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SUMMARY

The theory of microelasticity has experienced rapid progress in recent years. After indepen-
dent development of the basic equations by Eringen and Mindlin in 1964, Eringen (1966) for-
mulated the equations of micropolar elasticity as a special case of microelasticity in which mi-
crodisplacements are restricted to microrotations. Although the theory of micropolar elasticity
has been well established, analytical difficulties are often encountered in applying the theory,
namely the finding of a solution which satisfies the system of differential equations and the
boundary conditions. As a consequence of the inherent mathematical complexity of the asso-
ciated boundary value problem of micropolar elasticity, solutions to only a few problems can
be found in the literature. Motivated by this fact, the senior author and his co-workers have
developed a finite element approach to the analysis of stresses in micropolar media. The stress
concentration around a circular hole in a micropolar medium in a state of plane stress has been
studied by Kaloni and Ariman using a stress function approach and the results have been com-
pared with the solution of the problem obtained by Mindlin using couple-stress theory.

It appears that the problem of stress concentration around a circular hole in a thin plate of
micropolar material under transverse loading has not been studied previously. This problem
is treated in the present paper. In the present paper, using a triangular micropolar plate bending
element, the stress concentration around a circular hole in a rectangular plate under uniform
transverse loading is treated. The results are compared with exact and finite element solutions
of the corresponding problem of classical elasticity.

It may be expected that the microelastic constants of relevant materials will be established
in the relatively near future. The authors believe that the results of the present study will be-
come particularly useful at that time for the calculation of stresses and deformations in the
neighborhood of penetrations, either circular or non-circular, in the head or in the body of reac-
tor vessels and other pressure vessels, especially when the affected region is relatively shallow.
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This paper deals with the important stress concentration around a hole in bending of

micropolar plates. Use is made of a finite element model to study the influence of micropolar
characteristics on the displacements and rotations in the plate.

1, Introduction

This paper deals with the analysis of a square plate with a hole at the center loaded by
two concentrated loads. Eringen and Suhubi [1] formulated the theory of micromorphic solids
in yhich the deformation field includes micromotions and microrotations in addition to the
displacements that exist in classical elasticity. Later, Eringen [3] restricted the micro-
displacement field to one of microrotations alone and named the corresponding theory as one
of micropolar elasticity.

Goldberg et al. [6] formulated the problem of bending of micropolar plates using a finite
element type of approach, developing a stiffness matrix for a flat triangular element. Use is
made of this technique in the present paper, wherein a quarter of the plate is divided into
triangular elements taking advantage'of symmetry. A computer program was written so as to
obtain the relevant rotations and displacements, and comparison was made with the finite ele-
ment solution for a homogeneous material.

2. The Basic Equations of Micropolar Elasticity

The theory of micropolar elasticity formulated by Eringen in [3] is based on the theory
of microelastic solids as presented in [1]. For the generalized three-dimensional micropolar
elasticity, the displacement field is described by

a. the macrodisplacement vector
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b. the microrotation vector
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where &, &,, €, are the unit base vectors. Using the notation that repeated Greek indices
represent summation over range (x, ¥y, z), and indices following a comma indicate partial dif-
ferentiation with respect to those indices; i.e.

X,y 9y
strain and microstrain tensors are then defined as
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and

a8 = Ya,8 T Nopy Oy

where a,8 = X, ¥y, z; and Ko is the three-dimensional permutation symbol, i.e.

BY
Kayz = Kyzx = Szxy T TFyxz xzy Zyx

and all other components are zero. The components of the rotation vector, ¥, are defined in

the conventional manner:
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The strain energy density according to ref. [3] is

=1 -
Y ?{[taﬁeae * Kagy(ry - 4] * Mo ¢B,a}
where tas is the stress tensor and maB is the couple-stress tensor and has the same sign con-

vention as the stress tensor. The constitutive equations for generalized three-dimensional
micropolar elasticity are given in ref. [3] as

; taﬂ =\ ey GaB +2(p + x) s " X €
an

Mag = % byy Cag ¥ B oy gt Y dg

where A,u are the classical Lamé constants; X, o, B, v are additional elastic constants due

to the microstructure of the medium; and GuB is the Kronecker delta:

6&8 =1 if o =B

Gas =0 if a# B

Since the problem considered here is one of plate bending, the three-dimensional micro-
polar elasticity equations have to be reduced to an appropriate two-dimensional form, with the
displacement field being restricted to Uy s by and ¢y' According to ref. [6], the expression
for the strain energy density V and the constitutive equations, in scalar form, for the plate
bending case may be written as

=1 - -
V= 2 txxexx * tyyeyy * txy(zexy) + (tzx txz)Exz * (tzy tyz)eyz
oy myyAyy * mxyAyx * myxAx;}
where
A=y ey By
XX ax vy 3y ¥X 3x Xy oy
and
tXX = (wm+ 2u + X)exx + ﬂeyy
= + + +
tyy e, (r + 2p X)eyy
= X
ty = (u+ 2)(2exy)
Lo = Bz = 2X By
tzy - tyz = 2% €2
My = (o + B+ 7v) Axx +a Ayy
= + + B+
My = 0 Ay (0 +8 Y)Ayy
mxy =B Axy + v Ayx
myx =Y Axy * e Ayx
in which
T = A2u + %)

A+ 2u+ x
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In order that a finite element formulation of problems of micropolar plates in bending be
possible, appropriate generalized stress and strain vectors, symbolized by o and e, are de-

fined according to ref. [6] as
o= {txx tyy txy(tzx - txz)(tzy - tyz) My x myy mxy myx}
e = {exx eyy ZeXy Exz yz Axx Ayy Ayx Axy}

and the strain energy density may now be expressed in matrix form as

1T
v = e o
and
o = De
where eT is the transpose of e and D is the 9 x 9 symmetric matrix
(m+2u+y) ™ 0 0 0 0 0 0 0
T (m+2u+y) 0 0 0 0 0 0 0
0 0 (u+x/2) 0 0 0 0 0 0
0 0 0 2x 0 0 0 0 0
0 0 0 0 2% 0 0 0 0
0 0 0 0 0 ot+B+y o 0 0
0 0 0 0 0 o otBHy 0 0
0 0 0 0 0 0 0 % B8
0 0 0 0 0 0 0 B ¥

The element stiffness matrix as derived in ref. [6]'15 based upon displacement fields
assumed to be of the form

= 2 2 3 2 2 3
U, = € + CX + Coy + Cx2 + ogxy + cy® + o,x® + cplxy? + x7y) + gy
by T Crop T CyX FCyY
b, = Crz F CryX * Cpgy

The element stiffness matrix turns out to be a 15 x 15 symmetric matrix and its details
may be found in ref. [6].

3. Numerical Results

The problem considered in this paper is that of a square micropolar plate 18" x 18" x 3"
having a central circular holé of 3". This plate is subjected to two concentrated loads of
2000 1b., each acting along the center Tine of the plate as shown in Fig. 1.

The modulus of elasticity, E, was taken to be 3 x 10% psi and Poisson's ratio v = 0.2,
values commonly used for concrete. The micropolar constants x and y were established in terms
of ratios d/c and t/c (details may be found in ref. [7], where

2 -
R TEn
2 - IEU + %)
M T

and t is the thickness of the plate.

The results in Fig. 2 (a, b) and Fig. 3 (a, b) show the contours of deflections w, and the
contours of rotation ey respectively. The micropolar finite element solutions are compared
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to the classical elasticity finite element solution, which was found to be representative of

the closed form classical elasticity solution. The results shown in Fig. 4 are the center-
line deflections for two different values of d/c, which indicates the magnitude of the micro-
polar constants. The micropolar solutions are compared to the classical finite element solu-
tion. The results clearly show the significant differences between the results of classical
elasticity and micropolar elasticity.

4. Gonclusions

This paper presents an igvestigation of microeffects on the stress concentration around
a hole in bending of micropolar plates. It is apparent from the results given in this work
that, as the value of the d/c ratio increases, great deviations from classical elasticity
solution occur. However, one has to keep in mind that the value of d/c cannot be increased
indefinitely in order to stay within the realm of physical materials.
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Fig. 1. Finite Element Discretization.
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Fig. 2 Cantours of deflections w x 10'4 in. for clamped plate with hole
2. a) Classical homogeneous clasticity

2. b) Micropolar elasticity d/c = 0.5, t/c = 5.
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Fia. 3 Contours of rotations OV x 1077 for clamped plate with hole

a) Classical homoaeneous elasticity.

b) iicropolar elasticity d/c = 0.5, t/c = 5
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