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Abstract

It is known that both Watson-Nadaraya and Gasser-Miiller types of regression es-
timators have some disadvantages. A smooth version of local polynomial regression
estimators are proposed to remedy the disadvantages. The mean squared error and
mean integrated squared errors are computed explicitly. It turns out that by suitably
selecting a kernel and a bandwidth, the proposed estimator has at least asymptotic
minimaz efficiency 89.6%—proposed estimator is efficient in rates and nearly efficient
in constant factors!

In nonparametric regression context, the asymptotic minimax lower bound is devel-
oped via the heuristic of the “hardest 1-dimensional subproblem”. The explicit con-
nections of minimax risks with modulus of continuity are made. Normal submodels are
used to avoid the technical difficulty of Le Cam’s theory of convergence of experiments.
The lower bound is applicable for estimating conditional mean (regression) and condi-
tional quantiles (including median) for both fixed design and random design regression

problems.
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1 Introduction

Nonparametric regression provides a useful tool for data analysis. A useful model is to

think of estimating a regression function
my(zo) = E4(Y|X = zo), (1.1)

based on a random sample of data (Xy,Yy),:--,(Xy,Yy) from an unknown joint density
f(-,+). For convenience of notation, we will suppress the dependence of the regression
function my(-) on f. Several approaches have been proposed in the literature. Let K(-)

denote a kernel function, and h, be a bandwidth.

1. Watson-Nadaraya estimator:
‘ -1
) n - X' n _ X'
1 n n

2. Gasser-Miiller estimator:

. - 5 1 (zo—t
mam(zo) =) Y/ 7{'K( Oh )dt, (1.3)
1 tj—1 Iin n
where {(X/,Y/)} are ordered sample according to X!s, tp = —oo, t, = o0, and
X! +X!
tj =

3. Stone’s local polynomial. To formulate the idea, let’s assume that m(z) has two
derivatives. Stone (1977, 80) suggests to use the estimate /hg(zg), which minimizes
> (Y- ms—b(zo - X;)), (1.4)
{lzo—X|<hn}

with respect to mg, and b.

All of these estimators have some advantages and disadvantages in terms of asymptotic
biases and variances. In particular, unless the marginal density fx is uniformly distributed,
the asymptotic bias of a Watson-Nadaraya estimator depends on the derivatives of the

marginal density fx, while the asymptotic variance of a Gasser-Miiller estimator is 1.5




times as large as that of a Watson-Nadaraya estimator. Similar comments apply to a fixed
design regression problem. See Chu and Marron (1990) for a detailed discussion. In terms of
asymptotic minimax theory, we will see none of these types of estimates can be a candidate
of a nearly asymptotic minimax estimator, unless in a very special circumstance.

It is our purpose to propose a new class of estimates, which take advantages of the above
estimators. Theoretical advantages of new estimators involve getting rid of the dependence
of biases on the derivatives of the marginal density, while keeping variances the same as
Watson-Nadaraya estimates. Comparing with the new class of estimators, Gasser-Miiller
estimators are not admissible! It is worthwhile to point out that the dependence of biases
on the derivatives of the marginal density fx is not any intrinsic part of nonparametric
regression, but an artifact of Watson-Nadaraya kernel method, hence the asymptotic mini-
maz efficiency of Watson-Nadaraya estimators can be arbitrarily small. See Remark 2. In
contrast, we will show that the best estimator in the new class can be as high as 89.6%
asymptotic minimax efficiency.

It is emphasized that the new class of estimators have practical advantages, too. The
MSE of the new class of estimat;,ors does not depend on the derivatives of the marginal den-
sity fx(+). Thus, data-driven bandwidth selection will not involve the effort for estimating
the derivative of the marginal density. This makes the data-driven bandwidth much easier.

Another important motivation of introducing the new class of estimators is to make
(nearly) precise minimax risk in the regression setup. With an optimal choice of kernel and
bandwidth, the estimator provides a good upper bound for minimax risk. The lower bound
is derived by using the heuristic of the “hardest 1-dimensional subproblem”. In particular,
a geometric quantity—modulus of continuity is involved in both lower and upper bounds.

We show that the minimax lower bound is nearly sharp for some cases:
e bounded-two-derivative constraints (see (3.3)).

e bounded Lipschitz constraints (see Example in section 5.1).



We would expect, but have not shown yet that such a lower bound is nearly sharp for other
constraints.

We decompose the difficulty of nonparametric regression into two parts: the constraints
on the regression function itself, and the constraints on the marginal density and conditional
variance. It turns out that the upper bound of conditional variance and the lower bound of
marginal density in the constraint class of joint densities are strongly related to minimax
risks. An important application of our lower bound is that one could use it to determine
how efficient an estimator is for a regression problem (see section 5.1). Even though our
attentions are focused on randomly designed problems whose marginal densities are also
unknown, the lower bound is applicable for both fixed design problems, and random design
problems whose marginal distributions are known (e.g. uniform distributions). See Remark
3.

Our approach is related to other work in the literature, and in particular the work in
white noise models and density estimation models. See section 5.2 for further references.
What seems innovative in our approach is the use of normal submodel to avoid the technical
difficulty of the theory of convergence of experiments (Le Cam (1985)).

The paper is organized as follows. Section 2 introduces a class of smooth local polynomial
estimators, whose mean squared error and mean integrated squared error are computed in
section 3. We use risks of this class of regression estimators as upper bounds of the minimax
risks. The minimax problems are studied in section 4, where attentions on the lower bound
are particularly focused. Potential applications of lower bound are discussed in section 5,

where closely related work in minimax theory is cited. Proof is deferred in section 6.

2 Smooth local polynomials

Let’s extend the idea of local polynomial. A similar idea can be found in Stone (1977), and
Cleveland (1979), Miiller (1987). Assume that we know that the second derivative of m(z)

exists. Our proposal is to construct a smooth version of local polynomial: finding a,b to




minimize

(Y — g — bzn — X o= X
2% e~ bao = X)) K (). (21)

n
Let &,b be the solution to the weighted least square problem (2.1). We propose to use

m(zg) = & to estimate the regression function m(zq). Simple calculation yields that

n n
m(z0) = Y wiy;/ Y wjs (22)
1 1
with
-X;
'w]‘ = K (zo hn J) [Sﬂ,g - ((to - Xj)sn,l] ) (2.3)
where
) _ n Zo — XJ RYi
Spl = ZK — (z - X;). (2.4)
1 n

A nice feature of the estimate (2.2) is that the weight function satisfies (which is a

property of least square estimate, and can easily be checked)

> (z0 -~ Xu; =0, 25)

This property ensures that the bias of the estimate does not involve the derivatives of the

marginal density. To see this, we note that by (2.5)
Eri(zo) = m(z0) + E Y (m(X;) — m(z0) + m'(z0)(X; — 20)) w;/ D wj.
1 1

If we do Taylor expansions for m(Xj) at point zg, the second term would be of order O(A2),
as effective design points have order (X; — z9)? = O(h2). Thus no derivatives of fx(-) are
involved in the above calculation (rigorous proof can be found in the proof of Theorem 1).

Let’s briefly mention how the idea above can be extended to the case where m(z) has a
bounded kth derivative. The idea is exactly the same, except replacing the linear polynomial
in (2.1) to a k — 1 order polynomial. In particular, when m(z) has one derivative, one finds
a minimizer of

z:‘,m -ap i (272), (26)



and resulting estimate is exactly the same as Watson-Nadaraya estimator (1.2). In other
words, we use this class of estimate only when the constraint on the unknown regression

function m has a bounded derivative.

3 Asymptotic properties
Let’s discuss the asymptotic properties of the estimator (2.2). Assumptions are as follows.
Condition 1.

i. The regression function m(-) has a bounded second derivative.
il. The marginal density fx(:) of X is bounded and continuous with fx(z¢) > 0.
iii. The conditional variance of 0%(z) = Var(Z|X = z) is bounded and continuous.

iv. The kernel K(-) is bounded and continuous, satisfying

/:K(y)dy= 1’/_:3/K(y)dy=0,/_:y2K(y)dy7£o,

/ ¥} K (y) < oo,sup |[y3K (y)| < oo.

~00 k
Theorem 1. Under condition 1, if A, — 0, and nh, — oo, then the estimator (2.2) has

the mean-squared error:
E(m(z0) — m(z0))? = ‘—11 (m”(:co) /o:o uzK(u)du)2 hi
+;’1; F(20)*(z0) /_ °; K2du + o(h3 + ;}{;) (3.1)
Let w(-) be a bounded weight function with a compact support [a,b]. Then the Mean
Integrated Squared Error (MISE) can be computed as follows.

Theorem 2. Under condition 1, if fx(-) is bounded away from zero in the interval

(@, b], then the MISE is given by

E/_o:o(m(z) - m(z))*w(z)dz = ‘—11[/:: u? K (u)du)? /_: (m"(2))? w(z)dch?
1 0 02(:1:)

+nhn ) fX(x)

00
w(z)dz / K%du + o(h} + ?Tilf)' (3.2)




Simple algebra yields the optimal bandwidth for MISE (3.2) is

b (S S @) @) 2, KPu Y
Pt = \ 1= WK (w)du]? [, (m"(2) w(z)dz)

(o]

Remark 1. The equation (3.1) holds uniformly in the class of joint densities

C2 = {f(,) : Im"(2)| < C}N{f(-,"): 0*(x) < B, fx(w0) 2 b, | fx(e) — fx(¥)] < el — [},

(3.3)
where C, B,b,c, and « are positive constants. Note that Lipschitz’s condition is imposed
only for the equicontinuity of fx(-) in the class of joint densities. The constants a,c will
not involved in our further developments. The uniform convergence will be used in the
asymptotic minimax theory. A similar remark applies to MISE given by (3.2) with an
appropriate change of conditions.

Remark 2. The bias of estimator (2.2) does not depend on the derivatives of the
marginal density fx, while a corresponding Watson-Nadaraya estimator does. Since the bias
of a Watson-Nadaraya estimator depends on the derivatives of fx, its maximum risk over Ca,
say, blows up as the derivatives are unbounded in this class, hence its asymptotic minimax
efficiency is arbitrarily small. However, if fxlis known to be uniform, then Watson-Nadaraya
estimator (1.2) is equivalent to estimator (2.2). Note that the variance of estimator (2.2)
is only about two thirds of a corresponding Gasser-Miiller estimator (1.3), while the bias is

the same. Thus, Gasser-Miiller estimators are not admissible!

4 Asymptotic minimax theory

It is well known that estimators (2.2) are optimal in terms of rates of convergence (see Stone
(1980)). More precisely, it is not possible to improve the rate n=4/5 uniformly in C; [defined
by (3.3)):
R(n,C;) = inf sup E4(T,, — m(z0))? x n=4/5, (4.1)
Tn f€C2
where “x<” means that both sides have the same order. In other words, one knows only

the rate of the asymptotic minimax risk. Naturally, one would ask how far the constant



factor of our estimate away from optimal. In this section, we are going to show that by a
suitable choice of a bandwidth and a kernel function, the estimator (2.2) is nearly optimal
(in asymptotic minimax sense) in constant factors as well. Such a type of results seems to
be new in nonparametric regression context. Indeed, without introducing the new class of

estimators, it is not possible to give a precise evaluation of the minimax risk R(n,C:) (see

Remark 2).

4.1 An upper bound of minimax risk

Note that by Theorem 1 and Remark 1, we have an obvious upper bound:

loaf [® .2 )2 a,_B / ® w2 4 1
R(n,C3) < 3C (/_mu Kudu) b+ [~ Kdudolbd+ =), (42)
Minimizing the right hand side of (4.2) yields an optimal choice of the bandwidth and kernel
function:
15B 3
(1) _ (222 \1/5 2 _ a2
hn - (bczn) ’ KO(“’) = 1 [1 T ]+ . (4.3)

(Note that Ky is a version of Epanechinkov’s kernel). Substituting them into (4.2) yields a
minimax upper bound given by

/
R(n,C3) < %15-1/502/5 (%)4 5(1 + o(1)). (4.4)

Let m*(zo) be the estimate (2.2) with bandwidth and kernel given by (4.3).
Theorem 3. An upper bound of the asymptotic minimaz risk is given by (4.4). More-
over, the estimator m*(xg) has asymptotic minimaz efficiency at least 89.6%:

R(’n,C2)
supyec, £y (m*(z0) — my(z)

% > 0.8962 + o(1).

The last statement will be verified in following sections, where a more general theory for

lower bound is devoted. Combining the two statements in Theorem 4 yields the minimax

risk:
R(n, Cz)
475
315-1/5C2/5 (51_35)

0.896° + o(1) < <1+ 0(1).




4.2 Modulus of continuity

The connections of modulus continuity with both upper and lower bounds for nonparametric
density models and Gaussian white models have been extensively studied in the literature.
See Donoho (1990), Donoho and Liu (1988), Donoho and Neusbaum (1990), among others.
However, in nonparametric regression context, the connections appear to be new.

Let assume more generally that we want to estimate ms(zg) = Ef(Y|X = zo) with a
nonparametric constraint f € F. For convenience of discussion, assume that 7 = F,NFp B
[compare (3.3)], where F,, are constraints on m, and Fp g are constraints on marginal

densities and conditional variance:

Fip = {f(+): fr(ao) 2 b,0%(z) < B, |fx(2) - fx(@)| S ele ="}, (45)

and 0%(z) is the conditional variance of Y given X = z. Note that the condition |fx(z) —
fx(y)| £ c|z—y|* is only used to guarantee the equicontinuity of marginal densities fx, and
hence the constants ¢, and a are not related with both upper and lower bounds. Indeed, in
the lower bound development below, this condition will not be used.

Define the modulus of continuity at a point zg over F,, by
wr, (€) = sup{|m1(zo) — m2(0)| : m; € Fim,||Im1 — mal| < €}, (4-6)

where ||-|| is the usual Lz-norm on Ly(—00,00). In nonparametric applications, one typically
has

wr,,(€) = AeP(1+ o(1)), as € — 0,p € (0,1) (4.7)
and the extremal pair is attained at m;(-), and mg(-), which has form

To— T

my(z) — my(z) = ePH ( o > (14 o(1)), (uniformly in z as € — 0), (4.8)

where ¢ = 1 — p, and H(:) is a bounded continuous function.
Definition: A functional m¢(zo) is regular on F,, with exponent p, if the extremal pair

of the modulus of continuity (4.6) exists, and has form (4.8).



As an illustration, let’s consider the constraint C;. A similar computation can be found .

in Donoho and Liu (1988). In this case, C2 = D2 N Fp g, where
Dy ={m(:): Im"(-)| < C}. (4.9)
Let’s determine the modulus function for the class D;:
wp, (€) = sup{|mi(zo) — ma(zo)| : |m1 — ma|| < €,m1 € D2, m; € D}

First, by Lemma 7 of Donoho and Liu (1988), the extremal pair can be chosen of form:

my = mg, and my = —mg. Thus,
wp, (€) = 2sup{|m(o)| : [m(-)I| < €/2,m € Ds}.
It follows that wp, is the inverse function of
e(w) = 2inf{[|m(-)|| : Im(z0)| = w/2,m € D,}.

A solution to the last problem is obviously the function mg(-) which is equal to w/2 at

zo and which descends to 0 as rapidly as possible, and which stays constantly at 0 once it

reaches 0, subject to the constraint that mg € D,. In other words,
mo(z) = [w = C(z - 20)?] L 1201+ o(1),

where o(1) is used to modify the function [w — C(z — 2¢)? + /2 near zq so that mo(z) is in

Dg . NOW,

/_w mi(z) = ;C W1+ o(1)),

e(w) = 2,/-1430-1/%5/2(1 + o(1)).

wp, (€) = (15/16)¥/5C13%4/5(1 + o(1)). (4.10)

which implies

Hence,

10



The extremal pair is attained at m; = —myg, and my = mg, where

27 [(15/16)/5C/%4/5 — C(x — 20)?| L (L+0(1)

mo(z)

_ 2
2-101/8,4/5 [(15/16)2/5 -5 (zez /:’°) ] (1 + o(1)).
+

Thus, the condition (4.8) is satisfied with p = 4/5 and
H(z) = C"/ [(15/16)*/° - 04/5x2]+ : (4.11)

In terms of modulus of continuity, the upper bound (4.4) can be expressed as

R(n,C)) < L3, (2\/,’,’:{,’;) (1+o(1)) (4.12)
- 2Ly, (2\/§,j(1+o(1)).

where p = 4/5, the exponent of the modulus of continuity, and ¢ =1 - p.

4.3 Heuristics of the hardest 1-dimensional subproblem

Let turn attention away from the specific constraint C; towards a general constraint F =
Fm N Fog. Assume that m(z¢) (suppress the dependence on f) is regular on F,, with

exponent p. Consider the nonparametric minimax risk:

. 2
R(n,F)= inf sup E¢ (T, — m(=z .
( ) T,, measurable feg' d ( ( 0))

Assume that F,, is convex, so that
mg(z) = (1 - )mo(z) + Omy(z) € Frm, 0 €(0,1], (4.13)

where mg, and m; is an extremal pair of the modulus of continuity wr,, (2\/W)
[compare (4.12)]. Thus, there exists a family of joint densities Fy = {fs : 6 € [0,1]} such
that

E; [Y1X = z] = me(z).

11



An obvious lower bound of R(n, F) is

R(n,}-) 2 R(n’fa)

= |mo(zo) = m1(2o)|? inf sup E(T, - 6).
T» measurable o0<6<1
B -
= w (2 p_) inf sup E(T, - 0)%*(1+ (1)), 4.14
o (2)5) 80 e BCTam0F(Ho), (419

as mg, and m; are the extremal pair of the modulus. Thus, we reduce the full nonparametric
problem to a 1-dimensional subproblem, and the connection with modulus is made.
Relevant information to the second factor of (4.14) is estimating a bounded normal mean
from normal model. See Bickel (1981), Ibragimov and Khas’minskii (1984), Donoho et al
(1989), among others. Consider observing the real-valued random variable Y ~ N(6,02?);
the objective is to estimate #, and it is known that 8 is bounded: |§] < 7. The minimax

risk for this problem is denoted by

pn(T,0) = inf sup E(T,(Y) - 6)?, (4.15)
T measurable |g<r

which has a simple relation
pNn(T,0) = a®p(t/a,1).
Similarly, minimax affine risk is

7252

=1 — 6)2 -
pa(ryo) = 1:}{ Ig;lspT(a +bY - 8) ot

There is no close form for pyy. However, a simple inequality is available:

0.8 < e € pn(1/2,€)/pa(1/2,6) < 1. (4.16)

(By Donoho et al. (1989) )

We would expect that the second factor of (4.14) is (see section 4.4 for detail)

inf sup E(Tn(Xl,Yl,- vy Xn, Yn) - 0)2 N PN (1/2, i) .
Ta [61<1/2 V4p

If we show that

liminfinf sup E(Tu(X1,Yi,+ ,Xn,Ya)—60)% > pn (1/2,‘/-41) , (4.17)
14

n=e T 101<1/2

12




then by (4.14) a lower bound would be
R 7) 2 ow (12 [E) b, (a/f,,——i) (1+ o(1))
= &2lut, (a/%) (1 +o(1).

where (4.16) is used in the last expression, and §, = 7 N

Comparing the last display with (4.12), we give a nearly precise evaluation of asymptotic
minimax risk for the class of constraints C;. In this case, p = 4/5, and a better evaluation
is available: £4/5 > 1/1.243 (see Table 1 of Donoho and Liu (1988)). Therefore, the second

conclusion of Theorem 3 is proved, if we verify (4.17).

4.4 Modulus continuity and minimax lower bound

To validate (4.17), we consider & normal submodel:

fo(z,y) = «/2_F exp(~(y — me(2))?/B)g(z), (4.18)
where g(z) is a marginal density, and mg is defined by (4.13). We make an assumption on
the richness of F.

Richness of joint densities:
There ezists a bounded density g with g(zo) = b such that the normal submodel (4.18)
is in the class of constraint F = Fp, N Fp B.

Based on the normal submodel (4.18), a sufficient statistics for § would be
bn = Z(Y — mo(X;))(m(X;) = mo(X;)), 62 =D (mo(X;) - mu(X;))%.  (4.19)
1

Thus, considering statistics based on §, and 2 would be good enough for estimating the

unknown parameter #. Note that conditioning on X;,---,X,,
8a/62 ~ N (8, B67?).
Thus,

inf sup E((F~0)*|X1,+, Xn) = pwv (1/2,VE/6n) - (4.20)
Ta  16I<1/2

13



Since mg, m; is the extremal pair of wg, (¢,) With ¢, = 2,/pB/nbq, and by assumption .
(4.8), we have

mo(z) — ma(z) = 2 H (-"cie;q—”‘) a+o1), [ (mo-miPds=cl,  (421)

which implies [*° H?(z)dz = 1. Note that by (4.21),

E&? = n /_ :(mo(:v) — m(2))?g(z)dz

ng(zo)el /_oo H%dz(1 + o(1))
4pB

= —+o0o1
. (1)
and
o0
Var(@l) < n [ (mofe) - mi(e))g(a)da
: —o0
o0
< P Ha) [n [ (mo(e) - ma(2)g(e)ds]
T -00
— 0, as n — oo.
Consequently,
PR 5%12, (4.22)

Heuristically, by (4.20)
inf sup E(T,-6)?~ Epy (1/2,\/5/&,,) ~ pN (1/2, \ /1) ,
T 10]<1/2 4p
By (4.20), we validate heuristically (4.17).
Theorem 4. Let F,,, be convez, and F = F,(\Fp,p be rich. If my(zo) 18 regular on

Fm with exponent p, then a minimaz lower bound is given by

R(n,F)2 &0}, (2\/3,,) (1+o(1))

where m(-) = E(Y|X =), and §, = is defined by (4.16).

7’\/q/ﬂv
Remark 3. The result of theorem 4 holds also for a randomly designed problem whose

marginal density is known to be g(-) (e.g uniform [0,1]). The reason is that in our lower

14



bound development, the marginal is fixed all the time. Our lower bound is also applicable
to a fixed design problem, where the design points are z; = G(i) with G' = g (specifically
uniform design), since our arguments above are conditioned on covariates Xj,- -, X.

Remark 4. Suppose that we want to estimate a conditional quantile function Q,(zo)

defined by (see Truong (1989))
P{Y < Qp(20)|X = 20} = p,
based on i.i.d. samples (X3,Y;),-+,(Xn,Ys). Then for the normal submodel (4.18),
Qp(20) = mg(zo) + VB,

where 2, = ®~1(p), and ®(-) is the standard normal cdf. Thus, estimating Q,(zo) in the

normal submodel has the same difficulty as estimating mg(zo). This yields a lower bound

. . 9 B
inf sup By (T~ Q(20) 2 HTLut, (2\/;) (1 4+ o(1)).

Specially, when p = 0.5, this is a lower bound for estimating a conditional median.

5 Discussion

The minimax lower bound is derived via the heuristic the hardest one dimensional subprob-
lem. We have shown that such a bound is indeed nearly sharp for a two-bounded-derivative
constraints. Analysis of minimax upper bounds for other constraints goes beyond the intent
of this paper, but provides interesting topics for future research.

5.1 Nearly sharp lower bound

We have shown that a minimax risk lower bound is [ £, > 0.8, by (4.16)]

R(n,F) > 0.8942%‘-’1w}m (2\/%) (1+ o(1)). (5.1)

15



Thus, if one can find an estimator such that its maximum risk is no larger than

rLut, (2\/%) (1+ (1)), (52)

then such an estimator has at least a minimax efficiency 89.4% in a similar sense of Theorem
3, and consequently the lower bound is nearly sharp. With such a sharp minimax lower

bound, we can compute the efficiency of any estimator in the following way:

Minimax lower bound (5.1) )1/ 2

. . >
Efficiency of an esimator 2 (Ma.ximum MSE of the estimator

(5.3)

Two-bounded-derivative constraints C; are not the only examples that upper bound
(5.2) holds. We conjecture that a general theory can be made if one makes connections
with white noise models as in Donoho and Liu (1988) where minimax theory is devoted
for density estimation. Let’s give another example, where the minimax upper bound (5.2)
holds.

Example. (Bounded Lipschitz constraints). Let (X;,Y;)-:+,(Xn,Ys) be ii.d from a

joint density f € Cy = Dy N Fy p with
Dy = {m(:) : Im(z) - m(y)| < Clz — y|,Vz,y € R},
A similarly machinery to (4.9)—(4.10) yields the modulus of continuity:
wp, = 31/3C1/362/3

and m(zo) is regular on D;. Thus, Theorem 4 holds:

BC 2/3
W) ’

R(n,C1) > &y/337Y/3 (
where £;/3 = 1/1.178 = 0.922 by Donoho and Liu (1988). On the other hand, exhibiting
the maximum risk of the estimator

£(-

To — X j
h$)

To — XJ'
A

) > (1 - ) (5.4)
+ 1 +

16




with h{D = (528-)/3 [corresponding to a local polynomial estimate (2.6) with K(z) =

(1 = |=|)4] yields an upper bound:
2/3
R, <370 (20) (55)

Thus, (5.2) holds. In summary,

Theorem 5. Under the constraint Cy, the minimaz risk is bounded by
2/3 2/3
0.92% x 3~1/3 (B—C) < R(n,C;) < 3713 (E) .
*\ bn bn

Moreover, the estimator (5.4) has asymptotic minimaz efficiency at least 92%.

5.2 Relation to other work

Vast literature has been devoted in analyzing the behavior of Watson-Nadaraya and Gasser-
Miiller regression estimators. The drawbacks of these estimators are eliminated via intro-
duction a new class of estimators.

Previous work on minimax regression problems has mainly focused (Stone (1980)) on
determining optimal rates of convergence. The local polynomial regression estimators are
used by Stone (1980) to determine the rates of convergence. To analyze the constant factors,
we extend the idea of local polynomial regression estimators.

A closely related idea for minimax bounds is the work of Donoho and Liu (1988), Donoho
(1990), where the density estimation and white noise models are focused. What seems
innovative in our approach is the decomposition of nonparametric constraints into two
parts Fp, and Fp g, and the use of normal submodels to-avoid the technical difficulty of Le
Cam’s theory of convergence of experiments (compare with Donoho and Liu (1988)).

Other efforts in finding minimax risks in regression setup include Nussbaum (1985), Low
(1989), and Fan (1989), where the attentions are mostly focused on some special global
problems. In density estimation setup, these include Efroimovich and Pinsker (1982), Sacks
and Ylvisaker (1981), Sacks and Strawderman (1982), Birgé (1987), Donoho and Liu (1988).

There is also a long history in finding minimax risks for Gaussian white noise models and
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other related problems. See Pinsker (1980), Ibragimov and Khasminskii (1984), Brown and
Liu (1989), Donoho et al (1989), Donoho and Jonestone (1989), Donoho and Neusbaum
(1990), among others.

6 Proof

6.1 Proof of Theorem 1 & 2

By conditional a:rgument on covariates X;,j = 1,---,n, and by using mean and variance

decomposition, we have

n Y — T w; 2 n . <
E((z0) — m(z0))? = E (Zl [m(XzJ:)? w:‘( o) ,) + E%;%i));ﬁ (6.1)

Denote Z, = O,(ay), if E|Z,|" = O(al). A similar meaning extends to o,(a,). Obvious
operations include
0:+(an)Or(bn) = Orj2(anbn), (Cauchy-Schwartz’s inequality)
and
Zn = EZ, + O, ([E|Za - EZ,"]'"). (6.2)

Then, it is easy to show that with s, defined by (2.4),
Esny = nh™ fx(zo)si(1 + o(1)), 1=0,1,2.

and [c.f. (6.2))

1 s
—Snl
nhlFt ™

1 1
—=F n ’
nhltt sni + Os (\/nﬁn)
fx(zo)si +0s(1) 1=0,1,2. (6.3)

where s; = [0 u'K(u)du, and in particular, sp = 1, 8; = 0. A directly consequence of

(6.3) is that

Z Wn = 8p,08n,2 — (8n,1)% = n2hisy fZ(z0) (1 + 04(1)). (6.4)
1
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Let R(X;) = m(X;) — m(zo) + m/(z0)(zo — X;). Then, by (2.5), we have the following

expression for the “bias term” of (6.1):
d_Im(X;) - m(zo)lw; = D R(X;)w;
1 1
5 rerpi (255) 0,
1 hn

-3 RO - XK (25 ) s (09

Note that by a standard argument [see (6.2)],
1 i . o — X j)
nh3 zl: R(X;)K ( han
To — X 1

= h73E[m(X) - m(zo) + m'(zo)(z0 — X)|K ( = ) + Os( nhn)

= %fx(ﬂ:o)m”(zo)32 + 08(1)1

and similarly

NN R(X ) za - X zo-Xj)
g 2 B0 = XK (2

1
nhy,

= %fx(xo)m"(zo)s;;(l + 0(1)) + 08(

= 08(1)-

Applying the last two displays to (6.5) and using (6.3), we have

n 24,6
n

3 Im(X;) - m(zo)hu; = o f (z0)s3m"(z0)(1 + oa(1)).
1

Thus, we conclude from (6.4) that

4 i) — m(xo)|w; 2
E(Zl[m(x’) (z0)] ) = (Bsam(e)) h4C1 +o(0). (6.6)

21 w;
To complete the proof, we need only to justify the second term of (6.1) has the right order.

Note that

n n .
> oA (X} = 1o ()R (220) [ - 2e0 = Xysmasna + (a0 = XYk
1 1 n
(6.7)
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which has the same structure as (6.5). A standard argument [c.f. (6.2)] yields that
20y o2 (T = X; N
Al L7 (25 ) (0= X

= 02(z0)fx (o) /_ ¥ WK u)du + 0g(1), 1=0,1,2. (6.8)

Since s; = 0, the dominant term of (6.7) is its first term:
- zo— X;
Y o*(X;)K? (%) $h.2:
1 n
Consequently, by (6.3), (6.7) and (6.8), we have

Z az(Xj)wjz-
1

b (2 (20)x(z0) [ K?u)du+ ou(1) ) w2 F(20)s(1 + 0a(1)

= wHo%a0)fi(eo)s} [ K*(wdu(l+os(D).

Thus, by (6.4), we conclude that
YioX(Xj)w? _ n3hlo*(zo)f}(z0)s} [ K*
(Ttw)? n4h%s3 fx(zo)

0’2(12 ) 0
TG fx(()fto) N K?*(u)du(1 + o(1))

E E(1+ o1(1))

This completes the proof of Theorem 1. Theorem 2 follows from Theorem 1.

6.2 Proof of Theorem 4

We need only to prove (4.17). Let m(8) be a least favorable prior for problem (4.15) with
T = 0.5 and 0 = \/q/4p:

pN(0.5,+/a/4p) = inf EE(T(Y) - 6%, Y ~ N(8,1/q/4p). (6.9)
Denote the Bayes risk with the prior 7 for normal model X ~ N(8,02) by

B(0) = inf EsEx (Tn(X)—0)" . (6.10)
Tn
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Then, (6.9) can be expressed as

Bx(y/4/4p) = pn(0.5,1/4/4p). (6.11)

Now, let’s turn our attentions back to the problem (4.17) with n i.i.d. observations

{(X;,Y;)} from (4.18). By sufficiency,

~ Al A 2
inf sup B (To(Xs,Yio o Xn Ya) = 6)" = inf sup B (Ti(bn,0) - 6)
Tn 10]1<0.5 T |6|<0.5

A 2
> InfEgE (Ty(bn,0n)—0
2 inf By ( ( ) )
> FE; inf EgEg [(Tn(gn,&n) - 0)2 I&n] ,
2 nip a

(6.12)
where &, and 4, are defined by (4.19). Given &y, é,/, ~ N(0,B5:2). Thus, by (6.12),
inf sup E(T, - 6)? > E;, B.(VB/é,). (6.13)
T 16)<0.5

Note that B,(-) is bounded by 1/4 (as |8] < 0.5 in our discussion), and is continuous. By

the dominated convergence theorem and (4.22), (6.11)

Es,Bx(V'B/6n) — Bx(\/a/4p) = pn(0.5,\/a/4p).
Thus, by (6.13)

liminfinf sup E(T, - 6)? > pn(0.5,1/q/4p).

B0 A 16]<0.5

This completes the proof.
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