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1, Introduction

The science of statistics is essentially the application of the mathematical
theory of probability to the study of variation in experimental and operational
data, In a paper prepared for the 1958 meeting of the International Statistical
Institute in Brussels, I discussed the "Uses of Variance Component Analysis in
the Interpretation of Biological Experiments." Some of this discussion is repeated
here,

The identification of the sources of variation and development of methods of
estimating the separate variances and testing hypotheses concerning them is one of

. the statisticiant®s important tasks. In most experiments, some va.t'iation is imposed
by the experimenter, in the form of different treatments, varieties, or practices,
Often inferences are desired concerning only the particular treatments used in the
experiment, it has been the custom to label these as fixed sources of variability,
In other cases, it is assumed that the variability among the sources used in the
experiment is representative of the variability in a much larger populations these
are usually labeled as random sources of variability, Admittedly the particular
representatives used in the experiment sometimes are not selected in an accepted
random manner, however, the experimenter can often justify the assumption that
order of selection is of little importance. Most experiments have a combination of

fixed and random sources of variability, the mixed category. Often an experimenter
will want to examine a given variable from both the random ard fixed point of views.
L
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In this paper I will discuss only situations in which all sources of variation
are essentially random. Some examples are presented on the next page, There are
two experimental and operational procedures to be considered: the nested or hicrare
chical type and the classification type. To illustrate the basic differences
between these two types, suppose we have a large rumber (b) of batches of some
material. These are to be processed by one of a large number of more or less iden=
tical machines. Suppose material from the first batch is subdivided into my sub=
batches and each sub~batch processed by a different machine; the secand batch is
processed by m, machines, all different from the first m1;‘ and so forth for all
batches, Hence there are m = <amg machines used for processing. The processed
material from each machine is t:]éted, assayed or inspected by a corps of technicians,
a different corps for each machine, The material is subdivided into samples, each
sample handled by ore technician. let us assume there are tij tethnicians for the

th th

J~ machine processing the i batch, so that the total number of technicians is

t = Etij" In the following example of two batches, we have assumed that each
m, =l§Jand each tij = 2,

Now suppose that there are only, say, L processing machines and, say, 2 tech~
nicians at a given plant, but that these machines and technicians are "representative"
of large populations of machines and technicians, Let us further assume that every
batch is subdivided into li sub-batches, one for each machine., Then the product from
each machine is divided into 2 parts, one part for each technician, This operation
for two batches is also exemplified on the following pages

In general, the first operation will be a combimation of the two types, since

subsequent batches will be allocated to machines 1 ard 2, 3 and L, etc,
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A better example of the strictly nested-type operation might be one I used
for the International Statistical Institute papere A pilot studywas considered
to assess the various sources of variability in the production and assay for strep=
tomyein before conducting an experiment on the efficacy of various molds. There
were five stages in this processs an initial incubation in a test tubey a primary
inoculation period in a petrie dish; a secondary inoculation period in another
petrie dish,; a fermentation period in a bathy and the final assay of the amount of
streptomycin producéd. Newton,et al.(1951) in a sfudy of the variability of rubber
considered the following sources of variations producerts estates, days at a given
estate, bales on a given day, sheets from a given bale, and samples from each sheet,
Technicians then took measurements on the samples. In this paper I shall discuss
only purely nested and classification-type operations but the same methods are

‘ applicable to the combination,

‘Returning to our batch problem, the final measurement made by the technician
is designated as the process yield, Y. We are here interested in the variability
of the Y's, Such variation is a result of variable batches, variable batch
sampling and subsequent machine processing and variable product sampling and
measurement, The variation in machine processing results from machine~to-machine
differences and failure of a given machine to performm in the same manner on
different batches, and similarly for the variation in the measuring process. The
failure of a given machine to perform similarly on different batches is called a
machine~batch interaction and similarly for the technician=batch and technician-
machine interactions. We are assumirg that only two-factor interactions need be
considered; however, one might also be interested in a technician-machine-batch

interaction, Interactions can be detected only with the classification=-type

. operation,



It is assumed that the sources of variability act independently and additively,

hence, one can write the mathematical model for the final yield as followsS

v
Y. =+ €.,
3¢ Ei”’

)
where there are v sources of variability, the {eijz assumed independently distributed
random variables with zero means and constant varianc«:srs, c;_,' hence, p is the mroduct
average., The variance of the final product is 02 = 2 02.. It is assumed that the
experimenter or manufacturer is interested in reduci;;lthe magnitude of 020 In
order to do this, a preliminary experiment is to be set up to estimate the
individual variances, c?_.

The estimates of the cg will be designated as 3?} In studying the adequacy
of these estimates, it will be assumed that the random variables (the els) are
normally distributed. Hence the observed yields are assumed normally distributed
with the same mean y and variance 02 =Eo§_ o However, if there is more than one
source of variation, the Yis (in general) will be correlated. Consider the nested

process with 2 batches, 2 machines per batch and 2 technicians per machine., One

might represent the measurements as followss
Tygp =W # Dy by Yogp =R 4Dy 4y + by, Ty 2 u Dy 41, + g,
ecoey Y2h8 = + b2 * mh + tao (2)

The usual short cut notation is to renumber the technicians within each machire,

the machines within each batch, etCe.s ic€oy
Tygp = H by #myy +bygqy Yygp =R+ D)+ My F B9,

Tipp = B EDy #Mp #hyors eees Toop = 0 + 0y +My5 + b5 o (3)



The latter notation is much simpler for complicated designs and will be used here,
In any case, it is easy to see that the covariance between .., and Y112 is
o% + 031 s between ¥yqq and I75q is cﬁ s and between Y,,; and Yoo, 15 O Hence it
is possible to write the likelihood of the sample in the familiar multivariate
normal form, with a constant mean (w) and variance (02 = ci + dran + 012_') but with
correlations of either (c% + c?n)/cz, gi/cz or Os The method of estimation would
be the familiar maximum likelihood (ML).

The model for the classification-type process might be

Tige =W +by #my+ (bm)ij + 4y, + (bb)y, + (mt’)jk teige 9 (L)

where e may be a three-factor interaction effect or technique error or a combination
of the two, In this case we have variance componentss aﬁ,oﬁ,aﬁm,ci,c%b,'cit,ci o

Again if the components are assumed to be normally distrituted, one can set up
the normal multivariate likelihood function, which will be considerably more
ecomplicated than the nested one,

The usual estimating procedure for variance components is based on the familiar,
I hope, Analysis of Variance table., For balanced designs, the analysis of variance
(ANOV) and maximum likelihood (ML) estimators are essentially the samey I will not
take the time to discuss this difference here, For non~balanced designs the ML
equations are complicated functions of the estimators, iterative methods are
usually needed to solve them, There is no unique ANOV estimating procedure for
non-balanced designs. The usual procedure is based on a pooling procedure first
presented by Ganguli (19)1) and summarized in Anderson and Bancroft (1952). This
procedure produces unbiased estimators, but of uncertain efficiency. The total
sum of squares can be subdivided into orthogonal sources but there remains the

prohlem of how to best combine these sources. One probably would prefer unbiased

estimators which are linear combinations of these mean squares in the ANOV table,



Hence one solution to the estimation problem would be to select that unbiased
linear estimator which has the smallest variance, In all discussion which follows,
a linear estimator of a variance component will refer to a linear function of tle
mean squares, obviously this is a quadratic function of the observations. Mach
theoretical work has been done on the construction of best quadratic estimators
for balanced designs, tut the results have been rather sterile for non~balanced
designse.

2. Some Simple Examples,

To illustrate the complexity of the problem, let us consider a twowsiage
nested process with only 8 final measurements, coming from a = 2,3560ey O 7
classes, with the model

Tig=wta+ bij§ i=1,25000320 (5)
The object of the investigation is to obtain a minimum variance unbiased linear
estimator of 02. One possible design has a = L classes and 2 samples per cdlass.

a
The analysis of variance would be as follows (p = cﬁ/c%) -2-/.

Table 1. Analysis of Variance for L Classes (N=8)

Source of Degrees of Mean Expected Value
Variation (SV) Freedom (DF) Square (MS) of Mean Square (EMS)
2 2 2
Classes (A) 3 MSA o, + 20, = cb(l+2p)
Samples (B) L MSB o

The ANOV estimates of ci and aﬁ are

. BB . 2. s, NG

g-/ It is assumed that the reader is familiar with ANOV procedures. If not,
reference is made to Anderson and Bancroft (1952, Chapter 22).



Under the normality assumption, MSA and MSB are distributed as multiples of
independent xz-variates. In fact MSA = xi(a% + 202)/3 and MSB = XZG%/}-L s Where
xi and xg are independent xa-variates with 3 and L respective degrees of freedom,

Hence

( 2 . 2.(*;2‘)2 4
Var (’&i = % —fbi-s—-i-_ +%— = 20‘%&/’48 +p/3 + p2/3] s (7)
In comparing designs and estimators, we will consider

Var(’o"i) 2

va=--—2--£—= 7/48 + p/3 + p°/3 . (8)
%

Var (6% by o

Gb)“'zab/hgvb“l/h. 9)

Another plan would have a = 2 classes and L samples per class, with the
results given in Table 2 and equations (10), A comparison of these two designs
shows that the one with 2 classes will be superior (in estimating og) only when
p is quite small, But we could consider 3, 5, 6 or 7 classes., Unfartunately all
of tlese will involve non-balanced designs. As an example, consider the design
with 7 classes, one sample per class for 6 classes and 2 samples from the seventh
classy the ANOV is in Table 3. Ay represents the variation among the 6 classes
with one sample per class, A2 represents the comparison of the sum of these first
6 observations and 3 times the sum of the two observations from the seventh class,
In estimating ci, one must decide how to weight MSA_.L and MSAZ" If these are

weighted directly as their DF, we have the results in equations (11).

Using estimators of this type, the values of V, and Vb have been computed when
8 = 2535000y O T classes are used, for p = o05,01y62y65,1,2,5 and 10(Table L), As
expected, one requires more classes to estimate °§. efficiently as p increases; at
the same time, the variance of ’c}g increases, Hence faor large p, if e wishes good
estimates of both oi and o:i, a compromise is necessary. This will be discussed in

more detail later,



Table 2, Analysis of Variance for 2 Classes

U e B B
A 1 MSA o2 4 ho? = o (L + lp)
B 6 MSB &

2 _ . Y (R - B =1
Og = =—p—— 5 Cp=MBj Vo=gp+ztp s =% (10)

R EEEERE NIRRT R R R R
Table 3, Analysis of Variance for 7 Classes

sv DF U} EMS
. 2 2 2,
Al 5 IVBAl G, * 0, = cb(l +p)
A 1 MSA 2+17502=02(l+175)
2 2 Op + 2el> 0y = & o (2P
5 _
B 1 MSB %
Np 5 MSA, +MSA, - 6 MSB 5,
Gé = 60?_5 3 va = 0922 + .2963 L+ .17695 P v'b = l/(a"‘a)e
B SE 3 3 b 36 SF 96 b 3 JF 3F 3F 3 SE 30 3 3 SF 3 3 3 M G ¥ (ll)
a/
Table 4, Values of V, and V, for Various Designs, N = 8 B
Va for given p
No, Classes (a) 005 10 o2 05 1.0 260 Soo 10,0 Vb
100 L1133 L213 o573 1.57 5.07 27,6 105 167

121 L,1h5 Q198 W19 o993 2,90 1h.8 5he9 | 200
Q63 .182 L2260 ,396 G812 2.15 10l 3648 | 250
255 270 WAL W67 .829 1,96 8,60  30.5 | 333
L300 JlL7 o Gu85 L6230 W9l 1,90 7.3 25.4 | W500
937 .953  ,988 1,11  1.h0 2,22 6,83 21,6 |1.000

-~ O B o W

s/ Vér('c};) = zvac% M Var(%%) = 2Vbc.1')L o Underlined values are minima for a given

p = 0fof
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3¢ Selection of Best "Linear' Estimators,

As stated earlier, for non=balanced designs the choice o even the best linear
unbiased estimator is not obvious. We might use an iterative weighted least squares
procedure, using the mean squares as the dependent variable and the variance compo=
nents as regression coefficients., Since the mean squares are multiples of x2-
variates, they have unequal variances, both due to EMS and DF, i.e.,

Var (MS) = (EMS)2/DF.

For the above 7=class problem the least squares equations are given in equations
(12), with limiting values for p = O and p—> oo in equations (13) and (15)s In
the latter two cases, explicit estimators of og and c% are available, These and
their varisnces are presented in equations (1h) and (16)s For the general case (12),
a suggested procedure is to use a preliminary estimate of p, such as ’c\ri/&i from the
pooled ANOV resultsg then resolve for '82 and ’&% using the least squares equations,
contimue the iteration until two successive sets of estimates agree. Unfortunately,
it is almost impossible to obtain the variance of the final estimate of ’&i;‘ hence,
a comparison of designs becomes very difficult. Very little research has been
pursued along these lines; the ideas are merely tossed out here for consideration,

A comparison of the limiting estimators with those of Table L is presented in
Table 5 for p = ,05;.1,1 and 10, The first two estimators are about the same for
all p but the third one is good only for very small p, It appears that one does
not lose much informmation by use of MSB to estimate o:i and the pooled MSAi to
estimate 02, except possibly when p is very small, In subsequent discussions, it

a
will be assumed that the estimators will be of the type used in Section 2,



Least Squares equations for 7~-class problem,

O

(140)°  (142.759)° 14p)°  (1+1.750)

by (1.79)° 2 5 .17 ]gn o4 . 1,758,
( 21 P (14p)®  (142.7%9)°

A

2

@z2)

— 5 b - 5A
5 > + 1075, » o.i o+ 5 2 + 1 s + 1 3_2 1 +
| (1+p) (LﬂxﬁpLJ (1+p) (1+1.75p)

=0

[5 + (1.75)2] 46,7582 = 5A, + 1,758,
6.756‘2 + 70’% = 5A +A, +B

MO t Uy =SB 20040)® w19360141.750)° + 2916

ao o * a0 7569
2 (B m 2 B L a5(n)? 4 h00(s1.750)° + 1619

bo 56 ? "bo 336l

g &= Q0

~2 =B = A2 652 " (S " 1 )h2 _ SA - AZ e

%00 T ° T % ¢ %% T = Sy e s

2 Dty -3, _ 25(1ap) > 16(141,750)% + 1521
&, ® L2 ? Tay00 1760

W oaF ok 0 3 AF SE 3 9F 3k 98 36 3% 36 96 36 3 49 3 SF B SE R

Table 5. Comparison of Variances of Bstimators (N=8)

3
v .05 o5 1 10
v, oSh | 1.11 1.L0 21.6
Va0 | 1003 1,21 | 1l.b9 } 20.8
va’0 69 1 1,29 2,32 88,2
v, 1,00 | 1,00 | 1.00 1,00
vb,o oTT #80 87 1,13

i (14p)° (141.75p)°

+B o

(13)

(k)

5)

(16)
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The se methods could be extended to any design with any number of variance ‘com-
ponents, provided independent mean squares can be computeda In general let Mh
represent the hth mean square, with By D,F, and E Mh Ekhici’ where there are
v variance components (some of the khi will be zero, none will be negative) The

ith normal equation will be

%h [hkhlkh J o5 = 3 [ththh] ' (7)

where W nh/(EMh) . One can simplify the weights (w ) by using ratios of variance

components, as above,

Lo Optimal Designs for a Two=Stage Nested Process.

P, P, Crump (1954) considered these two problems for the two=stage nested
processs |

(1) Given N, the total sample size, find the best design for ‘use in

estimating p, cxﬁ,oﬁ or p = oi/c%, using the pooled ANOV considered
in Section 2,
(2) For certain selected designs, compare some alternative estimators
of u and o*i.
Only (1) will be discussed at this time,

The best design for estimating p is a = N classeswith 1 dbservation per class
and for ci is a = 1 class of N observations, the results for ci and p are intere-
mediate, Given a classes, Crump proved that for both oi and py the optimum
allocation of N was to have r classes with p+l observations per class and a = r
classes with p observations per class, where N = ap + T, r (an integer) < a. However,
the optimal a would be different for estimating ci and p, It could not be proven

rigorously but it was conjectured(and shown to be correct for all camputed examples)

that the following procedure should be followed to determine the optimal _a_3
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(1) If a did not have to be an integer, it has been shown by several
authors that the optimal a (the one giving an unbiased minimum

variance estimator based on the pooled ANOV) is

3 2. = — N(N +2) [ )
i) for o1 a al"N'(E%TFl s

=5 ) (No+l
=1 4+ (Npil( oX %

(18)

ii) for p ¢ a = a,

(2) since a and a, will not, in general, be integers, select the integers
Just larger and just smaller than a, (or a2); compute the exact
variance for each; then whichever variance is smaller, compute the
variance for the next adjacent integral value of a; continue this
process until a smallest variance is obtained, In all examples
computed, this was found for one of the two original integers.

These calculations usually can be omitted since the variance profile
is quite flat near the optimum; hence, I suggest using for a the
integer closest to a; (or az).

(3) The true variances of ’c}i and P for a given a (N = ap + r) are}
2
Var (&)= 20%(Ap +Bp +0C) ,

Var(g) = 2(A'p2 +Blp + Ct), (19)
2 2
N"S, = 28, + 5, 2N N (N-1)(a=l) o

Ao et P ;
(¥ - s,) W -5, (Nea) (W= 5,)

(Nea=2)A+l o oy _ (N=3)B o o, _ _ (Ne2)(Ne3) ..
M=y s B =g 0 Ot e O

S, = Np +r(pt) S3 = Np2 + r(p+l) (2p+l),
Crump presents values of A,B,C,A!,B!, and C! for selected values of a for

N = 10,20,30, and 100,
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Crump compared the minimum variances for '52 and 6 following the above procedure
with the theoretical minimum disregarding the fact that a and the number of
observations per class must be integers. Some of these efficiencyratios of

variances (Eo) are given in Table 6 for Gi.

Table 6, Values of Eo(éi) 3/

0
N 0 <50 1,00 2 200
10 0988 981 +980 90
20 0997 o987 995 29L3
100 1,000 0998 1,000 L7

a/ g = Win, hypothetical variance
o min, realigable variance

These results indicate that the procedubre outlined above must be quite good,
Recognizing that the allocation which produces a good estimator of one
parameter may be poor for estimating some other parameter, Crump computed the
efficiency ratio (Ef) for all four parameters, for various allocation plans. These
are presented in Table 7. This table presents (for each parameter) the ratio of
the variance for the optimum allocation to estimate that parameter to the variance
for the given allocation. For example with N = 10 and p = 1, the best allocation
plans for p, cxi, 0'2 and p are, respectively, a = 10, 1,5 and 3. The minimum
respective variances are o%/S; 20,;/9; 2@’6‘(.6125)3 2(1.98775)e The respective
variances for a = I are 0%(036); 20%/6; 2@%(.6950),’ 2(2,32285), The ratios of the
minimum variances to those for a = L give the respective efficiency ratios, &, H

5/9 = 563 2/3 = 675 «6125/.6950 = o885 1.98775/2432285 = .86,



"

Variance for optimum allocation at given a

P . A A2 /\2 A y
Table 7., Efficiency Ratios (E ) for g Ub, Gps Pe
N s a Ef(ﬁ) (ab ’:‘:‘«f(caL i:_.(’53)
10 o5 2 A3 .89 W61 .88
3 056 078 '89 1.00
h 065 .67 099 078
5 75 56 1,00 i3
1.0 2 033 -89 oli2 o 79
3 oli5 .78 T 1,00
L 56 W67 .88 «86
5 67 »56 1.00 «50
20 4.3 5 .50 79 .90 1,00
7 Bl .68 1,00 295
8 065 063 099 087
10 75 <53 .96 NS
1.0 5 210 oT9 .70 296
7 o51 .68 <87 1,00
8 .56 .63 292 96
10 67 053 1.00 .82
11 o710 W7 «98 69
240 5 33 279 o5l «90
7 by «68 oT2 1,00
10 060 053 095 .39
11 .63 oli7 97 82
1L oL 032 1,00 36
100 55 10 .25 W91 .58 1
20 o3 »81 .88 97
25 50 o 76 96 1,00
33 ) +68 1.00 96
35 «6L 56 99 L
50 75 o5l I1 o7l
1.0 25 .10 <76 7 96
33 L9 »68 +89 1.00
Lo 56 61 o9 097
50 67 051 1,00 .88
60 .71 L0 +95 o 72
200 25 e33 076 561 u90
38 o7 »63 81 1.00
50 060 51 97 97
66 69 o3l 1,00 .72
75 .82 025 <98 5k
1/
- Var:.ance for optimum allocation at optimum &

P
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An examination of Table 7 indicates that large gains can be achieved in the
efficiency of estimates of C’i and p by suitable choice of the sampling plan, for
fixed total mumber of observations, Ne For N = 20, p = 1,0, one should use 758599
or 10 classes depending on the relative importance of the two parameters, assuming
i and cxﬁ were of secondary importance, Similerly if p = 2,0, one should use
between 7 and 1L classes. And if p = 0e5y use 5, 6, or 7 classes. It is importent
to note that if one thought that 0.5¢ < 2.0, he might logically choose 7,8 or 9
classes without departing too far from the optimum, For N = 100 and p somewhere
between 005 and 2,0, he could choose around LO classes without much risk of
departing far from the optimum, |

One can use the results in Table 7 to study the effects of using the incorrect
p in making his allocations. Some of these comparisons plus others regarding the
estimation of ci have been made in Table 8. In general it appears that if the
true p is 1 or less, one will not lose more than 10% in efficiency even if he uses

2p or p/2, The loss is considerably less when p is as large as 2.

5., Optimal Designs for a Two-Way Classification Model

5,1 Introduction, D. W. Gaylor (1960) considered methods of sampling, under

certain restrictions, to minimize the variance of certain estimators of

variance components for a two-way crossed classification

- s 1 1,2’0.031' <N
Tige =wt Tyt oyt )iy ¥ sige s § a1, (20)

where the effects are assumed normally and independently distributed with zero
. . 2 2 2 2 .

means and respective variances, 0,,50,¢0,, and Og and nij observations are

obtained in the (ij) cell., It is assumed that a total of N = 24 nj_j samples

are allocated to the rc cells. The problem is to make the allocation so that

the variances of the estimates of the variance components will be as small as
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Table 8. Effect of Incorrect Estimate of p on the Efficiency of Estimates of oi

Optimal No, No, Classes
X L Classes (a) Estimated p Used (a) Efficiency
20 045 7 0.22 5 «903
0».‘ ,n 6 .,
0068 9 ‘985
0,85 10 «960
1,06 11 897
1.0 10 Ol 7 869
0453 8 518
1.3 12 957
1.66 13 921
2,12 1h 869
240 1L o.l1 7 «725
0.68 9 868
0.85 10 L7
1,06 11 #5969
3470 16 o951
100 045 33 0.1L 1L «739
0426 22 911
0.59 38 986
0.97 50 912
1.L6 60 o775
1.0 50 0,31 25 o772
047 33 +393
0.6L Lo Sul
146 60 L6
1,90 66 894
2.0 66 0.6l 10 832
2495 75 976

3.94 80 «935
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possible, This again poses the problem of deciding which parameters are most
important., Gaylor studied optimal allocations for individual components and
for certain combinations.
Given any quadratic estimator

Q =y v (21)
where Y is the (N x 1) vector of observations and Mi = M{ an N x N matrix of
coeffiéients. In vector form, we can write

N x 1) = (W x1) +ex1), (22)
where & is the error or random effects vector. The variance-covariance matrix

of the e'g is

V=E(e e, (23)
The diagonal elements of V will be
2 2 2 2
O * O, *+ O *0g (2k)
The off-diagonal elements will be
2 2 2 2 ,
Ops0gs0, *+ Oy + O, Or O (25)

depending on whether the two corresponding observations are in the same row
but different columns, the same column but different rows, the same row and
columm or in different rows and columns. It is easy to show that, for unbiased
estimators,

B(Q,) = tr(W,) = o § Var(q,) = 2twr(m)?, (26)
where oi is the variance component to be estimated and "tr" refers to the trace
of the matrix. The lower bound to the variance is

LB.Var(Q;) = 20/(N-1). (27)

For the following cases, this lower bound can be realized; for others, it

usually is not possible,
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Function estimated -r- 2 f&;«l

Og 1 1 N

of + g * % s o1 (28)
ci + oﬁc + o% 1 N 1

c§ + oic + oﬁ + oi N N 1l or d*

¥* . .
each observation from a different row and column

The estimator in each case is S(y - ‘i)z/(N-l). The last design is also the
optimal design for estimating w. The variance of ¥ is then

(0'2 # c?c * cri + ci)/N. (29)

One special case is of importance, If cxz-c = 0, the optimal design for

estimating 0'5 or p, = ci/ci consists of one columng in this case the results

by Crump apply. Similarly, if only crf= or p, is of interest, use one row and

apply Crump?s results,.

5¢2 Estimation of Uf‘ or p,, when ci c) Oe It was not possible to develop a

completely gereral class of designs to estimate of, or o, = cf,/cz, where

2 2 2
o =04 +0,

shown that if the design were limited to a class in which each nij =0 or

o? Which could be proven optimal for all situations, It was first

n(an integer) observations per cell, n should equal 1, Hence each cell should
either be empty or contain one observation. The sums of squares used for
estimating 05 and P, Were those given in an ANOV table based on the method of
fitting constants (Table 9), The estimators of of, and Pr and the variances of
these estimators are given in equations (30) and (31). These results are based

on the fact that (r-‘-l)R* can be subdivided into r-1 independent quantities,
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Table 9, Analysis of Variance for 2«Way Classification Data

sV DF ¥ EMS
Columns . c =1 c o‘§ * of,c + clci +r o
Rows (adjusted for cols.) r=-1. r* oi + 05 ot Ooﬁ
, . ¥* 2 2
Interaction (adjusted Newrec+l I o, + o
for rows and cols,) 5 re
Total Nel
2 3 ¥* o N NeTmg=]
o= (1 -1 ey s Pn =[N-r-c+ - ]/c ’ (30)
where c_ = (Nec)/(r=1) and Ft = R /I
2 2 Twl
Var (5 ) 20 o
rel L L, B, (e DP ; (31a)

Zoh T m(N=c)  Nec = Tel (N-c) {=1

ver(p)  (r-1)(ivcp )P (mir-3) + (me2)ol 2 (a,- TP

= (31b)
‘ cf,(r-1>2<m~u>
where m = Nerec+l (>l for p )y 0 = 0'8?‘ + 0‘2‘0, P = 012,/02 and
Tl
(r-D)F" = F S+ ap 0
i=1
TR R R RN E R LR R L R L vy
IN = rc,
L 2p
62 - 20' 1 r 2 <
Var(cr T ral |c(e-1) Alar-mid pr:\ I (322)

Var(f,) = 2(1+cp,, )% (N-0-2)/c? (3el) (Norece3) (320)
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All statements refer to the above estimators. Admittedly other estimators
might be more efficient for a given design,

If for a given N and ry N is an integral multiple of ry N = rc, then the
best design with nj_._j = 0 or n to estimate cﬁ or p., consists of r rows and ¢
columns with one observation per cell., Graybill and Wartham (1956) show that
the resultant ’Errz, is a minimum variance unbiased quadratic estimator. In this
case in Table 9, & = 0, ¢ =c andr_ =r, and d, = d = c. The variances of
the estimators are given in equations (32).

In general N/r will not be an integer. Suppose N = r(k=l) + s, O (s <Ts
For a given ry a design of the type ngy = 0 or 1 which minimizes Var (Gf,) based
on the above ANQV table consists of r rows by k-1 columns (using only Ne=s
observations) or r rows by k-l columﬁs plus one column with s of the r rows,
The variances are given in equations (33). This leads to the interesting
result that a balanced design may lead to a smaller variance than an unbalanced
design with more observationsy; this situation arises when Py is large and
indicates that presumably the estimators used are not the best for the
unbalanced situation,

In order to find the optimal value of r, one should minimize (33a) or (33b).
This is quite complicated because k and s are functions of r, Because of the
near balance of the design, a good approximation to (33) is available by
replacing each d, in (31) by d = c, = (N-c)/(r=l) and ¢ by c, + 1/2 (since
e gegq, * 1). These approximate variances are given in equations (3L).
Setting the derivative of (3La) wii':h respect to Cy equal to O, we have

. pE(N-L/2) + 2p -1 +J P2 (-1/2) (N=3/2) + 2p_(W=3/2) +1
° pS(N = 1/2) + 2p,

This is approximated by (36a) with the approximate value of r in (37a).

(35)

c

Corresponding results for /;;r are presented in (36b) and (37b),



If N = r(k-l) + s, O¢s¢r 22

[pz + 2pr/(k-l) + l/(k-l)(k-Zﬂ/(r-l), using k-1 cols,

) T
Var(G)
——= el els1)eme) 20, - | (332)
20 Tel + (N-—k)z(r-l) tyg t Wy (mkz )~ » using k cols,
S:.L (k-1 ] 21 (k1) 2 ;
ver(3.) + k-l)pr rk=rekel)/(k=1)" (r=l) (rk=2r-k~2),using k = 1 cols,
r.o.
e 7 (Nur-k-l)(s-l)(rws)pi +§zr-1) + (N-k)p;] 2 (Neke2) (33v)

5 s using k colse
(Nek)“ (r=l ) (Nerwke3) .

Using all N observations,

~2 22
Var(crr) . 1+2p +cp =20, ~c¢

p.
o'r
2014 2 o-l ) (N-co:l72 ) * (3ka)
o~ 2
Var(pr) . (1 + copr)
- CIC [y ) (lb)
For /&5 3
e = P (N-1/2) & (N-1£2) + 1)
cy = ¢ = Pr(ﬁ“'l/z) — —>1 + l/pr for large N, (362)
and
r=7=( - 1/2)/5‘:‘) . (37a)
For '531, s
. 2pr(N-»l/2) + (N=1/2) +1
c, =7c, = USRI —2 4+ l/pr for large N, (36b)

r=7 = (N~ 1/2)/5; o (37v)
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Again one can consider integers above and below T or T as the optimal r,
testing by insertion in the true variance formula (33). As in Crump's case,
the variance profile is so flat that the integer closest to r will probably be
sufficient. Once r is determined, the number of columns will be found from
the fact that N = kr or N = (k-l)r+s, where s¢r. In the latter case, the
experimenter presumably should check whether to use a balanced design with
(k=1)r observations or an unbalanced one with s rows in the kth column, since
it requires a very large Py to prefer the smaller balanced design, the un-
balanced design usually will be better., In the latter case s the experimenter
might wish to consider the use of enough more observations to have a (kxr)
balanced design; matters of this kind need further investigation, such as
maximizing the information per observation rather than the total information,

Gaylor also investigated the loss of information due to an incorrect
estimate of Pps as given in Table 10, These results are of the same arder of
magnitude as found by Crump, As before, losses due to use of the incorrect P
are less serious for large p, Gaylor checked some of these results against
those found by use of exact variancesy; the agreement on the efficiency factor
was very good, e.Zey Ef2 = ,907 instead of .909 for N = 30, Pp = 1.0, pzf = 2,04
It should be noted that Gaylor considered ratios of L°1 for 8r and only 231
for ’c}ﬁ: hence, some of these efficiencies are lower than for /c\yf'.

Table 11 presents the efficiency of various designs used to obtain
information on of and P, for N = 30, This table shows that extreme departures
from the optimal design results in a considerable loss of efficiency, however,
moderate departures usually result in small losses. Where Py is gmall, a
balanced design in the neighborhood of the optimal design has high efficiency
for estimating both parameters., However, even for Py = 1, the efficiency of
each estimator is less than 90% when the optimal design for the other is used.
On the other hand, one is able to find an intermediate design which is quite

good for estimating both parameters when Py is no larger than 2,
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Table 10, Approximate Relative Efficiencies, Ef of the Restricted Optimal Designs

for ei and ﬁ} Based on Incorrect Values of p,

Results for Gi

Design Based on True o Design Based on Incorrect pé
—~ = P

N Pr %, PP % B; Pr.p  C& B
30 025 li,0l 125 6.01 928 «50 2.70 2905
1.0 1190 50 2,70 .920 2,00 147 0909
4.0 1.2 , 2,00 147 o9L3 8,00 1,12 2939
100 25 L.67 125 7.82 .907 +50 2,90 »900
1.0 1,97 50 2,90 «912 2,00 1.L$ 2909
L,0 1.25 2,00 1.L9 o9L2 8,00 1.12 0936

Results for Sr

Ep
True o P! Used N = 30 N = 100
0625 1,00 «849 829
1,00 0,25 -8L7 .823
0,50 2,00 .900 891
2.00 0.50 »907 .896
2.00 8,00 2970 976

8,00 2,00 993 2983
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’ Table 11, Efficiency of Some Designs for Estimating 012. and Pps N =30 3/

Py r c 8 Effef) Ef(ﬁr) P T ¢ s Ef(af,) Ef(é\r)
AR A B A 1
0 . [ L ] .
6 5 0 .399 1.850 10 3 0 o7h0 1,000
75 2 .98k .9L7 i3 8 o= 987
T b oo 9l 889 12 3 6 G822 969
8 L 6 1,000 .5h3 15 2 0 I7h 931
9 L 3 959 871 18 2 12 4997 -
10 3 0 .965 .862 %g § ié l-ggg 2631
15 2 0 2732 - 557 2L > é :902 -
B0 S5 6 0o ——— .889 |
6 5 0 .83 9%l bo 6 5 0 == 735
7 5 2 .882 968 T3 I O% - . 788%
T L O% 8574 \9223¢ 9 L 3 - 927
8 4 é 938 1,000 10 3 0 586 1,000
9 L 3 954 967 11 3 8 w—m 1,000
10 3 0 1,000 986 12 3 6 - 99
11 3 8 986 927 %g S 18 .gg; .gg%
1 2 0 . «732 . .
. 5 933 73 gi g Z 1.9% o1
1.0 6 S 0 - 852 000 ——
T3 b o —— . 822% 25 2 5 «393 v
9 L 3 - .956 28 2 2 .658 ——
10 3 g .877 1,000 _
' ~ ]
ﬁ“ ; 9 'gé?i :ggg Ef(pr) only far p, = 8 and 16
15 2 0 1,000 i
16 2 1, .98k - r ¢ s p,=8 p, =16
1 2 1 ) —
’ adl 10 3 0 97h 955
11 3 8 .981 965
12 3 6 982 970
13 3 L 9717 « 969
1L 3 2 963 «960
15 2 0 14000 1,000
16 2 14 IU5 948
20 2 10 634 +6l6

r = No, rows 4 ¢ = No, columns. If s =0, N = rcj if s >0, N = r(c-1) + s
# designs have only 28 observations.
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The two sets of restricted optimal designs begin to diverge considerably
as @, increases beyond 2, One notes that the limiting value of cisl + l/pr
for &% and 2 + 1/p for B+ Tor p =1, the optinsl designs have 2 and 3
columns, respectively, However, for p >1, the optimal design for %f. is non=-
balanced with 2 columns, whereas that for 6\1' approaches a balaced design with

2 columns,

The particular case of ¢ = 2 has been investigated more thoroughly for 81?*’
Consider a two=column restricted optimal design with Ner! rows in one column
and r! of these same rows occupled in the second columng is€.y 8 = O if

rt = N/2 or 2K r! = s¢N/2, Prom (33a),

A2 — .
Var (o 2t - -r!-

20+
If rt = N2, (38) simplifies to (pxz, +p, * 0.5)/(ri=l). The value of r! which

minimizes (38) is

2 .7 (N=2)/ \/5
N/2 S V2

Hence when pr>\/'—2, a two=column design with one column shorter than the other

is better than two columns of equal length,
These results suggest the following procedure far finding a nearly optimal
design for G‘f‘:
(1) I pr:>"\[2-, use one column with r = N = rt rows ard a second column
with r! of these rows, where rt is the integer (> 2) which is
nearest 1 + (N2 )/pr‘\/ﬁ0

(ii) When prs\/?, use a balanced design with ¢ as the integer above ar

below

T, = [ep01/2) +w s 1/2)/ [o (/2) 4 2],
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which minimizes 2
20, cp.
1 by r

V(e = TSIy * ¥ T FSe ¢ (4o)

and where r was set equal to N/c. Presumably little information
is lost by simply using as ¢ tle integer closer to :C:oo

Another approach to (ii) above is to determine inmterwvals of
p, for which ¢ = 3 is best, ¢ = L is best, ecesce o This is
accomplished by determining p, = p(c) in the equation

V(c) = V(c=1)s (1)

When p, ¢ p(c), ¢ is preferred to c~l columns. The solution to

(L1) is
1 1 1 fe=l 2
~ - /..,:2. 1+ 1/2N + o(L/N )] (L2)
V(o) (o2) ot

Pl(c) =
For N = 30, the following are the first three separation points:

o (3) = €2, py(L) = 433, py(5) = o220

Hence

c = 2 for .62 ¢4p,< \/é?,’
c = 3 for ,33¢ Py { o62
¢c =L for .22<pr4 33
Note that for Py = «25 in Table 11, ¢ = L is slightly preferred to
¢ = 5
Table 11 indicates that far Sr there is a considerable rarge of Py for
which the best allocation plan will have 3 columns and N/3 rows. If N is not
divisible by 3, some gain may be obtained by using an extra row with one column
not filled, It appears that the best plan would be to either increase N or
reduce N by enough to have it divisible by 3. As p » increases, only 2 columns

should be used with N/2 rows., Again add ar subtract one to meke N even.
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N
The following general procedure is suggested for pr;
(1) Use a balanced design with ¢ as the integer above or below (36b),
T, = (20N + Nep  + 1/2)/€pr1\1 *p./2 +2),
which minimizes (32b)s

var(p.,)
e (1 op, )2 (N-0=2)/(ti=c) (No-N-c*=3c) + (L3)

(i1) Choose r so that rc 2 N

The same procedure of finding separation points on Py could be used on
(4L3) as was done above., The equation comparable to (Ll) is considerably more
complicated; hence, all I am reporting here is the asymptotic result (for

large N), In this case the solution is

92(0) = 1+ v(c-l)(,c-Z) . (hl-l-)

02- 3¢ +1

Some of the separation points are?
pp(3) = 1 +7Z = 2.ly py(k) = (1 +7/6)/5 = 0Ty p,(8) = (1 + 2 V/3)/11=ul
pp(6) =(1 + 2V5)/19 = .28,
Hence
¢ = 3 for o7 4p, 420?.L
¢ =L for Li¢p, ¢ o7
¢ =5 for ,28(p, ( ol
Note that in Table 11, ¢ = 5 is slightly preferred to ¢ = 6 for p = .25, The
above separation points would be altered slightly if the adjustments of O(1/N)

were made,

5.3 BEstimation of oi or p, = gi/cz. Use the results in Section 5.2 by

reversing the roles of r and ¢co In Table 9, one canputes mean squares, R and
C%, for Rows and Columns (adjusted for rows). The latter can be computed
quickly by use of the identitya

(r=1)R* + (c-1)C = (r=1)R + (c=1)C" e (L5)
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5.4 Simultaneous Estimation of cﬁ and oio Gaylor obtained only some tentative

results for this case but they are indicative of the problem. Since efficient

estimation of 012‘ requires many rows and efficient estimation of o, requires
many columns, simultaneous estimation requires many rows and columns. Gaylor

considered two special designs, called the L~design and the Balanced Disjoint

Rectangles (BDR)-design, and compared them for the case 012, = oi o

The Le~design is as followsg

r3 rows in 1 col,
i
rl <1
03 cals, in 1 row
Rows }-""'°", - e Y
H
{‘ t
1'2 :
e . e ____,.-//

Cy Columns &
Figure 1, The Le-Design
For c;i = ci, one should use T) ¥ Cy Ty = Cpy ry = 03¢ The total rows and
columns used are r = ry +1, and ¢ = C * Che Nl = rey, =Ty observations
contain one column with r3 (05 r3< rl) empty cells and N2 =cry - c3 observations
contain one row with 03 (O\< 03<cl) empty cells, The 1\1l obser vations are of the

form of a restricted optimal design for ’c\ri and the N2 observations for Ic‘ri. In

general cy and ry will be small,
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The BDR design consists of g distinct rectangles, each consisting of r
rows by ¢ colums, with one observation per cell. The rectangles are distinct
in that each rectangle samples a different set of r rows and ¢ columns. The
ANOV for this design is given in Table 12,

If the componet of variance for the rectangle effects is gero, 02 = 0Oy
then a unigue solution for the estimators of the components of variance is not
obtained by equating the mean squares to their expected values., Then, there are
five mean squares (equations) with which to estimate four components of variance,
Since the best procedure in this case is unknown, the case will not be considered
here, but this certainly warrants future investigation,

If G is neglected, the estimators and their variances are quite simple s
as given in equations (L6).

2

The two designs have been compared for the special case 012, =0, and

Var(’&f, = Var(Gi). Some specific examples are given in Table 13 for

_ 2,2 2,2 2 _ 2 2
p-cr/cr = 0,/0 , where o o, *+ 0

o® The total number of observations, N,

was allowed to vary slightly in order to obtain balance if desired. Thus
comparisons were made on the basis of N‘Jar(cf,) = NVar(ci) which is the .
reciprocal of the amount of information per observation., The estimator for
of‘ for the BDR-design is given in (46) and for the L-design in (30). The
variances in the last column of Table 13, N\.I, are based on the estimator, &i,
in which the last Cy columns in Figure 1 for the L=design are ignored. The
estimator, o-i, could be improved slightly by pooling the error sum of squares
from both legs of the L=design.

Several observations can be made from Table 13, When p is small, BDR=
designs are better than the L-designs. When p is large, the Le-design is better,

For those designs where pZE(di - 3)2 is large, see (3la), the estimator, éi,



Table 12, ANOV for a Balanced Disjoint Rectangles Design

SV IF M5 EMS
. 2 2 2 2 2
Rectangles ge=l G Og * Opg * €O, + T0, + J:'ccg
-2 2 2
Rows g(r=l) R Oy *+ 0, + cd,
. ~ 2 2 2
Columns g(e=1) ¢ o * o, +To, !
Interaction g(r=1){c-1) I 02 + 02
- : * ] re
& = @I)/c} F = (-Tlfr ;
2 .
&) = o o) ] 46
Var ( rln (o +cr +ao)+ — s (L6)

2 2 22, (@ + o) ]
Var( ) = N(—::TT [(O‘S + O‘rc + I’EGG) + ---E.-:T—-—c— °

KR N R b S O R T R R A R )

Table 13, Comparison of BDR and L Designs with Var('c‘rz) Var (6 ) Where 02 = 0'2
T ? kY c

BDR=Degign L=Design

P g r=c¢ N NV 3/ A T3Cy N NV N;I

5 N 3 36 3.38 10 2 0 36 L.2h 5,00

5 2 L 32 3.11 7 3 0 33 3.29 hoa2

5 1 6 36 3.2L 6 6 0 36 3.2h 3.2l
1 9 2 36 10,00 10 2 0 36 10,89 10,00
1 L 3 36 8,25 7 3 0 33 9.46 10,08
1 2 L 32 8.l 6 6 0 36  9.84  9.8L
2 9 2 36 26,0 1L 2 8 36 26,8 25,6
2 L 3 3%  24.8 10 2 0 36  34.8 26 .0
2 2 L 32 27.1 7 3 0 33 3L.6 3042
4 9 2 36 82,0 16 2 12 36 72 798
L b 3 36 8..8 10 2 0 36 128 82,0

i/ V .= Var(s )/2cr)'L and V = Var(g‘f.)/Zch o
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which discards the last cy columns is often better than the estimator, Grz,,
which uses all of the observations. This is a result found previously where it
Wwags shown desirable to keep the mumbers of doservations per row nearly equal .
Also, as was shown in Section 5.2, the L-design is desirable which has less
than two complete columns in the Nl observatims and less than two complete
rows in the N2 observations when p7)’£

For an L-~design with ry =€y = 2, r = ¢, and ry = Cy = 0,

var () = 22 + Lo + LpPIAN, (u7)

where p, = of./cz. For a BDR-design with r = ¢ = 2 and g = N/L, from (L6),
Var(’&f,) is the same as (L7), This result is borne out in Table 13, Similarly,
Var(éi) = Var(Gi), No restriction that cf_ - Gi has been imposed here,

When p »>2.87, the best BDR-design, has r = ¢ = 2 and g = N/L. Since
pzﬁ, the L~design with r, =0y = 2 can be improved upon by letting
ry=2c3> O. Hence, when p3 2.87, for the Ledesign Var(&i)s Var(c?i) for a
BDR~designe. Var(&i) could be reduced still further by using the observations
in the last & columns to estimate 02 and pooling this with the estimate of
02 from the first cy columns. Also, when r = ¢ is small for a BDR~-design, the
number of rectangles, g, becomes large. If oz = 0, considerable information
may be lost here by not making use of the mean squares among rectangles,

A few tentative observations can be made., In general, as p increases, the
Ledesign is favored over disjoint rectangles if oé)O. Also, the analysis

which ignores the observations in the other leg of the L-design in order to

achieve balance sometimes reduces the variance,
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Additional Comments and Suggestions for Future Research

6.1 Extensions of Nested Sampling to More than Two Stages, One important

research problem is to extend Crumpis results to more than two stages of
sampling. In Sedtion 1, two five=stage problems were mentioned. In the
Anderson=Bancroft book and in my International Statistical Institute paper,
I proposed a so=called staggered design, which consists of a number of
balanced designs but with incomplete samplirg at some stages,

For three stages, two different groups (I and II) would be used with 2
first-stage samples for I arnd a, for II, as followse

I 3y observations) II (2 a, observations )

o/

ANATY SIS OF VARJANCE

h(a-l + 8'2)

Ka = v, 2 T 7 Sy and Ty = S

o P S EMS

Groups —7;- EEK; ci * kbo% * kaoi

h e

A, ay=1 MEA, Gi * G% * 2°§

B ol 1B, % + 29,

W v w2

C 2ay Mse o

) 2(a  + a,)

where MBA3 = (Tl/ha1 - T,/2a,) / (L/hay +1/2a,), Kk = 2, + 3, ’
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One might consider using an additional third plan with a3 first=gtage
sanples, only one second-stage sample per first-stage and one third-stage sample
per second-stage, giving a3 observations,

R, R, Prairie is studying another plan, which would attempt to equalize
the total number of observations at each stage. In this case there would be

a first-stage samples, with each followed by the following secord=~ and third=

stagesg

° \

ANALYSIS OF VARIANCE

X, B ENS
A a=l MsA ci + % cﬁ + 302
B a MSB o% + % c:f>
C a MSC ci

The variance of ’bi for this design is complicated by the fact that MSA and MSB
are positiwvely correlated. This is a feature of non-balanced designs which we
were not anticipating, It indicates a fact which many of us often forget,
namely, that the usually accepted concepts regarding the anaslysis of variance
are based on a regression and not a variance components model., Naturally if
one uses the ML approach, he does not start with such preconceived ideas,
Also one never has any trouble when the design is balanced., Note that my
staggered design is balanced within groups,; the major difficulty there is how

to use the between=groups mean square,



3%

6.2 Other Suggestions

1) (a) Develop numerical methods, suitable for highespeed computers,
to obtain, under normal theory, the ML estimates of variance
components from unbalanced data.

(b) Study the small sample properties of the ML estimators by
empirical means, and, where possible, by analytic means,

(¢) It might be possible to find approximate formlas to estimate
the biases and variances of these ML estimates. A comparison
of asymptotic variances and empirically determined small
sample varianoesvwould be useful.

(d) Compare the small sample properties of the ML estimates with
those of more convenient estimates, e.gey ANOV or iterated

. leagt squares,

2) Study the effect of non-normality on estimating procedures,

3) Introduce unequal cost factors into the problem,

4) Develop suitable criteria for use in simultaneous estimation of

sever al parameters.

5) Develop a sequential estimation procedure in which the first

stage (or stages) would be used to estimate p (or various p's)

needed to design the remaining stages,
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