CONVERGENCE ANALYSIS OF AN IMPROVED PAGERANK ALGORITHM
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Abstract. The iterative aggregation/disaggregation (IAD) method is an improvement of the PageRank algorithm used by
the search engine Google to compute stationary probabilities of very large Markov chains.

In this paper the convergence, in exact arithmetic, of the IAD method is analyzed. The IAD method is expressed as
the power method preconditioned by an incomplete LU factorization. This leads to a simple derivation of the asymptotic
convergence rate of the IAD method.

It is shown that the power method applied to the Google matrix always converges, and that the convergence rate of the
TAD method is at least as good as that of the power method. Furthermore, by exploiting the hyperlink structure of the web it
can be shown that the convergence rate of the IAD method applied to the Google matrix can be made strictly faster than that
of the power method.
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1. Introduction. We analyse the convergence of the IAD algorithm [7, 8] which is an improvement of
the PageRank algorithm [2] used by the search engine Google.

Google maintains a stochastic matrix! G, whose element in position (i,j) represents the probability of
following a link from web page i to web page j. Google determines the PageRank of web page 7, which is
the probability that a random surfer visits web page i. Google uses the PageRank to determine the citation
importance of web pages and to order the results of Web keyword searches. It turns out that the PageRank
of web page i equals element i of the stationary distribution 7 of G, i.e. 77G = 77, where the superscript
T denotes the transpose.

Thus Google faces the problem of having to compute the stationary probability of a large stochastic matrix
(the dimension of the matrix G is several billion [12],]9, §3.1]). Direct methods [15, §2] are too time consuming
for large matrices. It turns out that G is primitive, so that the power method applied to G converges, in
exact arithmetic, to a multiple of 7, for any starting vector [15, §3.1]. The asymptotic convergence rate of
the power method is given by the modulus of the second largest eigenvalue, in magnitude, of G. The original
PageRank algorithm [2] amounts to the power method [2, §2.1.1], [9, §3.1]. But the convergence can be
slow [7, §6, §8], and the power method is often accelerated [5], [15, §3.4]. Meyer and Langyville improve the
PageRank algorithm [2] by accelerating the power method with an aggregation/disaggregation step similar
to [15, §6.3]. Their method is called IAD for iterative aggregation/disaggregation [7, 8]. Comparison of
operation counts and numerical experiments illustrate that the IAD method is faster than the power method

(7, 86, §8].
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LA stochastic matrix P is a real square matrix with elements 0 < pij < 1, whose rows sum to one, Zj pij = 1 for all i.
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Overview. Here we analyse, in exact arithmetic, the convergence of the IAD method. In particular
we show that the TAD method amounts to a power method preconditioned by an incomplete LU (ILU)
factorization (§3, §4, §5) and give a simple derivation of the asymptotic convergence rate (§5). We consider
the choice of different stochastic complements for better convergence (§6) and computable upper bounds on
the convergence rate (§7). In particular we show that the power method applied to the Google matrix G
always converges, and that the convergence rate of the IAD method applied to G is at least as good as that
of the power method. We consider conditions that assure convergence of the IAD method in general (§8).
At last we prove a stronger result for convergence of the IAD method applied to G (§9). By exploiting the
hyperlink structure of the web we conclude that the convergence rate of the TAD method applied to G can
be made strictly better than that of the power method. We also show how one can save computations when
applying the IAD method to G.

Notation. All vectors and matrices are real. The identity matrix is [ with columnse;, 1 =(1 ... 1 )T
is the column vector of all ones. For a matrix P, the inequality P > 0 means that each element of P is
non-negative. Similarly, P > 0 means that each element of P is positive.

A stochastic matrix P is a square matrix with P > 0 and P1 = 1. A probability vector v is a column vector
with v > 0 and 71 = 1. The one-norm of a column vector v is |[v7|| = |v|T1. The eigenvalues \;(P) of P
are labelled in order of decreasing magnitude, |A1(P)| > |A2(P)| > .... The directed graph associated with
P is denoted by A(P).

2. The Problem. Let P be a stochastic matrix. We want to compute the stationary distribution 7 of
P, that is a column vector 7 such that [1, Theorem 2.(1.1)] 7P = 77 or 77 (I — P) = 0 where 7 > 0 and
771 = 1. If P is irreducible then the eigenvalue 1 is distinct and it is the spectral radius, and the stationary
distribution 7 > 0 is unique [1, Theorem 2.(1.3)], [16, Theorem 2.1].

The matrix P may be large, so the idea is to work with only a small part of the matrix. That is, partition
P P
P = ,
< Py Paa
where P and Pso are square. Ideally the dimension of P;; is small compared to the dimension of P. The

methods considered here approximate the stationary distribution 7 of P by operating on matrices derived
from P;; whose dimension is, essentially, the same as that of Pyq.

3. Exact Aggregation/Disaggregation. We present an aggregation/disaggregation method that is
the basis for the IAD method in [7, §8.2.2] and [8, §3.2.1], an improvement of the PageRank algorithm [2].
Our presentation differs from traditional ones [7, 10, 15] because we start from a block LDU decomposition.
The aggregation algorithm computes the components of 7 as stationary distributions of smaller matrices.

Partition the irreducible stochastic matrix

p_ Pi1 Pro (™
Py Py )’ ™

so that Py; and Pay are square. Since I — P is an M-matrix [1, Theorem 8.(4.2)], as well as singular and
irreducible, the non-trivial leading principal submatrix I — Pj; is non-singular [1, Theorem 6.(4.16)]. Hence
we can factor I — P = LDU, where [10, Proof of Theorem 2.3]

o I 0 o I—Pll 0 o I —(I—P11)71P12
(3.1) LZ(—Pﬂ(I—PH)_l I)’ D:< 0 I—S)’ U:<0 I :

and

S = Py + Py (I — P11) ' Pya,
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so that I —.S is the Schur complement of I — Py; in I — P [3, §1]. The matrix S is also known as the stochastic
complement of P in P [10, Definition 2.1]. It is a special case of a Perron complement in the context of
non-negative matrices [11, Definition 2.1].

Since U is non-singular we have 77 (I — P) = 0 if and only 77 LD = 0. Hence
(3.2) mS=xt  al =xlPy(I-Py)7t,

which means that 73 is a stationary distribution for the smaller matrix S. The expressions (3.2) represent
a partial version of the coupling theorem for 2 x 2 block matrices [10, Corollary 4.1].

Since P is irreducible and stochastic, so is S [10, Theorem 2.3]. Hence S has a unique, positive stationary
distribution o,

ol's=¢o", of1=1, o >0.

Therefore we can determine o from the stationary distribution o of S and then set mo = po where the, as
yet unknown, factor p is responsible for the normalization 771 = 1.

The component 71 and the factor p can also be expressed as components of the stationary distribution of a
smaller matrix, the ‘aggregated’ matrix

A= ( Pu Pio1
- O'TP21 O'TP221 ’

This is because (3.2), 3 = po and 671 = 1 imply
(77 p)(T-A)=0, (af p)1=1

Thus (71 p) is a stationary distribution of A. Since A is stochastic and irreducible [10, Theorem 4.1], it
has a unique, positive stationary distribution «,

alA=a", al1=1, a > 0.

T=(rl p).

Uniqueness implies «
We have shown that a block LDU decomposition of 77 (I — P) = 0 leads to the expression of m; and my as
stationary distributions of two smaller matrices.

ALcoriTHM 1 (Exact Aggregation/Disaggregation). Determine the stationary distribution 7 of a stochastic
irreducible matrix P.

1. Determine the stationary distribution o of S = Pag + Por(I — P11) 1 P1a.
Py Pl )

2. Determine the stationary distribution o« of A = (0TP21 o7 Pyy1

3. Partition o = (7“), and set m = (7T1 )
p po

The first two steps of Algorithm 1 can be interpreted as an aggregation because they take place on ‘aggre-
gated’ matrices of smaller size, while the third step represents a disaggregation that produces a long vector
7 of original size.

EXAMPLE 3.1. Consider the stochastic irreducible matriz P = al, + (1 —a)17T of order n, where 0 < a < 1
is a scalar and T is a vector with 771 =1 and 7 > 0.
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Then 7 is the stationary distribution of P. Partitioning gives

P11 P12 aIm + (1 - a)lﬂf (1 — a)17r2T
P - - T T .
Py Py (1—a)lm alp_m+ (1 —a)lms

The stochastic complement is
S = P22 + Pgl(j - Pll)_1P12 = CLIn,m + (1 — a)laT,
where o7 = 7l /7¥'1 is the stationary distribution of S. The aggregation matriz is

- P Pyl ~ (al,+ (1 —a)lxf (1-a)(rf1)1 - _ T
1= (ot ot ) = (0 ™ LG 1) et 0o

where ot = (7l 7l'1) is the stationary distribution of A.
In this particular example, the aggregation matriz A happens to have the same structure as the original
matriz P.

Since exact aggregation/disaggregation is too time consuming for large matrices, it makes sense to con-
sider approximate aggregation/disaggregation methods. To understand what happens in the approximate
aggregation/disaggregation method in §4 we express 7 in terms of the block LDU decomposition (3.1).

PROPOSITION 3.1. Let P be stochastic and irreducible. Then

0 0 _
T _ T 1
™ _p(* g )(O I>L )

where the scalar p ensures 771 = 1, and * represents an arbitrary vector of appropriate length.

Proof. This follows from (3.2) and Algorithm 1. O

4. Approximate Aggregation/Disaggregation. The approximate aggregation/disaggregation al-
gorithm does away with the time consuming computations involving the stochastic complement S. Instead
of the exact stationary distribution o of the stochastic complement S, we pick any positive probability vector
7,i.e. ¢ >0and 571 = 1. The approximate aggregation matrix is

A= ( I Pio1
“\6TPy 6TP»1 )

and it differs from the exact matrix A only in the last row.

The matrix A is stochastic because P is. The matrix A is also irreducible for the following reason. If Pyq is
of order k, then the directed graph A(A) of A contains k + 1 vertices. The fact that 5 and 1 are positive
vectors implies the following: A(A) contains an edge from vertex k + 1 to i, 1 < i <k, if and only if A(P)

contains an edge from vertex j, j > k+ 1, to i. Also, A(A) contains an edge from vertex i, 1 < i < k, to
k + 1 if and only if A(P) contains an edge from vertex ¢ to j, j > k + 1. Finally, A(A) contains an edge
from i to j, 1 < i,5 < k, if and only if A(P) contains an edge from vertex ¢ to j. Since A(P) is strongly
connected, A(A) must be strongly connected as well. Hence A is irreducible. Thus it has a unique, positive

stationary distribution &,

alA=a", al1=1, a>0.

All by itself this approximate aggregation makes no progress. However following it up by a power method
iteration is known to have ‘a very salutory effect’ [15, §6.3.1]. Below is a single iteration of the iterative
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aggregation/disaggregation algorithm. It makes up for the approximation & by appending one iteration of
the power method with P to produce an approximation 7 to .

ALGORITHM 2 (Approximate Aggregation/Disaggregation). Determine an approzimation 7 to the stationary
distribution 7 of a stochastic irreducible matrixz P, in one iteration.

1. Select a vector & with 6 >0 and 671 = 1.

2. Determine the stationary distribution & of A =

3. Partition & = (w}>; and set w = ((5{)
P po

4. Multiply 77 = W™ P.

Py Pis1
5'TP21 5TP221 ’

If it so happens that & = o then, according to Proposition 3.1, w” = #7 = w”P, and w is the desired

stationary distribution.

The approximate aggregation/disaggregation Algorithm 2 amounts, in exact arithmetic, to one iteration of
an ILU preconditioned power method.

REMARK 4.1. Let P be stochastic and irreducible and & a vector with & > 0 and 671 = 1. Then
T =p(x &7) (8 ?)LlP,
where p ensures 711 = 1.
Algorithm 2 can be viewed as applying one step of the power method, with the preconditioned matriz
~ (0 0 1
pP= ( 0 I) L™P

to the vector (¥ &7 ) and then normalizing it.

In the next section we execute Algorithm 2 repeatedly.

5. Iterative Aggregation/Disaggregation (IAD). The iterative aggregation/disaggregation (IAD)
method [7, §8.2.2], [8, §3.2.1] improves the PageRank algorithm [2]. It consists of repeated application of
Algorithm 2. We show that the IAD method can be viewed as a preconditioned power method and give
a simple derivation of the asymptotic convergence rate. For simplicity we view the TAD method as an
alternative to the power method rather than an updating algorithm.

AvLcoritaM 3 (Tterative Aggregation/Disaggregation (IAD)). Determine an approzimation =) to the sta-
tionary distribution © of a stochastic irreducible matriz P, in k iterations.

1. Select a vector 7(0) = (Wio) wéo)) with wéo) > 0.

2. Dok=1,2...
(a) Normalize ok = ng_l)/[ﬂék_l)]Tl-
(b) Determine the statio(fzc)wy distribution o%) of f(lg) = [U(kﬁlTlp21 [U(kﬁlﬁll%zl)'
(c) Partition a®) = (wl >; and set w*) = < “l (k) )
Pk Pka

(d) Multiply [7®)T = [w®]T P,



The TAD Algorithm 3 performs, in exact arithmetic, an ILU preconditioned power method.

PROPOSITION 5.1. Let P be stochastic and irreducible and w(© = (Wgo) wéo) ) a vector with ﬂ_éo) > 0. Then
Algorithm 8 produces iterates

(7T = 5 [«(O)F P, where P = (8 ?) L7'P,

and p ensures [1F]T1 = 1.
Proof. This follows from Remark 4.1. O

To determine the asymptotic convergence rate of Algorithm 3, label the eigenvalues A;(P) of a matrix P in
order of decreasing magnitude, |\ (P)| > [A2(P)] > .. ..

THEOREM 5.2 (Convergence Rate). If P is stochastic and irreducible then the asymptotic convergence rate
of Algorithm 3 is |A2(S)].

Proof. According to Proposition 5.1, Algorithm 3 represents a power method with the matrix

= 0 0
P= .

<P21(I—P11)1 S)
Because P is block triangular, its non-zero eigenvalues are those of S. Since P is stochastic and irreducible,
so is S [10, Theorem 2.3]. Hence its spectral radius is [A;(S)| = 1. Therefore the power method applied to
P has asymptotic convergence rate |A2(S)|/|A1(S)] = [A2(S)|. O

As a consequence, the TAD Algorithm 3 converges like the power method applied to the stochastic complement
S. The asymptotic convergence rate of Algorithm 3 is equal to the second eigenvalue of S. The example
below illustrates the effect of the asymptotic convergence rate.

EXAMPLE 5.1. Consider the stochastic irreducible matriz P = al + (1 — a)17T from Ezample 3.1, with
O<a<l,7T1=1and7w >0

The stochastic complement is S = al,_m + (1 — a)loT with o7 = 71 /7l'1. The subdominant eigenvalue of
S is Ma(S) = a. Hence the asymptotic convergence rate of Algorithm 3 is a.

What does this mean for the iterates %) 2 Any positive probability vector & produces A=A, thus a® = o
for all k. This means after one iteration the leading components of ©%) have converged, i.e. 7r§k) =m for all
k. As for the trailing components of 7(®), [wék)]T is a multiple of [wéo)]TSk, where S* = a*I,,_,,+(1—a*)1oT.

Hence

T
[g(k)]T — g1 [m3 +(1- ak—l) %27 5= 7TQTL N = [Wéo)]:rl'

The iterates are then
[ﬂ'(k)]T = (wif a® %[wéo)]T + (1 - ak)wg) )

The leading component my is exact, and the trailing component a* g[ﬂéo)]T + (1 — a¥)nT shows clearly that
(

the contribution of the initial vector 71'20) decreases as a power of a = A2(S), while the contribution of the
target vector mwo increases at the same rate.



6. Stochastic Complements. In this section we consider how different choices of stochastic comple-
ments affect the convergence rate of the IAD Algorithm 3.

Remember that the asymptotic convergence rate of the power method applied to a primitive stochastic
matrix P is |[A2(P)|. In Theorem 5.2 we showed that the asymptotic convergence rate of Algorithm 3 applied

to
Py Py
P =
(P o1 o )
is [A2(S)|, where S is the stochastic complement of Pys. Unfortunately we cannot take for granted that

Algorithm 3 has a better convergence rate than the power method, i.e. that |A2(S)| < [A2(P)]. In fact, the
opposite is possible, as we illustrate in one of the examples below.

One remedy for accelerating Algorithm 3 in case of slow convergence is to be more flexible about the
choice of stochastic complements and not to limit oneself to stochastic complements from leading principal
submatrices. One can form a stochastic complement from any principal submatrix [10, Definition 2.1]. One
way to think about this (to keep the notation simple) is to apply a permutation similarity transformation to
P [10, Lemma 2.1], i.e.

Py Pro
PQT = :
@ra <P21 Py
where @ is a permutation matrix, and use the stochastic complement of the permuted matrix

S = Pao + Por(I — Pi1) "' Pa.

Note that a permutation similarity merely reorders the components of the stationary distribution and pre-
serves the eigenvalues. That is, we can choose different stochastic complements by thinking of applying
Algorithm 3 to a matrix QPQT that is permutationally similar to P. The question is, can we find permu-
tations @ such that the stochastic complement S of QPQT has |[A\2(S)| < [X2(P)|? That is, can Algorithm
3 converge faster than the power method on a suitably reordered matrix?

The examples below illustrate different convergence possibilities for the power method and Algorithm 3.

EXAMPLE 6.1. This example illustrates that Algorithm 8 can converge in one iteration, while the power
method fails.

Let v be a positive probability vector, and

0 o7
(1 %)

a stochastic matriz. The eigenvalues of P are 1, —1 and 0. Hence |\2(P)| = 1, which means that the
power method applied to P diverges (unless the initial vector is the stationary distribution). The stochastic
complement that arises from partitioning off the first row and column of P is S = 1vT. Its eigenvalues are
1 and 0. Thus |X2(S)| =0, so that Algorithm 8 converges in a single iteration.

EXAMPLE 6.2. This ezample illustrates that the power method and Algorithm 3 can have the same rate of
convergence, regardless of the choice of stochastic complement.

Consider the matriz from Examples 8.1 and 5.1, P = al+ (1 —a)17T, where 7 is a positive probability vector
and 0 < a < 1. The matriz P has just two distinct eigenvalues, \1(P) =1 and \;(P) = a, i > 1. Each
stochastic complement of P has the form S = al + (1 —a)lo”, where o is a positive probability vector. The
eigenvalues of S are also 1 and a. In particular, A2(S) = A2(P), so that the power method and Algorithm 3
converge at the same rate.



EXAMPLE 6.3. This example illustrates that the convergence rate of Algorithm 8 can be significantly worse
than that of the power method, regardless of the choice of stochastic complement.

The irreducible stochastic matriz

5/6 0 1/6
P=|3/4 1/6 1/12
2/3 1/3 0

has eigenvalues A\ (P) = 1 and A2 (P) = Ag(P) = 0. It turns out that 0 is a defective eigenvalue, corresponding
to a Jordan block of order 2. Thus the power method converges in at most two iterations for any initial
probability vector.

Now let’s consider all possible stochastic complements that can arise during Algorithm 8. Denote by S;
the stochastic complement that arises from P by simultaneously permuting row and column i to the first
position, and then forming the corresponding 2 x 2 stochastic complement. The stochastic complements have
the following subdominant eigenvalues:

A2(S1) = —1/6, A2(52) = —2/15, A2(53) = 5/36.

In all cases |\2(S;)| > |A2(P)| =0, 1 <14 < 3. Thus for any choice of stochastic complement, the convergence
rate of Algorithm 3 is slower than that of the power method.

7. An Upper Bound on the Convergence Rate. We discuss an upper bound on the subdominant
eigenvalue |Az2|, which also furnishes upper bounds for the asymptotic convergence rates of the power method
and the TAD Algorithm 3. The upper bound can be easier to compute than |A2| and has some properties
convenient for a convergence analysis.

Example 6.3 shows that for any stochastic complement S of an irreducible stochastic matrix P, |A2(S)| >
|A2(P)] is possible, which means that for such a matrix the convergence rate of Algorithm 3 is always slower
than that of the power method. As far as Algorithm 3 is concerned, this situation is undesirable. We can
make things look better for Algorithm 3 if we replace |Az| by a suitably chosen upper bound 7 for which
7(S) > 7(P) is impossible. Denote by [[v?]| = |v|71 the one-norm of a column vector v, and by e; the jth
column of the identity matrix. With

1
7(P) = 5 max|(e; = ;)" P
we have for any stochastic matrix P [14, §4],
(7.1) |A2(P)| < 7(P).

Observe that 7(P) < 1 for any stochastic matrix P. The quantity 7(P) represents an upper bound on the
convergence rate of the power method, while 7(S) is an upper bound on the convergence rate of Algorithm 3.
In contrast to the eigenvalues, where |[A2(S)| > |A2(S)] is possible, this cannot happen for the upper bounds
7. The following result shows that 7(S) < 7(P), under appropriate conditions.

ProposiTION 7.1. If

k n—k

P:k Py P
n—Fk\ P Py

is stochastic and irreducible, and S = Py + Po1(I — P11) "' P12 then

7(S) < 7(P).
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Proof. We claim that |[u? (I — Py1) ' Pi2|| < |lul| for all vectors u. To see that the claim is true, observe
that P1 =1 implies (I — P11) 1 P21 = 1. With v; = |uj|, 1 < j < k, the triangle inequality implies

|’U,T(I — Pll)_lpl2ei| S ’UT(I — Pll)_lPlgei, 1 S ) S n—k.
Hence
n—k

HUT(I — P11)71P12|| S UT(I — P11)71P126i = UT(I — P11)71P121 = ’UT]_ = HUH,
1

%

which proves the claim.

For any two indices 1 < 4,5 < n — k, the triangle inequality and the above claim imply

I(ei = )" S < ll(ei = e5)" Paall + | (i =€) " Par (I = Pr1) ™" Pro

< |I(es — €;)" Poa|l + ||(ei — €5)" Parll = ||(exti — €xsj)" Pll.
Hence
1 T
<z — e < .
7(5) < 2k+{2§>§.gn||(ez ej) P| < 7(P)
O

Proposition 7.1 shows that the upper bound on the convergence rate of Algorithm 3 is never worse than that
of the power method.

The result below implies that there are matrices (including the Google matrix in §9) for which the power
method always converges, and for which the convergence rate of Algorithm 3 is at least as good as that of
the power method.

COROLLARY 7.2. Let G = cP + (1 — ¢)1v”, where P is a stochastic matriz, 0 < ¢ < 1, and v is a positive
probability vector. If |A\a2(P)| = 1 then for any stochastic complement S of G

A2(S)] < [X2(G)| =c < 1.

Proof. Since v is positive and ¢ < 1, G is irreducible. Inequality (7.1) and Proposition 7.1 imply |A2(S)| <
7(S) < 7(G). The results [4, Theorem 2], [9, Theorem 4.1] and (7.1) imply ¢ = [A2(G)| < 7(G). At last,
7(GQ) < ¢ follows from 7(G) = er(P) < c. O

Note that [A2(G)| = ¢ in Corollary 7.2 was already shown in [4, Theorem 2], [9, Theorem 4.1]. The crucial
inequality in Corollary 7.2 is [A2(S)| < |A2(G)|. The matrices in Examples 3.1, 5.1 and 6.2 are special cases
of the matrices in Corollary 7.2 with P = I.

For certain matrices, the upper bound 7 provides easily an computable upper bound on the convergence rate
of Algorithm 3. These include matrices where Py; or Pss has a column with all elements positive.

REMARK 7.1. If P is irreducible and stochastic, and p;p, > 0 for some m and k+ 1 < i <n then
<1-— i m 1.
Re(S 1=, min pim <

To see why this is true, note that rows i and j, k + 1 < 4,5 < n, have positive entries in position m and

(ei — )" Pl =" Ipi — pjil < 1= pim + 1= pjm + [Pim — Pim| = 2(1 — min{pim, pjm})-
=1
9



Proposition 7.1 implies [A2(S)] <1 — mingyi<i<n Pim < 1.

8. Conditions for Convergence. We derive conditions that guarantee convergence, in exact arith-
metic, of the TAD Algorithm 3. Operation counts and computation times for the power method, Algorithm
3 and other methods are compared in [7, §6, §8].

The power method with a stochastic irreducible matrix P converges if |A\2(P)| < 1, or equivalently if P is
primitive [1, Definition 2.(1.8)]. However, just because P is primitive, a stochastic complement S is not
necessarily primitive [10, §5].

REMARK 8.1. Let
P Pro
P =
(le Py
be stochastic and irreducible. If Pao is primitive or Pas has at least one non-zero diagonal element then
Algorithm 8 converges.

This follows from [10, Theorems 5.1 and 5.2].

REMARK 8.2. Primitivity of a stochastic complement S can also be related to properties of the directed graph
A(S), which is also known as the compressed directed graph [6, §1, §4]. A useful property of the compressed
directed graph is the following: for any pair of indices i, j with 1 < i,5 < n—k, if there is a path from vertex
k+i to vertex k+ j in A(P), then there is a path from vertex i to vertex j in A(S).

THEOREM 8.1. If P is irreducible and stochastic then the following holds:

P has at least one primitive stochastic complement of order at least two <= P 1is not a cyclic permutation
matriz.

Proof. First, we claim that P is a cyclic permutation matrix if and only if each column of P has at most
one positive entry. One direction of the claim is clear. To see the other direction, suppose that each column
of P has at most one positive entry. Because P is irreducible, each column must have exactly one positive
entry. Further, since the entries of P are at most 1, and the sum of all entries in P is equal to the order of
the matrix, the single positive entry in each column of P must be a 1. Thus, P is an irreducible stochastic
(0,1) matrix, hence P is a cyclic permutation matrix.

With the claim established, we now proceed with the proof of the result.

<=: Suppose that P is not a cyclic permutation matrix. Then some column m of P has at least two
positive entries, i.e. pi, m,--.,Pi,m > 0 for i1,..., i, with ¢ > 2. With a suitable permutation @,
partition

P; P,
poT — (1 12)
@rQ (le Py

so that Pag is ¢ X ¢, and P2y or Pay has a positive column. Remark 7.1 implies that [A2(S)| < 1, so
that S is primitive.
=—>: Suppose that

P Pro
P =
(le Py
is a cyclic permutation matrix. Since A(P) has exactly one cycle involving every vertex, and
since A(Py1) is a proper subgraph of A(P), A(Py1) contains no cycles. Hence Pj; is nilpotent, so
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(I — Py1)~1! is a finite sum of powers of Py;. In particular, (I — Py1)~! is a matrix with nonnegative
integer entries. Hence the stochastic complement S = Pag + Po1({ — Pll)_lPlg is also a matrix of
nonnegative integers. Since S is stochastic, it is a (0,1) matrix, and since S is irreducible, it is a
cyclic permutation matrix. Therefore S is not primitive.

COROLLARY 8.2. If the irreducible stochastic matrix P is not a cyclic permutation matriz, then P has at
least one stochastic complement S for which Algorithm 8 converges, i.e. |A2(S)| < 1.

9. The Google Matrix. We show that, when Algorithm 3 is applied to the Google matrix G with
an appropriate choice of stochastic complement, then the convergence rate is better than that of the power
method. We also show how one can save computations when applying Algorithm 3 to G.

The Google matrix is constructed as follows [9, §4.2, §4.5], [4, §2]. The hyperlink structure of the web can
be represented as a directed graph, whose vertices are web pages and whose edges are links [7, §2]. If web
page i has d; > 1 outgoing links, then for each link from web page ¢ to page j, entry (i,j) of the matrix P
is 1/d;. If there is no link from page i to page j, then the (i,j) entry of P is 0. Finally, if page ¢ has no
outgoing links at all, then row ¢ of P equals %IT, where n is the order of P. Thus P is a stochastic matrix,
and in order to construct a primitive stochastic matrix, one forms the convex combination

G =cP+(1-¢c)1vt,

where v is a positive probability vector and 0 < ¢ < 1 a scalar. This is the Google matrix [9, §4.2, §4.5], [4,
§2]. Element i of the stationary probability of G is the PageRank of page i [7, §2]; it is the probability that
a random surfer visits web page i [2, §2.1.2]. The PageRank is used by the search engine Google to estimate
the citation importance of a web page and to order the results of web keyword searches [2, §2.1].

In Corollary 7.2 we showed that if |A2(P)| = 1 then [A2(S)| < |A2(G)| = ¢ < 1 for any stochastic complement
S. This means the power method applied to G converges, and the convergence rate of Algorithm 3 is at
least as good as that of the power method. Now we prove a stronger result by exploiting the structure of
the Google matrix and by choosing a particular stochastic complement: In this case the convergence rate of
Algorithm 3 is strictly better than that of the power method. We make the following assumptions about the
web.

ASSUMPTIONS 1.

1. The stochastic matriz P contains k > 2 essential index classes C1,...,Cx. The class of inessential
indices (if any) is called D.
Recall that an index i is inessential if for some index j there is a chain of links from page i to page
Jj, but there is no chain of links back from page j to page i (i.e. (P™);; > 0 for some power P™,
but (P*);; = 0 for all powers P*); otherwise the index i is essential. An essential index class C is
a set of essential indices, such that there is a chain of links between any two indices in C, but no
outgoing link to an index outside of C [18, §1.2].

2. Each essential indezx class C; contains an index i; whose corresponding diagonal entry in P is 0,
i.e. at least one web page in each C; does not link back to itself.

These assumptions imply that the rows of P that are equal to %IT all correspond to inessential indices in
D. Also, |A2(P)| = 1 because P has at least 2 essential index classes.

When P satisfies Assumptions 1 there is a permutation matrix @ that orders the rows and colums of QPQT
into the following form: i1,...,i%, C1 \ {i1},...,Ck \ {ix}, D. Partition

G G
G T: 11 12
@eQ (Gzl Gar )
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where G711 is k x k and corresponds to the indices i1, ..., i, and let Sg = Gag + Ga1(I — G11) " 1G12 be the
corresponding stochastic complement.

THEOREM 9.1. Let G = cP+(1—c)1vT where 0 < ¢ < 1, v is a positive probability vector, and the stochastic
matriz P satisfies Assumptions 1. Then

A2(Sa)| < [A(G)]-

Proof. We exploit the structure of P, in several stages, to capture the structure of the stochastic complement

S¢. Partition
0 P
PQT =
@rQ (le P22)

where the leading diagonal block of order k is zero because the indices i1, ..., ix belong to different essential
classes, and each index corresponds to a zero diagonal element of P. While QPQT is presented as a 2 x 2
block matrix, whose leading principal block corresponds to indices i1, . . ., i, we will have occasion to further

partition the second block into two classes, Cy \ {i1},...,Cx \ {ix}, and D.

U1
Partitioning v = | va | conformally with P gives for the partition of QGQT,
U3
G111 = (1 —C)].’U{, G2 ZCP12+(1—C)1(U5 ’Ug),
Go1 = cPo + (1 — C)l’U{, Gog = cPoy + (1 — C)l (’Ug ’Ug ) .

We claim that [A2(S¢)| < ¢, from which the conclusion follows with Corollary 7.2.

To establish this claim, write Sg = Ga2 + G21 (I — G11) " 1G12 as a convex combination Sg = ¢T'+ (1 —c)127,
where
TEP22+P21(I—G11)_1G12, I= (vg ng)—l—viF(I—Gu)_lGlg.
Using the three facts that (I — G11)~! = I + B1v], where
1—c¢
= — §=0vT1;
1-(1—c)3 hht

the stochastic complement Poy + P51 P12 of P is again a stochastic matrix; and P21 = 1; we conclude that
T is stochastic and z is a positive probability vector. Since A2(Sg) = cA2(T") [9, Theorem 4.1] it suffices to
prove [A2(T")| < 1. To this end, we will show that T has at least one positive row and is irreducible. This
implies T is primitive [1, Corollary 2.(4.8)], hence |A2(T)| < 1 [1, Definition 2.(1.8)].

The principal submatrix of P corresponding to the essential index class C'; can be written as

0 T
M; = i),
’ (yj Bj)

where the leading row and column correspond to index 7;, and the remaining rows and columns correspond
to the indices of C; \ {i;}. Since C; is an essential index class, y; is not the zero vector. Hence M; is
irreducible and stochastic, and so is its stochastic complement B; + nyJT

With
B, xf Y1
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it follows that

0 X 0
QPQ” = (PO ?12) _ v T B 0
b1 Pao Ri| Ry Rs

Hence

T = P22 + CP21P12 —|—06P2111),1TP12 =+ (1 — C)(l + 65)P211 (Ug ’Ug ) .
| S ———

Consider the last summand in 7. The row (vl v1) is positive because v is. Moreover
Y1
Pul=| - |,
Yk
Ry

where each vector y; has at least one positive element. This means, 7" has at least one positive row corre-
sponding to each C; \ {i;}, 1 < j <k.

We still need to prove that 7' is irreducible. T being irreducible is equivalent to the directed graph A(T')
being strongly connected [1, 2.(2.7)]. We will show that for any vertex in A(T') there is a path to any other
vertex.

1. Paths within C; \ {i;}, 1 < j < k:
Consider the first two summands in T,

B+4+cYX 0
Poy + cPy1 P = (Rg—i—leX Rs)'

The leading principal submatrix is

By + cyrzt
B+4+cYX =
By + cyk:rg

Every diagonal element B; + cyj:v;fr is irreducible because its directed graph is the same as that of
the irreducible matrix B; + ijjT, ie. A(B;j + cijjT) = A(B; + nyJT) Therefore A(T') contains a
path from every vertex in C; \ {;} to all other vertices in C; \ {i;}.

2. Paths leaving C; \ {i;}, 1 <j <k:
The above fact that T' contains at least one positive row for each C;\ {i;} implies that A(T) contains
a path from every vertex in C; \ {i;} to any other vertex in A(T"). Together with 1. this implies
A(T) contains a path from every vertex in C; \ {¢;} to any other vertex in A(T), 1 <j < k.

3. Paths leaving D:
From the leading two summands of T, Pss + c¢Pa1Pio with ¢ > 0, we see that A(T) contains
A(Pzg + cPy Pro) = A(Sp), where

B 0 Y
SPEP22+P21P12=(R2 R3)+(R1)(X 0)

is a stochastic complement of P. Since every inessential index d € D has a path to some essential
index class C;, A(P) contains a path from d to every vertex in Cj. Remark 8.1 implies that therefore
A(Sp) also contains a path from d to every vertex of C; \ {i;}. Since A(T) contains A(Sp), every
vertex in D must have a path to some vertex of C; \ {i,}. With 2. we conclude that A(T') contains
a path from every vertex in D to any other vertex in D.
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Theorem 9.1 shows that for the Google matrix, there is always a choice of stochastic complement so that
the convergence rate of Algorithm 3 is strictly smaller than that of the power method. We give a simple
illustration below.

EXAMPLE 9.1. This example illustrates that the convergence rate of Algorithm 3 applied to the Google matrix
G can be the square of that of the power method.

Let G = cP + (1 —¢)1vT, where 0 < ¢ < 1, v is a positive probability vector and

0 I
- (0 1).
If P is of order n = 2k then its directed graph A(P) is a union of k cycles, each of length 2.

Partitioning vT = (vI 1) conformally with P gives for the stochastic complement from Theorem 9.1

S =(1—c)1v] + (el + (1 —c)1ov]) (I — (1 - c)lvlT)_l (cI+(1-0c)10]).
Multiplying out yields

1—¢2

2
= I _—
Sa =+ 055

1(col +ol), where § =] 1.
The eigenvalues of Sq are 1 and c2.

Hence the convergence rate of Algorithm 3 for this matriz G is ¢?, while the convergence rate of the power
method is only c.

Below we illustrate that when Algorithm 3 is applied to the Google matrix G, the computation of the
stationary vectors of the aggregated matrices A®) is cheap.

REMARK 9.1. Algorithm 8 applied to the Google matriz G involves the computation of stationary vectors of
aggregated matrices

A G G121
B [U(k)]TG21 [U(k)]TGQQ]_ ’

For the stochastic complement Sg from Theorem 9.1, G11 = (1 — ¢)1v¥. Hence

1—c)1of 1
A= (( [z(k))]T b [Z(k)]Tl) o P =0T, v=1-(1-0)s, d=0f1.

The simple structure of A% yields an explicit expression for its stationary vector,

1
€x + 7y

o) = (ex(1 =l + 4T ~), where ¢ = [z(M]T1.

Thus, when Algorithm 3 is applied to the Google matriz G, the computation of the stationary vectors a®) is
cheap.
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