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ABSTRACT

The explicit solution for inelastic sirain on ihe surface of concentraior is obiained for plain protlems of
various types on the basis of the energy density meihod and using the resulis of elasiic 2pproach. Mew
interpretations of the method proposed for 3-D stress-sirain siaic and for nominal plastic flow.
Approximated formulae are given for practical application.

[ INTRODUCTION

Thenecessily for assessment of inclastic strains in siress concenirators occurs in the design Fatiguce strengih
determination of the NPF structural elemenis. Rather ofien the element nominal siress-strain state (S85)
is calculated in elastic siatement. Thus, the standard calculation methods provide for the possibility of
determination of elastic-plasiic sirains in stress conceniraiors based on the elastic sotution by approximate
formulae.

At ihe last decade the method of equivalent sirain energy densiiy (EDM) which was proposed for the
first time in Ref. [1] has been widely developed. The method is characierized by improved accuracy, for
example, as compared 1o ihe Neuber one. The sirain level is determined on the basis of the postulated
relation [2]

W=_Cp We 0
where W and We are the sirain energy densily values in elastic -plastic and elastic solniions, respectively,
and Cpis the correction facior.
The paper presents techniques o simplify the use of the methed in a number of 2-D problems.

2EDM IN PLAIN PROBLEMS

In Rel. [21ii is shown that if the field of orincipal siresses at concenirator is approximaied in the plane
problem by relations:
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and the distribution of nominal siresses for elastic solution Sny is approximated by linear relation
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The utilized symbols are (sce Fig.1): x,v,2z - the axes of the Cartesian coordinates with the start at the
concentralor’s root, they charecierize the principal stress directions; r = x+p/ 2 - auxiliary coordinaie;
- concentraior root radins; K - elastic siress conceniration factor; St - nominal siress for clastic solution
at the concentraior root; xo=xn / £ Xn- X - coordinate value which corresponds io Sy (xa) = 0 one;
rp - r-coordinate value at the inelastic area interface.

The rp value can be found with regard to (2) from the condition of plastic flow begining:

O; =0y &)

where G; is siress iniensity, Oy is material vield siress.
The broad intreduciion of the EDM in the design praciice in the variant which is presenied in Ref.[2]
as well as in the subsequent works of this author is inhibited by the complexity of its resolving e quations.
The relations for some imporiant S3S iypes are also lacking. The possibilities of removing these
difficuliies are presenied below.

3 PLANE STRESS STATE (P3sS)

For the adopied coordinates O; equals to 0. At the concentrator reot Uy equals to 0,
InRefs. [1,2 }the Ramberg-Osgood relation was vse 1o describe the material tensile siress-strain curve,
In this case the strain at the concenirator surface can not be expressed in explicii form from the relation
(1. InRef. [31]1i was proposed to use the piecewise ~ power approximation of the curve:

o=t if osl

G=P" i Bl ®
where € =&/8y , 0 =0/0y, & =0v/E, Bis Young’s modulus, m is the material parameter. The following
expression can be obtained from eqr (1) using (6):
L
{1 +ﬂﬂ [kAtSly> Cp 1] }m"‘ﬂ (7

Herein, ‘éuiy represenis E} at the concentrator surface when x =0, The relaiion (5) as applied to PSsS has
the form [2]
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trom which the rp value can be found.

Thus, the sirain &y at the concenirator surface is calculated by relation (7) with the use of (33, (4), (§)
and (8). This way is considered io be a rather labour-consuming, hence for practical caleulations the
following formula is suggested to be used:

(%
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where = m .

The equation provides for an engineer level of accuracy. Thus, within the range 0.15 =T = 0.9 and
%= 1 the errorin Cp determination does not exceed & % . For x> 200 in (9} x =200 should be substituted.
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Thus, the value £y can be found by egn (7) using (6) and (9.

4 GENERALIZED PLANE STRAIN STATE (GPSnS)

Herein the sirain € , is constant along the overall x-y plane for each stage of loading. Ai the concentraior
surface x equals 1o 0

In the Refs, [2,4]it is suggested that the plane strain case £; = 0 (PSnS) can be calculated by the same
relation as the PSsS. In this approach the fictitious diagram Oy ~ £y which would consider the £, effecion
the deformation and flow conditions should be used instead of the real tension curve O -~ £ (6},

In this paper the presenied approach is generalized for GPSnS. The symbol F= E & /(K5 is
introduced; the fictitious curve characteristics are marked by an additional index «y»: By, Ovy, &vy, my.

It follows from the Hooke’s law that:

_L
Unn:oy[l—@lmﬂ+{ﬁ4wfj 2 (10)
E}/y ZU}’y/Ey \(]1)
Ey=E/(1—mv—*) (12)

where V- is Poisson’s ratio.
From the relations of the Hencky’s theory of small plastic deformations it was obtained:

Oy = &y + i ' (13

where g = (v +R/2)/(1+7r); py =&E/(1+R); R =8 "~ 1,

The parametric form was used to describe the elastic-plastic part of the fictitious curve. The real iension
curve values & and € served as parameters. The ficiitious curve poinis were found from the condiiion of
equality of siress intensity determined by these parameiers and ithe one at the concenirator surface under
GPSnS. With regard 1o (13) it was obiained:

_ 140t (1—pt) — 3 |
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The tictitious curve plotted on the basis of (14) and (135} can be approximated by piecewise - power law
of egn (0) type, where my value is found from.

To simplify this procedure, the approximaie formula for loading conditions, when F remains constant
with time, is proposed:

% (1 —2u) 14)

1,35m+F( @,Z—Q,Sm) -01if05<F=07
my=sL1m if 0= F=<05 16
m ( L1+ @.SF)—F( 015 + l@EY) f—1=F=0
The similar relations can also be found for other loading laws. The calculation of my by (16} ai v=10.3,
ey=0.05-0.6% ,m=0-0.3and € =&y- 3 %, provides for the calculation of by eq. (7) wiih the error of
no more than 5 %.
There is in the elasticzone 0; = F 0y + v (Gx +a; ) . This gives the following equation with regard to (2)
and (5) 1o obtain ry:
£ Py 28 : £ 2 % p
[( ) o ( ) —2 F(1—P=2¥)+ (rp) 2‘(1—F—2v)~} [2x0 +1-2 (pﬂ =8Tx . (7

rp p

To simplify the Cp calculation procedure, the approximate formuala is proposed:
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The error of the formula for(0.15 =T =09 ;x0 =1 ; | F | 20.7; does not exceed 6 %. Herein as well as
in formula (9) xo = 200 should be accepted insiead of xo > 200,

Note thai the use of relation {7) as applied to GPSnS at in fact means a new interpreiation of the e nergy
density method for 3-D siress-sirain state. Only a fraction of energy density which is connected with Gy
and &y components is taken into accout in the energy postulate (1).

5 NOMINAL PLASTIC FLOW

The realization of EDM for 0z =0 (P53sS) or £z =0 (PEns) where as the nominal plastic zane is localized
near the concenirator is considercd in Ref. [4 1. Neveriheless it does not give an explicit solution for Eyand
the recommendations for Cp caleulation are alss lacking.

Asgsume that jhe nominal value of clastic-plasiic strain at the concenirator surface g™ is knows. Then

the conventionzal elastic siresses value at Ko=1 and Cp=1is proposed io be determined from equation (7):
=a oy T
Sy=ov {2 [ (#er) " =1]/ (m 1)+ }‘/2 .19

The Cp =1 condition is accepied for simplicity. If necessary, the Cp value can be found more accurate
by (@) and (18).

The values G vy, Svy and my calculated for F = £E/Sty should be subsiituted in equation (19) in case of
_OPSnS as it was made earlier. If necessary F accuracy can be improved by the use of the determined value
Siy insiead of Sy,

The further calculation s fo deiermine &y are performed in accordance with the above described methods
for PSsS or GPEnS using Sty instead of Sy.

6 RELATIONS ACCURACY CHECK-UP

The resulis of £y calenlations with the use of equs (7}, (93~ (12}, (14)-(16), (18} and (19) were compared
with the FEM calculations data and experimenial values. The Tables 1 and 2 present differeni iypes o
loading and S58 as applied io the geomelry of concenirator, shown in Fig.l. The material properties were
as follows: E=2.04 GPa; v=0.3; Oy =340 MPa; m = 0.206.

Figs. 2-4 show the comparison of calculational and experimeriial daia of 2 nember of investigations, Fig.2
represents the P3sS and Fig.3 - the PSnS. The azisymmeirical case shown in Fig.4 was interpreted as
GPSnS with F=-v /&; in calculations by approximate relations.

The given examples have demonsirated a satisfactory accuracy of the proposed technigues. The erroris
compatible with the one in the relations (9}, (16) and (18). This faci permils to believe that if ne cessary
the improved accuracy can be achieved by introduction of more accurate aproximations.

7 APPLICATION IN STANDARD CALCULATIONS

The USSR current Kegulations for strength calculation of MPP componenis [3 ] make provision for the nse
of simplified EDM. The calculations are performed by relation (7) without replacement of Oy, £y and m
parameiers under 3-D siress-sirain siaie. Though the equivalent siress S 1-Si3 in accordance with the
Tresca’s criierion is nsed herein instead of Svy, where Si1 and 83 are nominal principal siresses, Such an
approach provides for an engineering accuracy, though ai F < 0 it leads to excessive conservatism, The
presented techniques can serve as a basis for standard calculations improvement.



Table 1. Geometry and Loading Parameters of Noiched Sirip (Fig.1)

e h , mm £, mm o, mim Sny , MPa
1-2 - , 400-11.6x
34 74.3 12.2 12.2 201-5.83%
5-6 438-9.71x
7-8 8.9 0 7.0 200-4.43x
9-11 76.9 7.0 7.0 449-9,64x%
12-14 30.0 1.6 24.0 280

15-16 100

Table 2. Elasto-Plastic Sirain on Concentrator Surface of Notched Strip

. 58S o Ery Error,
Ne K iype b approx. FEM %
1 PSsS - 0.00546 0.00568 -4
2 PEnS ] 0.60434 0.00444 -2
3 1.92 GPSns 0.001 0.00141 0.0015¢ -10
4 GPSnS -0.001 0.00213 0.00218 -2
5 P8sh - 0.00944 6.00899 5
6 2.27 PSnS 0 0.00663 0.00632 5
7 GPSns 0.001 0.00176 0.00185 %)
8 GPSnS -0.601 0.00253 0.00255 -1
9 PSsS - 0.00239 0.60918 2
10 2.30 PSns 0 0.00703 0.0064% 8
11 GP3nS 0.001 0.00648 0.00617 S5
12 PSsS - 0.0110 0.0101 9
13 P3nS o 0.00817 0.00728 12
14 4.11 GSaS 0.001 0.00750 0.00696 8
15 GSnS 0.001 0.00153 0.60155 -1
15 GSnS -0.001 0.00223 0.00223 0
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Fig. 1 Moiched sirip under tension - bending
loading,
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Fig. 3 Notch strains in a keyhole specimen under
constant amplitude cyclic loading.
( Steel RQC-100)
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Fig. 2 Noich strains in a spesimen with a
central elliptic noich. (AL 2024 T 351)
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Fig. 4 Notch sirains in a round bar with a
circumferential U - noich, ( Cr- Mo alloy
steel )
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