) - Dlenon vey

-T2 (oo

where lekrlf_ c/ { 1+ (7‘«1{(9))33 l’l-l/2 e _/

<c! [e_O(log k)2 k—(l+7/2) + k—"/(v—Q)/z 7 ’

since n > k?, C' being a finite constant, depending on p and p and 8. Now,

8 CIN g [ [ ! N (0)
log B/ 7., <A, (Q)H 7= Z log P < Q)8 7
08 fL Tox SNk 0 - - o T =M O

k
zl 1og_/_—@(>\k(9)) - @(-AK(O)) re.
r=

k206 [P (00)) - D (2N T vz,

k e,
where ,Zk|_<_ z llog[l+ £

.
r1 P (0) - B2 0) T

Since e,  —> 0 and CE (%.k(o)) - CP (-kk(O)) —>1 88 k—> @ , for

sufficiently large k,

ey, |

<
D (v (0)) = D (1 (9))

ol

Now log(l + x) = x + vx2, [v] <1 for |x| < 1/2. Hence,

|2, | < ek [e(108 ¥)° (1/2) | ez 9

where C" is a finite constant depending on p and 8. It now follows from {9) that

Zk —>0 as k ~=> 0. To complete the proof we have only to verify that
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-0
e .

un  klog [ ((0)) - (A ()T =-

=
Xk—>@ \/E

(b) It cen be shown in the same way as in proving (a) that

x,l(gm)(o)

log[Tflﬁ) _<>\,1({m)(0) ' H(()m) 7] =k log {: m 5 e-W/Ewm/Q-ldW] + Zl(,;m)’
m /
0

pm)

1+1
N )+/m

where lim

can be shown to be zero if n > (k log k
K ~——> o

, by an applica~

tion of (4). The rest of the proof follows from the fact that

A1) (o)
Hm k log VRN j e W T aw [ = - 75y o )
k w——> @ 2m Qr(m/e) : NEYE
For any 0 < a < 1, let
A 1 ~ -
Tnk(a) = /e {log(k/ NER T 1 10g log k - log Log (-:é‘a)}
and Ti‘}:)(a) =2 { 10g(k/T(m/2)) + (m/2 - 1)log log k - log log(T_];&)} .

Theorem 3. Under assumptions (1) - (iv),

(a) Ifn> k”, y >0, then the test with critical region
T Tnk(a) s 0<a<1

is a large sample size O test for the null hypothesis HO , and is consistent
against the alternative Hl-
() If n> (k logk) 141/ ", then the test with critical region

2

TS‘{‘) >'r§:lg)(oz) s o<a<1

is a large sample size & test for the null hypothesis H(()m) , and is consistent

against the alternative Hg_m).
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Proof. The first parts of (a) and (b) are immediate consequences of theorem 2.
We shall prove here the second part of (b), and the proof for the second part of
(a) will follow on exactly similar lines.

Since we are assuming ¢p s 1 =1, ..., m to be continuous, we need consider
i

only the case when His sees “m are continuous. Suppose Hém) does not hold. Then

¢p % by for at least one integer i between 1 and m. Iet j be the smallest
i

integer for which ¢p % uj. Since ¢p and “j are both continuous, there exists

J J
some & > O and an interval (cl, 02) - Z"O, %;7, such that
i (
either uj(x) > ¢pj(x) + 3 for all xe(ec,, cg)

or uj(x) < ¢PJ(X) - B for all xe(cl, c2) .

Suppose the first is true. (The other case can be treated similarly.) By assump-

tion (iv), for given & > O, there exists an ¢ > O such that

p. <p<p, +2¢c implies ¥ (x) - §_ (x) <& for all x .
J dJ iY PJ

Choose p = pJ + €. Then

¢pj+e(x) < ¢pj(x) + 9 .

Hence, Gk(¢pj(x) +3) > Gx(¢ (x)) = py+ e .

. T€E
PJ

For convenience of notation, let p_ =0, and ¢p (x) = uo(x) = - o for all
o
x. Now for any xe(cl, c2),
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P[Uig) = 1] Xrs

i
e
~J

=B/ kg () <Y <u(x) X, =x]

P[¢pj-l(X) <Y S HJ(X) | Xog = x__7, since j is the
smallest integer for which ¢p Eu .

J
> P[¢p (x) < T "<'¢pj(X) +08] X

jl s =X__7

G (¢ (x) + B) - Gx(¢pj (x))

> p, + €~ D,
Py P51

. + € »
9

1" ' ' 1 . .
Now let e " < c;' <c,' <c," be points in (cl, (c:L + cg)/2) and

choose k  sufficiently large such that for k >k, F(cl) >1/k, 1 - F(c2) > 1/k,

and F(c " - F(c > 8y where {ak§
(I'+l

F(ce') - F(cl') > 1/k, F(cl') - F(cl") > e,

is a sequence as in lemma 1. Then for k >k, F (r/k) Sep'<eyt < F

implies F( c2') - F(cl') < 1/k, which is a contradiction. Hence for each k > ks

"l(f—l(?l-{l) <c

there exists at least one integer r(k) such that c.' < F

1
k>k, F'l(rik) " implies F(cl') - F(cl") < a; which is a contra-

" implies F(cy") - F( 02') < a, vhich is & contra-

t
o' Also for

- ) S ey

C s -1, r(k)
diction, and F (—-—k——) + ak) >c,

diction. Hence for each k > ko , there exists a smallest integer rl(k) such that

r(k) I’(k)
e,) <F Y

+ a

ey <F ( <(cl+c2)/2 .

»
Similarly, for each value of k greater than some integer, there exists a largest

integer rg(k) > rl(k) such that

T (k)

< L ]
+a) c,

k)
2k - (

(c::L + ce)/2 < F'l(r

Hence for such large values of k,



and

imply that I
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r, (k) _1, Ty (k)

e {
% ak) < Xrl(k) n <PF \ % + ak)

_1,To(k) r (k)
(T - ak) < Xre(k),n ( k)

C (cl, c ) for r = rl(k) 4 1, eee, rQ(k), and this set of

integers is non-egpty. Thus for sufficiently large values of k,

>

> 1 - 2ke

fix an

BT, C (ep, o)y 1= ry(8) + 1, ooo, 5,07

| -1, 7
- ak) < Xri(k),n <F (-———1-{—— + ak), i=1, 2_7

k ,» by lemma 1.

For each k greater than some sufficiently large integer, now choose and

integer r(k) such that rl(k) + 1< r(k) < rg(k). Then

o+ > @) 7 2 2 >, 3, C oy )T

2
- 2nkak

> P[TS:) > Tszl)(a) | Ik,r(k)C(cl’CE-)-7x[l - 2ke 7

2 Pﬁr(k) o nqj)e/nq‘j > Tﬁfﬁ)(a) lIk’r(k)C (cqsc,) 7

-2nkak2
x [ 1~ 2ke _
(J) /
2 Pﬁ (k), > an + nq. T( )( ) , k I‘(k) C (clﬁce__7
~2nka 2
x[l - 2ke k _Z
-2n(e - \/q T(m) o) /n. ) -2nkak2

Z[l-e Jx[l-Eke _7 R



19

by (2). To complete the proof we have only to note that if n > (k log k)l+l/m,
then with the choice of a, = kfl/e, both factors in the final expression tend to 1.

k

5. Generalization to the case when X is vector-valued.

Suppose (X, Y) = (xl, vees X5 Y) follows an unknown multivariate dis-
tribution. ILet F be the distribution function of X = (Xl’ cons Xh) and for any
X = (xl, e xh), let Gx be the conditional distribution of Y given X = x. For
given 0 < p < 1, let ¢p(x) be the p-quantile of G_.

The assumptions we meke about F, {(%{} and ¢P are the same as (i) - (iv)
given in section 2, with some modification$. We shall only state the modified
version of assumption (ii), the modifications on the other assumptions being
obvious.

Modified assumption (1i). The marginal distribution of Xl and the

conditional distribution of Xi given Xl = Xys oveey Xi-l =X, 4 P

J=1, «us, i=1), 1 =2, ..., h, are all continuous and strictly increasing.

(0 <x, <1,

In sections 2, 3 and L, for a sample of size nk from a bivariate (X, Y),
we defined a random division of.[-O, ;;7 into k sub-intervals with the help of
the fractiles of X observations. Studying the convergence of the sample
fractiles to the corresponding population fractiles, we were able to give a
probability inequality for the event that the length of each of these random
intervals is less than a specified quantity. Due to the uniform continuity and
some other regular nature of ¢p’ the rest was accomplished by investigating the
behavior of the p-quantile of the Y-observations corresponding to the X-observa-
tions belonging to each one of these random intervals, separately.

When X is vector-valued, there is only a partial ordering emong the X's.
We therefore modify our procedure as follows. Iet(Xll, coey Xhl’ Yl), ey

(XlN’ seny XhN’ YN) be N independent observations on (Xl’ veuy Xh’ Y), where
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N = nkh. Let Nj = nkh'J, jJ=1, «.., hye First, let us arrange th Xl~coordinates
of all observations in increasing order of magnitude and let Xl(i) be the i-th

order statistic obtained from Xll’ veey X Iet us divide the interval‘[_o, ;;7

1N’

into random sub-idtervals as follows. I, = /o0, X (w ):7, I, = (X o
1 1 Lz, -1°N,)
1 1
X _],r =2, ous, k=1, and I = (X ,1_7.I%re%hr = 1,000,k,
;M) * £ uwLw) .

consider all samples (Xli’ ceey Koo Yi) for which X, € Irl and call them the

samples belonging to the rlfth fractile group. Now for each j =1, ..., h-1 and

for each ry = 1, eooy, k; .a4s rj =1, ..., k, arrange the Xj+l-coordinates of

all samples belonging to the (rl, vy rj)-th fractile group, in increasing order
of magnitude, and with the N, ,-th, 2N, g thy e, (kyl)Nj+l-th order statistics

obtained from the Xj+l-coordinates of these samples, divide the interval

[_O, ;;7 into random sub-intervals in the same way as Il, oy Ik were defined,

rf'mff.”,lﬁf“%k. Rremhrl=1,”.,m

=1, ..., k, consider all samples (Xli’ ooy X Yi) which belong to

and call these intervals I

sees Ty

the (rl, con, rj)-th fractile group and for which Xj+1’i€Irl"’rjrj+l’ as belong-

ing to the (r )-th fractile group. Finally, when for each ry =

IEIRERY rJ, rj+l
1, coey k5 vnny Ty, = 1, ..., k, we have exactly n observations belonging to the
(rl, esey rh)-th fractile group, let us arrange the Y-coordinates of all samples
belonging to the (rl, ey rk)-th fractile group, in increasing order of magnitude,
and suppose the order statistics obtained from the Y-coordinates of these samples

< ose Also, for any specified resl valued

are, Y

<Y .
rl...rh(l) rl...rh(n)

function p defined on the h times Cartesian product of [—O, ;;7 with itself,

let
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U (ry, «ou, 5) = 1 1f (Xy.y veey Xo., Y. )€l xI X eee x T o
it7l T 1i Xhi i rl rlre. - “'*,rlra . b
and if ¥, < w(Xp,, ovvs Xp0)
0 otherwise s
_ N
and let U(rl, crey rh) = I Ui(rl, vee, rh)/n .
i=1
Now we define a random function
f (%) eee, x) =Y if x €I, x.€I s eee, X €I s
nk*"1 *h rl"'rh(l—n2;7) 1 Ty 2 rlrg *n T Tpeeely
r. =1, vosy K eow, 1 =1, 4.4, k,

1 h

and a statistic

o . [%(xys wees 7)) - B .

nk .
lflruﬁp”, Vﬂl-p”n

ry = 1, «.«., k. ‘

It can be easily verified that statements regarding the convergence of f

H
1

nk
to ¢p’ the limiting distribution of T (properly standardized) under the null.

hypothesis Hb: (¢p = u) and the consistency of the test " reject Hb if and only
if T > Tnk(a), where Tnk(a), 0<a<1l, is such that
lim /v <t (|HE J=1-0a ",
X ——2> 00 nk nk 0

made as in theorems 1, 2 and 3 with k replaced by K = kh,-are veglid.

For the case of several conditional quentile functions, the results of
sections 3 and 4 can be extended for the multivariate case in the same waYy.

Thanks are due to S. N. Roy and Sudhindra N. Ray for meking some helpful

suggestions.
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