ABSTRACT

STRIKWERDA, SARAH. Optimal Control in Fluid Flows through Deformable Porous Media.
(Under the direction of Lorena Bociu).

Poro-elasticity refers to fluid flow through deformable porous media such as soil or
biological tissues. Poro-elastic systems have been studied extensively due to their important
applications in petroleum engineering [7, 22] as well as biological applications: fluid flows
through cartilages [23, 36, 46, 52, 54, 33], bones [55], and blood flow through human tissues
[19, 20]. More recently, poro-vsico-elastic models have been studied [44, 10] since biological
tissues have both elastic and visco-elastic effects [57].

We study optimal control problems constrained by poro-elastic or poro-visco-elastic
PDE systems. There are distinct differences in the well-posedness of the poro-elastic and
poro-visco-elastic models. Therefore, we study these two scenarios separately. In both
cases, we focus on the problem of maintaining the solid displacement and fluid pressure
close to desired/target values, motivated by applications in biomedicine, using the sources
present in the system as control variables. One application of interest is perfusion in the
optic nerve head in the eye and its connection with the development of glaucoma.

Glaucoma is the leading cause of irreversible blindness worldwide [32]. The reasons
for the development and progression of the disease are not fully understood [58]. It is
known that a tissue at the base of the optic nerve head called the lamina cribrosa plays
an important role in glaucoma [19, 28, 37]. Mathematically, we can study the dynamics
in the lamina cribrosa using the poro-elastic or poro-visco-elastic model which has state
variables representing solid displacement and fluid pressure which are both related to the
development of glacuoma [1, 2]. Therefore, understanding how to control these states could
lead to breakthroughs in the treatment of glaucoma.

Here we show existence and uniqueness of optimal controls and derive necessary
optimality conditions. The necessary optimality conditions are derived through adjoint
PDE systems. We show existence and uniqueness of solutions to the adjoint equations using
semi-group theory for implicit operators and Rothe’s method. The analysis done on these
problems is complemented by a numerical investigation where we approximate optimal
controls. To approximate optimal controls, we use dual-mixed hybridized finite elements
method to approximate a solution to the poro-elastic and poro-visco-elastic systems and

apply a quasi-Newton method to minimize the cost functional.



Furthermore, we use a recently proposed optimization algorithm [35] to investigate
finding an optimal control where the cost-function contains a total variation term and
controls are taken to be piecewise constant functions. In this problem, we focus on seeking
a control that is an optimal point in a ball in L'(0, T') centered around the control. When
analyzing the asymptotics of this algorithm, the authors in [35] made an assumption on
the second derivative of the cost functional. We work to show when that assumption is
satisfied or violoated in optimal control problems contrained by poro-elastic and poro-
visco-elastic systems. In the cases where the assumption does not hold, the algorithm is run
on a sequence of problems where the cost functional is regularized through convolution
operator of the control with a standard mollifier with support parameter €. I'-convergence
was shown for the altered optimization problems when € was driven to 0. Preliminary
computational results suggest that running the SLIP algorithm on the regularized problem
for small values of € improved results when the assumption on the second derivative was
not satisfied.
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CHAPTER

INTRODUCTION

1.1 Glaucoma

Glaucoma is a group of eye diseases that leads to damage to the optic nerve (through
retinal ganglion cell loss) and ultimately, vision loss. Glaucoma is the second leading cause
of blindness worldwide [34], but unfortunately its cause and treatment currently remain
unclear. However, it is strongly believed that the biomechanics of the Lamina Cribrosa (LC)
inside the optic nerve head plays an important role in the development and progression of
glaucoma [28, 19, 37]. The LC is a thin, porous tissue at the base of the optic nerve head
in the eye, formed by a multilayered network of collagen fibers that insert into the scleral
canal wall. It allows passage of the central retinal vessels, and the retinal ganglion cell axons,
which relay visual information from the retina to the brain. One of the main functions of
the LC is to stabilize the pressure difference between the intraocular pressure (IOP) in the
intraocular space and the retrolaminar tissue pressure (RLTp) in the optic nerve canal.
Many studies have indicated that chronical IOP elevation induces significant structural
changes in the Lamina Cribrosa [8, 17, 25, 26, 27]. More specifically, being structurally



weaker than the much thicker and denser sclera, the LC is more sensitive to changes in
the IOP and tends to react to increased pressure through posterior displacement. This is
thought to be one of the causes of nerve damage in glaucoma, as the displacement of the
LC causes the pores to deform and pinch the traversing nerve fibers and blood vessels.
More specifically, being structurally weaker than the much thicker and denser sclera, the
LC is more sensitive to changes in the IOP and tends to react to increased pressure through
posterior displacement.

To date, elevated IOP is the only treatable risk factor for glaucoma, but there is signifi-
cant evidence that other factors might be involved in the disease. In fact, many individuals
with elevated IOP never develop glaucoma [30], while many patients continue to progress
to blindness despite IOP within target levels [47]. Hence, to further understand the patho-
genesis of glaucoma, improve diagnosis, and enable novel means for preventing or treating
glaucoma, it is of interest to understand the effects of IOP, RLTp, and blood pressure on the
optic nerve head, and in particular on the biomechanics-hemodynamics of the LC. The LC

can be modeled through the poro-visco-elastic model (1.2.1).

1.2 Poro-Elastic and Poro-Visco-Elastic Models

Poro-elasticity refers to fluid flow through deformable porous media. One example of
porous media is soil. Historically, the theoretical development of porous media flows has
been driven by petroleum engineering [7, 22]. More recently, modeling approaches as those
used to describe fluid flow through rocks and soil consolidation have been applied to the
modeling of fluid flow through biological tissues, with applications spanning from bio-
engineering [21, 33, 38] to physiology [19, 20, 31]. Examples of applications include fluid
flow inside cartilages, bones, and engineered tissue scaffold [33, 36, 54, 46, 52, 23], and blood
flow through tissues in the human body, like the brain, the liver, and the eye [45, 53, 55, 19].
Terzaghi initiated the study of poro-elasticity by developing a one-dimensional model
to describe soil consolidation in 1925. In the 1940s, Biot generalized this work to three
dimensions and time dependent loads. Biot laid the mathematical foundation for the study
of fluids flowing through porous media [7].

The poro-elastic system is characterized by equations describing the balance of linear
momentum for the fluid-solid mixture and the balance of mass for the fluid. These two

equations are coupled through a permeability tensor. In general, the permeability tensor,



K, is dependent on porosity. We say K = k(¢ )I where ¢ is porosity and k is a functional
dependent on pore shape and dimension. Additionally, the poro-elasticity can be studied
with compressible constituents or incompressible constituents. In the compressible case,
fluid content is dependent on the divergence of mechanical displacement and fluid pressure,
while in the incompressible case fluid content is only dependent on the divergence of the
mechanical displacement. By incompressible constituents, we mean that the solid and
fluid phases can't undergo volume changes at the microscale, so fluid content is equivalent
to solid dilation (the divergence of mechanical displacement). Incompressible constituents
are assumed for biological applications since tissues have a mass density similar to the
mass density of water [22].

Most of the theoretical work related to poro-elastic systems has been done under the as-
sumption of constant permeability (K = kI, with k = constant), which yields a linear coupled
system [3, 59, 41, 48]. In 1977, Auriault and Sanchez-Palencia studied the poro-elastic sys-
tem with compressible constituents. They showed that with no sources and homogeneous
Dirichlet boundary conditions a unique solution existed [3]. Zenisek followed this work in
1984 using Rothe’s method to show well-posedness of solutions in the incompressible case
with mixed boundary conditions [59]. Showalter proved similar results using semi-group
theory for implicit operators and then worked with Su to study the well-posedness of a non-
linear Biot model with permeability depending nonlinearly on dilation [48, 49, 51, 50]. The
analysis was performed with homogeneous Dirichlet boundary conditions and compress-
ible constituents. Cao, Chen and Meir also studied a nonlinear version of the poro-elasticity
in 2013, but with permeability depending nonlinear on fluid content [18]. Cao, Chen and
Meir used compressible constituents and homogeneous Dirichlet boundary conditions.
The strategy in [18] relies on Rothe’s method, uses the simplified structure of a pressure-to-
dilation operator introduced in [48], and takes advantage of compressibility and full elliptic
regularity for the solid displacement. Existence was shown; however uniqueness was only
shown for solutions satisfying certain assumptions. The result presented requires k to be
Lipschitz continuous and ¢yk,/(C,x*Cg) > 1 where ¢, is the constant from the definition
of the fluid content, C, is the Poincare constant and Cj is the continuity constant for the
pressure to dilation map. Additionally, the uniqueness result requires Vp € L°°(Q2) with
VPl @ < C forall £ €[0, T]. When these assumptions are satisfied, p is unique in the
set of functions {w € L*(0, T;V) | Vp € L°(Q), [|VPll o) < C}. In[10], Bociu et. al. provide
the first result for existence of weak solutions for nonlinear poro-elastic model with incom-

pressible constituents and with permeability depending nonlinearly on solid dilation, and



mixed boundary conditions with no simplifying assumptions on the domain boundary.
This work extends all previous results on analysis of poro-elastic models [59, 41, 48, 49, 18].
The theoretical results in [10] are complemented with numerical simulations based on a
novel dual mixed hybridized finite element discretization. When the data are sufficiently
regular, the simulations show that the solutions satisfy the energy estimates predicted by
the theoretical analysis. Interestingly, the simulations also show that the Darcy velocity
and the related fluid energy might become unbounded if the data do not enjoy the time
regularity required by the theory.

In [10], the poro-visco-elastic case is analyzed for the first time as well. This model is
useful in biological applications and have been widely used to analyze in vitro creep and
stress relaxation experiments on the tissues under confined and unconfined compression
tests [52]. Mechanical properties of biological tissues differ significantly from those of
rocks. In particular, most biological tissues are composed by both elastin and collagen, and
therefore the deformable matrix through which the fluid flows exhibits both elastic and
visco-elastic behaviors. As material properties and volume fractions of elastic and collagen
vary in age, health and disease, their influence on the physical system is a crucial part in
the investigation of these biological fluid-mixture problems. Therefore, the authors of [10]
complement their analysis and numerics of the incompressible poro-elastic system by also
studying the poro-visco-elastic system. The model couples the viscoelastic solid matrix
with the interstitial fluid flow through the permeability tensor which is dependent on solid
dilation.

Both the poro-elastic model and poro-vsico-elastic model provided below describe the
motion of a fluid-solid mixture under the assumption of full saturation, negligible inertia,
small deformations and incompressible constituents. The assumption of full saturation
means that any space in the domain that the solid does not occupy is filled with fluid. The
PDE comes from ensuring the balance of mass for the fluid and linear momentum for the
fluid-solid mixture. The following equations must hold in Q x (0, T'):

o¢

E-FV-V:S, V-T(u,p)+F=0, (1.2.1a)
{=V-u, v=—KVp, (1.2.1b)
T(u,p)=T,+0T,—p], T, =2u.e(a)+ A tr(e(u))l, T,=2u,e(u,)+ A, tr(e(u,))l,

(1.2.1¢)



where { is the fluid content, v is the discharge (or Darcy) velocity, p is the Darcy pressure,
u is the solid displacement, T is the total stress tensor, ¢(w) = (Vw + Vw?)/2 is the lin-
earized strain tensor. Equations (1.2.1a) express the balance of mass and linear momentum,
whereas Equations (1.2.1b)-(1.2.1c) are the constitutive equations that are necessary to
close the system. In the general Biot model, the fluid content is given by { = ¢,p +aV - u,
¢, being the constrained specific storage coefficient and a the Biot-Willis coefficient. In
the case of incompressible mixture components, as often assumed in biological tissue
modeling, we have that ¢, =0 and a = 1 [22], and therefore the fluid content equals the solid
dilation, i.e., { =V -u, see Equations (1.2.1b). The discharge velocity v and the Darcy pres-
sure p are related via the permeability tensor K= k(V - u)I. The permeability is a nonlinear
function of porosity, V-u, which represents the volume fraction of fluid within the medium.
We assume that there exists constants k, and k* such that 0 < k, < k(s) <k* < 00, Vs €R.
Many studies assume k to be a constant or a function of (x, ¢) instead of porosity, thereby
leading to a linear coupling between the equations for linear momentum and mass balance.

Similarly to the nonlinear case, we have the assumption

Assumption 1.2.1. Forall(x,t)eQx[0, T], we assume that there exists constants k, and k*
such that
0<k,<k(xt)<kK"

In the constitutive equation for the total stress tensor T given in Eq. (1.2.1c), the behavior
of the solid component within the medium is characterized by the Lamé elastic parameters
A. and u, and viscoelastic parameters A, and u, as in [10]. The extent to which the model
includes viscoelastic effects is represented by the parameter 6 > 0 with 6 =0 corresponding
to the purely elastic case.

In [10] and the rest of this dissertation, we consider a bounded domain which would
makes sense for biological applications. The boundary, 912, is broken up into I'y and I};. The
intersection of the closure of Iy and I';, is not necessarily empty. On Iy, there are Neumann
boundary conditions and on I, there are Dirichlet boundary conditions on mechanical
displacement. Furthermore, I}, is broken up into I, ,, which has a Dirichlet boundary
condition on fluid velocity, v, and I, , which has a Dirichlet boundary condition on fluid
pressure. The boundary conditions are as follows: For g and ) given functions of space and
time, we assume

Tn=g and v-n=0 on Iy x(0,T), (1.2.2)

u=0 and p=0on Iy, x(0,T), u=0 and v-n=1 on Iy, x(0, T), (1.2.3)



where n is the outward unit normal vector to the surface boundary. Note that [y is assumed
to be an impermeable surface where the total stress is prescribed. In comparison, I, , and
I'p,, are permeable clamped surfaces, on which either the pressure or the normal velocity
are prescribed.

Finally, the system has an initial condition:
u(x,0) =uy(x), forxeQ, with uy(x) given. We also define dy(x) =V -uy(x). (1.2.4)

Since the time derivative of u only shows up on the divergence of u in the poro-elastic
case (since 6 = 0 in this case), the correct initial condition to use is V-u = d,. To ensure
well-posedness, we still assume d, =V -u, in this case.

There are distinct differences in the well-posedness of the poro-elastic and poro-visco-
elastic models. Structural visco-elasticity plays a critical role in determining the regularity
requirements for both volumetric and boundary forces as well as for the corresponding
solution. The numerical investigation in [10] also provided evidence of blow-up in the
energy associated with Darcy pressure in the purely elastic case if the data is not sufficiently
smooth in time. This result suggests that sudden changes in stress conditions combined with
the absence of structural viscoelasticity could lead to microstructural damage. Additionally,
sensitivity analysis revealed that the solution of the PVE model is more sensitive to the
boundary data when the viscoelastic effects are not present [5] and showed that the solution
is consistently more sensitive to boundary flux than boundary traction [40]. However, both
studies proved that mechanical displacement was not as sensitive to the boundary data as
the Darcy pressure. Therefore, when studying an optimal control problem subject to this
coupled system, one should look for a different way to control/optimize the mechanical

displacement.

1.3 Well-posedness of model

As usual, H*°(D) represents the Sobolev space of order s defined on a domain D, while
Hj (D) is the closure of C;/°(D) in the H*(D) norm, denoted by || - || 5(p). We use H*(D) to
denote (H*(D))® and L?(D) to denote (L?(D))®. Unless otherwise specified, || - || and (-,)
denote the norm and inner-product, respectively, taken in (L?(D))" where n is clear by the
context. Additionally, (-,-) will be used to denote the L?(d D) inner-product on a portion of

the boundary which will be denoted in a subscript, e.g. (u, w)r, .



The primary spaces in our analysis are
— 1 3 — 1 —
V= (H (), V= HrD,,, (), V=VxV,

for displacement u and the pressure p, respectively. Note that the functional spaces are
of the form H&(Q) ={feH'(Q) : )f[f]’r = 0}. For sake of exposition, we take the Lamé
parameters in the elasticity term normalized to unity (the analysis follows similarly if the
Lamé parameters were not normalized to unity), and we define the bilinear form associated
with the elasticity operator by

a(u,w)=(V-u,V-w)+(Vu: Vw)+ (Vu: (Vw)"), (1.3.1)

where Vu stands for the Jacobian matrix of u and the Frobenius inner product of two

matrices is given by
Q Q

We note that the bilinear form af(:,-) defines an equivalent inner product on V, due to
Assumptions on the Domain described below). The inner product for V is inherited from
H'(€2). Additionally, when simplified boundary conditions are used, we will use the Hilbert
space
L3 Q) ={ue L*(): f ud x =0}.
Q

We recall here the existence and uniqueness of weak solution results provided in [10].
When 0 > 0, higher regularity can be shown on u since more time derivatives on u are
present in the system. Therefore, we define the weak solutions for the two systems differently.
In[10], k is a nonlinear function of (V-u). However, the results also hold when k is a function

ofx and t or a constant.

Definition 1. [Poro-elastic Weak Solution] A solution to (1.2.1a)—(1.2.4) is represented by the
pair of functionsu € L?(0, T; V) and p € L?(0, T; V) such that:

(a) for any w € L*(0,T;V), g € L*(0,T; V), and f € C°(0,T), the following variational
formulations are satisfied:

T

T T T
f a(u,w)f(t)dt—f (p,V-w)f(t)dtzJ (g,w)er(t)dt+J (Fw)f(t)dt (1.3.2)
0 0

0 0



T T

T T
f (kVp,Vq)f(t)dt—J (tp,q)rD,yf(t)dHJ S, q)f(t)dt

0 0 0
(1.3.3)

(b) for every q € V, the term (V - u(t), q),2q) uniquely defines an absolutely continuous
function on [0, T] and the initial condition (V -u(0), q) = (d,, q) is satisfied.

(V-u,q)f’(t)dt=—f

0

Definition 2. [Poro-visco-elastic Weak Solution] A weak solution to (1.2.1a)-(1.2.4) is repre-
sented by the pair of functionsu e H'(0, T;V) and p € L*(0, T; V) such that:

(a) for anyw € L*(0, T;V) and w € L*(0, T; V), the following variational formulations are
satisfied:

T T T T T
5[ a(ut,w)dt+J a(u,w)dt—f (p,V-w)dt:f (8 wW)r, dt+f (F,w)dt (1.3.4)
0 0 0 0 0

T

T T T
J (k(x,t)Vp,Vw)dt+f (V-ut,w)dL‘:—f (l/),w)rvadt+f (S,w)dt (1.3.5)
0 0 0 0

(b) for every w € V, the term (V -u(t), w) uniquely defines an absolutely continuous function
on [0, T] and the initial condition (V -u(0), w) = (V - uy, w) is satisfied.

Definition 3. [Energy and Data] Energy functionals for solutions and data are defined as
follows:

1
E(u(r))=3 IV -u()IP +[[Vul® +(Vu:va")],  E(p(1) = (k(x, t)Vp,Vp)

T
zf (8O, + (OB, + ISR 0y + IEIE, ] (1.3.6)
0

T
DATA
8

Assumption 1.3.1. [Assumptions on the Domain]

1. We assume that T}, andTy, , are sets of positive measure. Thus Korn's Inequality foru

and Poincaré’s Inequality for p are satisfied:

Eu®)=cllu®lifngy — NVllze < CpllVullg, YveV.

2. We assume the boundaryT is such that either Ty NI, =0, or Ty and Ty, do not meet

tangentially and the supremum of their dihedral angles is strictly less than 7.



Remark 1.3.1. The second assumption is related to the associated elasticity system

~V - (2uce()+ A, (V-w)I)=—Vp—F onQ
u=0 onT, (1.3.7)

T.(un=g+pn only

It is known that given p € V, g€ L(Iy), and F € L?(2), then there exists a unique solution
ueV.Ifin addition, Iy NI, =@, then u€ H3AQ)NV, and thus V-u € H'(Q) [48]. Alternatively,
we have the following result from [39]:

Lemma1.3.1. Consider the Lamé system (1.3.7) in polyhedral domains, with givenp € V,
F € L2(Q), and g € H'*(Iy). Assume the following geometrical assumptions on the boundary
I':Ty andTy do not meet tangentially and the supremum of their dihedral angles is strictly
less than 1. Then one obtains the solution regularity u € H?*¢(Q2) for some € > 0.

Theorem 1.3.2 (Poro-Elastic: Existence of a Weak Solution [10]). Under Assumptions on the
Domain (1.3.1), withu, €V, and

Fe H'(0, T;LX(Q)), Se LX0, T; L*(Q), g H' (0, T;HA(Ty)), y € L2(0, T; LA(Tp ),

there exists a weak solution (u, p) satisfying Definition 1 and the following energy estimate:

sup E(u J [E(p ))+E(u ]dt<C1[E ))+ DATA|, ] GT

t€l0,T]

Theorem 1.3.3 (Poro-Visco-Elastic: Existence of Weak Solution [10]). Under Assumptions
on the Domain (1.3.1), withu, €V, and

Fe L*(0, T;LA(Q), S€ L0, T; LA (), g€ L*(0, T;H'(Iy)), ¥ € L*(0, T; L*(Ip,)),

there exists a weak solution (u, p) satisfying Definition 2 and the following energy estimate:

t€l0,T]
<o 115 ol Joo( ).

Remark 1.3.2. We note the need for higher time regularity on F and g in the poro-elastic

sup E(u(t)) f [E(p(t)+ E(u(£))+ 5 E(u,(1)] dt
) (1.3.8)




case (where the time regularity of the solution is L?) than in the poro-visco-elastic case

(where u has H'! time regularity).

Remark 1.3.3. We point out that the existence result in [10] is obtained in the more general
case where the permeability function k is nonlinearly dependent on the structural dilation

V -u, with lower and upper constant bounds.

Also, in [10] it was shown that (1.3.8) holds for any u, p satisfying Definition 2. Therefore,
this energy estimate can be utilized to show uniqueness of a solution when the system
is linear (k is a constant or a function of x and t). Assume (u,;, p;) and (uy,, p,) both satisfy
Definition 2. Then due to the linearity of the system, (u;, —u,, p, — p,) satisfies Definition 2

with all sources and the initial condition equal to zero. Hence, (1.3.8) implies

T
sup (E(u,(£)—uy(t))+ f [E(pi(6)—pa(£))+ E(uy(£) —uy(£))
0

t€0,T] . p (1.3.9)
+5E(Eu1(t)—ﬁu2(t))])dt <o.
Notice that
E(u,(1)—wuy(t)) = [luy (1) —uy(2)lI5 = 0,
d d d d
55 (1)~ o)) = I u(6)= Sl >0,
and E(pi(t)—po(1)) =(k(x, t)(Vpi(£) =V (1)), Vi () — V py(2)).
Due to (1.2),
(kx, £)(Vpi(£) =V (1), Vi (1) =V (1)) 2 6, (Vi (1) — pa(2), V() — pu(1)).
Applying these facts to (1.3.9) yields
T T
f ||u1(t)—uz(t)||‘2,dt+r<*f Ip(8)—po()I%d t <O0. (1.3.10)
0 0

Hence, u; =u, in L?(0, T;V) and p, = p, in L(0, T; V).

It is noteworthy that in the elastic case, when 6 = 0, an estimate like (1.3.8) was only
shown for the solutions constructed in the proof of existence. Therefore, from this work we
cannot conclude that any weak solution in the elastic case satisfies an energy estimate like

(1.3.8). However, uniqueness of a solution when k is constant can still be shown [59].
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Let (u;, py) and (uy, p,) both satisfy Defintion 1. Then we have that for any w € L?(0, T; V),
qeL?0,T;V),and f € C;°(0, T) the following variational formulations are satisfied:

T T
f a(ul—uz,w)f(t)dt—f (p—p, V-W)f(t)dt=0 (1.3.11)
T ’ TO
f (kVpl—ksz,Vq)f(t)dt—f (V-(u;—u,),q)f'(t)dt =0 (1.3.12)
0 0
From (1.3.11) we see that for almost every ¢ €[0, T'],
a(u (1)—uy(t),w)—(py (1) —p(£), V-w)=0.

We can set w to be u,(#)—u,(¢) and integrate from 0 to t*. Hence, we have

t*

f a(ul(t)—uz(t),ul(t)—uz(t))dt—J (P (8)—po(2), V-uy(2)—uy(2))dt =0 (1.3.13)
0

0

Integrating the term with a time derivative in (1.3.12) by parts, we have that

T T
J (kVpl—kVPz,VCI)f(t)dHf (V-(u,—w),q), f(t)dt =0
0 0
Hence, for almost every ¢ €[0, T'], we see

d
(kVp(£)—kVp(2),q)+ E(V (u; —up)(s),g)=0 (1.3.14)

Using the fact that V - (u,(0) —u,(0)) = 0 and integrating (1.3.14) from 0 to 7, we have

—(V-(u; —wp)(7), q)= J (kVp(£)—kVpy(t),q)dt.
0
We will now let g = p,(7)— p,(7) to obtain

—(V-(u; —u,)(7), ;i (7)— pa(7)) = J (kVp(£)—kVps(1), Vi (T)—=Vpy(T))d .
0

11



We define z(7) = fOT Vpi(t)—Vpy(t)dt. Then z'(t)=Vp,(1)—Vp(T), so

’ , d (kz(1),2(7))
f (kVpi(£)=kVp,y(2), V(1) =V pa(T))d t = (k2(7), 2°(7)) = 7. 5 1319
0
Remark 1.3.4. Note that (1.3.15) is only possible if k is independent of ¢. If k was a function

of ¢, then we could not pull it out of the time integral.

Therefore, we have that —(V - (u; —w,)(7), pi(7) — pu(7)) = di (ka(t ) ) which we will inte-
grate from 0 to ¢*. Recalling (1.3.13), we see
t*
kz(t*),z(t*
f a(u,(1)—uy(t),uy () —wy(2))d t + (kz(r7). 2(17) ; ) _ 0 (1.3.16)
0

Neither of the terms on the lefthand side could be negative so they must both equal zero.
Setting 1* to T, we see [[u; — || 2o, 7.v) = 0. Thus, f (V-(u;—w),q)f'(t)dt =0, so0 (1.3.12)
implies || p; — pull 120, ;v) = 0. Therefore, there can only be one solution when k is a constant
or a function of x.

More recently, uniqueness has been studied for the poro-elastic model with permeabi-
ility, k is a function of (x, ) [13]. To achieve this result simpler boundary conditions were
used. Namely,

u=0onl, p=0only, k(xt)Vp=0onTy. (1.3.17)

The result also shows higher regularity for u

Theorem 1.3.4 (Existence of a Weak Solution [13]). Let the permeability k(x, t) satisfy As-
sumption1.2.1. Letdy € Li(Q), Fe€ H'(0, T; V'), and S € L*(0, T; V'). Then there exists a unique
weak solution satisfying Definition 1 (withg=0,y =0, k = k(x, t))) such thatu e C([0, T];V),
p € C([0, T} Ly(Q))NL*0, T; V), and

12 gy 11 0750+ IV WL 70y < € (1ol 0y + 12y + T 700
(1.3.18)

The proof for uniqueness in this case relied on proving an a priori bound. Recall that in
the visco-elastic case this came from using u, as a test function which is not possible in the
poro-elastic case. However, one can use the time derivative of the convolution of u with a
mollifier as a test function. This strategy is used to show uniqueness.

12



1.4 Sensitivity Analysis

Sensitivity analysis is the first step towards optimization and control problems associated
with these fluid-solid mixture models. Numerical sensitivity analysis on the 1D poro-visco-
elastic models from [57] with respect to boundary data, which are the main drivers of the
system, was performed in [4, 5]. This was done using a complex step method where the

derivative is approximated by the following:

of _Imlf(x+ih)]
ox h '

The authors compared the results obtained in the elastic case vs. viscoelastic case, as
it is known that structural viscosity of biological tissues decreases with age and disease.

Key observations: (1) Solution (u, p,v) is more sensitive to boundary traction g in the elastic

case (0 = 0) than in the viscoelastic scenario (6 > 0). This could explain why in the theoretical
results provided in [10], the boundary source, g, was required to have higher time regularity
in order to obtain solution (u, p) € L%(0, T;L*(Q) x L*(£2)), and with appropriate energy
estimate in terms of data, in the purely elastic case (0 = 0); (2) Effects of the boundary
source g are most significant for the discharge velocity v, especially in the purely elastic
case. This agrees with the numerical investigation in [10] which hinted that the fluid energy
(dependent on the discharge velocity) becomes unbounded as the boundary source of
traction loses H'-smoothness in time, and viscoelasticity is no longer present; (3) The
sensitivity of the solution with respect to the boundary source ) was computed as well.
Interestingly, the fluid-dynamical variables v and p appear to be more sensitive to changes
in g than to changes in y. This suggests that, To control fluid velocity and pressure, it would
be much more effective to act on the boundary conditions for the solid structure, namely
the traction g, rather than on the boundary conditions for the velocity itself, namely v;
(4) Solid displacement u is the least sensitive to changes in g and . This finding shows
that small changes in the solid displacement may actually correspond to big changes in
fluid velocity and pressure, thereby suggesting that monitoring the sole solid displacement
might not be indicative of the fluid-dynamical state inside the medium.

In addition, in [12] the authors performed sensitivity analysis on the 1D dimensionless
poro-elastic (6 =0) and poro-visco-elastic (6 > 0) solutions with respect to the boundary
traction and their dependence on the dimensionless parameters identified in [57]. The
results in [12] consistently show that the maximum magnitude of the sensitivities (for all

13



three variables: solid displacement, fluid pressure and fluid velocity) is largest when vis-
coelasticity is not present and gets smaller monotonically with respect to the dimensionless
parameter 1) associated to viscoelasticity (but also dependent on the value of the perme-
ability and the length of the domain). However, the magnitudes of the sensitivities were
not always monotonic with respect to 1. The numerical results in [12] correspond closely
with results typically observed in creep tests for poro-visco-elastic materials. The lag in the
solid displacement due to the inclusion of structural viscosity is indicative of the increase

in time that it takes for the solid to reach an equilibrium after an applied load.

14



CHAPTER

2

OPTIMAL CONTROL PROBLEM

We seek to solve an optimal control problem using either F, S, g or i as the control. The
variables we would like to control are the solid displacement u and the Darcy fluid pressure
p which we will drive towards target u, and p,, respectively. Additionally, we add on a cost
for the control itself which is regulated by the parameter A. We denote our control with g
and we will let

Q=H'(0, T;L%()), L*(0, T;1%()), L*(0, T; L*()), H'(0, T;H"A(Ty)),

(2.0.1)
L*(0, T; H'*(Ty)), or L*(0, T; L*(9))

depending on if F, S, g, or ¢ is the control and if 6 > 0 or 6 =0. In any case, we will denote
the inner product as (-,-), and the norm as || -||o. Our cost functional takes the following

form:

1 2 1 2 A 2
](ur p, CI) = Ellu_ud”LZ(O,T;LZ(Q)) + EHP _pd“Lz(olT;Lz(Q)) + E”q”Q (202)

where u,; and p, are given variables.
We seek to minimize the cost functional subject to the state system (1.2.1)-(1.2.4) and

to the control constraints g € Q,,; :={q € Q|q; < g < g,}. Note that g, could possibly equal

15



—oo and ¢q,, could possibly equal co.

Remark 2.0.1. This cost functional is written in a general form. However, this represents
four different problems for the poro-visco-elastic case where k is a function of x and ¢,
four problems for the poro-elastic case where k is a constant, and two problems in the
poro-elastic case with simpler boundary conditions and k is a function of x and ¢

We note that for the Lamina Cribrosa application this optimal control problem would
lead to controlling the structural displacement u within the Lamina Cribrosa and the fluid
pressure p. Since the Lamina Cribrosa supports the Retinal Ganglion Cell Axons which run
from the eye to the brain and changes in the structural displacement are indicative of strains
experienced by the retinal-ganglion cells, the structural displacement should be studied
and controlled. Additionally, fluid pressure, p, in the Lamina Cribrosa is indicative of tissue
perfusion which can lead to glaucoma. Hence, we also work to control fluid pressure. We
also note that a useful target u, is available from experimental and clinical studies. However,
pa will have to be estimated based on the solution computed for IOP at healthy baseline

values.

2.1 Well-posedness of the Optimal Control Problem

We will show well-posedness of the ten different optimal control problems mentioned in
Remark 2.0.1. To do so, we will use a control-to-state operator that varies in each of these
cases. The control-to-state operator can be defined as follows:

Definition 4. [Control-to-State Operator] Let G : Q,; — L*(0, T; V) be the control-to-state
operator that maps q to y = (u, p), where (u, p) is the weak solution to (1.2.1a)-(1.2.4) (or
with the simpler boundary conditions provided in (1.3.17) in the poro-elastic case with k as
a function of x and t) with the initial condition, boundary and interior sources all set to zero
except the control q.

In all the cases, the control-to-state operator satisfies the following properties:

Lemma 2.1.1. The control-to-state operator G : Q.4 — L*(0, T; V) introduced in Definition

4 is linear, continuous, and injective.

Proof. Linearity of G is immediate from the linearity of the state system and the fact that

the initial condition, boundary and interior sources except the control were set to zero.
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Therefore, we will focus our attention on continuity. From Theorem 1.3.2 and Theorem
1.3.3, we have that a weak solution to (1.2.1a)-(1.2.4) satisfies the energy inequality

sup E(u(t))+f [E(p(1))+ E(u(t))]dt < C(T)[E(u(O))+DATA|0T]eC2T
0

t€l0,T]

Since u(0) = 0 when defining the control-to-state operator, then E(u(0)) =0.
Using the calculus in an abstract space theorem from [24], we have

sup [ [IF(6)]12, ) + 18I | < C (BN 0 paoey 18100, 2200, ) -

[0,T]

combining this with (1.3.6), we obtain

T
sup E(u(t))+J E(p(0)+ EQ(0)d 1 < C(IFI 0 pamn + 1510 1100
0

t€l0,T]

181 0, igp 2y + I o e, )

Noticing that E(u(t))=|lu(¢)||¥ > 0, and using the fact that for the control-to-state operator,

we have set all sources to zero except the control, the estimate becomes

T
f [E(p(t)+ E()ldt < C(llq13)
0
From Assumption 1.3.1, we have E(p(t))= klleIIiz(m >C|| vllf,. Therefore,

(207 T NP 20, 70y < Cllally, = NG (@20, < Cl gl

showing that G : Q,, — L?(0, T; V) is continuous.

Finally, we will show G is injective. It is sufficient to show if G(g) = 0, then g = 0. If
G(q)=0, then u and p are both equal to zero. Plugging 0 in for u and p in (1.3.4) and (1.3.5)
yields

T T T
J (F,w)dt—i—J (g,w)dt+f (S,w)dt— J (Y, w)r,dt=0 V(w, w)e L*0,T;V) (2.1.1)
0 0 0 0

Recalling that in the definition of the control-to-state operator all sources except the control

are set to 0, we have the following results:
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Case 1: S is the control and L*(0, T; L*(2)) is the control space. (2.1.1) implies
T
f (S,w)dt=0 Yw e L*0,T;V) (2.1.2)
0

Since L?(0, T; V)isdensein L?(0, T; L?(£2)), (2.1.2) holds for all w in L?(0, T; L?(£2)). Therefore,
S=0in L2(0, T; L3(Q)).

Case 2:F is the control and L*(0, T; L?(2)) is the control space. This follows the same as Case
1.

Case 3:F is the control and H'(0, T;L*(Q)) is the control space. By the same reasoning as Case
1 and?2, if fOT(F,w)d t =0forallwe L?(0, T;V), we have F=0in L?(0, T;L?(Q2)). However, that
implies ||F||;») =0 a.e.. Since F € H'(0, T; L*(2)), the function ¢ — |[F||;(q is continuous.
Therefore, ||F||y>q =0 for all ¢ € [0, T'] which implies F= 0 in H'(0, T;L*(2)).

Case 4: 1) is the control and L*(0, T} LZ(FD'V)) is the control space. (2.1.1) implies

T
f (Y, w)dt=0 Yw € L*0,T; V) (2.1.3)
0

Recall that the trace map from H'(Q) is surjective onto H'/?(I'). Therefore, (2.1.3) holds
for all w € L*(0, T; HY/?(T};,,)), which implies ¢ = 0 in L*(0, T; H*(I},,,)). Hence, ¢ =0 in
L0, T; L*(Tp ).

Case 5: g is the control and H'(0, T; H'/*(Ty)) is the control space. Similarly,

T
J (g W), dt =0 Yw e L0, T;HA(Ty)
0

implies g=0in L?(0, T; H'/?). Therefore, like in Case 3, g=0in H'(0, T; H/?(Iy)).
Case 6: g is the control and L*(0, T;H'/?(Ty)) is the control space. Satisfied by conclusion of
Case 5. O

Since L?(0, T; V)is continuously embedded in L?(0, T; L*(2)x L*(Q2)), welet Y = L2(0, T; L*(Q2)x
L?(2)) and consider G : Q,,; — Y. G is still linear and continuous. However, expanding the
range of G allows us to consider an expanded domain of G* [56].

The optimal control problem (2.0.2) can now be written equivalently as

. . 1 A
min J(q), with J(q)==IIG(q)+ yo—yall5 + =lIqll%,
quad 2 2
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where y,; = (uy, p;) and y, is the weak solution to (1.2.1a)-(1.2.4) with the control set to
zero and the initial condition, boundary and interior sources set as desired. For the sake
of exposition, we let = y; — ), and define (@1, p) = y. Then the optimal control problem

becomes

: : 1 Sz A e
min J(q), with J@)=Z1G(a)= Tl + 4l (2.1.4)

Now we note the following properties of the cost functional J(g).
Lemma 2.1.2. J(q) is continuous and strictly convex for any A > 0.

Proof. The continuity of J(q) follows immediately from the fact that G is continuous. Since
G is linear and norms are convex, we have %HG(q)— 71l is convex. Also, since f(x)=| x|?
is strictly convex, we have %Ilqllé is strictly convex. Invoking the injectivity of G, we know
G(q,)— 7 # G(q,)— 7. Therefore, %IIG(q)— 712 is strictly convex. Hence, J(g) will also be
strictly convex. O

Using the fact that J(g) is continuous and strictly convex, we prove that the optimal
control problem (2.1.4) has a unique solution, for all choices of control q. The results are
presented in the following theorems. Below we show the proof of existence and uniqueness
of an optimal control when g = v is the control variable. We omit the proofs for the other
cases, as they are very similar to the proof of Theorem 2.1.12.

Theorem 2.1.3. Let§ >0, k be a function of x and t, F € L?(0, T;L?(£2)), g € L*(0, T; HV*(Ty)),
Y € L0, T; L*(Tp,,)), and initial conditionu, € V. Let[A > 0] or [A =0 and q; # —00, and
G, # 00). Then there exists a unique optimal control S € L*(0, T; L*(Q)) that solves (2.1.4)
subject to (1.2.1a)-(1.2.4).

Theorem 2.1.4. Let 6 >0, k be a function of x and t, F € L*(0, T;L*(Q)), S € L?(0, T; L*(%)),
Y € L0, T; L*(Tp,,)), and initial conditionu, € V. Let [A > 0] or [A =0 and q, # —00, and
q, # 00). Then there exists a unique optimal controlg< L?*(0, T; H/?(Ty)) that solves (2.1.4)
subject to (1.2.1a)-(1.2.4).

Theorem 2.1.5. Let6 > 0, k be a function of x and t, S € L*(0, T; L?(2)), g € L*(0, T; HY*(Ty)),
Y € L*(0,T; L*(Tp,)), and initial conditionu, € V. Let [A > 0] or[A =0 and g, # —o0, and
q, # o). Then there exists a unique optimal control F € L*(0, T; L(2)) that solves (2.1.4) for
A >0 subject to (1.2.1a)-(1.2.4).
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Theorem 2.1.6. Let 6 > 0, k be a function of x and t, F € L*(0, T;L?(Q)), S € L(0, T; L*(£2)),
g € L?(0, T; H?(Iy)), and initial conditionu, € V. Let[A > 0] or [A =0 and q, # —c0, and
q. # 00]. Then there exists a unique optimal controly € L*(0, T; L*(Tp,)) that solves (2.1.4)
subject to (1.2.1a)-(1.2.4).

Theorem 2.1.7. Let 6 =0, k be a function of x and t, F € H'(0, T; V'), and d, € L3(2). Let
[A>0] or[A=0andq, #—00, and q, # o). Then there exists a unique optimal control
S e L?(0, T : L*(2)) that solves (2.1.4) subject to (1.2.1a), (1.3.17), and (1.2.4).

Theorem 2.1.8. Let 6 =0, k be a function of x and t,S € L*0,T : V'), and d, € L3(?). Let
[A>0] or[A=0andq, #—00, and q, # o). Then there exists a unique optimal control
Fe HY(0, T; V)N L?(0, T; L*(Q)) that solves (2.1.4) subject to (1.2.1a), (1.3.17), and (1.2.4).

Theorem 2.1.9. Let 6 = 0, k be a constant, F € H'(0, T;1*(Q)), g € H'(0, T; HY?(Ty)), Y €
L*(0, T; L¥(Tp ), and initial conditionuy € V. Let[A > 0] or[A =0 and q; # —o0, and q,, # o0].
Then there exists a unique optimal control S € L*(0, T; L*(Q)) that solves (2.1.4) subject to
(1.2.1a)-(1.2.4).

Theorem 2.1.10. Let 6 = 0, k be a constant, F € H'(0, T;L3(2)), S € L?(0, T; L*(Q)), ¢ €
L*(0, T; L*(Tp,,)), and initial condition uy € V. Let [A > 0] or [A = 0 and q; # —o0, and
G, # 00). Then there exists a unique optimal control g€ H'(0, T; H'/?(Ty)) that solves (2.1.4)
subject to (1.2.1a)-(1.2.4).

Theorem 2.1.11. Let 6 =0, k be a constant, S € L*(0, T; L*(2)), g€ H'(0, T; H?*(Ty)), Y €
L*0, T; LA(Tp ), and initial conditionuy € V. Let[A > 0] or[A =0 and q; # —o0, and q,, # o].
Then there exists a unique optimal control F € H'(0, T;L*(Q)) that solves (2.1.4) for A > 0
subject to (1.2.1a)-(1.2.4).

Theorem 2.1.12. Let 6 = 0, k be a constant, F € H'(0, T;L*(2)), S € L*(0,T; L*(2)), g €
H(0, T;HY%(Iy)), and initial condition u, € V. Let[A > 0] or [A = 0 and g, # —00, and
q, # 0o]. Then there exists a unique optimal controly € L*(0, T; L*(Tp,,)) that solves (2.1.4)
subject to (1.2.1a)-(1.2.4).

Proof. First we note that the problem can be reduced to a minimization problem over a
bounded set. If A = 0, we already have the assumption that (2.1.4) is minimized over a
bounded set. Let us denote the bounded set by Q,,. If A > 0, we have the following argument.
Let ypo € LX(0, T; L2(Tp,,)). IE 1Y 12> 2 T(3)o), then

1 A 1
T@) = SNGW)= 71+ S i, > SICEI =TI +TW0) 2 TWpg). 215)
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Let Y, =0. Then 2.1.5 yields |[{)|* < %ll 7113 - Therefore the problem reduces to minimizing
J over the set Q,, := {y € L*(0, T; L*(Q)) | [Y|* < %||J7||§/}- If 0 ¢ Q,,;, we can choose an
alternative ¢, € Q,, and the argument follows similarly.

Next we show that a solution exists for (2.1.4). Since J(q) > 0, there exists

j:=inf J(q).
qeQyp
Hence, there is a sequence {g,}"2  C Q, such that J(g,) — j as n — co. Since Q is reflexive,
and Q, is closed, bounded, and convex, then Q,, is weakly sequentially compact. Therefore,
there exists a subsequence of {¢, } 72, which for convenience we still denote by {g,}7,, that
converges weakly to some g € Q,. The cost functional J is weakly lower semicontinuous,

since it is a continuous and convex functional. Therefore, we have that
liminf J(q,) = J(g).
n—oo

Hence we obtain that j > J(g), but by the definition of j, we have J(§)= j. Therefore g is
the optimal control.
Finally, we prove uniqueness of optimal control. Assume two solutions ¢, i exist for

(2.1.4). By the strict convexity of J, we have
Jug+QQ—wir)<pJ(@)+Q—-wi(F)=j. (2.1.6)

Given the convexity of Q,, ug +(1—u)r € Q,, so (2.1.6) implies g and 7 are not optimal
controls. This is a contradiction, and thus the optimal control is unique. O

2.2 Necessary Optimality Condition with Adjoint Operator

To derive a first order necessary optimality condition (NOC), we first use the adjoint operator
of G. However, since the adjoint operator of G can be difficult to work with computationally,
we will derive the adjoint system, investigate the well-posedness of the adjoint PDE system,
and use it to characterize the optimal control. Since G : Q,; — Y is linear, then G —y is
Frechét differentiable. Furthermore, || - ||? is differentiable on every Hilbert space. Therefore,

using the chain rule, we have that the cost functional J : Q,; — R is Frechét differentiable.
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We can compute its directional Gateaux derivative as follows.

1 o1 i _
lim —(J{q + th)= (@)= lim ——(IG(q + th)= 71, ~1G(g)= 7IF, + Allg + il = A1)
:(G(Q)_j/; G(h))Y +)'(q’ h)Q

Therefore, we have shown
J'(@)=G*(G(q)—7)+Aq.

We state the first characterization of the optimal control g:
Theorem 2.2.1. g is the optimal control to (2.1.4) if and only if
(GGG—7),a—q)y+(A4,9—G)o=0 YqeQ. (2.2.1)

Proof. Let g € Q be the optimal control and g € Q be arbitrary. Let t € (0, 1]. Then

1
JG+ig=a)=2J(q)=—U(G+tqg—q)—J(G)]=0 Vi €(0,1].

Taking t to 0, we have J'(§)(g — §) > 0. Therefore, if g is optimal, (2.2.1) is satisfied.
Now we assume that (2.2.1) is satisfied. Since J is convex, we have

J(G+1tq—a)=T(tq+1—1)g)< t](q)+1—1)] ().

This implies that
J(g+tlqg—a)—J(q)< t(J(q)—J(q)).

Dividing by ¢ and taking the limit as ¢t — 0, we obtain

J'(g)g—a)<J(q)—J(), Y qeQ.

Since the left-hand side is greater than zero, then for all g € Q, J(gq) > J(g) and thus ¢ is the
optimal control. O

This result is a necessary optimality condition. However, it makes use of the adjoint
operator of the control-to-state operator. We do not have a good understanding of this
operator at this point and instead favor a necessary optimality condition that uses an adjoint

PDE system. Due to the regularity differences in the sources and mechanical displacement
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in the poro-elastic and poro-visco-elastic cases, we now conduct our analysis in the poro-
elastic case where k is a constant and the poro-visco-elastic case separately. A necessary
optimality condition using an adjoint equation in the poro-elastic case where k is a function
of x and ¢ will also be different from an analysis perspective and is part of ongoing work

that will not be included in this thesis.

2.3 Poro-visco-elastic, k as a function of x and 7, NOC

2.3.1 Deriving the Adjoint Equation

We define, formally, the Lagrangian function £ (u, p,q,m, h): H'(0, T;V) x L0, T; V) x Q X
L?(0,T;V)x L*(0, T; V) — R be given by

T

T T
(V-T(u, p),m,)d t +J (F,m,)dt —J (V-u,, h))dt
0

0

L(u,p,q,i,h)= ](u,p,q)+J

0
T
+ r (V-(k(x,£)Vp), h)d t +f

Jo 0

T

(S, m)dt —(V-u(0), hy) +(dy, hy) +f (gmy) dr

0

T

T T T
- r <T(ur p)n» m2>FNd r _J <u! m3)FDd 4 _f (k(x! t)vp ‘n, hB)FNd r
J
FT T ° ° T
- (pr h4>rD,pd t _J (k(x’ t)vp -n, h’5>rD,ud t _f <¢’ hs)rDv”d iz
Jo 0 0

where the Lagrange multipliers m,, h; are functions defined on 2 x (0, T'), h, is a function
defined on 2, and m,, my, ks, hy, hs are functions defined on parts of I' x (0, T'), and they

are expressed in . as the vectors i and /. For simplicity, we will let
o=T,m)+0T,(m).

Moreover, we recall that the control g will be taken to be one of the sources F, S, g, or ¢. In
the formal Lagrangian, F, S, g, and v are all given except the choice of control which is
equivalent to ¢. Assuming sufficient smoothness on i1 and / and integrating by parts, we
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have the following equalities:

T

T T

f (V-T(u,p),ml)dtzj (u,V-U(ml))dt—f (o(my)n,u)rdt
0 0 0

T

=0 [ (wV-om,))dt+o6(T),V-o(m,(T))—o(u(0),V-o(m,(0))

T

+0 | (o(my)nuyrdt—6(c(m,)(T)n,u(T))+ 6(c(m,(0),u(0))

J
J

+f (p,V-ml)dt+J (a(u)n,ml)rdt—§J (o(un,m,,)rdt
0 0

0
T

+5(0(u(T))n,m1(T))r—5(0(u(0))n,m1(0))r—f (p,mn)rdr

0

T

—f (V-u,,hl)dt=—f (u!Vhlt)dt+(u(T)rVhl(T))_(u(O)’Vhl(O))+f (w-n, hy )rdt
0 0

0

—(u(T)-n, by (T))r + (u(0)-m, hy(0))r

T T

(p,V-(k(x,t)Vhy)dt +f (k(x,t)Vp-n,h)rdt

0

T
J (V- (k(x,t)Vp), h)d t =f
0

0

T
_f (p, k(x, t)Vhl ° n)l"dt
0

T

T T
_J (T(w, p)n,my);, dt :_J (U(u),m2>rth+5f (o(u),my, ), drt
0 0

0
T

—0(o(u(T)), my(T))r, +6{(c(u(0)), my(0))r, +J (p,my-n)p dt

0
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Therefore, the following equality holds

T T
£(u,p,q,1,h)=J(up, Cl)+J (w,V-o(m,))dt —f (o(my)n,u)rdt
0 0

—0 | (wV-om))dr+6(T),V-o(my(T))—0o(u(0),V-o(m(0))

T
+5J o(m,)n,u)rdr—06 (G(ml)(T)n,u(TDr+5(0‘(m1(0)),u(0))r+f (p,V-my)dt
0

T

+ (0(u)n m,)rdt—0 f (c(wn,m,,)rdt+6(c(u(T)n,my(T))r— (o (u(0))n, m;(0));
0 0
rT T g
—J (p,ml-n>rdt+f Fm)dt— | (uVh,)dt+(T),Vh(T))—(u(0),Vh(0))
0 0 0
rT g
+ | (u-n,hy,)rdt—(T) n, hy(T))r+(u(0)-n, hl(O))r+J (p,V-(k(x, t)Vh)dt
0

0

rT T

+ | (kx,t)Vp-n, hl)dt—f

0 0

T
(p,k(x,t)Vhy-n)rdt —|—f (S, hy)dt+(u(0),Vh,)
T T ’
—(u(0)-n, hz)r—J (U(u)»m2>rth+5J (o(u),my, ), dt—o6(o(T)), my(T))r,
’ T ’ T T
+ 0 (o (u(0)), my(0))r, +f (p,my-m), drt +J (gmy)r, dt —f (wymy)p, dt
0 0 0

T T T
—f (k(x,)Vp-n, h3>rth_f (P,h4)rD,,,df—f (k(x, 1)Vp-m, hs)r, dt
0 0 0

—f W, hs)r,,  d

By Lagrange principle, the optimal solution (@, 7, §) and the multipliers rh and / should

(2.3.1)

satisfy the optimality conditions associated with the unconstrained problem
min.%(u, p,q,m, h) with q<€Qua-

Now we will take the derivative of the Lagrangian with respect to u and the derivative
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with respect to p.

T T

(v,V-o(m,))dt —f (o(mp)n,v) dt

0

T
D% (u,p,q,1, fz)v=f (u—uy,v)dt +f
(‘T 0 0
=6 [ wV-om,))dt+6(V(T),V-o(m(T))—6(v(0),V-c(m,(0))
Jo

rT r
+0 J (omy)n,v)rdt—6(c(m,)(T)n,v(T));+ 6 (o (m,(0)),v(0))r + f (o(v)n,my)d ¢
0

0
pT T

(oc(vIn,my )rdt +6 (o (v(T)n,my(T))r—6(o(v(0))n, my (0)r —J v, Vi, )dt

-0
0 0

T
+(V(T)’Vhl(T))_(V(O)’VhI(O))+J (vem, by )rdt — (V(T)-m, by (T))r +(v(0) - m, 1y (0))r
0

T T

(o(v),my), dt+ 5f (o(v),my, ) dt

0

+(v(0), V) —(v(0) - m, hp)r —f

0
T

—0{o(v(T)), my(T))r, + 6 {0 (v(0)), my(0))r, —f (v,my)p, dt

0

(2.3.2)

T T T

ng(u,l?»q,ﬁl;mr:f (p_pd’r)dt+f (r,V-ml)dt—f <r)m1'n>dt
0 0

0

T T T
+ ( (r,V-(k(x, t)Vhl)dt+J (k(x, t)Vr-n,hl)rdt—f (r,k(x,t)Vhy-n)rdt
Jo 0 0

T T T
+ ( (r,mz-n)rth—f (k(x,t)Vr-n,h3)rth—J (r,h4)rDypdt
0 0

(2.3.3)

The derivative of £ with respect to u and p will vanish at the optimal point (a, p, ). If
we let

m:=m,, h:=h;, my=m|;, my=(—o(m)+oc(m,),+hIn),,

th = —5V . O'(ml(O)) +Vh(0) h3 = her h4 = —k(x, t)Vh . nlI‘Dyp h5 = her,v’
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we obtain the following adjoint system:

(—6V.0(m,)+V -0(m)=Vh, =—(@—a) in2x(0,T)
—V-m—-V.(kx,t)Vh)=p—p inQx(0,7)
—k(x,t)Vh-n=0 on (Iy Uy ,)x(0,T)

{1 (6o(m,)—om)+h,In=0 onTy x(0,T) (2.3.4)
h=0 onlp, x(0,T)
m=0 onI, x(0,T)
Vh(T)+06V-ocm(T))=0 inQ

Remark 2.3.1. The proper definition of the Lagrangian function .¢ is given below. For
me L0, T;V)and h € L?(0, T; V), let the Lagrangian function £ (u, p, ¢, m, h): H'(0, T; V) x
L0, T;V)xQ x L*(0,T;V)x L?(0, T; V) — R be given by

T

g(uyp;q;m,h):](U,P,q)_(éf a(ut)m) dt

0

+f a(u,m)dt—f (p,V-m)dt—J (g,m)rth—f (F,m)dt)
0 0 0 0

T T
—(J (k(x,t)Vp,Vh)dH—J
0

0

T T

(W, h)y,, dt— f (S,h)dt) (2.3.5)

0

(V-u[,h)dt+f

0

2.3.2 Well-posedness of Adjoint System for Poro-visco-elastic Case

In the well-posedness analysis of the adjoint system, we will call z, =a—1, z, = p — p and
we will let the terminal condition be the more general case where VA(T)+ 06V -o(m(T))=
Vz;+ 0V -o(m(T)). We define a weak solution for the adjoint system (2.3.4) as follows.

Definition 5. [Weak Solution for Adjoint System] A weak solution to (2.3.4) is represented by
the pair of functionsm € L?(0, T; V) and h € L?(0, T; V) such that:

(@) foranyw eV, w € V, and f € C;°(0, T) the following variational formulations are
satisfied:

T T T T
5J a(m,w)f’(t)dt+f a(m,w)f(t)dt—i—f (h,V-w)f’(t)dtzf (z, W)f(t)dt (2.3.6)
0 0 0 0
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T

T T
J (k(x,t)Vh,Vw)f(t)dt—J (V-m,w)f(t)dtzf (z,w)f(t)dt (2.3.7)
0 0

0

(b) for everyw €V, the term (h(t),V -w)+ o a(m(t),w) uniquely defines an absolutely
continuous function on [0, T| and the terminal condition (h(T),V -w)+ 6a(m(T),w)=1z; is
satisfied.

The adjoint system (2.3.4) is a linear, weakly coupled system. Once reversed in time, the

system is as follows:

(6V-0(m,)+V-o(m)+Vh =—2z, inQx(0,T)
—V-(kx,t)Vh)—V-m=2z, inQx(0,7)
—k(x,t)Vh-n=0 on (IyUIp ,)x(0,T)
{1 (c(m,)+0o+h,I)n=0 onTy x(0,7T) (2.3.8)
h=0 only , x(0,T)
m=0 onI, x(0,T)
th(-,0)+5V-O'(-,0)=Z3 inQ

Reversing the system in time simplifies the use of known existence techniques since there is
now an initial condition instead of a terminal condition. We can show existence of a solution
to the adjoint system reversed in time (2.3.8) using operator theory. A weak solution to the

adjoint system reversed in time has the following definition:

Definition 6. [Weak Solution for Reversed Adjoint Equation] A weak solution to (2.3.8) is
represented by the pair of functionsm € L?(0, T;V) and h € L*(0, T; V) such that:

(@) foranyw eV, w € V, and f € C;*(0, T) the following variational formulations are
satisfied:

T T

(h,V-w)f'(t)dt =f (z,wW)f(t)dt

—6f a(m,w)f’(t)dt+J a(m,w)f(t)dt—J
’ ’ ’ (2.3.9)

0
T

T T
J (k(x,t)Vh,Vw)f(t)dt—f (V-m,w)f(t)dt:J (z,w)f(r)dt (2.3.10)
0 0

0
(b) for everyw €V, the term (h(t),V-w)+ 0a(m(t),w) uniquely defines an absolutely con-
tinuous function on [0, T] and the terminal condition (h(T),V -w)+ 6 a(m(T),w) =(z3, w) is
satisfied.
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Now we introduce the following operators.

1. The elasticity operator &:
First, consider the system

V-o=—z;, 1in
m=0 onlj,
on=0 on I}y

Let ve 'V then we have

f(V-a)-dez
0 J

-
—z,-vdQ)

Q
-
—z,-vdQ)
Q
-
z,-vdQ)
Q

z,-vdQ)
Q

Now, we denote the operator £(m) = a(m,-). Hence, & : V— V’. Since we are taking
a(-,-) to be the inner product on'V, it is clear & is coercive.

Let w € V'. Then by Lax-Milgram there exists a u € V such that a(u,v) = w(v) for all
veV. Hence, &u= w. Therefore, the range of & is V'.

2. The family of A(t) operators:
Consider the following:

—V-(k(x, t)Vh)=2, inQ
h=0 on rD,p
kx,t)Vh-n=0 onlyUlp,
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Let w € V. Then multiplying by w and integrating we have the following:

f (—V-(k(x, 1)VR)w)dQ = (‘ zZwdQ
Q J

—J kx, t)wVh- ndl"+f kx, t)Vh-VwdQ=
T Q

Q
(
Ja
f kx, t)Vh-VwdQ= (

Q Ja

We define
A(t): V-V’ by A(t)(h)(w)zJ k(x,t)Vh-VwdQ
Q

Using (1.2), we see that (A(t)(h), h) > K*”Vh”%zm) > 0. Therefore, A is monotone.
Furthermore, Friedrichs’s inequality, (1.2) and Assumption 1.3.1, yields

KVRIE, g > CliElly VheV.

Hence, A(t) is coercive for all ¢ € [0, T]. Therefore, if z, € V/ and ¢ € [0, T'] then by
Lax-Milgram, a unique solution & will exist such that A(¢)(h) = z,, so the range of
A(t) = V’. Also note, the kernel of A(t) is the kernel of V Hence, any function that
is constant almost everywhere is in the kernel of A(z). Finally, by the definition, we
clearly see that A(t) is self-adjoint.

. The coupling terms:
Consider the problem
Vh=00on and h=0o0onTy

Note thatif h € V, then Vi =0 implies h =0 on I by Poincare’s inequality and trace
theorem. Also, we have

T
0 =J (Vh,v)dt
0

(hV )dt+J (hI-n,v)dt =0
0

f(th
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Therefore,

T
f (h,V-v)dt=0.
0

We define V : V — V' by V(h)(v) = [, hV - vdQ. Similarly, define V- : V. — V' by
Vm(v) = fﬂ V-mv(). With these definitions we can immediately see that V is the
adjoint of V-.

Now that we have defined these operators, we see that Definition 6 is equivalent to

Definition 7. [Weak Solution for Reversed Adjoint Equation] A weak solution to (3.1.1) is
represented by the pair of functionsm € L*(0, T;V) and h € L*(0, T; V) such that:
(a) The following equations are satisfied:

5%£(m(t)) +&m(1))+ %Vh(t) =—z,(t) €L*0,T;V) (2.3.11)

A(t)(h(t)—V-m(t)=2z,(t) € L*0,T; V) (2.3.12)
(b) The map t — 6&E(m(t))+ Vh(t) is absolutely continuous in V' on [0, T| and the initial
condition 6 &(m(0))+ V(h(0)) = z; is satisfied.
We have the following theorem

Theorem 2.3.1. Given z, € L?(0, T;1%(Q)), z, € L?(0, T; L*(?)) and z; € V'. There exists a
solution (m, h) that satisfies Definition 7 for all(w, w) € L*(0, T;Vx V) andveV.

We will first introduce a new variable 1 such that
t
l:J m(s)ds+y(t) (2.3.13)
0

where

—g(y(t))zf z,(s)d s +6&m(0))+ Vh(0) (2.3.14)
0

We notice that

t

é"(l(t)):J g(m(s))ds—f z,(s)d s — 6 &(m(0))— V h(0)
0 0

L sty = sm(e) (1) 23.15)
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Now we will integrate (2.3.11) from 0 to ¢ to get

5<§”(m(t))—56”(m(0))+f 6”(m(s))ds+§h(t)—§h(0)=f z(s)ds
0

0

Now rewriting this in terms of 1, we have
Em(t)+&1(t)+Vh(t)=0 (2.3.16)

Putting (2.3.12), (2.3.15), and (2.3.16) together we have the following system

dooo & V &|\|m 0
Eooo+—ﬁA0 hi=|z (2.3.17)
00 & —& 0 0 1 z

We define V=V x V xV. Now let 8,./ : V— V' be defined by

00 0 & V
B=10 0 0| and . =|-V- A
00 & —& 0

Because & is coercive, we have 4 is self-adjoint and monotone. Since ./ and 93 are time
invariant they are both clearly a regular family and in L°°(0, T') for all w, v € V. Recalling
that V is the adjoint of V- and & is self-adjoint, we have

(.o (m, h,1),(m, k, 1))y, y = Em)m+ (Vh,m)y,y+EDm+ (V-m, k), , + A(h)h — Em)l
=&mm+A(h)h >0

Therefore, ./ is monotone, and
</ (m, h,1)(m, h,1)+ B(m, h,1)(m, h,1) = C(|lm]f; + | Al + 1I3)

Given these properties, we will show existence of a solution to (2.3.17) with the initial
condition
28(0)(m(0), 12(0),1(0)) = 98(0)(my, Fo, 1)

We let 1, be defined such that &(1;) = z;. Note that since Rg & =V’, we can find 1, such that
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&(ly) =z for any z; € V'. Having shown the above properties on .«/ and 9 above, we use
the following proposition found in Showalter’s book called Monotone Operator Theory for

Linear Degenerate Equations (see [50] page 115):
Proposition 2.3.2. LetV be a separable Hilbert space and </ (t) € £ (V,V’) such that
A u(v)e L*°0,T) Vu,veV.
Also, let B(t) € £(V,V') such that B(t) is a regular family of self-adjoint operators and
B(u(v)e L*°(0,T) Vu, v €V. Further, let 3(0) be monotone. Let z; €V, z, € L*>(0, T, V'). If
there exists A, ¢ > 0 such that
2. () v(v)+AB(tv(v)+ B (Hv(v)=>c|vl? YveV,0<t<T (2.3.18)

then there exists u €V such that

%(%(t)u(t)Hﬁ(t)u(t)=Z(t) in (L*(0, T;V)Y

(2.3.19)
(B u)0)= B(0)u,
where B(u)(t) is absolutely continuous. Furthermore, the solution satisfies
, 1/2
lwell 20,75 < C(A, €) (“ZHLz(o,T;V/) + 93(0)%(”0)) (2.3.20)

Further, if A(t) is monotone, ./ (t) is a regular family of self-adjoint operators, and there is
a pair of numbers A, ¢ > 0 such that

dv(w)+AB()v(v)>cllv|* YveV,a.e.t €[0,T]

then this solution is unique.

To use this theorem to show uniqueness, we would need to show .¢/ is self-adjoint.
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However, this is not the case as seen here:

<J27(m’ h; l)! (W» grj»V’,V = g(m)w+ <§hrW>V’,V + g(l)w_ (er g)V’,V +A(h)g - g(m)j
=&wm= (V-w, h)yy, + EWI—(Vg,m)y y+Alg)h—&(j)m

& -V —&||w
=< V- A 0 g ,[m,h,l]>
& 0 0 j vy

Thus for our case, Theorem 2.3.2 gives existence (but not uniqueness) of (u, p,1) eVx V xV

such that
EmM)+Vh+&1)=0,

V-m+A(h) =z,
d
Eé’(l)—é”(m) =1z,

EM)(0)=&(ly) =2zs.
Let f € C;°(0, T). We multiply (2.3.21) by f’(¢) and integrate from 0 to T to see

f é”(m)f'(t)dt—l—f vhf/(t)d[-Ff sEMf'(t)dt =0.
0 0 0

We similarly multiply (2.3.23) by f(t) and integrate from 0 to T to see

T d T T
f —5(l)f(t)dt—J g(m)f(t)dt:J z,f(t)dt.
0 dt 0 0

Integrating the first term by parts gives

T T T
—J é"(l)f’(t)dt—f é”(m)f(t)dt:f z, f(t)dt.
0 0 0

Combining (2.3.27) with (2.3.25), we see
T

T T T
J g(m)f'(t)dHJ ﬁhf’(t)dt—f é”(m)f(t)dtzf z, f(t)dt.
0 0 0

0
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Therefore,
d

dt
and (&(m)+Vh)e HY(0, T; V). We know &(m(t)) € L%(0, T; V') because m € L%(0, T; V) and
the operator & is continuous. Similarly, since all of the operators we used are continuous,
all of the terms in (2.3.22) and (2.3.29) are in L?(0, T). Therefore, we have that for all (w, w) €
L?(0, T;V x V) the following holds:

(&(m)+Vh)=—&m(t))+2,(t). (2.3.29)

T T T

J (&(m)+Vh)wdt +f sm)wdt = J z,wdt (2.3.30)
0 0 0
T T T
J (Vm)wdwf A(h)wdt:J zwdt (2.3.31)
0 0 0
Also, forallveV,

Em(0))v+ Vh(0)v=(z3,V) (2.3.32)

Therefore, we have proven Theorem 2.3.1. Additionally, m(¢) = m(T — t) and h(t) =
h(T — t) will satisfy the following theorem:

Theorem 2.3.3. Givenz, € L*(0, T;L*(Q)), z, € L*(0, T; L*(Q)) and z; € L*(2) such that there
exists 1, where (1)) = z3. There exists a solution (m, h) that satisfies Definition 5 for all
(w,w)e L?(0,T;Vx V)andveV.

Theorem 2.3.4. There can only be one unique (m, h) that satisfies Definition 5 and the
solution satisfies the following:

||m||L2(O,T;V) + ||h||L2(O,T;V) < C(T’ 5) (”Zl ||i2(0yT;L2(Q)) + ||Z2||i2(0'T;L2(Q)) + ||Z3||i2(g)) (2.3.33)

Proof. Assume (m, h) satisfies Definition 5. Then for almost every t € [0, T],

d —
— 7 (08mM)+V), Wyy +(E(m), w)d 1 =(z,, W)

Integrating from ¢ to T and using m(¢) as the test function, we have

T

T
(55(m(t))+§h(t),m(t))+f (é"(m(’r)),m(t))d’er (z,(7), m(1))d 7 +(z3, m(t)) (2.3.34)

t

By plugging h(t)in as the test function in the second variational equality, we have for almost
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every t €[0,T]
—(Vh(£),m(2))+ A(h(£))(h(1)) = (25, h(1)).

Adding this together with (2.3.34), we have

T
56"(m(t))(m(t))+A(h(t))(h(t))+f sm(7))m(t)dr
t (2.3.35)

= | (@(7)m(2))dt7 +(z5,m(t))+(2,, (1))

Recall §(m(7)m(¢)=a(m(7), m(t)).
a(m(t),m(t))=(V-m(7),V-m(t))+(Vm(t) +(Vm(7))’, Vm(t))
=(V-m(7),V-m(z))+ %((Vm(f), vm(t))+(Vm(7))", V(m(1))")
+((Vm(1))", vm())+ (Vm(7), (Vm(z ))T))

=(V-m(7),V-m(t))+ %(Vm(f) +(Vm(7))!, vm(t)+(Vm(t))")

Therefore, set y, = ftT V-m(t)d7 and y, = ftT vm(7)+(Vm(7))'d7. Then ¥/ (t)==V-m(z)
and y/(t)=—Vm(t)+(Vm(z))". Hence,

g 1d 1d
J a(m(f),m(t))df=—(y{(t),yl(t))—(yz’(t),yz(t))=—EEIIJﬁ(t)IIZ—EEllyz(t)ll2 (2.3.36)

Therefore, integrating (2.3.35) from 0 to 7', we have

! ! 1 1 1 1
5f Sm(r))m(r)dt +J A(h(t))h(t)dt— EHyl(T)”Z_ Ellyz(T)ll2 + 5||y1(0)||2 + 5||y2(0)||2
0 0

T T T T
=f J (ZI(T):m(t))dT'i'f (Zs,m(t))dHf (22, h(t))dt.
0 t 0 0

(2.3.37)
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Using Young’s inequality and Korn’s inequality, we have

T T
JJ(zl(T),m(t))det< J ”Zl(ﬂllzd di+ f J mz(t W,
0 t

||m

———dtdt

2 2
_ f 2P f €llm(2)]
Jo 2
_( ||z1 ||2 J f ellm(opP
Jo

2 ||z1||L20TL2(Q)) ”m( )”LZOTLZ(Q)

ECT
2 ”Zl”Lz 0,T;L2(0 ))+ Tg(m(t)’m(t))

Similarly, we have

“aomienar< [ VB g [ MmO e €
Z;, m < —_— € < T|lzll%, —||m )
o . 2€ . 2 L@ 2

Using Young'’s inequality and Poincare’s inequality we have

T
||Zz||L2(0,T;L2(
f(zz,h(t))dtsT AT A
0

Therefore, noticing y,(T) = ),(T) =0 and setting € to be small enough, we have

T T
5 f g(m(r))m(t)dwf A(h(t)(1)dt < C(T)(I121]agq ipaey + 1220, 112y + 12812200y
’ ’ (2.3.38)
Therefore, (2.3.33) is satisfied.
Since (2.3.4) is linear, if there are two solutions (m,, /;) and (my, /,) then (m; —m,, h,—h,)
satisfies (2.3.4) with all sources and the terminal condition equal to zero. Since (2.3.33)

holds for all solutions, m; —m, =0 and h; — h, = 0. Hence, there is a unique solution. [
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2.3.3 Deriving the Necessary Optimality Condition for the Poro-Visco-
Elastic Model

First, we provide an identity which is essential in the derivation of the first order necessary

optimality conditions for the optimal control.

Lemma 2.3.5. Let (u, p) be the solution to the weak solution to the poro-elastic system
(1.2.1a)-(1.2.4) withu, = 0. Let (m, h) be the weak solution to the adjoint equation (3.1.1)
with z; =0 andz, =0.

J (g,m)rth+f (F,m)dt+f W’h)rD,vdHJ‘ (S,h)dt:f (zl,u)dt+f (z0,p)dt
0 0 0 0 0 0

Proof. First, we will reformulate the weak solution to the adjoint equation. Let (m, /2) be

the weak solution to the adjoint equation (3.1.1). Notice,
(h(2), V-W) < ||R(2)l| 2oy lIWlly
Hence, by Reisz-Representation Theorem, there exists R(/y)(t) € V such that forallweV
(h(2),V -W)pq) = (R(hy)(t), wly and [[R(hg)(t)llv < [[A(2)l] 120

Therefore, R(hy)(t) € L?(0, T;V).
Furthermore, foranyweVand f € C;*(0, T'), we have

T T T
f a(m(t),w)f’(t)dt+f a(m(t),w)f(t)dt+ f (R(hy)(t), W)y f'(t)dt
0 . 0 0
=J (z,(2),w)f(t)dt.
0
Now we will define the following functionals F;(¢): V — R:
F(t):w— —(z,(1), W)L20

E(t):w— a(m(z),w)
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Both of these functionals are linear. We also have the following bounds:

[B (W] < |2:(0)llz2pp Wl e < 1122 (2)llvliwlly

| B(t)w] < 2[IVm(£)| iz VW 2@y < 2[lm(z)llv]wlly

This implies that F;(t) € V' for every ¢ and there is some constant C > 0 such that
IR (0l + [ E()llv < Clllz,(2)llv + llm(z)]ly)

Since z,(t),m(t) € L?(0, T;V), then we obtain that F(t) = F/(t)+ E(t) € L*(0, T; V). Now

using Bochner’s Theorem and (2.4.4) we have

T T
(—J (m(t)+R(hv)(t))f’(t)dt,W) =—f (m(t)+ R(he)(2))f (1), whd t
0 0

\%

=f (F()f(2), Wy ydt = (f F(t)f(t)dl‘,W)
0 0

v,V
Hence, we have that in the space of V/,

T T
—f (m(t)+R(hv)(t))f’(t)dt=f F(o)f(t)de, VfeC5e0,T)
0

0

Therefore, by definition of distributional derivatives for vector valued functions, %(m( )+
R(hg)(t))=F(t)e L*(0, T; V).
Additionally, (2.4.4) can be written as

T T d T
J a(m,w)f(t)dt—f (d—(m+R(hv)),w) f(t)dtzJ (z, W) f(1)dr  (2.3.39)
0 0 4 V'A% 0

However, since {wf(t)lweV, f e C0°°(0, T)} is dense in L?(0, T; V), we can let u and p be
test functions in (2.4.5) and (2.4.51) to obtain

T T d T T
f a(m,u)dt—J (E(mﬁ—R(hv)),u) dt—f (V-m,p)dt+f (kVh,Vp)dt
0 0 vV 0 0

:J (z,,u)dt +f (zo,p)dct.
0 0
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Since ue€ H!(0, T; V), we can integrate the second term by parts.

T T
J a(m,u)dt +f (m+R(hy),u,)yd t —(m(T)+ R(hy)(T), a(T))iz0)
0 0
T

T T
+ (m(O) + R(hv)(()), U(O))LZ(Q) —f (V -m, p)d t +f (]CVh, Vp)d = J (Zl, ll)d t (2.3.40)
0 0

0
T
+f (z0,p)dt
0

Recall that for alweV, 6a(m(T),w)+(h(T),V-w)=da(z,,w)+(z;5, V-w). Since z; =0 and
z,=0,(z;,V-w)=0and o a(z,,w)=0. Therefore, (0m(T)+ R(hy)(T),w)y =0a(m(T),w)+
(h,V-w)=0.Hence, m(T)+ R(hy)(T)=0. Also, we assumed u, = 0. Therefore, the temporal

boundary terms in (2.4.52) are equal to 0, and using the definition of R(hy), we have

T T T T T
—Bf a(m,ut)dt+f a(m,u)dt+J (h,V-ut)dt—J (V-m,p)dt+f (kVh,Vp)dt
0 0 0 0 0

:f (Zl,u)dt'i‘f (ZZyp)dt
0 0

Let (m, h) be the test functions used in the weak form of the poro-elastic system. We

(2.3.41)

obtain

T T T T
f a(u,m)dt—f (p,V-m)dtJrf (kVp,Vh)dtJrf (V-u,, h)dt
0 0 0 0 (2.3.42)

T T T T
zf (g,m>rth+f (F,m)dt+f (z/J,h)rDvdHf (S,h)dt.
0 0 0 ’ 0
Combining (2.4.53) and (2.4.54), we obtain the desired equality.

T T T T T T
f (g,m)rth—l-f (F,m)dt+J (w,h)rD’vdt+J (S,h)dt:f (zl,u)dt+J (z,, p)d 1t
0 0 0 0 0 0

]

Theorem 2.3.6. If g € Q is the optimal control, then there exists a solution (m, h) to the
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adjoint system (3.1.1) withz, =u—1, z, = p —p, 23 =0, and z, = 0 which satisfies

foT(q —q,h+2AG)g=0 Yg€Q,s whenS orv is used as the control variable (2.3.43)

fOT(q —q,m+Aq), =0 Vg€Q,, whenF orgisused as the control variable

Conversely, let g € Q,, with associated state (o, p). Let (m, h) be the solution to the adjoint
system (3.1.1) withz, =ua—1, 2, =p—p, 23=0,2z, =0 and if (2.4.56) is satisfied, then q is a

solution to the optimal control problem (2.0.2).

Proof. Let g € Q be the optimal control. Then G(§) = (@, p) € H(0, T;V) x L?(0, T; L*(2)).
Since g is optimal, (2.2.1) yields:

(G4—7,6q=Gq)y+(A4,9—q4)q =0 Vq € Qua
which is equivalent to
T T
j (ﬁ_ﬁ’u_ﬁ)dt'i'J (ﬁ_ﬁ’p_ﬁ)dt'i'(lq’q_Q)Q >0 Vq € Qua
0 0
Therefore,
T T
j (zy,u—u)d¢ +J (22, p—pldt+(A4,q—G)o =0 Vg €Qua (2.3.44)
0 0
Recall G(q — g) = (u—1u, p — p) corresponds to the solution of the poro-elastic system
where all sources and initial conditions are zero except the control ¢ —¢g. There exists (m, h)

satisfying the adjoint solution with z, =a—1, z, = p—p, 23 =0, and z,. Therefore, applying

Lemma 2.4.8, we obtain

T T
(q_c_l’h)Q:f (eru_ﬁ)+J (Zz»P_Ia) VqEQad
0 0

if S or ¢ is used as the control variable and

T T
(q—fl,m)o=f (zl,u—ﬁ)+f (22, p—P) Vq € Qua
0 0

if F or g is used as the control variable. Combining this with inequality (2.4.57), we obtain
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(2.4.56).

Now assume G(q) = (i1, p) and that there exists a solution (m, /) to the adjoint system
(3.1.1) with z; =a—1, z, = p — p, z3 = 0 that satisfies (2.4.56). Then using the equality we

get from Lemma 2.4.8 and the definition of z, and z,, we have
(Gd—7,Gq—Gq)y+(AG,9—q4)q =0 Yq € Qua

Therefore g is the optimal control. O

2.4 Poro-elastic, k constant, NOC

2.4.1 Adjoint Equation

The adjoint is characterized by a PDE system found with the Lagrange Multiplier Method.

The Lagrangian is given by
Lagrangian =Cost Function- (LHS of PDE, Multipliers)+ (RHS of the PDE, Multipliers)

For the Optimal Control Problem defined in (2.0.2) this is the Lagrangian

T

T T
(V-T(u,p),m,)d t +f (F,m,)dt —f (V-u,, h))dt
0

0

Z(u,p,q,m,h)= J(u,p,q)+J

0
T

(S, m)dt—(V-u(0), hy) +(dy, h,) _J (T(u, p)n,my)y, dt

0

T

N (kAp,hl)dt+f

Jo 0
T

T

T

(Vp-n, hy)r, dt —f (P, h4>rD,p dt

0

T T

+ <g’ m2>Fth_f

(u,my), dt —J
Jo 0

0
T T

+ (kVp-n,hs)rDvdt—J (Y, hs)r, dt
Jo ' 0 '

(2.4.1)

Taking the derivative of the Lagrangian with respect to (u, p) and setting it equal to zero
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gives the weak formulation of the adjoint equation.

T T T

(v,2V-o(m,))dt —J (v,o(m,)n)rdt

0

Du.,%(u,p,q,m,h)v:J

0

(u—uy,v)dt +f

0

T T
+f (o(v)n,m,)rdt —J (v, V(hy))d t +(v(T),Vhy(T))—(v(0), Vh,(0))
0 0 (2.4.2)

T
+f (vem,(h))rd t — (V(T)-m, by (T))r + (v(0) - m, 1y (0))r +(V(0), V i)
0

T T

(oc(vin,my)r dt —f (v,mg)r dt =0

0

—(v(0)-m, hz)r—f

0

T T T

(r,V-ml)dt—f (r,m,; -n)rdt

0

D,%(u,p,q,m,h)r =J

0

(p—pd,r)dt+J

0
T

T T T
+f (kr,Ahl)dt—J- (kr,Vhl-n)rdt+f (er-n,hl)rdt+f (rrmy-m), dt (2.4.3)
0 0 0

T T T °
—f (Vr-n,hg)rth—f (r’h4)rD_,,df+f (kVr-n, hs)p, dt =0
0 0 0

Now we will take ve C°(0, T;(C;°(2))*) and r = L*(0, T; C;°()) to see the following

T T T
f (u—ud,v)dt—i-f (V,V'O‘(ml))dt—J (v,V(h),)dt =0
0 0 0

T

T T
f (p—pd,r)dt+f (rV-m)dt+ | (kr,Ah)dt=0
0 0

0

Because of the density of C;°(0, T'; C;°(2)) in L?(0, T; L*(Q)) we have that provided sufficient
regularity
—V-o(m,;)+V(h),=u—uy

—V-m,—kAh,=p—p,

Now if we assume v|r =0 and r|; =0, but Vvn #0 and Vr -n # 0, then we have

T T
f (o(vin,m,)rdt —J (oc(vin,my), dt=0
0 0
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T T T
f (kVr-n, h1>rdt—J (Vr-n, hg)r, dt +J (kVr-m, hs)r, dt =0
0 0 0

Hence, m; =0 on I); and m; =m, on I)y. Additionally, #; =0 on I}, ,, kh; = hy on Iy and
hy = hs; onI} ,. Now assuming v and r are not restricted on the spacial boundary, we have

T T T
_J (V,U(m1)n)rdt+J (V»(hl)tn)dt_f (v,mg)p, dt=0
0 0 0

T T T
—f (r,ml-n)rdt—f (kr,Vhl-n)rdt+f (r,m2-n)rth—(r,hz;)rD‘pdt=O
0 0 0

Therefore, on I, mg =(—o(m,;)+(h;),I)n and on Iy, (—o(m;)+(k;),I)n=0. In the second
equation, the terms containing m; and m, cancel out because m; =m, on Iy and m; =0
onIy. Therefore, we have hy=—kVh,-nonI} , and —kVh;-n=0onIy UI, ,. Next, if we

assume that v(0) # 0, but v| = 0 then we have
(v(0), V) = (v(0), VI, (0))
Therefore, Vh, = Vh,(0). Now assuming v|; # 0, we have
(v(0)-m, 11)(0)) — (v(0) - m, p)r

Hence, h,(0) = h,|;. Finally, if we remove the assumption that v(7) = 0 and put the assump-
tion that v|; =0, we see
(v(T), VI (T))=0

Therefore, Vh,(T) = 0. Additionally, 2 =0 on I}, ,, so we also have that i (T)|r = 0 which
will satisfy the last constraint necessary for D,.%(u, p,q,m, h)v=0 for all ve L*(0, T; H'(2)).
Putting all of this together, we can define m:=m, and & := h;. Then

m, = T(m)fy,, my =(—o(m)+ i Dn)ly,

h, = h(0) hy=1(kh)ly, hy=7(=kVh-n)l, —hs=1(hl,,
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Then we have the following system for m and h:

—V-oc(m)+Vh,=u—u,; Qx(0,7T)

—V-m—kAh=p—p,; Qx(0,T)

m=0 Ip x(0,T)
1h=0 Ip,x(0,T)

(—o(m)+h,In=0 Iy x(0,T)

—kVh-n=0 (IyUIp,)x(0,T)
(VR(T)=0 Q

We notice that this system has implicit evolution on / which is a scalar-valued function,
while there is no implicit evolution on m which is a vector-valued function. This is different
from the original system which had implicit evolution on u which is a vector-valued function
and did not have implicit evolution on p which is a scalar-valued function.

Adjoint Equation: Well-posedness with Rothe’s method

When using the adjoint equation to form necessary optimality conditions, we will set
Z, =u—Uuy, 2, = p—p,, and z3 =0. Therefore in (3.1.1), we consider the following regularity
for the data: z, € L?(0, T;V), z,€ L?(0, T; V), and z; € V.

Now we introduce the notion of a weak solution to the adjoint system (3.1.1).
Definition 8. [Weak Solution for Adjoint Equation] A weak solution to (3.1.1) is represented
by the pair of functionsm € L?(0, T;V) and h € L*(0, T; V) such that:

(@) foranyw eV, w € V, and f € C;>(0,T) the following variational formulations are
satisfied:

f a(m,w)f(t)dt+f (h,V-w dt—f (z, W (2.4.4)
0 0

J (kVh,Vw)f(t) dt—j (V-m, w)f(t )dt—J (zo, w)f(t)dt (2.4.5)
0 0

(b) for everyw eV, the term (h(t),V -w) uniquely defines an absolutely continuous function
on [0, T] and the terminal condition (h(T),V -w)=(z;,V - W) is satisfied.

We have the following theorem for the well-posedness of adjoint system (3.1.1).
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Theorem 2.4.1. Letz, € L*(0,T;V), z, € H'(0, T; L?(0)), and z; € V, then there exists a

unique solution (m, h) that satisfies Definition 8. Furthermore, we have the following estimate

T
2 2 2 2 2 2
100 1 )< €121, + f Izl 1+ sup 2o Ol 2l
0 »

Proof. We prove existence and uniqueness of a solution (m, /) to (3.1.1) by discretizing in
time.

Step 1: Solving the discretized in time problem

Let us partition the time interval [0, T'] into r subintervals. Let At = T /r and t; = iAt. Then

define N
'E—f z,(x,t)dt YO<i<r
L

and
zzi =z,(x,t;) VO<i<r

We want to show that there exists m! e Vand hi € V for 0 < i < r such that

At a(m',w)—(h"' —h',V-w)=At(z],w) YweV (2.4.6)
—(V-m', w)+(kVh',Vw)=(z],w) YweV (2.4.7)
h' =2z, inV (2.4.8)

We define Z : V x V — R as follows:

m’ . , . :
7 ([ ”WD = Ata(m’,w)+(h',V-w)—(V-m’, )+ (kVA, Vw) (2.4.9)
w
where h'*! is given. Using Assumption 1.3.1, we have the following estimate:

m'| |m’ S . ‘ o . .
g(lhi],[hi])=Ata(ml,m’)+(hl,v-ml)—(V-ml,hl)+(thl,Vhl)

=Atlm' |y + kIR > C(AL, k)(lm' [+ (1 A1)

Therefore, & is coercive.
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Notice, using Young’s inequality, when a, b, ¢, and d are all non-negative real numbers,
Ja+Vb+ve+vd<2va+b+c+d. (2.4.10)

This estimate along with Cauchy-Schwarz yields
m'| (w i i i
FU il | || < At Iyl + 1AV -wil+ 1V -mlw ]+ KRV w]
< c(At, K)(lm lylwlly + |2 v wlly + lmllyl wlly + |2l lwlly)
< C(AL, k)3 Imi | 2IwlE + /112 w2 + 4/ IIml 2l w2 + /1R [w]2)
< C(AL k) IImé 2w + 1R w2 + ml B wl + 11713 lwl]?)

e

Let 9 :V — R be defined as
w i+1 i i
9 =(h"™",V-w)+At(z;,w)+(z,, w) (2.4.11)
w

= C(At, k)

\% A\

where h'*!,z!, and z, are given. Using Cauchy-Schwarz’s inequality and (2.4.10), we see

%(IWD <|IR™* llwlly + Atllz lliwlly + 125l w]|
W = 1 2 v

W

Since . is continuous and coercive, and ¥ is continuous, we know from Lax-Milgram,

S C(hi+1!AtrZ1’ZZ)

A\

that there exists a unique solution

m | |w w
gz(l ” )g( ) ——— 212
h' | |w w
and
VImi|2 +ki|2 < C(h'™, At,2y,2,)/ C(ATL, k). (2.4.13)

47



Therefore, (2.4.12) implies m’ and h' satisfies (2.4.6) and (2.4.7). However, the bound in
(2.4.13) degenerates as A — 0. Therefore, we only rely on Lax-Milgram To show existence of
a discrete solution for each value of A¢. The passage to the limit in time relies on the next
step of the proof where we derive a uniform bound over all choices of At.
Step 2: Uniform bounds
Plugging m'’ in as the test function in (2.4.6) and h' —h'*! in as a test function in (2.4.7), we
have

Ata(m’,;m’)—(h"™*'—h',V-m')= At(z],m’). (2.4.14)

—(V-m', k' = R+ (kYR b — h™Y) = (2], h' — h'™), (2.4.15)

Adding the (2.4.14) and (2.4.15) together we have
Ata(m’,m")+(kVh',Vh'—=Vh'")= At(z], m')+(z;, h' — h™). (2.4.16)
Notice

2(kVh',Vh' —=Vh"™*)=2(kVh',Vh')=2(kVh', VA" +(kVR™, VR™) = (kVR™, VA™)
=(kVh',Vh")—(kVR™ VR +(k(VR' = VK, Vh' —=VRh'").

Therefore, (2.4.16) becomes

> (2Ata(m’,m’)+(kVh', Vh')+(k(VR"™' —=Vh'), VA —Vh))

= At(l,m') +(z), h' —h'*)+ S (kVR™, VR

We now take the sum from i = [ to r—1 where 0 < I < r—1 and we subtract Zl:ll“(kv}z", Vhi)

from both sides to attain
1 ! o =1 ) . ) )
5(zmza(ml,m’)+(thl,VhI)JrZ(k(Vh’“—Vh’,Vh’“—Vh’)))

i=1 i=1

r—1 r—1
. ; oo . 1
_ i i i 7,1 i+1 - r r
= iE_lAt(zl,mH— E (z,,h'—h )+2(th ,Vh'").

i=l

Using Cauchy-Schwarz, Assumption 1.3.1, Holder’s inequality and Young’s inequality
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we have

t t
. . 1 i+1 ) ) i+1 )
|At(z;,ml)|:|m(EJ zde,m’)<| J 21 1|20yl 2
t; I

<(Arn)Y Wz [l Loty 2l || L2y < CE”ZIHLZ((t +€eAta(m’,m').

L) L2(Q)
Using the definition of z, discrete integration by parts, Cauchy-Schwarz, Young'’s inequality
and Bochner’s Theorem, we have

r—1

> (z5,h' - h’“)—Z(z — 2z R+ (2], k)~ (2] k)

i=l i=l+1

1 €
1 —
<Z||z —z; i+ 5 ||z P+ SR+ Sl S|

i=l+1
€

—ZHJ (z2), el ||+—||z 2+ S+ || L L

i=l+1

r—1

1

< D A0zt gzl + 5 || JIP+ ||h P+ ||”||2 ||hf||2
i=l+1
sf z2)||2dt+z ||h||2+—||z||2 SR+ ||”||2 SR
1] i=l+1

Putting all of this together, we have

1 r—1 ] ' r—1 ) ' ) '
5(zmza(ml,ml)+(kwﬁ,wﬁ)JrZ(k(vw“—vw,vw“—vm))
i=l i=l

r—1 r—1
2 i i 2 12
scez||z1||L2((tl_,tl_ﬂmm)+ZeAm(mtm’)+J I(22), dt+Z 2+ 6||z2||
i=l i=l

i=l+1

€ 1 € 1
+ =R P+ =z, IP+ =R P+ = (kVR', VR).
2 2€ 2 2

By the definition of #", we know ||h" ||, <||z5]|,. Therefore, letting € be small enough,
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we achieve the bound

1 r—1 ) . r—1 ) . ) .
—(ZAL‘Za(m‘,m’)+(thl,Vhl)+Z(k(Vh’“—Vh’,Vh’“—Vh’)))
i=1 i=l 2.4.17)

2
T T r—1 Al’
2 2 j
sc( f 2,112,y t + J ||(z2)t||L2(mdr+lggg>]<||zz||§2(m+||zg||2v)+Z7||h’||2.
0 0 ’ i=l+1

Noticing that all the terms on the left-hand side of this equation are positive and applying

Poincaré’s inequality with Poincaré constant C,, we have

T

||Z1||i2(9)d 4 +J ”(Zz)t ”iz(g)d 4

T

0

(Vh!,VEYH < C(T, k)(f

0

CpAL -
P i i
+ sup ||z,(x, t)llizm)+llz3||2v)+ > (V! VR

(<l0.7) 2k 4

Let

T T
D= C(T) k)(J ||Z1||iz(ﬂ)dt +f ”(zz)t”iz(mdt + sup ||Zz(x» t)”iz(m + ”ZSH%/) (2418)
0

0 t€l0,T]
Then .
CoAt = o
(VA ,Vh')< D+ }Z)k Z(Vhl,Vhl)
i=l+1

Let i' = h’~!. Then h' = i’~! and we have the following

. . CoAt L . .
(VA" V™) <D+ ;k Z(Vhl,Vhl)

i=l+1

CoAL & .
=D+ Pk (VA" VA
2 i=l+1
CpAt r—I—1 . .
=D+ Vh'!,Vh').
o ]Z( )
Hence,
L CpAL o a i a
Vht, Vi< D+ Vhi Vi)
( ) o ]Z( )
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Now applying discrete Gronwall inequality and using the fact that At =T /r, we see

-1
N N CpAt CpAt CpT
Vi!,Vh')<D d 2 |<D ( L ):D ( P )
( )< exp(i_j+1 e exp|( r T exp ok

which implies

A - C,T
(Vhl,Vhl)z(Vhr_l,VhH)sDexp( z”k ) (2.4.19)
Therefore,
r—1 ) ' CpT
At ;(Vh ,Vh')< Dexp (7) T. (2.4.20)
Subbing (2.4.20) into (2.4.17), we see
r—1
o CoT
At;a(m’,m’)£D+Dexp( 2Pk ) (2.4.21)
=L . . . ) CoT
Z(Vhl“—Vhl,Vhl“—Vh’)sD+Dexp( 2Pk ) (2.4.22)

=0
Step 3: Limit passage in time. Now we define approximate solutions as follows:
m"'=m’in(t;,t,,,), KW'=hiin[t,¢t,,) for0<i<r—1 and h"(T)=h".

. hi+1_hi

5 =%

in(t;, t;,;) for0<i<r-—1.

Finally, we define

d=zlin[t, t;,) foro<i<r—1.

Using (2.4.20) and (2.4.21), we have the following inequalities:

T r—1
J (VA" VA Yd e = At (VR Vh) < CD
. :

i=0

T r—1
J a(m[’],m[’])dt:AtZa(mi,mi)S CD.
0 i=0
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Therefore, hl" — h and m!") — min L?(0, T; V) and L?(0, T;V), respectively. Also,

T
f almm)dt <CD, (2.4.23)
0

fT(Vh,Vh)dt <CD. (2.4.24)
0
Let f € C°([0, T]). Thenlet f7 = f(t;) for 1 <i < r. Then define
U=l in(t, ) VO<i<r—1
fi— fi-l

(f[r])zt =T Ar inf[t;, t;,,) V1<i<r—1

By Taylor’s theorem, we have for all f € C;°([0, oo])

||f[r]_f||L2(0,T) < C[At] and ||(f[r])zt _f/”LZ(O,T) < C[At].

We multiply (2.4.6) and (2.4.7), by f and sum from i =0 to r —1 to obtain

r—1 r—1 r—1
> Atam',w)f' = (K =k, V-w)f = At(z, w)f’
i=0 i=0 i=0

r—1 r—1 r—1
S Veml w)f + > (kYR V) =S (2, w)f!
i=0 i=0 i=0

Notice that
r—1 ) ) ) r—1 ) ) )
D (W =LV W) f =0,V w) O+ D> (VW) )+ (R, w)
i=0 i=1
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Using these expressions, we have the equalities

T T
f m", w) f"ld t +(h(0), V-w)f(0) f (W, v -w)(f'); dt—(h(T), V-w)f(T —At)
0 ; ’ At ’
:f (zl,w)f[’]dt—J (V-m', w)f[”dt+J (kVhA", Vw)frlde (2.4.25)
OT 0 0
_ J 2 w)fd e (2.4.26)
0

Since f € C°(0, T), the terms with f(0) are zero. We set h!"/(T)=h" and h" = z; for all At.
Therefore,
lim (B"Y(T),V-w)f(T —At)=(25, V-W)f(T)=0 (2.4.27)

At—0

We have the following equality

T T T T
f a(m[’],w)(f['])dtz{f a(m['],w)f[’]dt—J a(m,w)f[’]dt}-l—{f a(m,w)f"dr
0 0 0 0

T T
—J a(m,w)fdt} +f a(m,w)fdt
0 0
(2.4.28)

Now we observe that for ve L?(0, T; V), the following is a continuous linear functional on
L*0,T),

E(f) :=f a(v,w)(f)dz.
0

Also, when we fix fU"1(¢) € L?(0, T), the following is a continuous linear functional on
L2(0, T V)

T
E(v):= f atv,w)(f)d1
0

The continuity of both the linear functionals follows from Cauchy-Schwarz,

LFE W) < VIl 20, 7120 W2 @ I F 1 2200, 1)
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Therefore, both sets of brackets in (2.4.28) go to 0 as r — 0o. Hence,

T T
limf a(m[’],w)(f[r])dt=J a(m,w)fdt.
0

At—0
0
Similarly,

T T
limJ (hm,V-w)(f[’])tht:J (h,V-w)f'dt
At 0

At—0

T T
limJ (zl,w)f[r]dtzf (z,W)fdt
0

At—0

0
T T
limf (V-m[r],w)f[r]dtzf (V-m,w)fdt
0 0

At—0

T T
Alitmof (th[r],Vw)f[’]dtzj (kVA",Vw)fdt
0 0

T T
1imJ (zﬁ’],w)f[r]dtzf (2o, w)fdt
0

At—0
0

Therefore 2.4.26, 2.4.27, and 2.4.29-2.4.34 imply

T T T
J a(m,w)fdt+f (h,V-w)f’dt:f (z,, w)fdt
0 0 0

T T T
_f (V.m,w)deJ (th,Vw)fdt:f (2, w)fdt
0 0 0

Step 4: Recovering the Terminal Condition

Let we V. We define the following functions:

F(t):—f H(t)dr.

F(t) is absolutely continuous on [0, T] and satisfies F'(t)= H(t) a.e.(0,T).
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(2.4.30)

(2.4.31)

(2.4.32)

(2.4.33)

(2.4.34)

(2.4.35)

(2.4.36)



Given f € C;°(0, T), from (2.4.35) we have

T

T T
f (G—F)f’(t)dt—J G()f'(0)+F'(t)f(x )dt—f G()f'(0)+H(B)f(t)dt
0

0

T T
f (h,V-w dt—f-f zl,w)f(t)dt—J am,w)f(t)dt=0.
0

This implies that
G(t)—F(t)=c. (2.4.37)

Returning to (2.4.26) with f € C*°([0, T]), f(0)=0, f(T)=1, and completing the limit in
passage, we have

f a(m,w)f(t)dt-%J- (h,V-w)f’(t)dL‘:f (z,W)dt +(z5,V-W).
0 0

0

Therefore, . .,
—f H(t)f(t)dt—J G(t)f'(t)dt =(z5, V-w).
0 0

Integrating the second integral by parts and applying (2.4.37), we have

T T

—f H(t)f(t)dt+J F'(t)f(t)dt —(F(t)+c)f(t)ly = (25, V- w).

0 0

Recalling F'(t)=H(t), F(T)=0, f(T)=1and f(0) =0, we have
—c =(z35,V-W).

Therefore,

T
—(zg,V-w)+(h(t),V-w):f H(t)dr.

Setting t = T, we have
(Z?n \Y W) = (h(T)! \Y% W)

Step 5: Uniqueness. For almost every t €[0, T]andweV,

a(m(t),w)—%(h,v-w)z (z,, W) (2.4.38)
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Integrating from ¢ to T and letting w=m(¢), we have

T
f a(m(7),m(z))d7 +(h(t),V-m(t)) = J (z1(7), m(2))d 7 +(h(T),V-m(z)).
t
By plugging h(t) into (2.4.36) we see that for almost every ¢ €[0, T'],

—(V-m(z), h(2))+(kV h(t), Vh(1)) = (25(1), h(t)).

Hence,
T T
J am(7),m(t))dt+(kVh(t),Vh(t))= J (z,(7),m(t))dt +(h(T),V-m(t))+(z,, h(t))
t ' (2.4.39)
Recall that

a(m(t), m(¢))=(V-m(t), V-m(¢))+(Vm(t)+(Vm(7))" : Vm(z))
=(V-m(7),V-m(£)+ ((Vm( ): Vm(#))+((Vm(7))" : V(m(2))")
+((Vm(7))" : V() +(Vm(7) : (Vm(z ))T))

=(V-m(7),V-m(t))+ %(Vm(f)+(Vm(T))T :vm(t)+(Vm(t))!)

T T
1
Therefore we set y,(t) :J V-m(7)d7 and y,(t)= Ef vm(t)+(Vm(t)) ' dr

t t
Then y/(¢t) = =V -m(t) and y,(t) = —=Vm(t) — (Vm(t))". Clearly, y,(¢) and y,(t) are
absolutely continuous, and their derivatives belong to L?(0, T; L?(Q2)). Therefore,

y€HY0,T;L%Q) and y,€ H' (0, T;(L* ().

Additionally,

1d
DI = 5 == (I

T
f a(m(7),m(1))dt =—(y(£), n(1)— (¥, (1) : ya(t)) = 2dt||y1( YT,
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Therefore, integrating (2.4.39) from 0 to T, we have

T

——||y1 )”2_—“)/2( I+ —||y1( I +113200)1° + J (kVh(t),Vh(t))dt

0

T
fle(f)m dfdt+f (2, V dt+f (25, h(t))dt
0

However, y,(T)= ),(T)=0. Therefore, we have

T T T T T
J (kVh(t),Vh(t)) < f f (z:(7),m(t))dtdt +f (25, V-m(t))dt +f (2o, h(1))d ¢t
’ v ’ ’ (2.4.40)
Therefore, if there were two solutions (m;, s,) and (m,, ) to the adjoint system then (m; —
my,, h, —h,) would be a solution to the adjoint system with the sources set to zero. Inequality
(2.4.40) implies that ||, — Iy || 120, 7.v) = 0. However, if z; = 0 and h, — h, = 01in L*(0, T; V),
then (2.4.38) implies

T
f a(m, —m,,w)fdt =0 YweV Yf e C(0,T)
0

However, since {wf [w €V, f € C*(0,T)} is dense in L?(0, T;V), we have that |jm;, —

my|| 2, :v) = 0. Therefore, the solution to the adjoint system is unique.

Step 6: Bounds on Solution

Notice that the bounds on the solution can be obtained from (2.4.18), (2.4.23), and (2.4.24).
]

Adjoint Equation: Well-posedness with operator theory for implicit evolution equations

To prove existence and uniqueness of a weak solution using operator theory, we will observe
the system reversed in time. In this case we have the following system and definition of a
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weak solution:

V-0d+Vh,=—z, inQx(0,7)
—V-m—kAh=2z, inQx(0,T)
m=0 I, x(0,T)
{h=0 Ty, % (0, T) (2.4.41)
(—o(m)+h,In=0 TIyx(0,T)
—kVh-n=0 (Ly UT ) x (0, T)
| VA(T)=Vz, Q

Definition 9. [Weak Solution for Reversed Adjoint Equation] A solution to (2.4.41) is repre-
sented by the pair of functionsm € L?(0, T;V) and h € L*(0, T; V) such that:

(a) for anyw € L*(0, T;V) and w € L*(0, T; V), the following variational formulations are
satisfied:

T T T
f a(m,w)dt—J (Vh, W)y y dt=J (z,,w)dt (2.4.42)
T0 ’ T OT

J (th,Vw)dt—f (V-m, w)dt:f (z0,q) dt (2.4.43)
0 0 0

(b) foreveryq € V, theterm(V h(t), W) uniquely defines an absolutely continuous function
on [0, T'] and the terminal condition (V h(0),w)=(Vzs, q) is satisfied.

We now define the following operators which will be used to show existence and unique-

ness of a solution to the adjoint equation.

1. The & operator:
First, consider the system
V-o=—z;, in}
m=0 onl,

on=0 only

Remark: In the case Ty NI}, ##, Lemma 1.3.1 yields that m € H3(Q). This fact along
with the fact that z, € L?(0, T;L*(f2)), yields V - o € L*(0, T; L*(2)).
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Let ve 'V then we have

-
J(V-U)'vdﬂz —z,-vdQ)
0 J

Q
-
fanvhl"—](a,Vv)sz —z,-vdQ)
r Q Ja
(
f(a,Vv)sz z,-vdS)
Q Ja
(
am,v)=| z,-vdS)
Q

Now, we denote the operator &(m) = a(m,-). Hence, & : V— V’. Since we are taking
a(-,-) to be the inner product on'V, it is clear & is coercive.

Now we will show that the range of & is V. Let w € V'. Then by Lax-Milgram there

exists a u € V such that a(u,v) = w(v) for all ve V. Hence, §u = w. Therefore, the
range of §is V.

. The A operator:

Consider the following:

_kAh:ZZ inQ
h=0 onlp ,
kV]’l'Vl:O OHTNUTD,V

Let w € V. Then multiplying by w and integrating we have the following:

.
f(—kAhw)sz Zo,wdS)
Q Ja
[
—f kah-ndl"+f kVh-VwdQ= | z,wdQ
r Q Ja
[
f kVh-VwdQ=| z,wdQ
Q Ja

We define

A:V -V by A(h)(w):f kVh-VwdQ
0
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We see that (A(h), h) = k||Vh|| ) = 0. Therefore, A is monotone. Furthermore,
Friedrichs’s inequality and assumptlon 1.3.1, yields

KIVhIE, o> Cllhlly YheV.

Hence, A is coercive. Therefore, if z, € L*(Q2) then by Lax-Milgram, a unique solution
h will exist such that A(h) = z,, so the range of A=V’ and A is injective. Also note, the
kernel of A is the kernel of V Hence, any function that is constant almost everywhere
is in the kernel of A. Finally, by the definition, we clearly see that A is self-adjoint.

3. The coupling terms:
Consider the problem
Vh=00on( and h=0o0nTy

Note thatif # € V, then Vh =0 implies & =0 on I by Poincare’s inequality and trace
theorem. Also, we have

T
0 :J (Vh,v)dt
0

T

(h,V-v)dt+J (h-n,v)dt =0

. 0
—f (h,V-v))dt
0

f (h,V-vdt=0

We define V : V — V' by V(h)(v) fﬂ hV -vdf. Similarly, define V- : V — V’ by
V-m(v)= fﬂ V -mvf2. With these definitions we can immediately see that V is the
adjoint of V-.

Therefore,

Then Definition (9) can be written as the following:

é"(m(t))+%§h(t):zl(t)
A(h(1)—V-m=z,(t) (2.4.44)

Vh(0)=Vz
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Now, assume z,(t) € L*(Q2) for all € (0, T) and let y(¢) € V be defined such that A(y(¢))=
z,. Then we can replace h(t) by h(t)+y(t). To obtain:

d—
&(m(1))+ ——V(h(2)+7(1))=2(1)

A(h(t)—V-m=0
Vh(0)+ Vy(0)=Vz,.

or equivalently,

ad— —
&(m(1))+ EVh(f) =2,(1)=Vr,(1)

Ah(t)—V-m=0
Vh(0)=V(z;—71(0)).

Hence, if we replace z, — Vy,(t) by z, and V(z; —7(0)) by z;, we have

&(m(1))+ %Wl(t) =z,(1)
A(h(t)—-V-m=0 (2.4.45)
Vh(0)=Vz,

where the first equation holds in V' and the second equation holds in V’. Note that initial
condition remains the same.

Now we define an operator B on'V as
B(m)=Vh(t), where A(h(t))=V-minV’, andheV

Proposition 2.4.2. B:V— V' is well-defined.

Proof. Letm eV, then V-m € V'. Since Rg A = V’, there exists h € V such that A(h(t))=V-m.
Finally, VA €V, s0 B:V— V. O

Now (2.4.45) becomes

d
&(m(1))+——Bm(1)) =2(1) (2.4.46)

B(m(0)) = B(m,)
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where m, satisfies B(m,) = V z;. Note that this implies Vz, € Rg(B). If we set our original
z3 to be zero, then this will only require —y(0) € Rg(B). However, since A(y(0)) = z,(0) and
B(m,) = Vy(0) if and only if V-m,, = A(y(0)) = z,(0), then we must require z,(0) € RgV-.

Lemma 2.4.3. A™! is self-adjoint i.e. (w, A7 (v)y, v = (v, A7 (W))yv.

Proof. Let p, w € V' = Rg(A), and let R denote the Reisz-map. Since Rg(A) = V’, there
exists a p such that

f VpVrdx =(R(p),r)y VreV.
Q

Similarly, there exists w such that
J VwVrdx=(R(w),r)y, YreV.
Q

If we let r = w in the first equation and r = p in the second equation, we obtain
(R(p), w)y = f VpVwdx =(R(w),p)y
Q

Using this information, we have

(w)A_l(p))V’,V =(R(w),p)v =(R(p), w)y = (p»A_l(W))V/,V

Therefore, A™! is self-adjoint. O
Theorem 2.4.4. The operator B is linear, self-adjoint, continuous, and monotone.

Proof. Linearity can be seen clearly. Let A(h) = V-v and A(g) = V-w. Invoking the fact that
V and V- are adjoints of each other and A™! is self-adjoint, we have the following:

<

(Bv, w)v/,v h, w)V’,V
’ h)V’,V
VAT VD)

'U,A_l(vw))vav

I
9 9 <
S =

U, g)V’,V
& Vvy

w, V)V’,V

(RS

o s s e e e

w
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Therefore, B is self-adjoint. Recall, adjoint’s are necessarily closed operators. Hence, B self-
adjoint implies that B is closed. Therefore, by the closed graph theorem, B is continuous.

Finally,

(B v, U)V/,V = (VU, h)v/]v = (A(h), h)v/]v = kJ Vh . Vhdx = k”Vh”LZ(Q) 2 0

Q

Therefore, B is monotone. O

We now are ready to invoke the following well-posedness result, which can be found in
[50, p. 115] by identifying .« = & and & = B.

Proposition 2.4.5. LetV be a separable Hilbert space and ./ (t) € £ (V,V’) such that
(u(v)e L*°(0,T) VYu,veV.

Also, let B(t) € £(V,V') such that B(t) is a regular family of self-adjoint operators and
B(u(v)e L*°(0,T) Vu, v €V. Further, let 3(0) be monotone. Let z; €V, z, € L*(0, T, V'). If
there exists A, ¢ > 0 such that

2.4 () v(v)+ AB(v(v)+ B (Hv(v)=>c|v|? YveV,0<t<T (2.4.47)

then there exists u €V such that

i(%(I)M(I)H«fzf(t)u(t)=zl(t) in (L*0, T;V)Y
dt (2.4.48)
(98 u)(0)= 28(0)u,

where B(u)(t) is absolutely continuous. Furthermore, the solution satisfies
2 1/2
124ll 20,70y < CA, €) (121200, 1y + BO)100(140)) (2.4.49)

Further, if A(t) is monotone, .</(t) is a regular family of self-adjoint operators, and there is
a pair of numbers A, ¢ > 0 such that

o )v(w)+AB()v(v)>cllv|* YveV,a.e.t €[0,T]

then this solution is unique.
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Let the V in this proposition be V, and .¢/(¢) = & for all £ €[0, T]. Let %(t) = B for all
t €[0,T]Let f =z, and u, = z3. Since & and B do not change with respect to time, applying
them to u, v in Vleaves us with a constant function which is clearly in L*°(0, T'). Also, this

means they are trivially regular families of operators.

We will need to require z, € L2(0,T; V') and z; € V. Recall, that we replaced z,(¢) with
z,(t)— Vy,(t) where A(y(t)) = z,. If we require z,(t) € L*(Q) for all ¢ then y(t) € V for
all t. Therefore, Vy(t) € V' for all . This implies, if we require z, € H'(0, T; L?(?)) then
y € H'(0,T;V)and Vy € H(0, T; V'), so Vy, € L*(0, T;V’). Hence, in order for z, —Vy, €
L?(0, T; V'), we need z, € H'(0, T; L*()).

We already showed that & is self-adjoint and coercive and B is self-adjoint and mono-
tone. Since & is coercive, B is monotone, and B’(t) =0, the inequalities are satisfied for any
A>0and c being the same constant used in the coercivity constant we have on &. Hence,

applying the above theorems, we have a unique solution, m € L?(0, T’; V) to the problem

&(m(t))+ %(Bm)(t) =z(t) €(L*0, T;V)Y

(Bm)(0) = B(0)u,

Therefore,
&(m(r))+ %(Wl(t)) =2z,(t) €(L*0,T;V)

A(h(t)—V-m=0 eV’

The initial condition is equivalent to:
(Rh(0), V- W) 20 = (1o, V- W) 2q) YWEV
Or equivalently,
—(Vh(0), W) 210 + (B(0), W+ 1) Loty = —(V U, W) 20) + (U, W* 12) 121

which will be satisfied when V/(0) = Vz;. We can also write this problem in another way.
First, we define W2(0, T;V)={f :[0, T] — V|g € L*(0, T;V), f(t)= f(0)+ fOT g(s)ds}. Then
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if for allwe L?(0, T; V)N W20, T; V) with w(T) =0

T

—J B(m(t))(W’(t))dHf é”(m(t))(W(t))dﬁf z,(1)(w(t))d t + Buy(w(0))
0 0

0

Hence,

—f (h(t),V-V\/(t))dt+f a(m,w)dt:J (z,w)d t +(z3,V-w(0))
0 0 0

Notice that vf(¢) € L*(0, T; V)N W"%(0, tV)whenve Vand f € C°(0, T) and in that case

we have ’ ’ ’
J a(m,v)f(t)dt—f (h(t),V-v)f’(t):f (z,,v)dt
0 0 0

All of this yields the following result:

Theorem 2.4.6. Letz, € LX(0,T;V'), z, € H'(0, T; LA(Q), [, 2,(0)d2 =0, and z, € V. Then
the reversed adjoint system has a weak solution (f, fz) € L?(0, T;V) x L*(0, T; V') such that for
allweV, f e C*(0,T) and w € L*(0, T; V):

L [ a@mwf(t)dt— [ (b, V-wf()dt =[] (2, wf(r)dt

2. — [ (V- wdt+ [ (kVh,Vw)dt = [ (2, w)dt

3. Forevery w €V, the initial condition (sz(O),w) =(Vz3,w) is satisfied.
Reversing the system yields the following result:

Theorem 2.4.7. Letz, € L*(0,T;V), z, € H'(0, T; L(Q), [, 2,(T)d2 =0, and z; € V. Then
the adjoint system has a weak solution (m, h) € L?(0, T; V) x L?(0, T; V') such that for allw € V,
feC(0,T), andw € L0, T; V), we have

L [, amw)f()dt+ [ (h,V-wf(t)dt= [ (2, wf(1)dt
2. — [ (V-m,w)dt+ [ (kVh,Vw)dt = [ (2, w)dt
3. Forevery w €V, the terminal condition (Vh(T),w)=(Vz3,w) is satisfied.

Proof. Let v € [0, T] and define m(7) = m(T — 7),W(7) = w(T — 1), h(t)= W(T —71),w =
w(T—r),2,(7)=z,(T—7),and 2Z,(7) = z,(T—7). Notice using the change of variablest = T—1
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we have

Also with the same change of variables,

T 0
_J (hI,V‘W)V/'th:f (hI,V'W)V/YvdT
0 T
T
:f (hT,V'W)V/‘VdT
0

This time the sign between the second and third expression didn’t change because we
changed the bounds on the integral and the variable that the derivative of h was taken
with respect to. Similarly, we can complete a change of variables, so that the weak form
becomes:

T T T
f a(m,w)dt—f (ht,V-w)V,'th:f (z;,w)dt
0 0 0

T T T
—f (V-m,w)dt+f (th,Vw)dt:J (z,, w)dt
0 0 0

For every w €V, the terminal condition (VA(T),w) = (Vz3,w) and (h(T),W- 1) o) = (23, W-

n) 2 is satisfied. Existence and uniqueness of a solution (1, ) is given to us by the last
theorem. Hence, m(x, t)=m(T — t) and h(x, t) = h(T — t) is the desired solution. O

2.4.2 First Order Necessary Optimality Conditions for Poro-elastic Case

First, we provide an identity which is essential in the derivation of the first order necessary
optimality conditions for the optimal control.

Lemma 2.4.8. Let(u, p) be the solution to the weak solution to the poro-elastic system (1.2.1)-
(1.2.4) withuy, =0. Let (m, h) be the weak solution to the adjoint equation (3.1.1) with z; = 0.
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Assumeu € H'(0, T;V). Then the following identity holds:

T T T T T T
f (g,m)rth—i-f (F,m)dt—J (w,h)rDyvdt—i—f (S,h)dt:J (zl,u)dt+J (2, p)dt
0 0 0 0 0 0

(2.4.50)

Proof. First we will reformulate the weak solution to the adjoint equation. Let (m, i) be the

weak solution to the adjoint equation (3.1.1). Notice,
(h,V-w) < || Al 21wl
Hence, by Reisz-Representation Theorem, there exists R(hy) € V such that forallweV
(h,V-W)pq) = (R(hy), wly and [[R(hy)lly < |All 120

Therefore, R(hy) € L(0, T; V).
Furthermore, foranyweVand f € C;°(0, T'), we have

J a(m,w)f(t)dt+f (R(hv),w)vf’(t)dt:J (z, w)f(t)dt.
0 0 0

Now we will define the following functionals F(¢): V — R:
F(t):w— —(z1,W) 2

E(t):w— a(m,w)

Both of these functionals are linear. We also have the following bounds:

| K ()w] < ||zl 2 Wl 2p < Nz lIviwlly

|E(6)w| < 2[|Vm| 2 (VW22 < 2[lmlly|iwlly

This implies that F;(¢) € V' for every ¢ and there is some constant C > 0 such that
IE ()l + | B>l < C(llz1[ly + [Imlly)

Since z;,m € L?(0, T;V), then we obtain that F(t) = F(t)+ E(t) € L*0, T;V’). Now using
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Bochner’s Theorem and (2.4.4) we have

T T
(—f R(hv)f'(t)dt,WJ =—f (R(he)f'(2),wd t
0 v 0

T T
=J (E@)f(2), Wy ydt = (J F(t)f(t)dt,W)
0 0 \'AY

Hence, we have that in the space of V/,

T T
—f R(hv)f’(t)dt:J F(t)f(t)dt, YfeC>(0,T)
0 0

Therefore, by definition of distributional derivatives for vector valued functions, (R(hy)), =
F(t)e L0, T;V).
Additionally, (2.4.4) can be written as

T T T
f a(m,w)f(t)dt— f (R(ho)),, Wy f(£)d t = J (zy, W) f(t)d ¢ (2.4.51)
0 0

0

However, since {wf(¢)lweV, f € C(0,T)} is dense in L*(0, T;V), we can let u and p be
test functions in (2.4.5) and (2.4.51) to obtain

T T T
f amu)dt— J (R(hy))p,u)yydt — f (V-m,p)dt+J (kVh,Vp)dt
0 0

f (z),u dt+f (z0,p)

Since ue H'(0, T; V'), we can integrate the second term by parts.

f a(m,u)dt +f (R(hg),u, )y d t —(R(he)(T), u(T )i + (R(hy)(0), u(0))rzq)
0 0 (2.4.52)

T T T T
—J (V-m,p)dt+J (th,Vp)dt:f (zy,w)dt+ | (zp,p)dt
0 0 0 0

Recall thatforallweV, (h(T), V-w)=(z3, V-w). Since z; =0, (z3, V-w) = 0. Hence, R(hy)(T) =

0. Also, we assumed u, = 0. Therefore, the temporal boundary terms in (2.4.52) are equal to
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0, and using the definition of R(hy), we have

T T T T
J a(m,u)dt+J (h,V-ut)dt—J (V-m,p)dt+f (kVh,Vp)dt
0 0 0 (2.4.53)

OT T
= | @wdr+ f (20, p)dt
0 0

Let (m, i) be the test functions used in the weak form of the poro-elastic system. We

obtain

T T T T
f a(u,m)dt—f (p,V-m)dt+f (kVp,Vh)dt+f (V-u,,h)dt
0 0 0 0 (2.4.54)

T T T T
=f (g,m)rth+f (F,m)dt+J (w,h)rDyvdt+f (S, h)dt.
0 0 0 0

Combining (2.4.53) and (2.4.54), we obtain the desired equality.

T T T T T T
f (g,m)rth+f (F,m)dt—J (w,h)rDrvdt+f (S,h)dt:f (zl,u)dt+J (zo,p)dt
0 0 0 0 0 0

]

Lemma 2.4.9. Let(u, p) be the weak solution to the poro-elastic equation (1.2.1)-(1.2.4). If
p € HY(0,T;V), thenue H(0, T;V).

Proof. We know (u, p) satisfies (1.3.7). Differentiating this equation, we have
—V - (2uc () + A, (V-u)l)==Vp,—F, onQ

u,=0 onlp

T,(u,)n=g,+pmn only

Since g€ H'(0, T; L?(Ty)), Fe H(0, T;L3(£2)), and p, € L?(0, T; V), then by Lemma 1.3.1 we
have u, e H'(Q)NV. ]

First, we present the result on the first order necessary optimality conditions in the case

when the control g =S or g = 1. We have the following theorem.

69



Theorem 2.4.10. Let p € H'(0, T; L3(). Ify € L*(0, T; L*(T, ,,)) is the optimal control and
the associated state has the additional regularity p € H(0, T; L*(S2)), then there exists a

solution (m, h) to the adjoint system (3.1.1) withz, =ua—1u, 2, = p — p, 23 =0 which satisfies

T
f (lp — lﬁ,—h + Alﬁ)Lz(O,T;LZ(FD,V)) >0 V'lp S Qad' (2.4.55)
0

Conversely, let 1,/3 with associated state (, p) such thatV -u, € L*(0, T; L*(Q0)). If there exists a
solution (m, h) to the adjoint system (3.1.1) withz, =a—1, 2, = p—p, 23 =0 and if (2.4.55)
is satisfied, then 1 is a solution to the optimal control problem (2.0.2).

The result when S is used as the control is similar. However, there is a sign change since
the sign in front of the Yy term and the S term in (2.4.50) is different.

Theorem 2.4.11. Letp € H'(0, T; L*(Q)). If S € Q is the optimal control and the associated
state has the additional regularity p € H'(0, T; L%(2)), then there exists a solution (m, h) to
the adjoint system (3.1.1) withz, =a—, z, = p — P, 23 = 0 which satisfies

T
J (S—S,h+A8)y >0 VS €Q,q. (2.4.56)
0

Conversely, let S with associated state (@, p) such thatV -u, € L?(0, T; L*(Q)). If there exists a
solution (m, h) to the adjoint system (3.1.1) withz, =a—1, z, = p— P, z3 =0 and if (2.4.56)

is satisfied, then S is a solution to the optimal control problem (2.0.2).

Proof. Let p € HY(0, T; L*(2)) and let § € Q,, be the optimal control. Assume (@, p) €
L%(0, T;V)x H'(0, T; L(£2)). Since g is optimal, (2.2.1) yields:

(GS—7,GS—GS)y +(AS,S—8)12(0,7:12() = 0 VS € Quus
which is equivalent to
T T
J (a—a,u—u)dt +f (P—P,p—p)dt+(AS,S—S)1200,1;1200) 2 0 VS € Qug
0 0
Therefore,

T T
f (z, u—w)dt +f (22, p—P)dt +(AS,S—8)g =0 VS € Qyuq (2.4.57)
0 0
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Recall G(S—S)=(u—1u, p — p) corresponds to the solution of the poro-elastic system
where all sources and initial conditions are zero except the control S—S. Due to the regularity
assumptions on p and p, there exists (m, i) satisfying the adjoint solution with z, =a—1,

z, = p—p and z3 = 0. Therefore, applying Lemmas 2.4.9 and 2.4.8, we obtain

T

T
(S_S’h)LZ(O,T;LZ(Q)):J (ZDU—l_l)"‘J (22, p—P) VS €Quq
0

0

Combining this with inequality (2.4.57), we obtain (2.4.56).

Now assume G(g) = (i, p) and that there exists a solution (m, /) to the adjoint system
(3.1.1) with z, =a—1, z, = p— P, z3 = 0 that satisfies (2.4.56). Then using the equality we
get from Lemma 2.4.8 and the definition of z, and z,, we have

(G4—7,6q=Gq)y +(A4,d—4)g =0 Vq € Quq
Therefore g is the optimal control. O

Now we focus on the case when the control g is either F or g, where the control spaces
have higher regularity in time. We have the following two results.

Theorem 2.4.12. Let p € H'(0, T; L3(S2)). IfF € H'(0, T; L(2)) is the optimal control and the
associated state has the additional regularity p € H(0, T; L*(90)), then there exists a solution
(m, h) to the adjoint system (3.1.1) withz, =u—, z, = p — P, 23 =0 which satisfies

(F— F, m)Lz(O,T;Lz(Q)) + A.(F—F, F)HI(O,T;LZ(Q)) >0 VFe Qad' (2.4.58)

Conversely, let F with associated state (a, p) such thatV -u, € L*(0, T; L(£2)). If there exists a
solution (m, h) to the adjoint system (3.1.1) withz, =ua—1u, 2, = p—p, z3 =0 and if (2.4.58)
is satisfied, then F is a solution to the optimal control problem (2.0.2).

Theorem 2.4.13. Let p € H'(0, T; L3(2). Ifg € H'(0, T; HY?(Ly)) is the optimal control and
the associated state has the additional regularity p € H(0, T; L*(S2)), then there exists a
solution (m, h) to the adjoint system (3.1.1) withz, =u—, 2, = p — P, 23 = 0 which satisfies

(8—8 m) 200, 7i2y) T AMB—8& B0, rsmrvz(ry) = 0 V8 E Qua- (2.4.59)
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Conversely, let g with associated state (@, p) such thatV -u, € L*(0, T; L?(2)). If there exists a
solution (m, h) to the adjoint system (3.1.1) withz, =a—1, z, = p— p, 23 =0 and if (2.4.59)

is satisfied then g is a solution to the optimal control problem (2.0.2).

The proofs follow similarly to the proof of Theorem 2.4.11.
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CHAPTER

3

NUMERICAL RESULTS

3.1 Approximating the Optimal Control

The Dual-Hybridized Finite Element Method was used to approximate a solution poro-
elastic and poro-visco-elastic models in [10]. We used the same method to also approximate

solutions to the poro-elastic adjoint equation and the poro-visco-elastic adjoint equation.
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3.1.1 1-D Model

Recall the Adjoint Equation:

(V- [peem)+ A, (V-m)I— 5, e(m,)— 64, (V-m )] —Vh, =—2, 2x(0,T)
—V-m—-V-(kx,t)Vh)=1z, Ox(0,7T)
—k(x,t)Vh-n=0 on (Iy UIp ,)x(0,T)

{ (om,)+om)+h,)n=0 onTy x (0, T)
h=0 onIp , x(0,T)
m=0 onl, x(0,T)
Vh(T)+6V-0(m(T))=Vz;+6V-0(z,) Q

where e(m)=(Vm+Vm?’)/2. We will write this as a 1-D model with Lamé parameters set to
unity, Q = (Xstare> Xend) With boundary Iy UT}, , UT), , = 0Q = { Xstares Xena}- Similarly, the time

domain will be (a1, feng)- The equations will be written as follows:

0
_‘r =2 1% (tstart’ tend) 3.1.1)
ox
w dm
- Ox - Ox =2 QX(tstart’ tend) (312)

On(T)  om _0z

+ = 3.1.3
dx Jdx Ox ( )
yn=0 wn=0 only X (e fend) (3.1.4)
m=0 h=0 onlp, X lend) (3.1.5)
m=0 w=0 onlp, X (furw fend) (3.1.6)
with constitutive equations, without normalizing the Lamé parameters, as follows:
om J om A
=2U,— —p——|02u,——6=—p+h 3.1.7
p Om
—_ + _— 0 3.1.8
Ao 00X ( )
oh
w=—k— (3.1.9)
Jdx
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Note that our choice for y and w simplifies the boundary conditions.

3.1.2 Temporal semi-discretization

We will approximate a solution depending only on the spatial variable on discrete time
intervals [t,_;, t;]) for i =1,..., r where r is a finite number and U,_; ,[f;_;, ;) = [ fstart> Lend)-
For any function, we will let % := lim,_,,_#(x, t). We seek to find a solution

' Lw ™ p,m™, k") whengiven (w',p',m’, h')

to the following equations:

ayi—l "
FPat ! (3.1.10)
dwi~t pit -
— + =z/- 3.1.11
ox A, (3-1.11)
i—1 i i—1
i m i 0 om am Av 1 Ay i 1, 1 .,
=20, —p T ——2u,———2u,———Zp'+=~ ——h'+—h
Vo= TP T APy T e TP TP T A Tar
. . (3.1.12)
‘Ol_l+a"rﬂ_1 =0 (3.1.13)
Ao ox o
ahi—l
w=—k (3.1.14)
ox
for all x € 2 with the following boundary conditions:
Y 'n=0 w™'n=0 only (3.1.15)
m'™'=0 h'"'=0 onIp, (3.1.16)
m™=0 w™'n=0 onlp, (3.1.17)

3.1.3 Dual Mixed Hybridized Finite Element Discretization’s

We discretize [ X, Xena] into 1 > 0 intervals. Then 1 :=(Xenq — Xstart)/ 12 L€t Xt = Xgtare + Nk
and K =(x3_;, x;) forall k =1,... n. Let Py(X) represent the set of constant functions on X
and P, (X) represent the set of linear functions on X. Then we will use the following finite
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element spaces:

U, = {u, € L*(Q) such that u, |, € Po(K)VKy, 1<k < n} (3.1.18)
V, = {v, € L*(Q) such that v,|x, €P,(K,)VK, 1<k <n} (3.1.19)
M, ={u, : {xcher<n — R} (3.1.20)

M;’)’oz{u,7 € M, such that u, =0 onTIp} (3.1.21)
MT?,O:{,u,, € M, such that u, =0onT} ,} (3.1.22)

Now if we integrate (3.1.10)-(3.1.17) over {2 against test functions & € U, and T € V,, we
have the following:

a i—1 )
f ;x ng:—J z,7'dQ (3.1.23)
Q Q
a i—1 i—1 .
—J o §dﬂ+fp gdﬂzfz;-lgcm (3.1.24)
Q 3)6 Q Ae Q

. om! . o om! o A .
=ledQ = —  rdO— a0+ — | 2y ——1dQ— —-% L=dQ
Jny Td chQ 7d chp TdQ+ t—L Uy Td p'td

At A, |,
1 i 1 i—1
—— | h'7dQ+— | h"7dQ
At ), At ),

(3.1.25)
i—1 a i—1
JPA TdQ+f ;"x TdQ=0 (3.1.26)
Q e Q
. 3hi_1

f wl_lfdQ:—kf TdQ (3.1.27)
0 0 Jx

f Y nudly =0 YueM), (3.1.28)
Iy

fwi_lnudFN:O YueM), (3.1.29)
Iy

Recall that u'~! and h'~! both belong to U,. Therefore, their derivatives are zero a.e. Hence,

i—1
k

u and h on the spatial nodes. Then we will integrate by parts on K. for k =1...n and apply

to make sense of these terms we will define ! and fz,i‘l for k =0, ... n which will represent
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(3.1.13) to (3.1.25). This yields the following:

fy’_ITdQ:—CmJ —Tm‘_ldQ-l-c ZJ tm ™ 'ndx—c Jp’ '7dQ
Q a 0% =1 J K,

5 pi 5 A i ll
At ZMU( /le)TdQ_A_A_ pTdQ——JthQ+—fh

(3.1.30)
pi_l ot l 1 C i—1
TdQ— dQ+Z Tm'’  ndx=0 (3.1.31)
o A 8 " =1 J ok
= k
i-1 9T i, C i-1
fw TdQ:kJ ~—h dQ—Zf Thi ' ndx (3.1.32)
0 a0%x k=1 J K,
k
Alternatively, we could integrate (3.1.13) against & € U,,. In this case, integrating by parts
would yield:
i1 n
P ng+Z Em ™ ndx =0. (3.1.33)
Q A'e k=1 J 9K,
k

We define the following bilinear forms:

AlJ,T) f Jrdx N(J,7)e(V,x V)
Ky

B(W)sz q—dx Vg, 1) e(U,; x V)

Ky

C(u,1)=2f pulngds Vu,J) €M, x V)
2Ky

D(q,f):ZJ qrdx V(q,7)e(U,x V)
Ky

Ga=> | Eumds YEueWU,xM,).

k=1J aK:

Using these bilinear forms, we rewrite (3.1.23)-(3.1.24), (3.1.28)-(3.1.29) and (3.1.30)-
(3.1.32), respectively,

B(g,r ) =—(2],&) VEeU, (3.1.34)
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1 .
—BEw )+ (p 8y, = (2,78 VEey, (3.1.35)

Clu,1)=0 VYueM), (3.1.36)

C(u, w)=0 V,ueMéfO (3.1.37)
, 0 2u,+A, :
i—1 - _ v T !

Ay, 7)=—c,,B(m T)+cmzc W=D 7)== —Dlp' )
~ A7 D(R', T)+ D(hllT) VreV,
(3.1.38)
Aw'™",7)—B(kh'", 1)+ C(kh" ', 7)=0 V7€V, (3.1.39)

where

+ o 2 d 1+ 0%,
—_— an Cc,= .
Aty P AL,

Note that (3.1.36) and (3.1.37) represent the boundary conditions when y and w are contin-

Cm = 2“6

uous. In this case, when we sum the boundary integrals on each spatial element as defined

by C, the boundary conditions on all interior nodes of (X, Xenq) Will cancel out.

3.1.4 Static Condensation
We will now write these equations as a system of matrices and vectors. For variables in V,,,

a
lb] represents a®; + b ¢, on K; where ¢, is a linear function thatis 1 on x;_, and 0 on x;

and ¢, is a linear function that is 0 on x;_, and 1 on x;. For variables in U, variables can
be thought of as a single constant on each interval. For variables in M, or M, ho, variables
can be represented by a 2 x 1 vector on each interval K, since these functlons are simply
defined on the nodes.

Similarly, we will represent the bilinear forms as matrices where the entries correspond
to the bilinear forms evaluated on the basis functions. More specifically, we will define the

matrices as follows:

ka((bl)zdx ka P1p.dx
ka P19.d x ka((Pz)zdx

Bi=[-1 1]

A=
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p=lt 1]

Following this same convention, we would have G = [—1 1]. However, because of how this

matrix is used in (3.1.33), we define

By, ' =1z (%) (3.1.40)

—Bw;_1+%p,’;1 =nz, ' (3.1.41)

Cr=0 (3.1.42)

Cw=0 (3.1.43)
Ayfc_l+cmBTm,i_1—cmCm,i_l—i-chpr_l—Aich,i_l:%—z‘uy):% p,’;—éDh,i (3.1.44)
Aw/ ' —kB"h '+ kChI T =0 (3.1.45)

py ==A,Gm; " (3.1.46)

3.1.5 Static Condensation

We will now eliminate all of the variables except 1 ,i‘l and fz,ﬁ‘l. Reformulating (3.1.44), we

see
. . . . 1 ; .
ri'=—cpyA'B'm " + ¢, AT Ci = c,A"'Dp . + EA—th;—l —al  (3.1.47)
where ai =—2 %A—le,"C + 1, A'Dhl. Applying (3.1.46), we have

. . , 1 . .
-1 _ o i1 1T, i1 -1 -1
re =AM —c,AT B my +_tA Dh; " —a; (3.1.48)
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where ./ = ¢,,A"'C+A,c,A"' DG. From (3.1.45), we have
w'=—kA"' [Ch'—B"h[].

We then substitute (3.1.46) and (3.1.49) into (3.1.41) which yields

kBAT [Cly ! =B Iy |=n Gy =1z, (%),

k

Defining the scalar %, = kBA™' B" and rearranging shows

kBA'Ch'—nGmy " —nzy ' = B,h[

Therefore,
i—1 _ s i—1 7 i—1 —14i-1
h—=aum_ +Vh +<%p Ay

(3.1.49)

(3.1.50)

(3.1.51)

(3.1.52)

where % = —%;lnG, Y = %;lkBA‘IC, and Ai™' =—nz/7'(%;). Subbing (3.1.52) back into

(3.1.49), we have

i—1 __ A~ i—1 ri—1 i—1
wk —Lhmmk +thhk +bh,k

where

(3.1.53)

Lyy=kA"'B"%, Ly,=—kA"'C+kA"'B"™¥, and b, '= %;lkA_lBT/ljc‘l (3.1.54)

Plugging (3.1.48) and (3.1.52) into (3.1.40), we have

: : 1 A ; ; : :
B| M1y —cp AT B m 7+ ATDOY T+ U iy 4+ B AT — 0 =z ()

which is equivalent to

-1

i—1 _%_13% ~i—1 ggu -1 ]'/‘Li—l % A~ i—1 —IAi—l _
m_ =3, my; +_At BATD(Vh. +Um, +3, )— B

+n B 27 (%)

where 8, = ¢,, BA"'BT. Hence, we can write
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-1 i
Ba
w7k (3.1.56)

(3.1.57)



where

_ ! _ B
U=2, 'Du, V:ﬁBA_IDW (3.1.58)
93—1
T'=—L_BA'DA"'—Bal+ ) (3.1.59)

At
and ;7! =nz!'(%). Therefore, from equation (3.1.48), (3.1.52), and (3.1.57) we have

r = —c, ATBY (U T+ TR+ B !
(3.1.60)

1 A i— 70— —19qi— i
+A—A 'D(um " +Vh] 1+93P1Ak N—aj

Hence, we have
7/;'6—1 =L, i 1+Lmhhl 1+brin—']i (3.1.61)

where

_ 1 _ 1
L mz//l—cmA_lBT@/+EA_lD%, Lmh:—cmA_lBT“i/+EA_1D”f/, (3.1.62)
1 .
and b, . =—c,A"'B' B, ¢,” 1+A—A—1D%‘ AT —al. (3.1.63)

3.1.6 The Algebraic System

We now invoke the fact that y and w should be continuous over the whole time interval to
develop and algebraic system To ensure continuity, we require the second entry of v to
equal the first entry of v}, | and the second entry of w, to equal the first entry of w/, , for
alli=1,...,rand k =1,...n—1. From the above relations, we see that implies the second

entry of me M + Ly, fzi_l +b) must be equal to the first entry of L, ,, 71,2 + L,,;, h,’ﬁj +

b~ o) and the second entry of Lj,,, /™' + L, hh’ '+ b,"! must be equal to the first entry
of Lym M3+ Lin i) + b))

Consider the case where n = 3, then this information yields the system:
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i -
C j j .
o SR,

h nodes

Finally, we change the entries of this system in the first row, middle two rows, and last
row. For example, to impose the Dirichlet boundary conditions at the left-hand side of the
boundary, we change the first row of the M to all zeros except the first entry. Additionally,
we change the n +2 row to all zeros except the n +2nd entry. Then we will change the first
entry of the vector b to zero and the n + 2nd entry of the vector b to zero. Then we will

solve this system for 72 and h and use these to solve for m, h, w,and y.

3.1.7 Test Case of Adjoint Solver

Let us consider the case where Q2 =(0, L), the time interval is (0, T'), h =0, m =0 at X, and
yn=0 wn =0at Xnq. Finally, m(x, T)=0and h(x,T)=0.Let Hy =2u,+A,, H,=2u,+21,,
and
<y = _HAMrefX”(x)T(t) + 5Heref)(”(x)T/(t) + Href)(/(x)f,(t)
K = kHrefZ”(x)T(t)_Mrefxl(x)f(t)-

Then we have the following solution:

m= MrefX(x)T(t)r

P :_AeMrefX/(x)T(t)»
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w :_kHrefX,(x)T(t)»



and y =20, My 7/ (X)T() + Ao Moy 1 (x)T(£) = 8200, Moy /()T (£) = 5 Ae My 7/ (2)7(2)
—H,opy(x)7'(2)

To ensure that the boundary conditions are met we need y(L)= y’(L) = y(0)=0. To ensure

the initial condition is met we need 7(7) = 0. More specifically we will study the case where

T=1L=1A,=1,u,=1,1,=05u,=05 M,,,=0.1, H,;=0.1, 7(t)=sin*(2r¢), and

7(x)= x?(1— x)?. Figure 3.1 shows the convergence rate for this test case.

Error of aproximate m with n nodes Error of approximate h with n nodes

[ = Bl 2,7 2200,1))

[m —m, ||L-’<,[).[;L-’z‘[).1]]

Figure 3.1: The L?(0, T; L*(Q2)) error is shown for the approximate solutions (m,,, h,,) when
n temporal nodes and n spatial nodes are used.

3.1.8 Solving for Derivative of Finite Dimensional Problem

Using the adjoint system to find the derivative of the finite dimensional problem is inaccu-
rate. Instead, the derivative should be found directly. Using Dual-Hybridized Finite Element
Method to approximate a solution to the poro-elastic or poro-visco-elastic model results
in a linear system to solve for the next time step. We willlet y' = [a{... 2, p]...p., 1"
Given y!, we solve for y*! by solving M y ™! = b where M and b are derived from box 2 x 2
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matrices and 2 x 1 vectors as follows:

e
|
§
unodes
[ ‘ TI
s S =
$ | N '—‘

r
(7|
e
‘
’7|
T
T

1
- . éﬁ
B
|
<
d = |
oyl
)
B
=
ﬁ"“ |
\
p nodes
Il
L
S T
R |

r
<
=
b
r
<
<
k\
=
)
L

Then the first row, middle two rows, and last row of the system are changed to reflect
the spatial boundary conditions. Each sub-vector in b is dependent on y’ and the sources

F and S. We will now separate these dependencies. We note that
buli — ri _ muA_lBTc%glfH_l _A—lD :93;1li+1

Note that r’ is not dependent on the sources. We will split /™! into lé“ and [’*! such that

i+1 _ i+1( = i+1 _ Tk i i+1 _ 7i+l i+1
=S, =g and 1T =g

Then we split f*! such that
fqi+l — bH—l _BA—ID %;1 lql'+]., flj+l — Bri_BA—lD %;llll;-Fl’ and fi+1 :fqi+1 +fui+1-

Hence,

bli/'i :_muA_lBT%;lqu—l _A—ID %p—l l;+l, b:'l — ri _ muA_lBT%;lfo+l _A—ID %;1 lli+1
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and b, ; = b, ;+ b/ . Similarly,

b]g,i _ kA—lBT%;1l5+l’ b;,i _ kA—lBT%;llHl and b, ; = blji + b;i.

u )

Therefore, we let
HV — —1pT -1 HV —
,Bu:—5EA 'DG—m,A"'B" &, B5EA 'DG

+muA—lBT@—lBA—lD%—lic—A—lpﬁ—lic
u P At P At

and

h
_ —1nT 5z-1
py=kA"B B, —G.

Additionally, we let
Bur=—m A B B /2 /2]

Bus=m A" B B BA"DB,} h/2 hj2]-A"DB,'h/2h/2]

Bps=kA"B" B [n/2 h/2].

Therefore, we have the following equality:

< |
i f‘l|

Ss
=
T

|
St

Sy
=

S
Pasd =l
1l
> =
3
L=
o
+

[

:
[ﬁ% 1
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p Ej :
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F(x;)



Hence, when given y’ we can solve for y*! by solving

S(x) F(x)
MyT' =By +Bs|  |+B| (3.1.65)
S(x,) F(x,)
3.1.9 Stationary Case

Considering the stationary case where F is used as the control, we have
M y= B F F, vec:*

We calculate the cost by calculating

1 A
J= E(y_yd)T(Trapdouble)(y_yd)+EFUZC(Trap)Fvec

where Trap,,upie is a 2(n+1) x 2(n + 1) diagonal matrix with / on the diagonal, but h/2
in the first entry, the middle two entries and the last entry. Therefore, y ' (Trapoupie)y
calculates the integral of u? over [0, L] and adding it to the integral of p? over [0, L]. Also,
Trap is adiagonal (n + 1) x (n + 1) matrix with / on the diagonal. Hence, FVEC(Trap)FyeC

calculates the integral of F? over [0, L] using the trapezoidal method. We calculate
]/(Fuec) = %g *M_T * Trapdouble(]w_1 * ‘%FFvec - yd) + )LTravaec = «%gz + ATravaec
where z=MTxTrap,upie(M "' * BrF,.. — ys). In other words,

MTZ = Trapdouble(M_l* e%FFve‘c_yd): Trapdouble(y_yd)

3.1.10 Non-stationary Case

Let W = M ' 4. Let y be a block vector where the ith block is y’. Hence, y is a matrix that

is the length of the number of spatial nodes plus one multiplied by the number of temporal
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nodes. Then we can use (3.1.65) set up a system to solve for y.

o M'%, 0
W
Y= + | weMga, - : (3.1.66)
: : Yo ) )
¥ wr '
L WM B

For the optimal control problem, we set the initial condition equal to zero. Therefore, we
have that the y = G g where g is the source. Therefore, we calculate

T @)=G"«Trapioupic(Gqg—ys)+ATrapg=z+ATrapq

where z=G" x Trapaoupie(y — Ya)-

We can solve for z by solving for each time-step individually moving backwards in time.
First,let d = Trapg,upie(¥ — ¥4)- Then we will call d'¥) the i*" block of d. Looking at what
the transpose of G is, we can see z") = 8] z(" where 2" = M~"d". Then 2z = 81z~
where z0-V=M-T(d=V 4+ BTz

When £k is a function of x and ¢, 5 and 9% change at each time step. Therefore, we

have the following system for y

yl M_l ’%1 S(l)
¥ M_1 %zM_l 931
2| 2 _ +G | : (3.1.67)
) ) Jo s
Yn M_lc%nM_lc%n_I---M_lt%l
where
M B, 0
M~ B, M B, M~ B, 0
G= M_1<%3M_1952M_1%51 M_1%3M_1<@32
M BMB, . M BM B M BM B, BM B, .. M By,

Hence, we can solve for z = G”d by letting z" = 3! z") where z" = M~"d". Then
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2 =B¢ zi_ywherez, ;=M "Bz +MTd.

3.1.11 Quasi-Newton Method

To approximate an optimal control, we used the fminunc function in MATLAB. This function
is a quasi-Newton method. Newton’s method finds the next iterate ¢,,,, by ¢,—(VJ(q,)) " J(g,).
Quasi-Newton methods use an approximation of (VJ(g,)) .

Here we provide results for a stationary case. We will consider the case where g =—0.3,
Y=-3,§=03, u=p=0at x,,,,4, and v =0 =0 at x,,4 where x,,,; =0,and x,,; = 1.
Additionally, we set k,., =1, A, =1 and u, = 1. We will set u; = p; = 1 over the interval
[0,1]. Then we use Gradient Descent to approximate the optimal control that minimizes
the cost functional with A =0.1. The initial F is taken to be constantly 0.

The results are shown in Figures 3.2-3.4. We see that the cost functional seems to be
minimized around 1.89. We can also see that the gradient of the cost functional is converging
to zero. We additionally see that the shape of F, u, and p do not change significantly after the
first step. We see some changes in the magnitude of the functions, with the most significant
changes occurringin F.

Test Case 2 We also will show the results of a case non-stationary case. As before, 2=
(Xstart» Xena), and now additionally ¢ € [0, T']. We will minimize the cost functional

1 - 1 _ _
J(F)= EHUF +a—uy| + Elqu +p—pal® +107*||E|I”

where @, p is the solution to the PVE system with 0 =1, u=p=0when x =0,and Tn=g
and Vp =1 at x =2. We have set the non-control sources and initial condition to be

S(x,t)=320cos(80¢)cos(4x)+ 160sin(80¢)sin(4x)
Y(t)=—40sin(80¢)cos(4x)
g(7)=3cos(8)sin(80¢)+240cos(8)cos(80t)—10cos(8)sin(80¢)
u,=0

u, =sin(80¢)sin(4x)

pa =10sin(80¢)sin(4x)

In Figure 3.5, we see the cost-functional decreasing as expected using the conjugate
gradient method. After 4 iterations, the cost drops to 6.17067. The algorithm converges
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Gradient
0.01

0.009 |
0.008 -
0.007 -
0.006 -
\ﬂ

0.005 |- \
0.004 -
0.003 -

N\

0.002 - \
N\

0.001

Figure 3.2: Over 31 iterations of gradient descent, we see the gradient of the cost function
converging to zero.

to a cost around 2.40877, and we stop the algorithm after 96 iterations. We note that if
F =48sin(4y)sin(80¢)+ 3,840sin(4 y)cos(80¢)—40cos(4y)sin(80¢) (shown in Figure 3.6),
then the desired u and desired p would be achieved. However, the L? norm of this function
is quite high. Therefore, the cost-function is minimized with the F shown in Figure 3.7.
We see that since most of the the local maximums and minimums are less extreme in the
optimal F, the L? norm would be much lower. We then look at the u produced by the
optimal F on the left side of Figure 3.8. We see that the local maximum and minimums of u
also are not as extreme as the desired u, u,, shown on the right side of Figure 3.8. In Figure

3.9, we see that the p produced by the optimal F is exactly what was desired.

Remark 3.1.1. When running similar tests with other sources used as the control, both u

and p are not achieved as desired.

This example demonstrates how the regularization term (the additional cost of the con-
trol) in the cost function can affect which control is defined as optimal. In the next section,

we consider using a total variation term in addition or instead of the L? regularization term.
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Cost Function
1.97

196 |
1.95
1.94
‘\
1.93 |- \
1.92
1911 N
1.9} N

1.89

1.88 I I I I I I |
0 5 10 15 20 25 30 35

Figure 3.3: Over 31 iterations of gradient descent, we see the value of the cost functional
decreasing and converging around 1.89.

3.2 SLIP Algorithm Applied to Poro-elastic and Poro-visco-

elastic systems
3.2.1 Problem Statement
Let @ >0and T > 0. We are interested in solving the following optimization problem

min j(w)+aTV(w)
weL2(0,T)

s.t. w(t)e W c Z for almost all (a.a.) t €(0,T)

(P)

where j is lower semi-continuous and bounded from below. Here TV represents the total
variation. Total variation is defined for all functions in L'(0, T) as follows:

¢ €C0,T) and sup|¢p(s) < 1}.

s€(0,T)

T
TV(f):=sup{J f()p'(t)de
0
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Since L?(0, T) c L'(0, T), we can define the total variation of all w € L?(0, T). Note that this

definition is equivalent to the following:

TV(f)=s;p;mx,-)—f(x,-_m

where & = {P = {x, xy,..., X,, }} is the set of all partitions on [0, T]. Since the solution of
(P) is integer-valued, TV(w) is only finite when w is piecewise constant functions with
a finite number of jumps. We let BV(0, T') denote the set of L!(0, T') functions with finite
total variation. A sequence {w,},-, € BV(0, T') is said to converge weakly-* to a function
w €BV(0, T) if w" — w in L'(0, T) and limsup,,_,, TV(w") < co. Moreover, {w"} 5, is said
to converge strictly to w if in addition TV(w") — TV(w). We define the subset of BV(0, T')

that corresponds to the feasible set of the optimization problem (P) as

BVy(0, T) = {w € BV(0, T)| w(t)e W}.

3.2.2 Sequential Linear Integer Programming Algorithm
The goal of the SLIP algorithm is the find solutions v that are r-optimal.

Definition 10. We say that v € BVy(0, T) is r -optimal if
j)+aTV(v) < j(w)+aTV(w) Yw €BVy(0, T) such that ||v—wllp o) < T

The user of the algorithm starts by choosing a radius r, an initial guess w, and a stopping
criteria parameter o. The algorithm then solves a trust-region subproblem given by
Jin (Vj(1wo), d)yzgo:r+ € TV(wo +d)—a TV(w) = L(w, )

s.t. wy(s)+d(s)e W fora.a.s(0,T), (TR)

||d||L1(0,T) <r

This trust-region subproblem can be solved since V j(w) is a linear functional. Note that V j

is the Frechet derivative. Hence, j(w +d)— j(w)—r(w,d)=(Vj(w),d) where ”r(‘l"a’l’f)” -0

as ||d|| — 0. If {(w,d) = 0, then 0 is a solution to the trust-region subproblem and the
algorithm terminates with the prediction that w, solves (P). Otherwise, if d # 0 solves

the trust-region subproblem, the algorithm decides if it should rerun the trust-region
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subproblem around w,+d. This decision is based on the ratio between the actual reduction
(j(w)+aTV(wy)— j(wy+d)—aTV(w,y+d)) and the reduction £(w, d) predicts. If the ratio is
small then it is likely that the step taken is too large. Hence, the solution to the trust-region
subproblem should not be used in the next step of the algorithm. Instead, the radius should

be decreased, and the trust-region should be run again with a smaller radius.

Algorithm 1 Trust-region algorithm from [35]
Input: Initial guess w° (feasible for (P)), A°>0, o €(0,1)

1: forn=1,...do

2: k—0
3: A0 — A
4: repeat
5: d’"* — minimizer of TR(w"!, A™¥) > Solve trust-region subproblem.
6: if ((w"',d)=0 then > Predicted reduction is zero = terminate.
7: Terminate with solution w” .
: n—1 n—1\_ ; n—1 nky_ n—1 nk .
8: else if [ reTVw™ ) E(JLE/”Z_I ;,flk) JaVw? +d%) < & then > Reject step.
9: Ak An,k/z
10: else > Accept step.
11: w’ — w4+ dmk
12: end if
13: k—k+1
. . n—1 +a TV n—1\_; n—l+dn,k —a TV n—1+dn,k
14:  unti] eV )z(]x—l,dn,k) o TV >0
15: end for

The main known convergence result on Algorithm 1 to this point is that its iterates
converge to so-called L-stationary points under a suitable regularity assumption on j
[35]. A feasible point w is L-stationary if the objective (P) cannot be improved further by
perturbing the locations of its jumps on (0, 7). Such perturbations leave the term a TV(w)
unchanged and only affect j(w), yielding a condition on V j(w). In particular, the condition

coincides with V j(w)(t;) = 0 for all jump locations t; of w if V j(w) is a continuous function.

Assumption 3.2.1 (Assumption 4.1 in [35]). Let j : L?(0, T) — R be twice Fréchet differen-
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tiable such that for all w € L*(0, T)

IVZj(w)(y, ¢)l < CllY o nll@ Lo )

holds for some C > 0 and ally, ¢ € L*(0, T).

3.2.3 Input Regularization for SLIP Algorithm

Assumption 3.2.1 is at times too restrictive. The class of problems that SLIP can be applied

to would be much larger if the assumption was replaced with the following:

Assumption 3.2.2. Let j : L*(0,T) — R be twice Fréchet differentiable such that for all
w e L*0,7T)
V2 j(w)¥p, ) < ClIYll 2o )| Pl 20,7y

holds for some C > 0 and ally, ¢ € L*(0, T).

When j satisfies Assumption 3.2.2, j composed with a convolution operator will satisfy
Assumption 3.2.1 [11]. Let K, : L}(0, T) — L?(0, T) be a bounded and linear convolution
operator defined as K.(w) =1, * w where ), is a Gaussian function given by

K o=1/0-[E) _
ce |l if t e(—e,€)

T}e( t) =
otherwise.

Note that « is defined to ensure ||n).||;1,7) = 1. Then we define j, := j o K.. We will run the

SLIP algorithm on j. and drive € to zero.

3.2.4 SLIP applied to poro-elastic and poro-visco-elastic problem

To reduce the control problem to functions of one dimension, we will let y(x) be fixed and
insert g = y(x)w(t)into (1.2.1a)-(1.2.4) in place of either S or . Note that we don’t use g
or F as controls in this case since in the poro-elastic case, H' regularity in time is required
in these cases. The only functions, w(t)€ W, in H(0, T) are constant functions.
Similarly to the last chapter, we let G : L?(0, T) — L*(0, T;L*(2)) x L?(0, T; L*(Q2)) be
defined by mapping w(t) € L?(0, T) to the unique solution of (1.2.1a)-(1.2.4), embedded in
L?(0, T; L?(Q)) x L?(0, T; L*(€2)), with all sources set to zero except ¢. Let (@, p) be the unique
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solution (in the spaces provided in Theorem 1.3.2 and Theorem 1.3.3) to (1.2.1a)-(1.2.4)

with the sources set as desired and g = 0. We introduce the control problem

o1 7L
wénﬂl(%l,T)_”u ud”LZOTLZ ”p pd”LZOTLz ”w”Lon +aTV(w)
st (u,p)=G(w)+(i,p), (3.2.1)
w(t)e Wfora.a.t€(0,T)
for given u, € L*(0, T;L*(f2)), p, € L*(0, T; L*(2)), y € L*(Tp,,) and A > 0. We define
)L
](U»P» LU): _”u udlleoTLz ||P pd”LzOTLz ”wlleOT 3.2.2)
for (u, p, w) € L?(0, T;V) x L?(0, T; V) x L*(0, T) and the reduced objective
J:L*0,T) =R, j(w):=](G(w)+(w,p), w) (3.2.3)

Next, we verify the applicability of the SLIP algorithm introduced in the previous section,
by checking if Assumption 3.2.2 and Assumption 3.2.1 are satisfied.

3.2.5 Casel:A1>0

In this subsection, we assume that the regularization parameter A in the cost-functional is
greater than 0. We prove that in both poro-elastic and poro-visco elastic cases Assumption

3.2.2 is satisfied while the more stringent Assumption 3.2.1 is not satisfied.

Proposition 3.2.1. Let& € L?(0, T). Then it follows that the reduced objective j : L*(0,T) — R
is twice continuously differentiable at £. Moreover, |V? j(w)(&, )| = (G(&), G(¢))+ A(&, @)
and there exists C > 0 such that

IV2j(w)(E, )l < ClIEN 20,y 1@ Ml 20,7 (3.2.4)

forallw € L*(0, T) and all &, ¢ € L*(0, T) i.e. the Hessian is continuous on L*(0, T) x L*(0, T).
When A > 0, Assumption 3.2.1 does not hold.

Proof. Let y =(u,;—1, p; — p). Based on the definition (3.2.3) of the reduced functional j,
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we have that

Vi(@)=(G(),G(q)=7)+ Al q) and V* j(q)(&, ) = (G(p), G(E) + Ay, &)

Furthermore, we can estimate the Hessian of j as follows:

V2 j(9)(E, )| =1(G(9), GE)+ A, &)
< NGO 20, r512@x 226G (E 200, 7512000x 22() + AP | L200, 1) IE N 200, 7) <(C*+MlelllIEl,

(3.2.5)
which provides the desired estimate (3.2.4). Additionally, we note that
Ml 7o) <A@, 9)+(G(9), G(p) = V2 j(q)p, ) forall p € L*(0, T). (3.2.6)
Consider the sequence ¢,(t)=n(%)" € L0, T). Note that
T
" n*T?
— = .2-
1l 00, = UO (1) dr) — 327
T 2
" An?T
— = . 2.
Agalley = J n(z) | de=5 3.28)

Combining (3.2.6) with (3.2.7) and (3.2.8) we obtain

V2 j ()@ @)l  MPulling _ An>T (n+1)° _, 1y

TRE =P 2n+1 n2Tz  n+nT o dPToe
Pnlli0,m) Pl

Hence, Assumption 3.2.1 does not hold. O

3.2.6 Case2:1=0

Now we consider the case A = 0. For the following proofs and numerical results, we consider

the problem on one spatial dimension i.e. 2 =(0, L). Following [57, 9], the one dimensional
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formulation of the poro-visco-elastic systems is given by

u *u dp
=t H, 5= 2E =0 V(x,1)€[0,L]x [0, T] (3.2.9)

o%u 2%p
55 k5 n =S V(x,£)e[0,L]x[0, T] (3.2.10)
u(0,1)=p(0,1)=0 Vtelo,T] (3.2.11)
—kg—p(L, H=y(r)  Yrelo,T] (3.2.12)
H, o"u O g v L - (L) =0 Vielo,T] (3.2.13)

Y ox0t ox p ’ o
—(x,O) =0 Vxelo, L] (3.2.14)
Jx

where H, = A, +2u, and H, = §(A, +2u,). When F =0, we know p(x, t)= H, %% =~ +H, ﬁaxaut +
h(t). When g =0, applying (3.2.13) shows h(t) must be equal to 0. Therefore, when F =0
and g =0 we have
p(x,t)=H,— ou +H,—— otu (3.2.15)
ox "oxor’
When A =0, we will see that Assumption 3.2.1 holds in the poro-elastic case, but not the

poro-visco-elastic case. We will study these two cases separately.

Poro-elastic Case

We will first consider the case when ¢ is used as the control. Then we will study the case
where the control w(t) enters the system in the source S, i.e. S(x, t)= y(x)w(t).

Theorem 3.2.2. Let A=0 and o6 =0. Let k(x, t) = k where k is a positive constant and let G
map a controly to the state (u, p) that satisfies (3.2.9)-(3.2.14) with all sources set to zero
except(t). Then Assumption 3.2.1 holds with w = .

Proof. Recall V?jw(y,,y,)=(G{),), G(y,)). Wewill first calculate G(y) when v € Col(O, T).
Then we will use the Bounded Linear Extension Theorem to show Assumption 3.2.1 holds.
Note that v is only a function of ¢ because we are considering the one-dimensional case
where Iy is only one point. Since 0 =0, H, =0. Plugging (3.2.15) into the PDE, we see that
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p(x, t) needs to satisfy

op *p
E—k’HeW—O V(X,I)E[O,L]X[O,T]
p0,0=0, —kS2(L,0)=y(1) Veelo, 7]
p(x,0)=0 Vxe<l[0,L].
Let w = p + £Y(t). Then we see
Jw 2w x|,
Fra Heﬁ_Ew(l’) V(x,t)€[0,L]x[0,T]
w(©0,0=0, —k%L,1)=0 Vi elo,T]
ox
w(x,0)=0 Vxe€[0,L].

Let A, = (Z”Z_L”” Note that (4/2/Lsin(A,,x)),cy is @ complete orthonormal basis. Let

w(x, t) =an(t)\/2/L sin(A,, x).
n=1

Then we see w(x, t) satisfies all boundary conditions, and we have

> FUV2/Lsin(A, x)+ A2k H, an(t )v/2/Lsin(A,, x)——l/J( )

n=1

and

> £,(0)v/2/Lsin(2,,x) =0.
n=1

Multiplying both sides of these equations by /2/Lsin(4,, x), integrating these equations

. . —1)"v2L
from 0 to L, and setting ¢, = (%, v/2/Lsin(A,,x))2,1) = ( li?t% , we have

fn/(t)+ kHeAifn(t) = an/(t) and fn(o) =
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Therefore, f,(t)= e *He At ft c,e iy (E)d £. Hence, we have

w(x,t):ze—’“He’tiff ¢, e Xy (£)dE /2] Lsin(A, x),
n=1 0
_ | —kH, 22t t KH A28 117 . _ X
plx, )= e ¢, N (E)dE V2] Lsin(A, x)= (1),
n=1 0

Using (3.2.15) and recalling that H, = 0, we anti-differentiate p with respect to x and
enforcing the boundary condition u(x,0) =0, to see

O p—kH A5t

ux, =3~ f Cne Y (E)AE V2T —cos(, ) -
n=1 e’ n 0

o, -

Using the fact that ¢, = (%, v/2/Lsin(A,,x))2q), (v/2/Lsin(A, x)),ey is an orthonormal
sequence, Lebesgue Dominated Convergence Theorem, and Parseval’s equality we have

”p” 12(0,T;L2(0,L))
2

J Z |:( —kHel%ltf ek‘Heliglpl(g)dé‘) _ze
0 n=1 0
2

+x— t)dt

_kHelntJt kHl lp é’)dglp
0

k2

[ Keka oA E ) 2o [y @azito
0 n=1 0 0
vl

“(
C2
t)]dt
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Integrating by parts, using 1/(0) = 0 we see

||p||L20TL20L J l —kH, 22 t(lp(t kH, 22t f ¢ i)kH AZ kH, 2% gdg))
0 n=1

_Zenglit(w(t)ekHelit_J w(g)kHeAiekHeliidé’) w(t)+¢2([)]dt
0

f l r)—zw(t)f w(i)kHeAie"H“i@‘”d&U w(akHeAie"H”i@‘”dé)
0 n=1 0 0

—24p* (1) +24)(¢) f P(ERH, A% e Mg e +¢2(t)]d t

2

2

2

= U () H A2 ekHeAil dg) dt
J ; T 2
< ( > c2k*H2AL U zp(g)e—’fHMi“—@dg) dt
JoTn;1 0 ,

< ( ZHjU Y (E)e kHA dg) dt

Jo n=

Recall, Young’s inequality for convolution: Given f € LP(0,T) and g € L9(0, T) such that
%"‘ % =1+ % with 1 < p,q,r <00, ||f *gllror < CllflLeo,n)IgllLao,r)- Using p =1, g =2,
and r =2, we have

00 00
H?
2 —kH/l
1PIE o 7z S D HEIe T HRO12, 0 2, 0.7y < Zzch pPLACLAT
n=1
Sl L2 H L2
:_”w”ngT Z 2n 1 27_[2 ”lp”LlOT

n:I

Additionally, integrating (3.2.15) with respect to x, we have

T ff(f 5rd5)

Therefore, forall ¢ € COI(O, T),wehave ||G(l/))||L2 0120, L)< [2(0,1)) = CllYllzio,r)- Hence, Glcio, 1)
is bounded and linear. Using the Bounded Linear Extension theorem, we have that the
extension G : L'(0, T)— L?(0, T; L?(0, L) x L?(0, L)) is a bounded linear functional. Hence,
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the desired bound holds. O]

Now we consider the poro-elastic case with A = 0 where the control is used in the
source S. Let y(x) be set and consider the case where G maps s € L?(0, T) to the unique
solution (u, p) to (1.2.1a)-(1.2.4) with all sources and the initial condition set to zero except
S = y(x)s(¢). In this case, the process of finding p(x, t) is similar to the process of finding
w(x, t)in the proof of Theorem 3.2.2. Hence, G(s)=(u, p) where

[ t
plx, )= e ! f d, e 5(£)dEV/2/ Lsin(2, %),
n=1 0

and applying (3.2.15)

o  —kH, A%t

n=1

f d, e*e?E s(E)dE 2/ Lsin(A, x)
0

where d,, = (y(x),4/2/Lsin(A, x));2(,1)- The proof for showing this solution also satisfies
Assumption 3.2.1 follows similarly to the proof of Theorem 3.2.2.

Poro-visco-elastic Case

We show that Assumption 3.2.1 is not satisfied in the poro-visco-elastic case, for both
choices of controls ¢ and S.

Theorem 3.2.3. Let A=0 and 6 > 0. Let k(x, t) = k where k is a positive constant and let G
map a control i to the state(u, p) that satisfies (3.2.9)-(3.2.14) with all sources set to zero
except (t). Then Assumption 3.2.1 does not hold.

Proof. We will proceed with this proof by first finding G(y') = (u, p) when y(t) € C}(0, T).
We want to show that there exists (¢,,),en such that

(G(@m), (SOm)) ||pm||L20T+”um”L20T

[ [ [ [

— 00 as m — OQ.
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Plugging (3.2.15) into (3.2.9)-(3.2.14), we see that u(x, t) needs to satisfy

o%u otu 2%u

—kH,————kH,—— = L T
u(0,1)=0 Vte€[0,T]
o%u ou
Y PYT —(0, )+ eE(O,L‘)—O Vte[0,T]
o3u o%u
—kH Lt)—kH,—(L, t)=y(t relo, T
v 5mg7 (L )= kH, S (L ) =4y(1) Vi elo, 7]
0
28 x,00=0 Vxe[o,L]
dx
Let y(x,t)=u(x,t)+ glll(t) where
1 t
\I] — _He/HUt He/Hyg .
(=1 JO Y(EeH M dg
Then y(x, t) satisfies
%y oy Py x_,
—kH — =—y R , L , T
axor Mignay Mega =W V(x, 0)€[0, L] [0, T
y(o t)=0 Vtel0,T]
0%
Ha ay(o t)+H (o £)=0 Vielo,T]
Sy ﬁzy 3
31207 (L, t)— kHa 2(L t)=0 Ytel0,T]
0
—y(x 0)=0 Vxe[o,L]

Let y(x,t) = Y00 f,(£)v/2/L(1 — cos(2, x)) where A, = 221z
E(O, t) =0, and gx}é(L, t) = 0. By plugging y(x, t) into the ﬁrst line of the PDE, we see
that

> FUOAV2]Lsin(A, x)+ A3 kH, Zf

n=1

oo

+A3kH, fn(t)\/Z/Lsin(/lnx):leJ’(t)
1

n=

101
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and

an(o) 2/L Sin()knx) =
n=1

Note that (\/ 2/Lsin(A,, x))neN is a complete orthonormal basis. Hence, multiplying both
sides of these equations by 4/2/Lsin(A,, x), integrating these equations from 0 to L, setting
cn=(F,V2/Lsin(A, x)) 20,1y = 4v2L(—-1)""!/((2n —1)*7*) we have

(An+A§lkHv)f,:(t)+kHe)Lifn(t):CnlI/(t) and fn(o):

Therefore, fn([) = 1 e—kHeAiTnt J-Ot e(kHeAﬁYng)cn\II/(é‘)dg where Yn= . Hence,

1
An+A3kH, 1+A%2kH,
> ]. 2 ! 2 =
y(x, t)=ZT6_kHM”“IJ e Hetins ¢ W/(E)d Ev/2/L(1—cos(A,, x))
n=1""1 v 0
o t 2
u(x,t)zzy—e*kH eAnt f ekHeliV"‘gcn\Il’(E)déx/2/L(1—cos(Anx))—;C—L\IJ(L‘)
n=1 0

and from (3.2.15),

p(x, 1) = —He%\IJ(I)—Hy%\IJ’(t) +" a2 V2IL I, x) (—K H, H, A,y e Herni
n=1

t H H !
J eFHATEY (£)d E + ;r”\D’(tH;—“e—kHe*in e’“HeAi“i\I/(&)di)
0 n n 0

t

:——(H (1) + H, V(1)) +Zc V2/LA,sin(A, x)( T e kH ATt J eMHA T EY (£)d E

0

)
We notice
lIJ’(t)—kH( He —H/Hff Y(&)eteMeqE 1 ap(t ) (3.2.16)
Hence,
plx, )= 4(1)
+§: ¢,v/2/Lsin(A, x) (Heyi e KHeAnt J t e EY (£)d E + H,,}fn\lf’(t)).
= 0
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Therefore,

t
||p||L2 0,T;12(Q f (H 7’ g KHeRaTn! f ekHeliyng"I/(g)dg+HyTn‘IJ/(t))
0

o5 z/J ( . "“HW"JekHMini\lf’(S)dGH 7aV ) Yt
0

2

Recalling (3.2.16), we see that when i = ¢,,, = e, we have

/ 1 He —H,/H,t t m& JH,/H,& mt
U(t)= ———e el e"et v dE +e
0

kH,\ H,
_ 1 _E emt B e—He/Hyt +emt

kH,\ H,\m+H,/H, m+H,/H, 3.217)
_ 1 Hee—He/Hvt_ Heemt +em; L.

kH,\ mH,+H, mH,+H,

1 (H,e H/Ht  H mem™t
= + >0

kH,\ mH,+H, H,m+H,

Hence,

t
e_kHeAiyntJ kH 22 7n£l:[} (g g
0

_ 1 He e—HB/Hvt _e_kHeA?ﬂ'nt)
kH,(mH,+H,)\ kH,A2y,—H,/H,
H—m(e””—e_kHMQ"“t)
kH,A2y,+m

_ 1 HV (e_He/Hvt—e_kHeliy"t)
kH,(mH,+ H,)\ kA2y,H,—1
H_m(_)
kH, A2y, +m
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Recall y,, = m, e
) KAZH,  1422kH,
kA%y,H, L — 1
T1+AzkH, 1+A2KkH,
—_— _1 —_—
T1+azkH, "
and CH A2
kH, A , H,
B L L i N R 3

1+22kH,  A2kH, H,

which implies 1> e ¥HeXurat — g=He/Hit > o for t €[0, T]. Hence,

t
ekHeli}’ntJ ekHelirni\p/(g)dg
0

(3.2.18)
> ! EJFHv—’”(emr_e—kHemr)
kH,(mH,+ H,) kH, A2y, +m
Let [ > 0 satisfy
(21—12n* 8 1 1 k
A= > . Th = < <—. 3.2.19
T kH, ' T 14 2kH, S XkH, 8 (5.2.19)
Notice that

2

T t
1Pm 1% 20,7120 >f ¢’ (Her"fe_kHeW”f ekHe’l?”‘f\If’(i)dé+Hyyl\If’(t))
0 0
c? ) g Y c2
—wa(t)(Her?e‘kHemr f e ATy (£)dg +Hvrz\11’(t))+k—’2w2(t)d t
0

Dropping the first term since it is positive and applying (3.2.18) and (3.2.17) we see

T 2 2
c H
”pm”LzOTLz Q))>f —2—16"” e’y (ﬂ—kl_ﬁj—m(emt_e_kh’el%’lt))
0 k kH,(mH,+H,) Y1 kHell}’l+m

2612 me 1l HeeiHE/H"t H,me™! Clz 2mt
—2—e"" — + +—e "'dt
k k\ mH,+H, H,m+H, k2

. _ 2 —He /Hyt mt
Recalling that —(e™! — e *HeAmit) > —emt, —(fjfhww + g;;;joe) >—(1+e™),and mH, +
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H, > H, we see

”pm”ngTLz )
rr ct H,y* H, H z 7’1 c?
> ., oMt 1+ mt +_l 2mtdt
), 2% THmA, +H)( ) k° ¢t e
(1 c? H,y* H, H, 72H c? mi Y1 cf
> —p_L gmt l _V l l 1+ mty 4 L 2mtdt
=), % \kHH, 7, T kHH,C 2o e+ 1
rT c2 2
> _2_1 2mt + 2 l 2mt2 4+ L thdl.
_JO kze (,}/l ,)/l) k 7/ k

Hence, applying (3.2.19), we see
Cl 2mt 1 1 1 Cl 2mt
||pm||L20TLZQ))>JO _ZEQ §+a+1 +ﬁe dt-
T
7ct 7c?
> —lezmtd[:—l (ezmT_l)'
0 322 64k2m
(em'—

2
=1L Therefore,

(3.2.20)

Also, note [ 117, o1,

sz(w)(¢m,¢m):( (@m)s (SOm)) ||pm||L20TL20L +||um”L20TL2(0L)) S ”pmHLZOTLZOL))

@ mll7 10,79 1@mllZ 10,79 @ mll7 10,79 — Memllien
7c 2mT 2
—L=(e —1)m
264’"k2( ) — 00 as m — oo.
(emT_]_)Z
Therefore, Assumption 3.2.1 is not satisfied. O

We now consider the poro-visco-elastic case where the control is used as the time
component of the source S, and show Assumption 3.2.1 is not satisfied.

Theorem 3.2.4. LetA=0and 6 > 0. Let k(x, t) = k and y(x) € L*(0, L). DefineG : L*(0, T) —
L?(0, T; L?(0, L) x L?(0, L)) to be the map that maps s(t) € L*(0, T) to the(u, p) that satisfies
(3.2.9)-(3.2.14) with all sources set to 0 except S(x, t)= s(t)y(x). Then Assumption 3.2.1 does
not hold.

Proof. We will proceed with this proof by first computing G(s) =(u«, p) and then showing

a lower estimate on ||p||L2 0.T5L2()" Plugging (3.2.15) into the PDE we see u(x, t) needs to
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satisfy

o%u o%u 23u

u(0,1)=0 Vte€[0,T]

o%u ou
”axat(o’tHHeﬂ(O’t)_O VYt el0,T]

23u o%u
3122 (L t)—kHeW(L,t)—O Vtel0,T]

1)

—u(x,0)=0 Vxe[o,L]

ox

Let u(x,t) = > oo, fu(t)v/2/L(1 —cos(, x)), where A, = Z-U Notice that u(0,t) = 0,
H(O, t)=0, and g xLZ‘ (L, t)=0, so the boundary conditions are satlsﬁed. We have

D FUOAV2]Lsin(A, x)+ A3 kH, Zf ()v/2/Lsin(A, x)+ A% kH, an V2/Lsin(A,, x)
n=1

=s(1)y(x)

and

> £,(0)v/2/Lsin(1,,x) =0,
n=1

Note (\/ 2/Lsin(A,, x))neN is a complete orthonormal basis. Hence, multiplying both sides
of these equations by +/2/Lsin(A,, x), integrating these equations from 0 to L, and setting
¢, =(x(x),4/2/Lsin(A, x));2(,1), we have for all n € N

(An +7LikHv)fn/(t)+ kHe}'ifn(t): c,s(t) and fn(o) =

Therefore, f,(t)= 7Ln+7kl§,kHl, e kHe 25 t/(1+27 kH,) fot CnekHekf,i/(kalkH,,)S(g)dg' Hence,

t
1) = e—kHe/lﬁt/(1+;L§kHv) ekHeaﬁg(HAikHl,)S d 2/L(1—cos(A. x
) ;Zl—anmzkm 0 (D)AEV/2/L(1—cos(2,x))
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and (3.2.15) gives

o , —kH,H, A, _ '
p(x,t)= E cn\/Z/Lsm(Anx)(me kHelf,t/(H/lf,kH,,)f ekHMf,i/(kalkHu)S(g)dé‘
n=1 n v 0

A aaskH, T A Ak,

o0 —kH,H,? H,(1+A*kH,) 2 2
571 A etiv/ty + e n v —kH A% t/(1+A% kH,)
Z / Sln x)((ln(l +)L%lkHv)2 A’n(l +A%lkHy)2) e

t
H
s(t)+ e e—kHeAflt/(l-rAflkH,,)f ekHeAig/(lmikHy)s(g)dé—)
0

kH A2 /(1422 kH,) ds + v ”
f e SEME+ ))
oo H t
Zl 2/Lsm )(An(1+):2 7 e—kHeAnt/(1+AnkH,,)J;) ekHe)Lné_‘/(l-t-)L”kH,,)s(g)dg
H,
+——5(t
/1,,+A§lkH,,S( ))

Therefore, when s(¢) is strictly non-negative,

P12 0.7:22000) 11511 200,7) = ClIs 170,19

oS
for some C > 0. Therefore, using ¢,, = m (%)m (as was done in the proof of Assumption
3.2.1), we have

V2 (W)@ m» Pm) _( (©m) G(Pm) > 1Pl 200, 7522000 S Cllemll 2,1

= =z = — 00 as m — Q.
om0 1) e mll 01 1P mllEio 1) om0 1)

Therefore, Assumption 3.2.1 is not satisfied. l

The original SLIP algorithm was run as well as the SLIP algorithm on j o K, where )
was used as the control or g satisfying S = g(¢)y(x) was used as the control in both the
elastic and visco-elastic cases. Preliminary results seem to suggest that the SLIP algorithm
was sufficient when Assumption 3.2.1 was satisfied and that running the SLIP algorithm on

j o K. improved results when Assumption 3.2.1 was not satisfied.
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Figure 3.4: We see the first 9 iterations of F, u, and p plotted. The last 3 plots in the figure
on the right are the F, u, and p from the last iteration.
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J Values using CG
T

100 L L L L L P |
10° 10" 102

Figure 3.5: We see the cost functional decreasing rapidly and then seeming to converge
on a log-log plot.

Actual F

Figure 3.6: The F needed to achieve the desired u and p is shown. The F oscillates some-
where within -4000 to 4000.
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Optimal F with Adjoint Gradient

Figure 3.7: The function F shown is the optimal control to Test Case 2. It oscillates within
-5000 and 5000 with the oscillations becoming more extreme as x increases.

ug +

Figure 3.8: The function u satisfying the poro-visco-elastic system with the optimal F is
shown on the left side and the desired u, is shown on the right side. We see that the u
found by the optimization scheme does not oscillate as largely near the boundary of the
space-time domain.
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pa

PitP

Figure 3.9: The function p satisfying the poro-visco-elastic system with the optimal F is
shown on the left side and the desired p, p,, is shown on the right side. We see that they are
the same.
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