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CHAPTER 1

INTRODUCTION

The primary intent of this work is to introduce the quantile
regression estimation (QRE) procedure as a means of estimating the
parameters of the 3-parameter lognormal distribution. Since 1963, when
Hill uncovered difficulties with maximum likelihood estimation of this
distribution, several alternative estimation procedures have been sug-
gested. These include loéal maximum likelihood estimation [Harter and
Moore (1966), Wingo (1975), and Cohen and Whitten (1980)], estimation by
a regression on expectations of order statistics [Munro and ‘Wixley-
1970)], discrete maximum likelihood estimation [Giesbrecht and Kemp-
thorne (1976)], and modified maximum likelihood and modified moments
estimation [Harter and Moore (1966), and Cohen and Whitten (1980)]. The
procedure proposed here is for application to selected sample quantiles,
whereas many of the above procedures apply best to complete samples.

The QRE procedure is an extension of an idea presented in Cohen and

Whitten. It is 'so named because estimates of the parameters of an

assumed distributional form are obtained from a regression of sample

quantiles on their asymptotic expected values. The regression is
typically nonlinear and involves iteratively reweighted least squares
estimation techniques. While the procedure was developed in conmmection
with the 3-parameter lognormal distribution, it has similar applications
to related distributions such as the 3-parameter log equicorrelated-
normal and SB v(4-parameter lognormal) distributions. Each of these
applications involves approximating the expected quantile values with
their asymptotic values. The expected covariance matrix of the

regression residuals is also computed using the asymptotic joint distri-
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bution of the quantiies. Finally, the procedure may be used in a
somewhat more straightforward fashion to estimate the parameters of many .
continuous probability distributions whose inverse distribution
functions are known in closed form.

The paper is organized into five chapters, including this intro-
duction. Chapter 2 reviews the literature on estimation of the 3-para-
meter lognormal distribution so that the proposed quantile regression
estimation procedure can be placed in perspective. In Chapter 3, the
QRE procedure is developed as it applies to the 3-parameter lognormal
distribution and the necessary equations for applying the QRE procedure
to this and several other distributions afe derived. In additiomn, a’
conditional version of the QRE procedure is developed as an alternative
means of estimating the 3-parameter lognormal distribution. The per-
formance of the QRE procedure is empirical}y investigated in Chapter 4,
where estimation is performed on real and génerated data from many of
the distributions discussed in Chapter 3. The conditional version of .
the QRE procedure is also examined empirically in Chapter 4. A summary

and conclusions are presented in Chapter 5.



CHAPTER 2

LITERATURE REVIEW--HISTORY OF ESTIMATION IN THE
3-PARAMETER LOGNORMAL DISTRIBUTION

In this chapter, the important contributions to estimation in the
3-parameter lognormal distribution are reviewed in chronological order.
The purpose of the review is to enable the reader to evaluate the
quantile regression estimation procedure proposed here in relation to
previously established estimation methods.

In the following review there are several discussions that refer to
either the density function or the likelihood function associated with.
the 3-parameter lognormal distribution. If the random variable X
follows the 3-parame£er lognormal distribution with location para-

meter Y, scale parameter u, and shape parameter O, then the density

function of X is given by

£4(%5Y,H,0) (zrtcrz)';’(x-y)'1 exp{-[ln(x-y) - u]2/202} (2.1)

for 02 >0, y<x<®m»

0 otherwise.

The logarithm of the likelihood function of a sample iy wees X from

the 3-parameter lognormal distribution is given by
InL(x;,..-,% 5 Y,H,0) = o (2.2)

n n .
-(n/2)1n(2n02) - (1/202) )3 [1n(xi-y)-u]2 -z ln(xi-y) )
i=1 i=1

In the review that follows, the differing notations employed by the

various authors are changed to match that of Eq. (2.1) and (2.2) above.
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Yuan (1933). Yuan was the first to provide a thorough accounting
of the properties of the 3-parameter lognormal distribution. In
addition to deriving expressions for a variety of measures of central
tendency, dispersion, skewness and kurtosis, he was the first to derive
the method of moments estimators of the three parameters (y, M and 0).
The moment estimators are obtained by solving the following system of

equations for y, g and oO:

Xx=y+ w%exp(p) (2.3)
s° = w(w-1)exp(2u)
ag = (wa)(w-l)% |

where w = exp(oz), and ;, 52, and ay are the sample mean, variance and

third standard moment, respectively.

The solution is found by first solving for w in the cubic equation

w + 3w - (ag + 4) = 0. (2.4)

By Descartes's "rule of signs", only one of the roots of this equation
is real, and this root will be taken as the estimate w* of w. The other

estimators are easily defined in terms of w* according to

6% = lnw*, (2.5)

ln{s[w*(w*-l)]-a}, and

=
%
1]

% - sQur-1)"% .

-i
1}

Wilson and Worcester (1945) and Cohen (1951). These authors inde-.

pendently developed what they thought were maximum likelihood estimators
of Y, p and 0. However, Hill (1963) showed that the solution to the

likelihood equations corresponded to the local rather than global max-
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imum. Therefore, the.estimators developed by Wilson and Worcester and
also by Cohen were actually local maximum likelihood estimators. The
logarithm of the likelihood equation is given in Eq. (2.2). These
authors derived the (local) maximum likelihood estimators [(L)MLE's] in
the usual way, setting the partial derivatives of 1lnL with respect to
each of the three parameters equal to 2zero and then solving the

resulting system of equations for the parameters. Each easily derived

the relationships

n
Ay) = (1/n) = ln(x -Y) and (2.6)
i=1
A2\ L 2 w012
o7 (y) = (1/n) Z [ln(x -y) - {@(¥)]
i=1

so that the (L)MLE's of i and 0 could be calculated once the (L)MLE of Y

was obtained. Substitution of Eqs. (2.6) into the equation 9lnL/3Y = 0,

gives the expression

n -1 n n 2 n 2
2 (x.-y) "{fn X In(x,-y) - n I 1n“(x.-y) + [ 3= In(x.-y)17}
i=1 % i=1 1 i=1 o i=1 o
- 0 £ [late;-v)/(x-9)] = 0. (2.7)

In each paper, it was recommended that § be found by employing an
iterative searching algorithm to solve the above equation for y.

- Each also computed what they thought were the asymptotic variances
and covariances of the (L)MLE's by inverting the Fisher information
matrix. The validity of this procedure in the present context is in
doubt because the range of the random variable depends on the parameter

Y- The information matrix is given by
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9°1nL
-E 36.90 . = I(e) = I(Y,IJ,O')
i
1
w2 ( 1+02) u)}2 -2w*
u202 u202 Ho
%
= ) 21 0 (2.8)
[Tiale) HTO
1
. - 2w? 0 2_
| KO o |

Moreover, the convergence in probability of I(8) to I(8) has never been
proven. Using the notation devised by Cohen and Whitten:(1980), let A =
[w(1+02) - (1+202)]-1 and C = exp(p)/w%. If the probability limit of
I(é) were equal to I(8), then the asymptotic variances and covariances
of the parameters, taken from the appropriate elements of [I(y,p,o)]-l,

would be given by

V(§) = (0%/n)ac? (2.9)
V(R) = (0%/n) (1+A)
V(8) = (0%/n) (1420%4)

Cov(§,A) = -(a?/n)AC

Cov(§,d) = (°/n)AC

and Cov(ji,§) = -(03/n)A.

Aitchison and Brown (1957). Aitchison and Brown authored a book

devoted to the lognormal distribution which consisted of a review of
virtually everything that was then known about the distribution,'
including methods of estimation. Perhaps their most significant
contribution to parameter estimation was their introduction of the

method of quantiles (MQ) estimation procedure. They recommended that
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the three quantiles ia’ X.S’ and xl-a be equated to their population
values and the resulting system of equations be solved to obtain the ‘
parameter estimates. The choice of a symmetric pat;tern of quantiles
permitted a direct, rather than iterative solution to the system of

equations. Letting ¢ =¢-1(1-d) where ¢ is the inverse of the

1-a

standard normal distribution function, the method of quantiles estimates

corresponding to on’ X-5 and Xl-a are given by

A =1 ) 3 )
0= ¢ (1o _ X o) - In(X -X )], (2.10)
f= ln(X.sl-Xa) - ln[l-exp(-crcl_a)_], and

V=X - e

Aitchison and Brown recommended that o be set equal to .05 and noted
that the method fails if & < 0.

Hill (1963). Hill discovered that the solution of the likelihood ‘
equations leads to local, rather than global maximum likelihood esti-
mates. In his proof, reproduced in Appendix A, he shows that there
exists a path in the parameter space along which the likelihood of any
ordered sample Xyy seey X from the 3-parameter lognormal distribution
approaches +». By defining estimates of 4 and 0 in terms of y [see
Eq. (2.6)] the likelihood function is seen to approach +®» as [y,ﬁ(y;xl,
ceey xn),a(y;xl, chre xn)] converges to [x:l,-w,+°°]. Hill states on p.
75 '"that in a meaningful sense [xl,ﬁ(xl),az(xl)] = (xl,-on,+m) is the
maximum likelihobd estimate of (y,p,oz) although in fact the likelihood
at that point is zero."

To sidestep the issue of local vs. global MLE's, Hill used Bayesian .

techniques to obtain 3PLN parameter estimates. He was able to construct
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a posterior distribution for y, M, and ¢ which had its greatest prob-
ability density corresponding to a Yy value near the local maximum of the
likelihood function rather than at X, Hill's results are compared with

those from other estimation procedures in Section 4.2 of this thesis.

Lambert (1964). Lambert computed LMLE's for 23 generated 3PLN

samples of size 32 and compared them with method of quantiles (MQ)
estimates. His contribution was to apply the method of scoring to the
computation of LIMLE's. The scoring method uses the fact that the
partial derivatives of the 1ike1ihood function with respect to the
parameters equal zero at the point where the likelihood attains a local
maximum. Thus, given a set of initial parameter estimates, it is
possible to iterate to the IMLE solution by successively calculating
corrected parameter estimates which satisfy second order Taylor's series
approximations to the likelihood equations. Lambert proposed three
methods of obtaining initial values, each of which lead to nearly
identical final estimates. Strangely, he did not publish the results of
the estimation on the 23 generated samples nor did he comment on the
relative performances of the MQ and LMLE procedures.

Harter and Moore (1966). Harter and Moore investigated 1local

maximum likelihood estimation in censored and uncensored samples from
the 3PLN distribution. The censoring was considered for the first r and
last n-m order statistics. They introduced a modification to the
maximum likelihood estimation procedure for use when the standard
procedure led to the global rather than local maximum. They simply

censored the smallest uncensored sample value, X and modified the

r+1’

likelihood equations accordingly. By using x. as an upper bound on the

1

possible values of Yy, censoring x, removed the problem of the likelihood

1
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function becoming unb;unded. They noted that for their distribution
(y=10, p=4, 0=2), the modified procedure was only necessary for some of
the doubly-censored samples when the sample size was small (n=100).
They suggested that the modification might also be required for un-
censored samples of even smaller sample sizes. In their Monte Carlo
study the modified estimates seemed to have properties similar to those
of the conventional IMIE's, but their study was not designed to
efficiently compare the two estimation procedures.

Munro and Wixley (1970). Munro and Wixley were concerned with 3PLN

parameter estimation in very small samples (n=10, 15 and 20). They
developed an iterativély reweighted least squares regreséion procedure
in which the sample order statistics were regressed on their approximate
expected values. Using a different parameterization than that given in
Eq. (2.1) they were able to express the expectation of each order
statistic as a linear function of the expectation of its corresponding
standard lognormal order statistics, which depended only on the shape
parameter O.

If the value of 0 were known, the remaining two parameters could be
readily estimated as the intercept and slope estimates from tﬁe weighted
least-squares regression. In the more common case with @ unknown, two
types of approximations were required before the estimation could be
performed. A first order Taylor's series expansion about G was used to
approximate the expectations of the sample order statistics, and a
procedure devised by Blom (1958) was used to approximate the means,

variances, and covariances of the corresponding standard lognormal order

statistics.
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Their weighted least squares procedure is similar to the quantile
regression estimation (QRE) procedure to be proposed in this thesis.
The two procedures differ in that the QRE procedure is a weighted least
squares regression on sample quantiles, rather than on the full set of
order statistics. The use of quantiles permits the derivation of
asymptotic expectations of the first and second moments of the quan-
tiles, thereby eliminating the need for the moment approximation tech-
niques required in Munro and Wixley's method.

0'Neill and Wells (1972). O'Neill and Wells used the scoring

method [see Lambert (1964)] to compute (local) maximum likelihood
estimates of 2PLN. and 3PLN parameters from grouped samples of insurance
claim payment data. They concluded that the scoring method worked very
well.

They then computed the efficiencies of the estimates based on two
different grouping strategies relative to those obtainable from un-
grouped data. The relative efficiency of a particular grouping was
defined as the ratio of the large sample variance of the estimate using
that grouping to the large sample variance of the estimate obtained
using ungrouped data. These variances were computed from the inverses
of the appropriate Fisher information matrices. The validity of their
calculations depends upon the convergence in probability of the matrix
I(é) to its true value I(8). While this result has never been proven,
it is supported by the empirical results of Lambert (1964) and others.

For their claim payment data, estimates of both 2PIN and 3PLN
parameters were clearly more efficient if the data were grouped
according to logarithmic increments rather than equal increments. The
advantage of logarithmic grouping appeared greater when fewer groups

were formed.
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Calitz (1973). 1In this empirical study, Calitz compared the effi-~
ciency of various estimation procedures in estimating the shape para- ‘
meter ¢ of the 3PLN distribution. Using 50 generated samples from each
of five distributions in which ¢ varied from 0.3 to 1.1, he comphted
estimates using the methods of maximum likelihood, moments, quantiles of
order 5% and 95%, and optimal quantiles. Based on the empirical
variance of the estimates of g, Calitz concluded that the local maximum
likelihood estimator was far superior to the other three, and that when
O was large the method of moments was much more precise than either of
the quantile methods.

Wiﬁgo (1975). The objective of Wingo's work was to find an algor-

ithm that permitted local maximum likelihood parameter estimates to be
found from any 3PLN or SB1 sample. That ié, he sought an algorithm that
would guarantee the attainment of the local rather than the anomalous
global solution of the likelihood equations.
The method Wingo chose was to use interior penalty function .

techniques which transformed the constrained optimization problem (solve
for ¥ subject to ¥ < xl) into an unconstrained problem. For the 3PLN
estimation, the unconstrained (transformed) objective was to maximize

the penalty function

P(Y,5) = LaL(y) - rl(y+0) ™} + (x-y) 7] 2D

where L(Yy) was the likelihood function in terms of f(y) and 6(y)2, c was

1The SB distribution is also known as the 4-parameter lognormal distri-

bution. The density function is given in Section 3.3 of this thesis.
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any large positive nuﬁber (say, 1025) and r was a sm#ll number (say
< 1). The maximization of Eq. (2.11) is accompanied by successive
reductions in the value of r. When r is relatively large, the second
term in Eq. (2.11) is relatively large which ensures that a solution of
?=x1 or ¥y*-» will be avoided. Once the iterative process moves in the
direction of attaining the local maximum of 1nL(y) the value of r is
decreased to permit the value of P(y,r) to be dominated by the value of
1nL(y).

The penalty function used to estimate the two loéation parameters
of the SB (4-parameter lognormal) distribution was analogous to
Eq. (2.11). Using data from Hill (1963), Tiku (1968), Lambert (1§64j
and Iwai (1950), Wingo found that the penalty function approach always
converged to a reasonable solution and thus‘concluded that the algorithm
was robust.

Giesbrecht and Kempthorne (1976). Giesbrecht and Kempthorne

pointed out that previously suggested methods of 3PLN parameter esti-
mation have ignored the possible effects on the parameter estimates of
grouping error in the data. They felt that when data are recorded
within class intervals of width & the 1likelihood functién should

properly be defined as

L(Y,H,0) = K T pli (2.12)
2 H(Y) = Z In(x;-Y)/n,
6(y) =2 [la(x,-¥) - ﬁ(y)lzln, and
1nL(y) = -n[fi(y) + 1ln6(y)] + a constant.
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where K is a constant, fi is the frequency of observations in the ith

interval and P, is defined by

b
p; = S (2n02)';’(x-¥)'1exp{-lln(x-y)-u]2/202}dx (2.13)
a
for a = max[(i-.5)6,y] and b = (i+.5)6.

The authors computed maximum likelihood estimates for simulated
data and for Hill's (1963) data using Eq. (2.12) and compared them to
estimates obtained by maximizing the wusual likelihood equation [Eq.
(2.2)]. They found that in the case of the simulated data, the para-
meter estimates obtained using Eq. (2.12) were closer to the true
parameter values than were those obtained using Eq. (2.2). Also, it
will be seen in Chapter 4 of this thesis that the estimates they ob-
tained for the Hill data provided a better fit to the data than did
those that were obtained by solving the comventional likelihood equa-
tions. However, estimates from the quantile regression estimation (QRE)
pProcedure will be seen to provide an even better fit to this data. The
QRE procedure implicitly accounts for "grouping error" by assigning
asymptotic expected values to the quantiles defined by the grouping.

Cohen and Whitten (1980). Cohen and Whitten introduced two modi-

fications to the conventional maximum likelihood and moment estimation
procedures. The two modifications involved replacing one of the like-

lihood equations, or one of the moment equations with either of two

equations involving a small sample order statistic. Details of their

methodology are given in Section 4.1 of this thesis. It is concluded
there that none of their modifications yield estimators superior to the

conventional local maximum likelihood estimators. Still, the ideas used
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in the development of these modified procedures helped motivate the

‘ development of the QRE procedure proposed in this thesis.
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CHAPTER 3

DEVELOPMENT OF THE QRE PROCEDURE AND DERIVATION
OF ESTIMATING EQUATIONS FOR SEVERAL APPLICATIONS

In this chapter, the quantile regression estimation (QRE) procedure
is derived as a means of estimating the parameters of the 3-parameter
lognormal distribution, some related distributions, and finally, many
continuous distributions whose inverse distribution functions are known
in a simple closed form. It is hoped that the relative ease of its
application will make it attractive, especially when it is felt that
condensing the data would be prudent.

The chapter is orgénized ;s follo%s. In Section 3.1, the QRE
procedure is developed as it applies to the 3-parameter 1lognormal
distribution. Following this development, related applications are
derived in Sections 3.2 and 3.3 for the J-parameter log equicorrelated-
normal and SB (4-parameter lognormal) distributions, respectively.
These three uses of the QRE procedure rely on a technique that uses the
moment generating function of the normal random variable to derive the
asymptotic expectations of the sample quantiles. Then, in Section 3.4
the QRE procedure is developed in the more straightforward case where
the asymptotic expectations of the quantiles can be obtained from the
inverse of the distribution function. Regression equations are derived
for the income distribution proposed by Singh and Maddala (19%6) as an

example. At the end of Section 3.4 a table is provided listing the QRE

equations that pertain to several other probability distributions.

Finally, in Section 3.5 a conditional quantile regression estimation

procedure is derived as it applies to the 3-parameter lognormal distri-
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bution. In this procedure, the sample quantiles are regressed on their
asymptotic conditional expectations, where the conditioning variable is

the value of the preceding quantile.

3.1 The 3-Parameter Lognormal Distribution

The distribution of the random variable X is a member of the
3-parameter lognormal family of distributions if In(X - y) ~ N(u, 02)‘

In this case, the density function of X is

(21697 (x - v exp{-[ln(x - y) - p]%/20%} (3.1)

fX(x;Y,u,o)

for 02 >0, Yy<x<o»

0, otherwise.

The ideas leading to the development of the QRE procedure came out
of some modified maximum likelihood and modified moment estimation
procedures proposed by Cohen and Whitten (1980). Their modifications
derived from the fact that the lognormal variate X is related to the

standard normal variate Z by the transformation

Z=[ln(X - y) - pl/o. ‘ (3.2)

Thus, if Xr is the rth order statistic from a random sample from the
3-parameter lognormal (3PLN) distribution, then Zr = [ln(Xr - Y) - ul/o
is the rth order statistic of a corresponding sample from the standard
normal distribution. The modifications proposed by Cohen and Whitten
were to replace one of the three usual equations of the maximum

likelihood or moment estimation procedures with the equation

ln(Xr -Y)=pu + oE(Zr) (3.3)
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where Xr is the rth s;mple order statistic.- In the likelihood equa-
tions, 9JlnL/3y = 0 was replaced, and in the moment estimation, the ‘
equation for the third moment was replaced. Cohen and Whitten tried Eq.
(3.3) with r = 1, 2, and 3. Details of their investigation are given in
Section 1 of Chapter 4. )

Whereas Cohen and Whitten's procedures utilized just one of the
order statistics (at a time), one might consider using all of the order
statistics to estimate the 3PLN parameters. This was attempted by Munro
and Wixley (1970) for small samples;. Under a different 3PLN parameter-
ization they expressed the expectations of the 3PLN order statistics as
linear in the transformed 1location (t) and scale (v) .paramete'rs
(t = Y+ 4 and v = oy), but nonlinear in the shape parameter 0. The
expectations involved the first two moments of standard [i.e., (t,v,0)
= (0,1,0)] lognormal variables and depended on the value of 6. However,
in addition to the problem of O being unknown, no expressions existed
for the moments of the standardized variables and therefore approxi- ‘
mations had to be used. Munro and Wixley used iteratively reweighted
least squares techniques to obtain the parameter estimates. Their
results seemed to display biased estimates of o for samplel sizes of

10, 15, and 20.

Another idea that uses the order statistics might be to exploit the

monotonic transformation

Xr =y + exp(u + OZr). (3.4)

If the expectation of the right-hand side of Eq. (3.4) could be computed
as a function of Yy, p and 0, then minimization of an appropriately

weighted sum of [Xr - E(Xr)lz using weighted least squares techniques .
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might be a good way to obtain estimates- of the parameters. The
estimates could be obtained by finding the weighted least squares

solution to the regression equation
X = E(Xr) twg r=1,2, ..., n (3.5)
where the w_ are correlated residuals. However, formidable computa-

tional problems arise with this approach. First consider the expec-

tation on the right hand side of Eq. (3.5):

E(Xr) = E[y + exp(u + OZr)] (3.6)
=Y + B E[exp(02 )],
where B=exp(y). A closed-form expression does not exist for

E[exp(oZr)]. Thus to perform the regression of Eq. (3.5), either costly
and time-consuming Monte Carlo studies or other numerical integration
procedures would have to be performed to compute the empirical distri-
butions of exp(ch) for numerous values of 0 and r, or else E(Xr) and
Cov(Xr, Xs) would have to be approximated for r,s = 1,...,n. The Monte
Carlo results would be specific to the sample size, n, so tha£ the Monte
Carlo experiments would have to be redone each time n changed.

Due to these complications the suggestion is put forth to comsider
the regression equation (3.5) with sample quantiles in place of the
sample order statistics. When the sample size n is large the joint
distributions of the sample quantiles and the corresponding standard
normal quantiles are approximately multivariate normal. The expecta-
tions, variances and covariances of the sample quantiles can be computed
in closed form using these limiting distributions, making the quantile

regression estimation procedure practical.
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Since the data required for implementation of the QRE procedure are
sample quantiles, these quantiles must first be selected from the ‘
complete set of data. The following definitions of population and
sample quantiles, given in Sarhan and Greenmberg (1962), will be used.

Let g(x) be any absolutely continuous probability density function.

Definition 3.1

The pth population quantile of g(x) is the value X = Cp such that

(o4
J P gt)dt =p

]

Definition 3.2

The pth sample quantile of a sample of size n from density g(x) is

defined as

X if np is an integer
P np p g

= x([np] +1) if np is not an integer, ‘

Lo
0

where [np] denotes the largest integer < op..

In order to compute the expectations required for performing quan-
tile regressions, the limiting distributional properties of the sample
quantiles must be derived. The following theorems, taken from Sarhan
and Greenberg, specify these asymptotic distributioms.

Theorem 3.1
If g(x) is differentiable in the neighborhood of X = cp and if

g(cp) # 0, then the distribution of the variate
[0/p(1 - P)1® g(c) (X - c))
P P P

tends to N(0, 1) as n tends to infinity. .
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Theorem 3.2

For k given real numbers for which
0 < pl < p2 < < pk <1,
_let the pi—quantile of the population be C.H that is

C.
1

J N g(t) dt = Py i=1, 2, ..., k.
Assume that the frequency function g(x) of the population is differen-
- tiable in the neighborhoods of X = ¢;p 1 =1, ..., k, and g? = g(ci) #
0, for i =1, ,;., k. '
Then the joint distribution of {n%(Xni - ci)}, where ni=[npi]+1,
i=1, ..., k tends to a k-dimensional normal distribution with zero means

and with covariance matrix

pl(l-pl) pl(l-pz) o p,(1-p)
2
v 3 K oR Kok
8% 8383 878f
pl(l-pz) pz(l-pz) o pz(l-pk)
x ok Ko
&785 g5 858%
P,(1-p,) Pz(l'Pk) . (1-p,)
N oX KoX
878% g58% g§2

as n tends to infinity.

If Zp'n is the pth quantile from a random sample of n standard
b

normal variables then
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A I
11;: E@Z,.) =c,=¢ (@) 3.7

where ¢ is the standard normal distribution function, and

linm n Var(z_ ) = —Pﬁl:ﬁli , (3.8)
n>® P [¢(cp)]

where ¢ is the standard normal probability density function. Finally,

- (l-r) .
ii: n Cov(zp,zr) = ¢(Cp)¢(cr), for p<r. (3.9)

Now the regression of the 3-parameter lognormal quartiles on their
asymptotic expected values may be derived, the result being closed form

expressions for the regression equation and covariance matrix.

Iet X

b1’ sz, caey ka be k sample quantiles from a random sample
of size n from the 3-parameter lognormal distribution, with 0 < Py < ...
< Py < 1. Let Zpl’ sz’ oy ZPk be defined by
log(X_ .-Y)-u
- P1
Zpi = p . , (3.10)

Replacing the order statistics in Eq. (3.6) with the sample quan-

tiles gives the regression equation

xPi =y+B E[exp(ozpi)] o ©(3.11)

Now, from Eq. (3.7) and (3.8) and noting that the expectation in Eq.
(3.11) is the moment generating function of the asymptotically normal

variate zpi’ it follows that

E[e.xp(chpi)] = exp((:tc:.L + ozkii/Z), (3.12) .
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where
p; (1-p;)

-1
c, =% "(p.,) and k,_ =
: afo(e,)1?

1 11

Substituting Eq. (3.12) into Eq. (3.11) gives the nonlinear quan-
tile regression equation

- 2 v
Xpi =y+ B exp(cci + 0 kii/z) + wo o (3.13)

The variances and covariances of the errors, w., may be computed as

well, using similar techniques. The variances are computed from the

standard computation formula

Var(wi) Var(Xpi)

2 2 '
E(Xpi) - [E(Xpi)] . (3.14)

An asymptotic expression for E(Xpi) is given by subtracting w, from the

right-hand side of Eq. (3.13). E(Xpi)2 is computed as

E(xpi)2 E[y + Bexp(ozpi)]2 (3.15)

B[y’ + 2ypexp(az,;) + plexp(202 )]

Y? + 2ypE[exp(oz )] + BElexp(202_))].

Asymptotic expressions for the two expectations in the last line of Eq.
(3.15) may be obtained by again recognizing them as moment generating

functions of asymptotically normal random variables, Z i Thus,

2

E[exp(ozpi)] = exp(crci + ¢ kiilz)’ (3.16)
and
2 2
E[exp(ZoZpi)] = exp(chi + 20 kii) . (3.17)
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Substituting Eq. (3.16) and (3.17) into Eq. (3.15) gives
EGX_)2 2 y% + 2yBexp(oc, + 0%k../2) + Blexp(20c, + 20%k, ). (3.18)
pi i ii - i ii

Subtracting the square of E(Xpi) in Eq. (3.13) from Eq. (3.18) gives the

desired expression for the asymptotic variance of the sample quantiles:
Var(X .) = Bzexp(ZOc )exp(czk )[exp(czk ) - 1]. (3.19)
pi i ii ii

The covariance between any two quantiles X i and ij is computed

similarly, as follows.
Cov(X ., X ) =E(X_.X .) - E(X__)E(X .). 3.20)
(K30 Xpi) = EGLX ) = E(R)OEX ) (3.20)
The first expectation in Eq. (3.20) is computed as

EX . X .
( pPi PJ)

E{[y + Bexp(ozpi)]ty + ﬁeXP(ozpj)]} (3.21)

1

2 2
Yo+ YﬁE[BXP(UZpi) + exP(OZPj)] + B E{eXPIO(Zpi + ij)]}-

In the last term, Zpi + ij is a linear combination of asymptotically

normal, correlated random variables. Thus,

Z.+2Z.~N(c, +c,, k., +k..+2k,.), ‘ (3.22)
pi  “pj i T3 Cii o i ij

where

k..
1]

[pi(l-pj)]/[n¢(ci)¢(cj)] for p, < Py

Again, making use of the normal moment generating function and Eq.

(3.22) gives

2 2 .
E{exp[o(Zpi + ij)]} = exp[o(ci + cj) + 0 (kii + kjj + Zkij)/zl’ (3.23)

Substituting Eq. (3.16) and Eq. (3.23) into Eq. (3.21) gives
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> 2
E(Xpixpj) =¥~ + yplexp[o(c, + cj)] (3.24)
2 2
+ exp[(o k. +o0 kjj)/z]}

+ Bzexp{o(ci + cj) + 02[(kii + kjj + 2kij)/2]}.

Expanding the product of the expectations in Eq. (3.20) gives

(3.25)

E(Xpi)E(ij) [y + Bexp(oc, + ozkii/Z)][Y + BEXP(GCj + UzkjjIZ)]

YZ + yB{expo(c, + Cj)]
2 2
+ exp[(o kii + 0 kjj)/Z]}

2 2
+ B exp[c(ci + cj) + g (kii + kjj)/Z].
Finally, subtracting Egq. (3.25) from Eq. (3.24) gives

Cov X ;, X ) = Bz{exp[o(ci + cj)]exp[cz(kii + k& )/2] (3.26)

x [exp(czkij) - 11}.

Defining, in matrix form for a given parameter vector 6=(y, u, 0),

X = (xpl’ xp2’ RN xpk)', (3.27)
u(e) = [Ee(xpl)’ Ee(sz), Tty Ee(xpk)]”
w(8) = x -~ u(@), and
v(e) =E {[w(8)] [w(®)]'},
the solution vector 8 = (¥, fi, 6) is that vector 8 for which the

corresponding weighted sum of squares of the errors [WSSE(8)] is a

minimum, where

WSSE(8) = [x - u(8)]' [V()]1™! [x - u(®)] . (3.28)
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Since the asymptotic expression for the covariance matrix V(8)
depends on the parameters (8) being estimated, the solution to Eq.
(3.28) must be found via an iterative process. The estimation algo-
rithm, described in detail in Section 1 of Appendix B, initially sets
V(8) equal to the identity matrix and uses the one-step Gauss-Newton
procedure to compute an approximate ordinary least squares estimate of
6. This estimate of 6 is used to compute a new estimate of V(8) which
is then used in the one-step Gauss-Newton procedure to re-estimate 6
using weighted least squares. The process of recomputing an estimate of
V(8) and obtaining the corresponding weighted least squares estimate of
8 continues until éonvergence in the pafameteré is attained. No
guarantees that the algorithm will converge to the solution vector 5
have been discovered, although the algorithm performed very for well for
the data herein.

The QRE procedure described above depends upon the first and second
order moments of the distributions of the sample quantiles being in
close agreement with the corresponding moments of the asymptotic distri-
butions of the quantiles. The rate of convergence of the sample. moments
to their asymptotic expectations was examined in a Monte Carlo experi-
ment reported in Appendix D. The relevant distribution to examine was
that of exp(ozpi). This was done for various values of o and P;» and
for various sample sizes n. The results of the experiment show close
agreement between the sample moments and their limiting expectations for

most values of ¢ and P; when n is as small as 59.
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3.2 The 3-Parameter Log Equicorrelated-Normal Distribution

Let Zo’ Zl’ ceey Zn be n+l independent standard normal random

variables and consider the transformation
v o Ak PR TR
Zi =p Zo + (1-p) Zi’ i=1, 2, ..., n (3.29a)

for some p in the interval (0,1). Also, let Yl’ ceey Yn be independent
standard normal random variables and let Y, be distributed N(0,1) but

1 1
with E(YoYi) = —(-p)é/(l-p)i, and consider the transformation
1 3
Y) = (-p)Y + (1-p)“’Yi; i=1, 2, ..., n (3.29b)

for some p in the interval [-(n-l)-l,o).

Each of these transformations induces the formation of n equi-
correlated N(O, 1) random variables. The discussion that follows
pertains to the case where p > 0. The random variables Zi may be shown

to be equicorrelated and N(0,1) distributed as follows:

' % )%
E(z)) = E[p"Z + (1-p)°Z,] .  (3.30a)

pUE(Z,) + (1-p)*E(Z) = 0,

E(z'i)2 = E[pl’zo + (1-p)5zi]2 (3.30b)

2 Yoo % N2
E[pz_ + 2p*(1-p) 22, + (1-p)2]]

1}

PE(Z2) + 20%(1-0)*E(2,2,) + (1-pEGD)

p-1 + 0 +(Q-p) - 1=1,

and

B(zjz)) = Etlo*z, + (-p)*2,] [p%2, + P21} (3.300)
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E[pzi + pl’(l-p);*zo(zi + zj) + (14p)zizj]

PE(Z) + p2(1-p)*[E(z 2,) + E@Z,2)] + (1-p)E(Z;Z,)

p 1 + 0 + 0

=p.

Now consider a sample Xi’ i=1, ..., n where the Xi are defined by

the transformation

log(Xi-y) - M
- ]
5 =1z . (3.31)

The random variables Xi will be said to be distributed as 3-parameter
log equicorrelated-normal (3PLEN) random variables. The QRE procedure
is applicable in this equicorrelated situation, as will now be shown.

Just as in the uncorrelated case, in the equicorrelated case, Eq.
(3.20) represents a monotonic transformation between the Xi and the

original, uncorrelated Zi' Indeed for any two values X, and x:j .

»
A
b
+

log(x,-y) < log(xj-y) (3.32)

Llog(x, ~Y)-u log(x. -y)-p
> < J
(o) (o]

(since o > 0)

»> 2! < 2!
1

1 1
> p’zo + (1-0)!’2i < p%zo + (1-p)’zj

1 .
>z, < zj [since (1 - p)2 > o] .

Therefore the rth order statistic Xr can be related to the rth standard

normal order statistic Zr by



log(X -y)-
(0]

or equivalently

b
n

A, JPRE
Zr =p Zo + (1-p) Zr

1 }2 .
Y+ explu + 0p?z_ + o(1-p)22 ].
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(3.33)

(3.34)

It follows then, that the same relationship exists between the two sets

of quantiles:

X

p

Thus, the quantile regression equation

X

pi

=Y+ exnlu+ op

= E(xpi) + v,

4 %
Z, t o(1-p) Zpi]‘

(3.35)

(3.36)

can be estimated provided that closed-form expressions for E(Xpi) and

E(w w') can be computed, where w is the vector (wl, ces

By making use of Theorems 3.1 and 3.2 and again using the expec-

tation given by the normal moment generating function, these expec-

tations may be computed with respect to the asymptotic distributioms of

the quantiles,

E(xpi)

and

E(w w')

giving

e

1]
<
)
3]

-

>
[

A

(3.37)

Y + B exp(a®p/2) exp[o(l-p)gci] exp[oz(l-p)kiilzl ’
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where

Var(Xpi) Bzexp(ozp) exp[ZU(l-p)%ci] exp[oz(l-p)kii] (3.38) ‘

X

{exp(ozp) exp[cz(l-p)kii]-l}
and

(3.39)

*egre) lexplo? (1-p) (i k. )/2]

Cov(xpi,xpj)éazexp(ozp)exp[o(l-p)

X {exp(ozp)exp[cz(l-p)kij] - 1}.

The asymptotic variances and covariances given above are derived as

follows

Var(x ) = E(Xpi)?‘ - [E(xpi)]2 (3.40)

Ely+pexp(0z))1” - (Ely+Bexp(0z) )1}

E[YZ + ZYBexp(oZ§i) + Bzexp(zoZQi)]

' 2
- {y + BE[exp (02} )]} PY

¥+ 2YBE[exp (02} )] + BzE[exp(ZaZQi)]
- 0+ 2vBElexp(0z))] + BB [exp(02) )11,
which simplifies to

Var(X) = §*{Elexp(202),)] - E*[exp(0z; )]}, (3.41)

After using Eq. (3.29) to substitute for Z;'>i’ the expectations in Eq.

(3.41) may be derived as

E[exp(202] )] E{exp[20p%Z° + zo(1np)5zpi1} (3.42)

E{exp[ZOp*zolexp[20(1-p)5zpi]}

Efexp(20p%2 1}E{exp[20(1-p) "2 11,

the last step following due to the independence of Zo and each Zpi' In .
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the last line of Eq. (3.42) the first expectation is the moment gen-

1
erating function of the normal random variable 20p12°. Thus,
% _ 2
E{exp[20p Zo]} = exp(20°p). (3.43a)

The second expectation in the last line of Eq. (3.42) may be approxi-
mated by treating it as the moment generating function of the asymp-
%Z

totically normal random variable 20(1-p) pi? giving

E{exp[Zo(l-p)%ZPi]} = exp[20(1-p)%ci]exp[202(1-p)kii]. (3.43b)

Substituting Eqs. (3.43) into Eq. (3.42) gives
- (3.44)

, . 2 . % 2.
E[exp(zczpi)] = exp(207p)exp[20(1-p) *c, Jexp[207(1-p)k, . ].

Taking the second expectation on the right-hand side of Eq. (3.41) gives

E*[exp(oz;)] = E*{explopz, + 0(1-p) 72 1} (3.45)
E*{exp[op?2,Jexp[0(1-p) 2 ; 1}

exp(ozp/Z)exp[o(l-p)%ci]eXP[oz(l-p)kii/Z]-

e

Finally, substituting Egqs. (3.44) and (3.45) into Eq. (3.41) gives

Var(Xpi) = BzeXP(ozp)exp[20(1-9)%ci]exp[cz(l-p)kii] (3.46)

x {exp(aplexp[0”(1-p)k ;] - 1}.

Similar methodology is used to derive the covariances.

Cov(Xpi, ij) E(xpixpj) - E(Xpi)E(ij) (3.47)

E{[y + Bexp(0oZ} ) ][y + Bexp(0Z} )]}

- E[y + ﬁeXP(Uzéi)]E[Y + BEXP(OZéj)]
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¥' + yBE[exp(oz} )] + Elexp(oz; )]

+ BZE[exp(oZ§i)exp(ozéj)]
- ¥ - yBiE[exp(oz},) + Elexp(oz; )]}

- B°Elexp (02}, ) 1E[exp (02} )]

2 ‘

E 0Z'. +0Z'.)] - E[exp(oZ' ,)]E[exp(0Z'.)].
B {Elexp(0z,; + 02))] - Elexp(oz}) IE[exp(oZ} )]
Substituting Eq. (3.29) into this last expression and simplifying gives

Cov Xy, X, 1) = B (Elexp (2002 ) JE[exp(0(1-p) X2, + 2, )] (3.48)

- E[exp(op%zo + o(l-p)!ﬁzpi)]E[exp(op%Zo + o(1-p)%zpj)]}.

The four expectations in Eq. (3.48) are computed as follows. When -

necessary, the expectations are approximated as moment generating func-

tions of normal random variables.

E[exp(ZGp%Zo)] = exp(202p). (3.49a)
% .
E{exp[o(1-p) (Zpi"' ij)]} _ (3.49b)
2 e 2.
= exp[o(1-p) (c; + cj) + 0°(1 p)(kii + kjj + Zkij)/z].

E{exp[op®z_ + o(1-p)*2 ;1) (3.49¢)
= eXP(Zozp)exp[o(l-p)%ci + 02(1-p)kii/2]-
E{exp [Cfp;éZ0 + 0(1'0)%ij]} (3.494)

. ! 2
= eXP(Zozp)eXPto(l-p)‘cj +0 (l-p)kjj/zl-
Finally, substituting Eqs. (3.49) into Eq. (3.48) and simplifying gives

Covi, X 0) = Blexp(a”plexplo(1-p)*(c; + c))] » (3.50)

x exp[o®(1-p) (k,, + kjj)/Z]{exp(o2p)exp[02(1-p)kij] -13.

In theory, the 3PLEN parameters could be estimated in the same
fashion as that described for the 3PLN parameters in the previous

section; i.e., by employing an iteratively reweighted generalized non-
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linear least squares algorithm. One necessary modification of the
procedure would be to restrict the estimate of p to lie between zero and
one. This procedure was tried for 3PLEN samples- generated from distri-
butions with p=0.5 and (Y,d,0) corresponding to each of the four 3PLN
distributions of Cohen and Whitten (see previous section). In these
analyses, parameter estimates could not be obtained because the matrix
of derivatives of the regression equation with respect to the parameters
was nearly singular. Thus, the Gauss-Newton algorithm broke down when
an attempt was made to invert this nearly singular matrix. However, the
estimation worked well when p was fixed at its true value. Perhaps a
promising alternative estimation procedure would be to. introduce a

further iteration on fixed values of p.
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3.3 The S_ Distribution

The QRE procedure may also be readily applied to the SB distri-
bution (sometimes referred to as the 4-parameter lognormal distfibu-
tion). The SB distribution was first described by Johnson (1940) as one
of a trio of distributional families that together spanned all possible
combinations of skewness and kurtosis. As in the case of the 3-
parameter lognormal distribution, an SB distributed random variable X

can be transformed easily to the standard normal random variable Z. In

this case, the transformation has the form

In{(X-a)/(B-X)]-p

z - ,

for ¢ >0, a <X < B. (3.51)

The possible values of an SB random variable X are bounded below by a
and above by B. The parameter p determines the skewness. If p is zero,
the density function is symmetric, otherwise the sign of determiﬁes
the sign of the skewness. Finally, the parameter o determines the

kurtosis, which decreases as 0 increases. The demsity function of X is

given by

(20®) "% - ) [(x -~ )@ - )]}

fx(x;u)B’p)o)

x exp-(1/202){In[(x - a)/(B - x)] - wi3, (3.52)

for 0 > 0, a < x < B,

0, otherwise.

[Further information about the SB family is given in Johnson (1949), and

Johnson and Kotz (1970).]
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The QRE procedure cannot be applied to the SB distribution unless

the SB quantiles Xpi are'related to the standard normal quantiles Zpi by
a monotonic transformation. This may be proven as follows. |

Defining Y = ln[(X-a)/(B-X)], Eq. (3.51) can be rewritten as
Y=y + 0Z. (3.53)

Since Eq. (3.53) is linear in Z, the transformation from Y to Z is
monotonic. Thus if Y can be shown to be a monotonic transformation of
of X, it will follow that Z is also a monotonic transformation of X.
The transformation from X to Y is monotonic since, for a < xi < xj < B,

X, <x_.*x. ~a<x, -d
1 J 1 J

X, - xj-a X, -a
> < <
B-xi B-xi B-xj
<xi-a> <xi-u)
> ln|l = |< 1n
B X, B X,
*y; <y

Since X is a monotonic transformation of Z, the quantiles Ypi and

Z . are related by
pi

Ypi =N+ GZpi. (3.54)

The corresponding quantile regression equation is

Ypi = E(p + GZpi) + wo - (3.55)

This formulation does not allow the range parameters, o and B to be
estimated directly. If o and B are known there is no problem. If not,

the estimation may proceed iteratively, via a grid-search in the (a, B)
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plane for that quartet [a, B, fi(a, B), 6(a, B)] that minimizes the
weighted sum of squared deviations of the Xpi from their predicted ‘
values. An.algorithm to perform this type of estimation is described in
Section 3 of Appendix B.

When o and B are held constant, the following expressions define

the asymptotic expectations necessary to perform the regression of Eq.

(3.55):
E(u + oZPi) =+ OE(Zpi) (%.56a)
Sut o),
> 2 :
Var(wi) =g kii’ and. . .(3.56b)
2

Cov(wi,wj) o} kij’ (3.56¢)

where ¢-1 is the standard normal distribution function, and kii and kij
denote the asymptotic variances and covariances, respectively, of the
standard normal quantiles.

A small Monte Carlo study is given in section 4.3 in which the
sampling behavior of quantile regression estimates is compared to that
of local maximum likelihood estimates for the six SB distributions given
in Johnson and Kotz. A proof that the solution to the likelihood equa-
tions results in local maximum likelihood estimates, rather than global

maximum likelihood estimates, is presented in Appendix A.
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3.4 The Income Distribution of Singh and Maddala

In the three previous‘sections of this chapter, the QRE procedure
has been used in connection with density functions whose integrals do
not exist in closed form. The QRE procedure is much easier to apply
when the distribution function is explicitly known and its inverse is
expressible in a concise form. The purpose of this section is to
present the methodology for applying the QRE procedure in such cases.
Then, as an illustration, the QRE equations pertaining to the income
distribution proposed by Singh and Maddala (1976) will be derived.
Estimation of this distribution wusing U.S. family income data is
presented in Section 4.4 of Chapter 4.

Let Xyy veey X be a random sample of size n from a continuous dis-
tribution with density f(x) and distribution function F(x). Also, let
X < ... < xpk be k sample quantiles and c, < ... < ¢, be k corres-

Pl 1 k
ponding population quantiles, where 0 < Py < ... < Py <1. 1If F-l is a
concise mathematical expression, and if the first two sample moments of
the quantiles of X converge to the corresponding moments of their
limiting multivariate normal distribution, then the QRE procedure may be

applied straightforwardly. In such cases, E(Xpi) = F-l(pi) =<y giving

the quantile regression equation

X3 = B )+, = ¢ tw, (3.57a)

where
E(wi) =0, (3.57b)
Var(v)) 2 [p;(1-p)/ [ £2(c))]), (3.57¢)

and Cov(wi,wj) [pi(l-pj)]/[n f(ci)f(cj)]. (3.57d4)
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Application to Income Distribution of Singh and Maddala

In their 1976 paper, Singh and Maddala proposed the following .

distribution function for income (X):

Fx(x) =1-(1+ axb)-c, X>0,a>0, c>0. (3.58)
Upon differentiating Eq. (3.58), the density of X is found to be

£,(x) = [abex P D1/ (1 + ax®) (e D)y, (3.59)

The inverse of the distribution function is derived by solving the

distribution function for X as follows:

FX(X) =p (3.60)
>1-@Q+ax)C=p
> (1+ax)C=1-p
> 1+ax’ = (1-p) (/)
> ax’ = [(1-p)" /)y ®
> £ = (/) - p) )
> x = (/a)a - p W L
= F l(p).
Defining a* = 1/a, b* = 1/b and c* = 1/c, gives
Fl(p) = {a*[(1 - p)™F - 13P* (3.61)

Thus, from Eq. (3.57a) the quantile regression equation for the "Singh-

Maddala" distribution is

R -c* b*
Xpi = {a"[(l-pi) - 1137 + v, . (3.62)

The variances and covariances of the errors are computed according to ‘

Egs. (3.57c) and (3.57d) where £(x) is given by Eq. (3.59).
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In summary, this straightforward applicaton of the QRE procedure
involves a regression of sample quantiles on their expected values,
where the functiénal form for the expectations is the inverse of the
distribution function. Thus, the only independent variable for this
type of regression is the vector of quantile points, P, For many
distributions, the quantile regression is nonlinear. Ekamples of dis-
tributions for which the regression is linear are the uniform, logistic,
Gumbel and exponential. The quantile regression equations corresponding
to these and several other well-known density functions are listed in
Table 3.1.

Since the covariance étructure always depends lon the estimated
parameters of the density function [see Egs. (3.57c) and (3.57d)] the
estimation should proceed recursively, i.e., the parameters and the
covariance matrix should be estimated in an alternating fashion until
the parameter estimates from successive iterations differ by less than a
desired convergence criterion. In general, there is no guarantee that
such an estimation algorithm will produce the global least squares
solution. For most distributions there will be a neighborhoqd around
the solution vector within which parameter start-values will léad to the

desired least squares solution.
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3.5 The Conditional QRE Procedure Applied to the 3-Parameter Lognormal .

Distribution

Let xpl’ XpZ’ ceey ka be k quantiles from a sample of size n from
a 3-parameter lognormal distribution. That is, 1In(X - y) ~ N(p,oz). In

Section 3.1 it was shown that

2 2
E(xpi) =y + exp(u + oc, + O kii/Z) (3.63)

p, (1-p;)
TICHI

— g1 -
where c; = b (pi) and k,, =

Expressions for the asymptotic values of Var(Xpi) and Cov(XPi, ij) were
also given, thus permitting the generalized nonlinear least squares

estimation of the regression equation

xpi = E(Xpi) + v where w, is an error term. (3.64) .

For some applications the conditioning of the covariance matrix of
the quantiles may be too poor to permit meaningful regression results to
be obtained. In these instances, one may wish to obtain unweighted, or
ordinary QRE's. A second alternative, for which the covariance matrix
is diagonal is proposed here. The approach will be called "conditional
quantile regression estimation" (CQRE).

The CQRE approach regresses the sample quantiles on their asymp~-
totic expectations conditional on the values of the preceding quantiles.
The reason for adopting a conditional regression is to reduce the need
for generalized nonlinear least squares by incorporating the correlatiom

among the quantiles into the regression model itself. It is hoped that .
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by absorbing the correlations among the quantiles into the regression
equation, ordinary nonlinear 1least squares techniques will provide
estimates nearly as precise as those given by the generalized nonlinéar
least squares regression of Eq. (3.64).

The conditional QRE application to the 3PLN distribution is derived

as follows. The regression model is

=
"

i E(xpi) + u, i=1 (3.65)

EX X

pi P,i‘l’xp,i-Z""’Xpl) + ui, i = 2’ 3, ey k.

Since the quantiles of a sample form a Markov chain, the regression

Eq. (3.65) can be written in an equivalent, simpler form as

Xpi = E(Xpi Xp,i-l) + u,.

The u, are uncorrelated residuals since, for any sequence of random
variables {Xi}, the transformed random variables Yi=Xi-E(XiIXi_1,...,X1)
are independent.

The conditional expectation in this regression may be approximated
by treating the associated pairs of standard normal quantiles as having

a bivariate normal (BVN) distribution. Defining ZPi = [ln(Xpi-y)-p]/o,

Theorem 3.2 says that

(2,35 255) ~ BYNCey, by coy Kooy py0) ~ (3.66)
- 1
where pij = kij/(kii kjj)1

With this result, the asymptotic expression for E(XI;i ij) is computed

as follows:‘
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E[y + exp(p + ozpi) IXP:.] : (3.67) ‘
Y + exp(E[exp(0Z ,) | X ;] ,

+ E z )z .1,
Y + exp(W)E[exp(o pl)l pj]

EX . X .
( p1 PJ)

the last step following because ij is a monotonic transformation of X j

and therefore knowledge of ij is equivalent to knowledge of ij. Now,

. 2.
, ] = , . .50 Z . . .68
E[exp(UZpl) ZPJ] exp[c'E(ZPl ZPJ) + .50 Var( pi ZPJ)] (3.68)

since the expectation is the moment generating function of the asympto-
tically normal random variable Zpi conditional on Z_ .. The conditional

expectations on the right-hand side of Eq. (3.68), for large samples,

are given by

E(Z_. ) =c. +p..(k../k..)%Z . - c. .6
(zpll sz) cs le(kll/kJJ)ﬁ(sz cJ) (3.69)
- - - = 1 -
=c, + aij(ZPj cj) where aij pij(kii/kjj)1
and
2 - 2y 2 : ‘l’
Var(Zpi zpj) = kii(l pij ) = Bij (say). (3.70)

Substituting Eq. (3.69) and (3.70) into Eq. (3.68) and then substituting

Eq. (3.68) into Eq. (3.67) gives

(3.71)

EX .| X .) = + + oc, +oa,.(Z .
( pi pJ) Y + explp c 1J( pj

2
-c.) + .507B..].
P By
Eq. (3.71) still cannot be used in the estimation of the CQRE equation
because the ij are unknown. Substituting ln(ij-y) - M for Uij takes

care of this problem and gives, after rearranging,

- . ) 2
E(Xpi ij) =y + exp[(1 uij)p + (ci uijcj)o + ‘SBijo 1 (3.72)

U. Py I
X X - .
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Eq. (3.66) may now be estimated by ordinary or weighted least squares by
replacing E(Xpi Xfi-l) with the right hand side of Eq. (3.72) (with
j=i-1). For weighted least squares estimation, the weight matrix would
be diagonal since the u, are uncorrelated.

A Monte Carlo study of the sampling behavior of 3PLN parameter
estimates given by the CQRE procedure using ordinary least squares is
presented in Section 4.5. The study is formatted identically to that
used to investigate the properties of the unconditional quantile
regression estimation of the 3PLN distribution in Section 4.1. To
provide an additional means of comparison, Section 4.5 also includes
estimation results of the unweighted (or ordinary) QRE pfocedure appiiéd
to the same generated data. The latter procedures is identical to the
QRE procedure except that the known asymptotic form of the residual
covariance matrix V(6) is replaced by the appropriately dimensioned
identity matrix. These estimation results were obtained because the
ordinary QRE procedure would be the logical competitor of the CQRE
procedure for investigators preferring not to use the weighted least

squares techniques.
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CHAPTER 4

APPLICATIONS OF THE QRE PROCEDURE ‘

In this chapter, five empirical analys:es_ are performed which should
permit assessments of the performance of the QRE procedure in many of
the applications discussed in Chapter 3. In each case at least one
other procedure is applied to the data so that the QRE results may be
evaluated on 'a relative basis.

The most thorough of the following analyses is that pertaining to
the 3-parameter lognormal (3PLN) distribution. For this distribution a
large-scale Monte Carlo study is presented in Section 4.1 in which
quantile regression estimates are compared with local maximum likelih§od
estimates for four 3PLN distributions and over a wide range of sample
sizes. Then, in section 4.2, the QRE procedure is applied to Hill's
(1963) epidemic data and the results are compared to those obtaimned by
Hill and others who used different estimation methods. ‘

A smaller Monte Carlo study, presented in Section 4.3, compares
quantile regression estimates and local maximum likelihood estimates
from each of six SB distributions depicted in Johnson and Kotz (1970).
.Then, illustrating a more straightforward application of the QRE
procedure, the income distribution proposed by Singh and Maddala (1976)
is estimated in Section 4.4 using United States family incoq:e data.
These results are compared with those of a simpler estimation procedure
used by Singh and Maddala. |

Finally, the conditional QRE procedure is investigated in Section-
4.5 using the same generated 3PLN data used in Section 4.1. Unweighted
QRE results are also computed for these data and each set of results is .

compared with the weighted QRE results of Section 4.1.
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4.1 Monte Carlo Study I--Four 3-Parameter Lognormal Distributioms of
Cohen and Whitten (1980)

In chapter 3 the theory was developed to allow the estimatioﬁ of
the parameters of the 3-parameter lognormal (3PLN) distribution via a
regression of selected sample quantiles on their asymptotic expected
values. Now the sampling behavior of the esti@ates given by this quan-
tile regression estimation (QRE) procedure will be examined in a Monte
Carlo experiment.

Cohen and Whitten (1980) have already conducted a Monte Carlo study
to compare the sampling béhavior of 3PLN estimates from 14 estimation
procedures. They chose four 3PLN distributions from which to generate
random samples. Each of the four 3PLN random variables studied had a
mean of zero and a variance of one, but the skewness, a3, was varied
from low (a3 = 0.301) to high (a3 = 2.475)3. The probability demsity
functions of these four random variables are plotted in Figure 4.1.
These same four distributions will also be employed in this Monte Carlo
study to facilitate comparisoms of the performance of the QRE procedure
with those of the 14 estimation procedures studied by Cohen and Whitten.

Before discussing the details of the present Monte Carlo study it
will be useful to review the design of Cohen and Whitten's study, de-
scribe the 14 methods they investigated and assess the results they
obfaingd. Once this has been done, the design of the present study will

be outlined, and its objectives stated. Then the results will be pre-

3The four values for skewness (a3) corresponded to setting w = 1.01,
1.10, 1.25, and 1.50 where w = exp(cz).
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sented and discussed‘in light of these objectives. Finally, general
conclusions will be drawn concerning the usefulness of the QRE procedure
as a means of estimating the parameters of the 3-parameter lognormal

distribution.

A Review of Cohen and Whitten's Monte Carlo Study

Cohen and Whitten conducted their Monte Carlo study in an effort to
assess the properties of twelve different estimation methods proposed in
their paper as alternatives to the moment estimation (ME) and local
maximum likelihood estimation (LMLE) procedures. Improvements were
soﬁght for the fofmer because of the well-documented evidence of the
inefficiency of its estimates [see Aitchison and Brown (1957) or Calitz
(1973)] and for the latter because of uncertainty about the behavior of
IMLE's compared to that of conventional maximum likelihood estimates
(MLE's).

The twelve modified estimation methods of Cohen and Whitten comsist
of three variations each of two basic modifications of the ME and IMLE
procedures. Recall that the traditional ME's and MLE's are obtained via
the simultaneous solution of m equations where m is the number of un-
known parameters (m=3 in the case of the 3PLN distribution). Both of
the modifications proposed by Cohen and Whitten called for the replace-
ment of one of the three equations with an auxiliary equation involving
a small order statistic.? The same two types of auxiliary equations

were used to modify both the ME and MLE procedures.

4In the case of LMLE, the equation 31nL/3y=0 was replaced. In the case
of ME, the equation of the third sample moment to its expectation was
replaced.
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The first modification corresponded to the auxiliary equation that
equated the expectation of the cumulative distribution function of the .

rth sample order statistic to its observed value, i.e.,
E(F(X)) = F(X ). (4.1)

Cohen and Whitten point out that F(Xr)=¢(Zr) where Zr=[1n(Xr-y)-p]/o,
and ¢ is the standard normal distribution function. Defining kr =

¢-l[r/(n+1)] and using E[F(Xr)] = r/(n+1), Eq. (4.1) may be reexpressed

as
In(X-y) =p+ok. = . (4.2)

The second modification corresponded to the auxiliary equation in
which kr of Eq. (4.2) is replaced by E(Zr':), the expectation of the rth
standard normal order statistic. Therefore, the auxiliary equation
corresponding to Cohen and Whitten's second modification is ' ‘

In(X -y) = p + oE(Z ). (4.3)
Values of E(Zr) were obtained in tables provided by Harter (1961).

Cohen and Whitten investigated the performance of these‘ two modi-
fications using each of the first three sample order statistics (i.e.,
r=1, 2 and 3). Thus, their twelve modified methods consisted of two
modifications [Eq. (4.2) and Eq. (4.3)] using three order statistics in
turn and applied to two estimation methods (ME and MLE).

As mentioned earlier, the twelve modifications along with the
conventional moment and local maximum likelihood estimation procedures
were applied to samples generated from four different 3PLN distribu-

tions. Each of the estimation procedures was applied to 100 indepen-
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dently generated samples of size 100 from each of the four distri-
butions. In generating the samples, the sample skewness was checked and
if it fell outside the interval 0.13 to 14.0 the sample was discarded.
This was done to avoid known difficulties in applying the method of
moments procedure to samples of very high or low skewness. Indeed, when
the sample skewness is negative, moment estimators do not even exist.3

Cohen and Whitten's algorithms for their modified estimation
methods involved iterative searching routines that did not always con-
verge. For some samples, the search for the estimate of the location
pParameter Y diverged toward -®» or converged to the first sample order
statistic, Xl’ Whenithis 6ccurfed the éstimation proc;dure waé termin-
ated and was said to have failed for that sample.

The results of Cohen and Whitten's‘study were presented in two
tables. The first contained the means of the parameter estimates over
the successful applications of each method. The second contained the
corresponding standard deviations of these estimates. The information
in these tables permits the 14 estimation methods to be compared
according to three important criteria: accuracy, precision and
applicability.

The accuracy of a procedure may be investigated by comparing the
means of its parameter estimates to their true values. The precision is

estimated by the standard deviations of the parameter estimateé, while

SA negative sample skewness will yield moment estimates identical to
those given by a sample with a positive skewness of the same magnitude.
However, as Cohen and Whitten point out, such estimates are inadmis-
sible because there are no negatively skewed 3PLN distributions.
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the applicability of a procedure will be defined here as the proportion
of the time that the estimate of y does not diverge toward -® or Xl' .
When all three criteria are considered jointly it will be seen that
the unmodified LMLE procedure outperformed the ME and twelve modified
procedures. This is not the conclusion drawn by Cohen and Whitten, but
their evaluation of the results did not appear to be carefully or
systematically conducted. The simple, but informative analysis of their
results given below will illustrate the superiority of the performance
of the LMLE method. |
Perhaps the most popular empirical means of comparing the relative
goodness of different estimators is to use the mean-squared erfdr cri-
terion. This criterion permits the accuracy and precision of the esti-
mators to be jointly evaluated. Formally, if Ta = t(Xl, cees Xn) is an

estimator of 6, then the mean-squared error (MSE) of Te is defined as

MSE[T 12.

ol = E[Ty - ©

(4.4)"l’

Here, the mean-squared error criterion will be used to compare the
goodness of the fourteen procedures' estimates of Yy, since this is the
parameter for which it is most critical to obtain good estiﬁates. To
use this criterion empirically, the expectation on the right-hand side

of Eq. (4.4) must by approximated. An obvious choice is given by

BT, - ¥1% 2 (/m) 2 (3 - ¥, | 4.5)
b 8

where ?i is the estimate given by '1‘Y for the ith sample. The right hand

side of Eq. (4.5) may be reexpressed as

(/) 2 (§; - v = W 3 G- P2+ - D2 we @

1 1
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Table 4.1 Estimated Mean~Squared Errors (EMSE) of 14 Estimation
Procedures Compared in Cohen and Whitten (1980)

Estimation Distribution 1 Distribution 2 Distribution 3 Distribution 4

Procedure a,= .301 ay= .980 ¥y= 1.625 ' a3=2.475
(Ty)* EMSE Rank EMSE Rank EMSE Rank EMSE Rank

ME 32.92 3 5.236 9 1.1218 10 L4419 10
MME—I1 531.41 14 11.524 11 L4194 8 .0399 7
MME—I2 160.79 10 15.184 12 .2462 6 .0386 6
MME-I3 206.98 11 6.312 10 .3057 7 . 0467 8
MME-II1 271.03 12 1.727 1 .1623. 3 .0214 2
MHE-II2 71.66 7 2.236 7 .1338 2 .0244 3
MME-II3 131.41 9 61.195 14 .1859 4 .0328 5
LMLE 21.35 1 1.931 4 .1165 1 .0168 1
MMLE-I1 274.18 13 26.597 13 .7054 9 .0597 9
MMLE-I2 118.58 8 1.913 3 T - - -
MMLE-I3 61.73 5 2.012 5 - - - -
MMLE-II1 28.75 2 2.955 8 .2384 5 .0289 4
MME-II,  61.79 6 1.884 2 - - - -
MMLE-II3 61.73 4 2.012 6 - - - -
*  ME: method of moments .

MME : modified method of moments

LMLE: local maximum likelihood estimation

MMLE: modified maximum likelihood estimation

-Ir or -II : first or second modification type using the rth order
statistics where r = 1, 2, or 3

T a dash (~) signifies that the estimation algorithm failed to
converge for at least 50 percent of the samples.
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the modification. For the modified maximum likelihood estimation algor-
ithms, this was true only if the first order statistic was used. When
the second or third was used, convergence failed often, the failure rate
increasing with the skewness of the underlying distribution from around
25 percent for the third most skewed distribution to well over 90 per-
cent for the most skewed distribution. For the least skewed distri-
bution, the failure rate varied between 8 and 27 percent across the 12
modified estimation methods.

Cohen and Whitten recommended MME-II1 (with MME-I1 and ME as alter-
natives) when skewness is less than one. For skewness greater than one,
they recommended MMLE-II1 (with MMLE-I1 and IMLE as alternatives). It
is difficult to agree with their recommendations based on the results in
Table 4.1. Perhaps they felt that their modifications had other advan-
tages over the IMLE procedure, such as ease of implementation.

The remainder of this section will be devoted to assessing the
performance of the quantile regression estimation (QRE) procedure in
estimating the parameters of the same four 3PLN distributions used by
Cohen and Whitten. IMLE estimates will also be computed to provide a
convenient reference for use in evaluating the goodness of thé quantile
regression estimates.

Monte Carlo Study Comparing QRE and IMLE Procedures

In the Monte Carlo experiment conducted for the present study, the
sampling behavior of estimates given by the QRE and LMLE procedures were
compared. The format of Cohen and Whitten's Monte Carlo study was du-
plicated in that 100 samples were generated from each of the four 3PLN
distributions shown in Figure (4.1). However in this experiment,

samples were not discarded if the skewness lay outside the interval 0.13
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to 14.0. Rather, all samples were retained regardless of’skewness so
. that unbiased estimates of the means and variances of the parameter
estimates could be obtained. Also, the scope of this study was
increased beyond Cohen and Whitten's in that the properties of the
estimators were investigated over a wide range of sample sizes.

An important consideration in investigating the behavior of quan-
tile regression estimates for varying sample sizes is the coordination
of the choices of the quantile points and the sample sizes. Since the
vector of chosen quantile points p = (pl, Pyy -0 pk) has an influence
on the properties of the QRE's, the same choice of p should be used for
all sample sizes. This avoids confounding the effects on the behavior
of the QRE's of sample size and quantile selections. But once p has
been chosen, only a limited set of sample.sizes will contain quantiles
that correspond to p. Therefore, in this study the following criterion

for sample size selection was used:

Necessary Condition for Sample Size Selection n:

Given a vector of quantile points p = (pl, Py> ...pk), n is an
acceptable sample size for the Monte Carlo study if for each i =1,

2, ..., k there exists an integer r, such that ri/(n+1) = p;-
Satisfying this criterion ensures that for each quantile point P
the sample will contain an order statistic Xri for which

E[F(X )] = r,/(a+1) = p,, 4.7

and therefore the pith quantile xpi is defined by Xpi = xri’ In the

present study, all p; were chosen to be multiples of 0.01. In this
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case, all sample sizes one less than multiples of 100 would satisfy the
necessary condition mentioned above. Specifically, the following ten .

quantile points were chosen:
p = (.03, .07, .15, .25, .35, .50, .65, .80, .90, .98).

These were chosen somewhat arbitrarily although an effort was made to
space them fairly evenly and to capture information near the extremes of
the data, especially at the low end. Further consideration of how the
qQuantiles might be spaced is given ig Appendix C.

When comparing the performance of the QRE and LMLE procedures it
must be kept in mind that‘only 10 quantilés are used to generate a quan-
tile regression estimate while the entire sample is used to generate a
local maximum likelihood estimate. Undér the assumption that the
properties of the LMLE's are nearly the same as those normally possessed
by MLE's® (consistent and asymptotically efficient), the QRE's cannot be
o
expected to be more accurate or to have smaller variances than the
IMLE's. Rather, the objectives of this Monte Carlo study are to assess
how quickly the bias of QRE estimates disappears as sample size in-
creases, and to estimate their precision relative to the IMLE's.
Additionally, any failures of the algorithms to converge will be noted.

The lognormal samples of size n were created by generating n inde-

pendent standard normal values Z1y Zgy ey Z) and transforming.them to

6This assumption about the behavior of the LMLE's is supported by the
results of Cohen and Whitten's Monte Carlo study, where the sampling
variances of the LMIE's were shown to compare similarly to their asymp-
totic expectations given by the inverse of the Fisher information
matrix. A very small bias was indicated in the estimates of y when the
skewness was less than one, but this could have been partially due to ‘
the elimination of samples having skewness of less than 0.13.
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lognormal values Xy Xpy oo X by the 3-parameter lognormal trans-

formation
X, =Y + exp(p + ozi). (4.8)

For a given sample size the same 100 samples of standard normal'variates
were used in the formation of each of the four sets of lognormal
samples. This was done to improve the efficiency of comparisons of
parameter estimates across the fouf distributions.

The estimation algorithms used'to obtain the QRE's and IMLE's are
documented in Section 1 of Appendix B. To perform the nonlinear
quantile regréssioﬁs, stgff values for the parameter estimates were
required. Two separate computer programs were written which differed
only in the method of obtaining start values. The first program com-
putes pseudo-moment estimators (described in Appendix B) for use as
start values, and thus, requires positively skewed samples. The second
program, intended only for use in the Monte Carlo study, uses the true
parameter values as start values and thus does not require that samples
be positively skewed. Convergence was slightly faster when the true
values were used as start values, but the parameter estim#tes from
positively skewed samples were always the same regardless of which
method of start value selection was used.

In searching for the local maximum likelihood estimates, it is
important to have knowledge of the shape of the likelihood function.
The shape of the likelihood function of a typical 3-parameter lognormal
sample has been discussed in Hill (1963) and Griffiths (1980). TUnless
skewness and sample size are both small, the likelihood function as a

function of y should have a local maximum followed by a minimum and then
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approach +®» at y = x,- Much of the motivation for searching for methods
of finding the local maximum has come out of a concern that merely .
solving the ‘likelihood equations would yield the undesirable MLE
solution (¥%,{,58) = (xl,-m,w). Fortunately, using the true values of Yy
as start values in the searching algorithm used here always led to the
local maximum rather than to the inadmissible solution. However, for
samples from the least skewed 3PLN distribution, both the QRE's and
IMLE's of y occasionally divergéd toward -o, especially for the smallest
sample size (n=99). 1In actual applications of these procedures, large
negative estimates of Yy should suggest to the investigator that the
sample. may not have come from a lognormal population. In these cases, .
it may be better to assume a symmetric distribution, such as the normal.
In this study, the estimation algorithms of the QRE and LMLE procedures
were terminated if the estimate of y fell below -50.

For the least skewed distribution, when the sample size was 99, the
estimation of Yy was terminated for 15 of 100 samples using the IMLE ‘
procedure and for 17 of 100 samples using thé QRE procedure. For larger
sample sizes, the estimation algorithms had t;o be terminated for fewer
than 10 percent of the samples. Among the total of 1500 saﬁples from
the three more skewed distributions, the QRE estimation algorithm had to
be terminated only once, for a sample of size 99, while the IMLE algo-
rithm converged for all samples.

The mean parameter estimates, e.g., §= n-IZ?i', given by each
procedure are shown in Table 4.2. The standard deviations of the
estimates, e.g., s.d.(}) = (n-l)-IZ(?i-§)2, are given in Table 4.3.
Each table also indicates, under the columns labeled "Runs', the number

of samples (out of 100) for which the estimation algorithm converged to .



Table 4.2. Means of 3PLN Parameter Estimates from
IMLE and QRE Procedures
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Method = LMLE Method = QRE
Sample Size
n Y H o Runs Y M g Runs
Distribution 1 (y = -10, y = 2.2976, ¢ = .0998, skewness = 0.301)
99 -10.943 2.190 .1297 85 -11.431 2.172 L1414 83
299 -13.273 2.414 .1006 98 -13.181 2.390 .1073 92
499 -10.698 2.283 .1076 98 -11.092 2.317 .1065 96
699 -10.926 2.318 .1029 99 -11.398. 2.327 .1046 97
899 -10.533 2.300 .1035 100 -11.504 2.367 .0987 100
Distribution 2 (y = -3.1623, p = 1.1036, 0 = .3087, skewness = 0.980)
99 -3.249 1.093 .3236 100 -3.423 1.127 .3283 99
299 -3.216 1.108 .3089 100 -3.334 1.135 .3077 100
499 -3.106 1.077 .3191 100 ~3.192 1.103 .3147 100
699 -3.144 1.091 .3129 100 -3.209 1.108 .3110 100
899 -3.118 1.083 .3147 100 -3.194 1.107 .3092 100
Distribution 3 (y = -2, y = .5816, 0 = .4724, skewness = 1.625)
99 -1.981 .5568 .4924 100 -2.079 .5988 .4929 100
.299 -1.998 .5759 .4743 100 -2.041 .5966 .4725 100
499 -1.963 .5557 .4860 100 -2.000 .5768 .4809 100
699 ~-1.982 5671 .4779 100 -2.008 .5812 .4754 100
899 -1.973 .5615 .4801 100 -2.004 5797 .4742 100
Distribution 4 (y = -1.4142, py = .1438, 0 = .6368, skewness = 2.475)
99 -1.393 L1174  .6616 100 -1.440 . 1547 .6614 100
299 -1.409 .1376 .6383 100 -1.428 .1532 .6380 100
499 -1.395 .1223  .6513 100 -1.412 .1375 .6478 100
699 -1.406 .1337 .6407 100 -1.416 . 1419  .6406 100
899 -1.403 L1295 .6426 .100 -1.414 .1394 .6397 100




Table 4.3.
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Standard Deviations of 3PLN Parameter Estimates from
IMLE and QRE Procedures*

Method = LMLE Method = QRE
Sample Size
n Y ] o Runs Y U g Runs
Distribution 1 (y = -10, y = 2.2976, 0 = .0998, skewness = 0.301)
99 7.758 .6057 .0665 85 9.662 .6828 .0779 83
299 9.103 .5520 .0489 98 8.777 .5961 .0591 92
499 5.480 .3718 .0338 98 5.103 .3968 .0394 96
699 4.536 .3533 .0324 99 6.303 L4174 .0362 97
899 3.583 .3073 .0290 100 5.033 .3601 .0323
Distribution 2 (y = -3.1623, p = 1.1036, 0 = .3087, skewness = 0.980)
99 .9558 .2768 .0815 100 1.2684 .3361 .0978 99
299 .4988 .1681 .0524 100 .7481 .2236 .0678 100
499 .3334 .1131 .0375 100 L4147 (1367 .0452 100
699 .3087 .1058 .0337 100 .4598 .1418 .0421 100
899 .2580 .0927 .0286 100 .3102 .1082 .0328 100
Distribution 3 (y = -2, p = .5816, 0 = .4724, skewness = 1.625)
99 .2837 .1752 .0826 100 .4653 .2356 .1049 100
299 .1673 .1104 .0539 100 .2405 .1459 .0698 100
499 .1146 .0740 .0390 100 .1449 .0893 .0472 100
699 .1049 .0673 .0340 100 .1550 .0915 .0435 100
899 .0896 .0613 .0284 100 .1137 .0739 .0335 100
Distribution 4 (y = -1.4142, py = .1438, 0 = .6368, skewness = 2.475)
99 .1161 .1354 .0842 100 .1820 .1792 .1084 100
299 .0679 .0846 .0541 100 .1040 .1139 .0724 100
499 .0468 .0567 .0388 100 .0633 .0699 .0496 100
699 .0415 .0485 .0334 100 .0672 .0699 .0452 100
899 .0348 .0451 .0260 100 .0510 .0591 .0345 100

*Table entries are the standard deviations of the associated set of para-

meter estimates.

Y had a standard deviation of 7.758.

For example, for Distribution 1, the 85 estimates of

100
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an estimate of Yy greai:er than -50. It is difficult to draw precise
inferences from the raw results of these tables without performing
additional analyses of these results. Casual inspection of these
results does reveal some broad findings, however. First, both methods
tended to estimate the parameters fairly accurately, even for sample
sizes as small as 99. Second, as expected, the variances of the QRE's
were nearly always greater than those of thé IMIE's.

Some further manipulations of the results shown in Tables 4.2 and
4.3 reveal'more detailed comparisoﬁs. The accuracy of the procedures
over the various sample sizes and distributions is examined in Table
4.4, with regards to the estimates of the location parameter y. This
table shows the percentage differences between the mean estimates and
the true values of Yy, the t-statistics co'rresponding to these differ-
ences, and the probability of a greater absolute value of t assuming the
estimators are unbiased. An index of the relative precision of the QRE
procedure compared to the LMLE procedure in estimating the 3PLN para-
meters will also be discussed.

Looking first at the tests for bias in Table 4.4, note that in
general, the percentage differences between Yy and the mean est;.imates of
Y from both procedures were very small. Over the three most skewed
distributions, the means of the IMLE's of y were different from the true
value of Yy by less than three percent. For small sample sizes, the
estimated bias of the QRE's tended to be greater than that of the LMLE's
over these same three distributions, but it was still less than 10
percent. For the least skewed distribution, the mean estimates of Y
from both procedures ranged from 5 to 33 percent less than the true

value of y. These relatively large absolute differences from the true



Table 4.4.

the 3PLN Location Parameter Yy
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Tests for Bias of IMLE and QRE Procedures in Estimating

Method = IMLE Method = QRE
Samplﬁ Size A3, y* ¢ Prob>|t| AR, Y)* ef Prob>¢]
Distribution 1 (y = -10, p - 2.2976, 0 = .0998, skewness = 0.301)
99 -9.43 -1.12 .2624 -14.31 -1.35 L1772
299 -32.73 ~3.56 .0004 -31.81 ~-3.48 .0005
499 -6.98 -1.26 .2073 -10.92 =-2.10 .0361
699 -9.26 -2.03 .0422 -13.98 -2.19 .0289
899 -5.33 -1.49 .1368 -15.04 -2.99 .0028
Distribution 2 (y = -3.1623, p = 1.1036, 0 = .3087, skewness = 0.980)
99 -2.76 -0.91 .3620 -8.25 -2.05 .0406
299 -1.70 -1.08 .2799 -5.42 -2.29 .0219
499 1.80 1.70 .0882 -0.93 -0.71 . 4805
699 0.59 0.61 .5429 -1.47 -1.01 .3135
899 1.39 1.71 .0877 -0.99 -1.01 .3106
Distribution 3 (y = -2, p = .5816, 0 = .4724, skewness = 1.625)
99 0.95 0.67 .5011 -3.97 -1.71 .0881
299 0.09 0.10 .9140 =-2.05 -1.71 .0881
499 1.83 3.20 .0014 -0.01 -0.01 .9893
699 0.92 1.76 .0778 -0.41 ~0.52 .6005
899 1.35 3.02 .0025 -0.21 -0.38 .7075
Distribution &4 (y = -1.4142, p = .1438, 0 = .6368, skewness = 2.475)
99 1.52 1.85 . 0640 -1.85 -1.44 . 1495
299 0.35 0.73 . 4650 -0.98 -1.34 .1806
499, 1.34 4.05 <.0001 0.19 0.42 .6714
699 0.56 1.92 .0542 -0.12 -0.25. .8004
899 0.80 3.23 .0012 0.02 0.06 .9521
* AG,v =G - Y)/Y¥; i.e., the percentage difference between ¥ and Y,

T

t

where y is the mean of the ¥'s.

= t-statistic corresponding to H : E(Y)

Y.
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value of y were significant at the 5 percent level for n = 299 and n =
699 among the IMLE's and for n > 299 among the QRE's. This apparent
negative bias may be explainéd by the fact that the skewness of the
empirical distribution of ¥ frém each procedure was negative. Indeed,
while the true value of y was -10, the estimates ranged from 449.5 to
=2.9. Such a highly skewed distribution of estimates will cause the
mean of the distribution to be smaller; hence, the negative bias.

On the whole, however, the potential for bias in either estimation
procedure for n > 99 seemed to posé little cause for concern. For any
given sample from a 3PLN distribution having low skewness, the error
that occurs in eStimating Y is likely td-be more due to the highvvari-
ance of Yy than to any bias in the estimation procedure. The standard
deviations of ¥ shown in Table 4.3 reveal that when skewness is low, the
variance of ¥ is disappointingly high for both the IMLE and QRE proce-~
dures. For samples from more skewed 3PLN distributions, the variance of
Y becomes much smaller, but so does the estimated bias of §. While
several of the tests for bias of the LMLE's in Table 4.4 reject umbi-
asedness, the percentage differences between the mean of § and y are
small enough to be ignored for most purposes (less than 2Ipercent).

Since bias for sample sizes greater than 99 is not a problem in
either procedure, the precision of the two procedures becomes the impor-
tant point of comparison. Figure 4.2 plots the standard deviations of
the estimates of y from each procedure as a function of the sample size
n. The four panels shown correspond to the four 3PLN distributionms.
Between each pair of curves is a shaded region indicating the difference
in the estimated precision of the two procedures. When the differences

are a small percentage of the standard deviations of the LMLE's, the
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relative precision of ihe QRE procedure to the LMLE proceduré is high.
Figure 4.2 reveals that the percentage differences in precision are not
that large, and remain fairly constant for sample sizes between 99 and
899. TIn addition to graphically comparing the precision of each method,
the plots- reveal that the standard errors of ¥ rapidly decrease as the
sample size decreases or as the skewness increases.

Another useful means of comparing tﬁe precisions is to form an
index of relative precision (R.P.). This was done by forming the ratio
of the standard deviations. That ié, for a given parameter 6,

s.d.(g) » )
R.P.(6) = — e LE o 4.9)

s.d.(B)QRE

where s.d. = standard deviation. Since the true variance of QRE's is
larger than that of IMLE's, the population mean of the ratio R.P. must
lie between zero and one.

The R.P. estimates, shown in Table 4.5, indic;te that over a wide
range of o0O-values and sample sizes, the QRE procedure estimated the
location parameter Y with at least 60 percent of the precision of the
IMLE procedure. The relative precision does not seem to depend very
much on the sample size for n > 99, but does seem to depend on the
skewness of the parent distribution. The precision of the QRE's rela-
tive to the IMLE's tended to decrease as skewness increased. The
average values (over all sample sizes) of R.P.(y) for example, were
0.86, 0.75, 0.71, and 0.67, respectively, across the four distributionms.

Also, the QRE procedure compared more favorably to the LMLE pro-
cedure in terms of the precision of the estimates of B and ¢ than in

terms of the estimates of y. Estimates of R.P. averaged 0.806 and 0.813
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Table 4.5. Empirical Relative Precision (R.P.) of Quantile Regression
Estimates to Local Maximum Likelihood Estimates
of 3PLN Parameters® ’

Sample Size
n R.P.(Y) R.P. () R.P.(0)

Distribution 1 (y = -10, u = 2.2976, 0 = .0998, skewness = 0.301)

99 0.8029 0.8871 0.8541
299 1.0371 0.9261 0.8282
499 1.0737 0.9370 0.8587
699 0.7196 0.8465 0.8962
899 0.7120 0.8533 0.8957

Distribution 2 (y = -3.1623, p = 1.1036, 0 = .3087, skewness = 0.980)

99 0.7535 0.8234 0.8331
299 0.6667 0.7518 - 0.7721 ¢
- 499 0.8039 0.8275 0.8313
699 0.6714 0.7458 0.8000
899 0.8316 0.8564 0.8733
Distribution 3 (y = -2, py = .5816, 0 = .4724, skewness = 1.625)
99 0.6098 0.7437 0.7875
299 0.6954 0.7570 0.7725
499 0.7910 0.8283 0.8268
699 0.6764 0.7359 0.7825 .
899 0.7877 0.8296 0.8502
Distribution & (y = -1.4142, p = .1438, 0 = .6368, skewness = 2.475)
99 0.6380 0.7556 - 0.7773
299 0.6530 0.7430 0.7464
499 0.7386 0.8112 0.7819
699 0.6173 0.6937 0.7394
899 0.6820 0.7640 0.7532

* Empirical relative precision of QRE procedure to IMLE procedure with
respect to estimates of a parameter 0 is defined as

s.d.(a)
R.P.(8) = LMIE

D E— ————
y

s.d.(G)QRE

where s.d. = standard deviation. .
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for p and 0, respectively, but only 0.748 for y (estimates taken over
all sample sizes and o-values).

Clearly, there is not a great sacrifice to be made in estimaﬁing
3PLN parameters from grouped, rather than raw data. Still, there is a
loss in efficiency of up to 40 percent. It is hoped that the informa-
tion in Table 4.5 will be helpful to those faced with the decision of
whether or not to condense large datasets.

Thus far, the QRE results have been compared only to IMLE results.
Since the Monte Carlo study presented here was patterned after that of
Cohen and Whitten, in which fourteen estimation methods (including LMLE)
were compared, it is sensible to compare the present QRE results with
the results of their thirteen alternatives to the LMLE procedure. The
mean-squared error criterion has already been used to make comparisons
among the methods presented in Cohen and Whitten (see Table 4.1). These

comparisons presented strong evidence for the superiority of the IMLE

procedure to the other thirteen in estimating the location parameter Y.

Now, the estimated mean-squared error (MSE) of the QRE procedure
will be computed and compared with those of Cohen and Whitten's methods.
To facilitate the interpretations of the results, the estimatéd MSE's of
the QRE and thirteen other procedures will be divided into the estimated
MSE of the LMLE procedure to form estimated indices of efficiency (EIE).
Thus, higher estimated indices of efficiency correspond to more
efficient estimation procedures according to the MSE criterion.

The results of the computations of the estimated indexes of ef-
ficiency are shown in Table 4.6. The denominator of each index was the
estimated MSE for Cohen and Whitten's IMLE results rather than for the

LMLE results from the present study. In this way, all estimates of MSE
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Table 4.6. Estimated Indexes of Efficiency (EIE) of QRE, ME, and 12
Modified Estimation Methods of Cohen and Whitten.

Distribution
Procedure* 1 2 3 4
QRE .22 1.15 .52 .50
ME .65 .37 .10 .04
MME-I1 .04 .17 .28 .42
MME-I2 .13 .13 47 A
MME-I3 .10 | .31 .38 .36
MME-II1 .08 1.12 .72 .79
MME-TI, .30 .86 .87 .69
MHE-113 .16 .03 .63 .51
MMI.E-I1 .08 .07 .17 .28
MMLE-12 .18 1.01 a -
MMLE-I3 .35 .96 - -
MMI.E-II1 .74 .65 .49 .58
MMLE-112 .35 1.02 - -
MMLE-II3 .35 .96 - -

* QRE: quantile regression estimation
ME: method of moments estimation
MME: modified method of moments estimation
MMLE: modified maximum likelihood estimation
~I_ or -II : first or second modification type using rth order
r r . o
statistic where r=1, 2, or, 3.
T a dash (-) signifies that the estimation algorithm converged
for fewer than 50% of the samples.
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used to compile Table 4.6 were associated with the same data base except
those computed from the QRE's. Thus, it should be understood that the
EIE's of Cohen and Whitten's 13 alternative methods can be compared
amongst each other with somewhat more control than is possible in
comparing them with the EIE's of the QRE procedure. It should also be
noted that in computing the EIE's of the QRE procedure, only results for
n=99 were used, since Cohen and Whitten's sample sizes were of this same
magnitude (n=100).

The estimates in Table 4.6 reveal that the efficiency of the QRE
procedure compares well in most instances to those of the thirteen other
methods. Over the four 3PLN distributions the estimated index for the
QRE procedure ranked seventh, first, fourth and fifth-best, respect-
ively. While these comparisons would be more meaningful had the QRE
results pertained to Cohen and Whitten's actual data, they still offer
strong evidence that the efficiency of the QRE procedure is comparable

to those of many alternatives to the LMLE procedure.
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4.2 Hill's (1963) Epidemic Data (3-Parameter Lognormal Distribution)

In Hill's (1963) paper, he showed that the conventional solutionm to
the likelihood equations of the 3-parameter lognormal distribution leads
to local rather than global maximum likelihood estimates. The global
meximum likelihood estimates of (y,Md,0) were shown to be (xl,-m,+m)
where Xy is the first sample order statistic. To avoid this unwanted
solution, Hill estimated the parameters using Bayesian techniques. The
data used by Hill have subsequently been used by other researchers in
applications of alternative estimation methods [Wingo (1975), Giesbrecht
and Kempﬁhorne (1976)].. In this section, Hill's data will be applied to
the QRE procedure and the results ~will. be compared to those of the
alternative methods used by others. These alternative methods were
reviewed in Chapter 2.

Hill's data are well-suited for quantile regression estimation
because they are grouped. The data consist of 310 observations on the
incubation period (rounded off to the nearest day) of inoculated small-
pox virus. The data are given in Table 4.7. The value of Y, if the
distribution were actually 3-parameter lognormal, was considered by Hill
to be -4, corresponding to the day of inoculation. 1In reality, y should
be somewhat greater than -4, since the onset of smallpox could not
possibly occur immediately upon inoculation.

Although the data are grouped, a more aggregated grouping at the

extremes seemed to be preferable for use in the QRE procedure. Four

sets of groupings were tried corresponding to the choice of 8, 9,
10, and 11 quantiles. These groupings are shown in Table 4.8. Note

that in each case the last observation (X = 19 days) was dropped from



Table 4.7. Hill's (1963) Data on Incubation Period of
Inoculated Smallpox

Observed Cumulative
Day (X) Frequency Frequency

-4
-3
-2
-1

0

1 2 2
2 6 8
3 17 25
4 77 102
5 96 198
6 73 271
7 22 1293
8 8 301
9 3 304
10 3 307
11

12 1 308
13 1 309
14
15

16

17

18

19 1 310




Table 4.8. Additional Groupings of Hill's Data into Quantiles

Cumulative Frequency

Day (X_.) 8 9 10 11
pi quantiles quantiles quantiles quantiles

1.5 2 2 2
2.5 : 8 8 8 8
3.5 25 s s 25
4.5 102 102 ‘ 102 102
5.5 198 198 198 198
6.5 271 271 271 271
7.5 293 293 293 293
8.5 301 301 301 301
9.5 304
10.5 307 307
11.5
12.5 308 308 308 308
13.5% 309 309 309 309

* This quantile corresponds to p, = 1.0 and was therefore

discarded from the regression.
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the data. The assumption was that such a large outlier would introduce
unwanted distortion into the estimation process. .

The results of applying the QRE procedure to each of the four
aggregated datasets are presented in the upper portion of Table 4.9.
This table gives the parameter estimates, and their asymptotic standard
errors as well as xz values and the probability of greater x2 values
corresponding to a goodness-of-fit test fﬁr 3-parameter lognormality.
The lower portion of Table 4.9 presents the estimates and goodness-of-
fit test results that apply to anal&ses of these data found elsewhere in
the literature.

. The algorithm described in Section 1 of Appendix B was used to:
perform the quantile regression estimation. Pseudo-moment estimates
(see Appendix B) were used as start values. The standard error esti-
mates were taken. as the square roots of the diagonal elements of the
estimated asymptotic co#ariance matrix A of the parameters. The

matrix A was computed according to

A= (EVIDT $2, (4.10)

where F is the estimated matrix of partial derivatives of the ?egression
equatioﬁ with respect to the parameters, V is the estimated covariance
matrix of the quantiles, and 52 is the variance of the regression
residuals.

The x2 value for the goodness-of-fit test was computed according to

Xe, = I - £pYE,] (4.11)

where k was the number of quantiles, fi was the observed frequency in

the ith grouping interval, and fi was the predicted frequency of the ith
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Table 4.9. Summary Statistics for Various 3PLN Estimations of Hill Data.*

Estimation Method Y 3] o x2 Prob>x2
QRE: 8 quantiles -2.09 " 1.96 .192 18.10 .0012
(4.11) (.589) (.113)
9 quantiles -4.02 2.20 .154 16.48 .0024
(6.31) (.706) (.109) o
10 quantiles -4.11 2.21 .152 16.41 .0025
(6.10) (.674) (.103)
11 quantiles -3.79 2.18 .159 16.79 .0021
(5.61) (.645) (.103)
Other Methods (using 8 quantiles)
"True" from Hill -4 2.20 .167 21.57 .0002
Bayesian IMLE from Hill -2.41 2.01 .204 23.03 .0001
Discrete MLE from ‘
Giesbrecht & Kempthorne -1.65 1.90 .222 21.75  .0002
IMLE via penalty function
from Wingo -2.45 2.01 .203 22.76 .0001

*Standard Errors in parentheses; all xz-values computed with respect to
8-quantile grouping.
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grouping interval according to the estimated parameters. In all of the
xz calculations of Table 4.9, k was set equal to eight, corresponding.to
the observed frequencies in the 8~quantile grouping.

The most striking information to be learned from Table 4.9 is that
Hill's data was almost certainly not lognormal! All procedures gave
fairly similar parameter estimates and xz values in the goodness-of-fit
tests. The QRE procedure using 10 quantiles gave the smallest x2 value.
However, even this value rejected the hypothesis of 3-parameter lognor-
mality at the .01 level of significance.

It is unfortunate that several researchers have used this data to

apply 3PLN estimation procedures. ~Still, the data do appear to come

from a distribution similarly shaped to the 3-parameter lognormal, and
for these data the QRE procedure certainly compared favorably to the
procedures espoused by Hill (Bayesian MLE), Wingo (MLE with penalty
function) and Giesbrecht and Kempthorne (discrete MLE). In fact, the x2
values corresponding to each set of QRE results were smaller than any of
those given by the various MLE procedures. Thus, the QRE procedure

would seem to be quite useful as long as it performed this well on data

that were truly 3PLN-distributed.



76

4.3 Monte Carlo Study II--Six S, Distributions from Johnson and Kotz
(1970)

In this section, the sampling behavior of quantile regression es-
timates of the parameters of the SB distribution is examined in com-
parison with that of local maximum likelihood estimates. The data
consisted of 100 independently generated random samples of size 299 from
each of six SB distributions.

Both th; QRE and LMLE procedures are most easily implemented condi-
tionally on fixed values of the range parameters, o and B. To estimate
all four parameters, a-grid search must be conducted in thé &, B plane. "
to find that pair (@, E) for which the global minimum (or maximum) of
the appropriate objective function occurs. The details of the QRE and
IMLE algorithms are given in Sections 3 and &4 of Appendix B,
respectively.

The six SB distributions investigated in this small Monte Carlo -
study were taken from Johnson and Kotz {1970, pp. 24-25]. Each distri-
bution is bounded belowAby zero and above by one, but the'six vary
considerably in skewness and kurtosis. The shape of the density
functions of each are plotted in Figure 4.3. The parameter values of

and 0 are given at the top of each plot.

The samples of size 299 were created by generating vectors of 299

independent standard normal values, z, and then forming SB-distributed
values, x, via the transformation

x = (a + By)/(1 +y), (4.12)
where

y = exp(p + 0z). (4.13)
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The sample size of 299 was decided upon after preliminary exploration
revealed that the estimation algorithms frequently could not converge
for smaller sample sizes (n=99) from the fourth and sixth of the six
distributionms.

In forming the quantiles, the following vector of quahtile points,

P, was used:
p = (.02, .08, .16, .26, .40, .60, .74, .84, .92, .98).

As in the case of the 3-parameter lognormal distribution, p was chosen

somewhat arbitrarily, but with the intent of capturing information near

the extremes of the data. In this case, however, p was chosen to’ be-

symmetric about .50, since three of the six distributions were sym-
metric.

The means and standard deviations of the SB parameter estimates
from the QRE and IMLE procedures are shown in Table 4.10. This table
also shows the true parameter values of each distribution and the number
of "runs" out of 100 for which the estimation algorithm converged. In
this study, the estimation was halted if the estimate of a fell below -2
or if the estimate of B rose above 3. Without imposing these ﬁounds the
estimates would occasionally diverge toward plus or minus infinity.

Inspection of Table 4.10 reveals that for most of the distribu-
tions, both estimation procedures were reasonably accurate and ﬁrecise.
Clearly, the QRE procedure was somewhat less precise than the LMLE
procedure, but in these cases fhe inferior precision did not lead to
less accurate mean estimates. Both procedures did appear to give signi-

ficantly biased estimates of O, however, for distributions 4 and 6. In

each case the true value of 0 was 0.5 while the estimates of O centered .
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Table 4.10. Means and Standard Deviations of S, Parameter Estimates
from IMLE and QRE Procedures

Method = LMLE Method = QRE
True Standard Standard
Parameter Value Mean Deviation Mean Deviation
Distribution 1
o 0 0.0014 .0028 -0.0016 .0150
8 1 1.0061 .0029 1.0012 .0120
M 0 -0.0404 .1096 0.0041 .1535
o] 2 1.9424 .0591 2.0236 L1643
(Runs = 100) (Runs = 100)
Distribution 2
o 0 0.0082 .0108 0.0003 .0326
B -1 - 0.9921 .0105 0.9973 L0301
d 0 0.0055 .0882 0.0139 .1380
g 1.4142 1.4631 0711 1.4610 .1606
(Runs = 100) (Runs = 100)
Distibution 3
o 0 -0.0009 .0013 -0.0021 .0069
B 1 0.9980 .0083 1.0032 .0318
H -1.066 1.0351 .1093 -1.0456 .1680
o 2 1.9614 .0581 2.0051 .1817
(Runs = 100) (Runs = 100)
Distribution 4
o 0 0.0254 .2388 0.0018 .2338
B 1 0.9736 .2377 0.9921 .2213
M 0 0.0007 .1656 0.0080 : .2186
(o] .5 0.5968 . 1455 0.5998 .1927
(Runs = 98) (Runs = 85)
Distribution 5
o 0 0.0069 .0109 -0.0036 .0284
B 1 0.9552 .0731 1.0331 .1983
M -1 -0.9527 .1167 -1.0046 ©.1994
o 1 1.0612 .0869 1.0198 .1729
(Runs = 100) - (Runs = 99)
Distribution 6
o 0 0.0368 .0733 0.0185 .1200
B 1 0.9290 L2115 0.9881 .3389
H -.5 -0.4461 .2067 =-0.4697 .2811
g .5 0.6063 .1304 0.6042 .1800

(Runs = 96) (Runs = 83)
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around 0.6. For all other parameters, though, the mean estimates were
very close to the true parameter values. The precision of both proce-
dures, especially that of the LMLE procedure, was remarkably good in the
first three distributions, but declined for the latter three (more
kurtotic) distributions. These subjective observations will now be
refined by a more detailed analysis of the results.

Table 4.11 provides further insight into evidence of bias from each
procedure. This table lists, for each procedure and each distribution,
the mean parameter estimates, the value of the t-statistic corresponding
to a test for unbiasedness and the probability of obtaining a greater
absolute value of t. As expected, the procedures were significantly .
biased in the estimation of 0 in distributions 4 and 6. But whereas
there was little evidence of significant bias among the remaining quan-
tile regression estimates, there was very strong evidence of bias in the
majority of the remaining local maximum likelihood_estimates. Since the
degree of bias in the remaining IMLE's was small, this statistical
significance only indicates that the estimation procedure is precise
enough to detect a small bias for sample sizes of 299. The QRE's did
not appear to be much more accurate than the IMLE's, but theirlvariances
were usually too large to render these inaccuracies statistically
significant.

Since the results show no evidence that one procedure is more
accurate than the other, the precision of the QRE procedure relative to
the IMLE procedure would seem to serve as a valid criterion for evalu-
ating the relative merits of the two procedures. Estimates of the
relative precision associated with estimates of each of the four S

B
parameters are given in Table 4.12.
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Table 4.11. Tests for Bias in S, Parameter Estimates from LMLE and QRE
Q Procedures (Sample Size = 299)

Method = IMLE Method = QRE
True Mean v Mean
Parameter Value Estimate t Prob>ltl Estimate t Prob>|t|

Distribution 1

a 0 0.0014 5.13 <.0001 =-0.0016 -1.07 .2831

B 1 1.0061 20.78 <.0001 =-1.0012 0.99 .3216

H 0 -0.0404 -3.69 .0002 0.0041 0.27 .7870

g 2 1.9424 -9.75 <.0001 2.0236 1.44 .1510

Distribution 2 v

'ba 0 0.0082 7.61 <.0001 0.0003 0.10 .9203

B 1 0.9921 -7.58 <.0001 0.9973 -0.89 .3755

v 0 0.0055 0.62 .5355 0.0139 1.01 .3149

o 1.414 1.4631 6.88 <.0001 1.4610 2.91 .0036
Distribution 3

o 0 ~0.0009 -6.86 <.0001 -0.0021 =-3.01 .0026

B 1 0.9980 -2.42 .0151 1.0032 1.01 .3145

‘ 7| ~-1.066 -1.0351 2.83 .0047 ~1.0456 1.21 .2245

i 4] 2 1.9614 -6.63 <.0001 2.0051 0.28 .7798
Distribution 4

a 0 0.0254 1.05  .2930 0.0018  0.07 .9435

B 1 0.9736 -1.12 .2637 0.9921 -0.33 . 7434

v 0 0.0007 0.04 .9668 0.0080 0.34 .7348

a .5 0.5968 6.59 <.0001 0.5998 4.77 <.0001
Distribution 5

a 0 0.0069 6.30 <.0001 -0.0036 ~-1.25 .2114

B 1 0.9552 -6.13 <.0001 1.0331 1.66 .0965

H -1 -0.9527 4.06 <.0001 -1.0046 -0.23 .8201

o 1 1.0612 7.05 <.0001 1.0198 1.14 .2546
Distribution 6

a 0 0.0368 4.92 <.0001 0.0185 1.41 .1598

g 1 0.9290 -3.29 .0010 0.9881 -0.32 . 7490

u -.5 -0.4461 2.56 .0106 <-0.4697 0.98 .3260

. o .5 0.6063 7.99 <.0001 0.6042 5.27 <.0001




Table 4.12. Estimated Relative Precision of QRE's to IMLE's for
Six S, Distributions*

B
Parameter
Distribution

ID o B V] o

1 0.187 0.244 0.714 - 0.360
2 0.332 0.347 0.639 0.443
3 0.183 0.261 0.651 0.320
4 1.021 1.056 0.757 0.755
5 0.384 0.369 0.585 0.503
6 0.610 0.624 0.735 0.724

* Estimated relative precision of QRE procedure to IMLE proce-
dure with respect to estimates of a parameter 8 is defined as

s.d.(a)LMLE

R.P.(8) = — 7=

s.d.(B)QRE

where s.d. = standard deviation.
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The relative precision (R.P.) estimates in Table 4.12 vary consi-
derably across the four parameters and down the six distributions. Some
patterns do exist, however. First, down the distributions, the relative
precision varied most for o and B, and least for p. Second, for a given
distribution, the relative precision was usually lowest for a and f and
highest for pg. Finally, the precision of the QRE procedure was closer
to that of the IMLE procedure when the kurtosis parameter O was small.

\
Since smaller values of O also corresponded to poorer precision in both
procedures, there was a negative c;rrelation between the precision'and
the relative precision of the quantile regression estimates.

For distributions that could be estimated more precisely (i.e.,
when O was high) the QRE procedure had poor relative precision, some-
times as low as 18 percent. Yet, since this low relative precision
corresponded with high absolute precision, it may be said that the QRE
procedure performed well, but the IMLE procedure performed extra-

ordinarily well.
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4.4 1960-1972 U.S. Family Income Data~-Income Distribution Proposed by ‘
Singh and Maddala (1976)

The income distribution proposed by Singh and Maddala (1976) was

presented in Section 4 of Chapter 3. The distribution function was

given as
Fx) =1-(1+ax™™%, x>0, a>0,c>o0. (4.1)

Upon differentiation of the above function, the density function was

found to be
£,x) = [abe xP V] / (1 + ax?) eV, (4.2)
Finally the quantile regression equation was derived as

a1 -p )™ - 1™ 4w, (4.3)

bd
]

where a* = 1/a, b* = 1/b, and c* = I/c.

In their 1976 paper, Singh and Maddala estimated the parameters of
this distribution by employing the Davidon-Fletcher-Powell aigorithm in
a nonlinear regression program to minimize the quantity

k b 2 )
2 {1lmn[1 - F(xpi)] + ¢ 1n(1 + axpi)} (4.4)

i=1
This estimation procedure ignores the fact that the xpi are correlated
and heteroskedastic. Thus, the resuits given by this procedure are not |
expected to be as efficient as those obtainable via the QRE procedure.
The purpose of the following analysis is to compare the performance of .
the QRE procedure [and also its unweighted (ordinary QRE) counterpart]

with that of the procedure used by Singh and Maddala [Eq. (4.4)].
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The income data used in this analysis are shown in Table 4.13.
Notice that as nominal incomes rise, the number of income classes
gradually increases from eleven in 1960-1967 to twelve in 1968-1970 to
thirteen in 1971 and finally to fourteen in 1972. While the datar were
taken from the sources referenced by Singh and Maddala, there is no
guarantee that the numbers given in Table 4.13 are identical to those
used by Singh and Maddala. A telephone‘ conversation with Professor
Maddala revealed that it would be virtually impossible to recover the
exact data used in his article. | |

The first analysis performed on the data in Table 4.13 comsisted of
an attempt to duplicate. Singh and Maddala's results by estimating-
Eq. (4.4) using Marquardt's algorithm in the NLIN procedure of SAS. In
the process of doing so, it was deduced that Singh and Maddala must have
scaled their data by dividing each income by the median income for that
year. This deduction was verified by the finding that the parameter
estimates given in Singh and Maddala's paper predicted a median income
very near to 1.0 for each of the thirteen years.

The results of the estimation of Eq. (4.4) together with those
given in Singh and Maddala's paper are shown in Table £;.14. The
estimates for each year are accompanied by a xZ goodness-of-fit sta-

tistic corresponding to the quantity

2 2\2,2
= 2[(£.-£.)7/£,
Ximgq = ZL(EG-£)7/E,]
where fj and fj are the observed and predicted frequencies, respect- '
ively, of the jth income class. For all xz calculations, frequencies

were predicted for the eleven income intervals given in Table 4.13 that
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Table 4.13. 1960-1972 U.S. Family Income Data* (Table entries are
number of families in corresponding income range.)

»

o

Year
Income Range 1960 1961 1962 1963 1964 1965 1966 1967
0- 999 2285 2316 1950 1791 1532 1459 1149 1031
1000~ 1999 3613 3573 3469 3250 2988 2956 2635 2189
2000~ 2999 3970 4037 3901 3792 3864 3583 3197 2981
3000~ 3999 4456 4387 4325 4142 4001 3806 3341 3155
4000- 4999 4773 4845 4669 4287 4113 3883 3474 3243
5000~ 5999 5839 5439 5424 5253 4738 4502 4108 3879
6000- 6999 4889 4714 5100 - 4844 4714 4477 4574 4145
7000~ 7999 3973 4231 4023 4300 4458 4683 4542 4414
8000- 9999 5135 5375 5804 6335 6635 6952 7408 7661
10000-14999 4795 5219 6019 6857 7761 8342 10008 11147
>15000 1707 2205 2314 2585 3031 3636 4486 5989
Total 45435 46431 46998 47436 47835 48279 48922 49834
Median 5620 5737 5956 6249 6569 6957 7532 7933
Year Year Year
Income Range 1968 1969 1970 Income Range 1971 Income Range 1972
0- 999 909 804 829 0- 999 784 0- 999 683.
1000- 1999 1717 1600 1535 1000- 1999 1339 1000- 1999 1183
2000- 2999 2756 2371 2237 2000~ 2999 2242 2000~ 2999 2018
3000~ 3999 3081 2705 2613 3000~ 3999 2574 3000- 3999 2494
4000- 4999 3031 2752 2728 4000~ 4999 2888 4000~ 4999 2670
5000- 5999 3485 3033 3026 5000- 5999 3027 5000~-5999 2735
6000- 6999 3839 3281 3122 6000- 6999 2955 6000~ 6999 2828
7000~ 7999 4142 3726 3294 7000~ 7999 3327 7000~ 7999 -3030
8000~ 9999 7678 7389 7054 8000- 9999 6560 8000~ 9999 6063
10000-14999 12625 13682 13925 10000-11999 6686  10000-11999 6245
15000-24999 6112 8005 9193 12000-14999 7674  12000-14999 7947
>25000 1313 1889 2392 15000~-24999 10399 15000-19999 8597
>25000 2841  20000-24999 3899
Total 50510 51237 51948 >25000 3982
Total 53296
Median 8632 9433 9867 Total 54373
: Median 10285 ¥
Median 10650
* Source: U.S. Bureau of the Census Current Population Reports, Series

P-60 and P-20, 1960-1972.

T

Projection, no data available.
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Table 4.14. Parameter Estimates of Income Distribution of
Singh and Maddala Obtained from Singh and Maddala's
Estimation Procedure

Parameter Estimates
b _ | 2t

Year a

1. Results Reported in Singh and Maddala's Article

1960 .2931 1.992 2.803 1798
1961 .2735 1.972 3.009 1620
1962 .3079 2.063 2.609 1635
1963 .3084 2.051 2.597 1557
1964 3184 2.080 “2.550 - - 1332°
1965 .3082 2.127 2.624 1926
1966 .3109 2.197 2.558 2167
1967 .3120 2.012 _ 2.552 1035
1968 .3071 2.111 2.712 953
1969 .3101 2.131 2.611 1225
1970 .3102 2.121 " 2.546 1428
1971 .3125 2.139 2.544 1448
1972 .3070 2.064 2.538 846
. 2. Results Obtained in Present Estimation
1960 .3385 2.130 2.459 2603
1961 .3578 2.081 2.364 2280
1962 .2760 2.023 2.942 1363
1963 .2037 1.961 3.846 . 1036
1964 .1515 1.899 5.059 565
1965 .1568 1.899 5.027 511
1966 .0848 1.882 8.862 572
1967 .0701 1.872 10.204 414
1968 .3928 2.261 2.181 1686
1969 .3228 2.144 2.576 1241
1970 .2715 2.033 2.997 875
1971 .2134 1.946 3.719 514
1972 .1863 1.927 3.894% 397
T

All xz values are significant at the .01 percent level indicating
that the assumed functional form of the income distribution was at
best a useful approximation to the true distribution.
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correspond to the year; 1960-1967. Therefore, there are seven degrees
of freedom associated with each x2 statistic.

Notice that for each year, the results obtained here differ from
those reported by Singh and Maddala. Also note that for nine of the
thirteen years, the estimates obtained here provided a better fit to the
data than did those given in Singh and Maddala's paper. This suggests
that either Singh and Maddala's data differed somewhat from that
presented in Table 4.13, or that Singh and Maddala modified their
estimation procedure somewhat, perﬁaps to enable themselves to obtain
estimates that remained relatively stable across years. That the latter
may have been done is- suggested by the much smaller across-year vari-
atioﬁ in their parameter estimates relative to those obtained here. The
computed x2 statistics in all cases were very highly significant,
indicating that U.S. family income is not distributed according to this
distribution. However, as Singh and Maddala point out, this distribu-
tion does provide a better fit to the data than do either of the Pareto
or lognormal distributions, and thus represents an improvement over
these two commonly assumed distributional forms.

Next, the QRE procedure [Eq. (4.3)] was applied to the &ata using
both iteratively reweighted, and ordinary nonlinear least squares. For
each year, the dependent variables in the regression, Xpi’ consiéted of
the upper endpoints. of the income classes listed in Table 4.13 nor-
malized by the median income for that vyear. The '"independent"

variables, p;, were computed as
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where N was the total.number of families in -the population and £, was
the number of families falling in the jth income class. The number of
observations in each year's regression was one less than the number of
available income classes since no quantile point could be obtained for
the last class. A Gauss-Newton algorithm similar to that documented in
Section 1 of Appendix B was used to perform the iteratively reweighted
nonlinear least-squares (IRNLS) regressions. " The parameter estimates
and x2 statistics from each group of regressions are presented in
Table 4.15. |

For two of the years of data, 1966 and 1967, the IRNLS failed to
converge. For these two years, i converged toward zero while & ‘was
diverging toward infinity. Inspection of the data in Table 4.13 and the
estimation results in Table 4.15 reveals‘ that there is a positive
correlation between the magnitude of ¢ and the proportion of the popu-
lation in the highest income group. Since this proportion was largest
in 1966 and 1967, it may be that the IRNLS algorithm failed for reasons
relating to the excessive size of this omitted group.

The correlation between the size of € aﬁd the portion of families
in the highest income class is disturbing because the class goundaries
were defined arbitrarily, and therefore should not be related to the
form of the distribution. A possiblé explanation for the apparent
relationship is that there might exist paths in the (a,c) plane
approaching the point (0,») along which the shape of the distribution
changes very little. Perhaps, when no quantile points are available
near the upper end of the distribution, the fit tends to be better at a

point further down one of the paths.
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Table 4.15. Parameter Estimates of Income Distribution of Singh and
Maddala Obtained from Weighted and Ordinary QRE Procedures

Parameter Estimates

Year a b c sz

1. Weighted QRE Procedure

1960 .0623 1.720 12.155 1034
1961 .0809 1.695 9.382 870
1962 .0815 1.733 9.187 624
1963 .0456 1.714 16.072 505
1964 .0364 1.718 20.033 315
~1965 ‘ : <0253 ' "1.704 '29.377 418
1966 -- -- -- --
1967 -- - -- --
1968 .1275 1.904 5.983 393
1969 .1297 1.874 5.877 451
1970 .1191 1.822 6.360 372
1971 .1184 1.813 6.416 299 :
1972 .0896 1.788 7.724 184
2. Ordinary (Unweighted) QRE Procedure .
1960 .1996 1.870 4,072 1252
1961 .2120 1.833 3.815 1069
1962 .1626 1.827 4.815 717
1963 .0985 1.780 7.621 554
1964 .0652 1.757 11.294 . 330
1965 L0476 1.736 15.671 430
1966 -- - - -
1967 -~ -- -- -
1968 .2631 2.017 3.114 711
1969 .1954 1.928 4.025 590
1970 .1594 1.857 4.832 447
1971 .1396 1.830 5.488 330
1972 .1065 1.804 6.556 200

T All x2 values are significant at the .01 percent level indicating
that the assumed functional form of the income distribution was at
best a useful approximation to the true distribution.
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To summarize, the.QRE procedure seems to work very well as long as
the objective of estimating this income distribution is to approximate
the shape of the distribution rather than to obtain precise estimates of
the individual parameters. In e?ery year for which estimates could be
obtained, the x2 statistics for the QRE's were smaller than those
obtained using Singh and Maddala's estimation procedure. Furthermore,
the x? values corresponding to the weightéd QRE's were always smaller
than those corresponding to thevordinary (unweighted) QRE's.

In future applications of the.QRE procedure, it would seem impor-
tant that the investigator try to obtain quantile points within the
extreme deciles of the distribution. "In the present analysis, diffi--
culties in obtaining estimates arose when 9.1 percent and 12.0 percent
of the population, respectively, fell in the final income group. For
the eleven years in which estimates could be obtained, this uppermost

income group numbered less than 8 percent of the population.
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4.5 Monte Carlo Study III--Application of Conditiomal QRE and Ordinary ‘
QRE Procedures to the Four 3-Parameter Lognormal Distributions of
Cohen and Whitten

In Section 3.5, the conditional quantile regression estimation
(CQRE) procedure was introduced as a possible alternative to the
unconditional, or weighted QRE procedure ‘:;sutlined in Section 3.1. The
usefulness of the CQRE procedure will depend heavily on how the sampling
characteristics of its estimates c;ampare with those of the weighted QRE
procedure. Also, since the CQRE is especially recommended when weighted
least squares is deemed undesirable, it is important to compare the
properties of unweighted (or ordinary) CQRE's with those of ordinary
quantile regression estimates (OQRE's).

The Monte Carlo study of this section examines the sampling
behavior of conditional QRE's and ordinary QRE's. Each procedure was
applied to the same 3PLN samples used :i.ﬁ the Monte Carlo study of ‘
Section 4.1. Recall that the data are generated samples of size
99, 299, 499, 699, and 899 from each of four 3PLN distributions.
Details of the data generation are given in Section 4.1. |

The CQRE results are summarized in Table 4.16. This table presents
the means and standard deviations of the CQRE parameter estimates and
. the number of samples (Runs) for which the estimation algorithm con-
verged. In comparing these results with the ILMLE and QRE results of
Tables 4.2 and 4.3, it is found that the CQRE's for these samples are
more biased and are estimated less precisely than either the IMLE's or
the QRE's. For distributions 2 through 4 the bias of § was always

negative and ranged between three and twenty percent of the true value .
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Table 4.16. Means and Standard Deviations of 3PLN Parameter Estimates
Using Conditional QRE Procedure

Mean Standard Deviation

Sample Size ;
n Y H (o] Y H ag Runs

Distribution 1 (y = -10, g = 2.2976, 0 = .0998, skewness = 0.301)

99 -9.482 2.009 .1675 7.491 .6552 .0986 76
299 -12.094 2.291 .1182 8.881 .5984  .0620 87
499 -11.269 2.298 .1115 6.052 L4737 .0488 88
699 - =11.410 2.323 .1064 ~ 6.163 L4410 L0416 94
899 -12.858 2.439 .0938 7.458 .4395 .0359 99

Distribution 2 (y = -3.1623, p = 1.1036, 0 = .3087, skewness = 0.980)

99 -3.754 1.129 .3472 2.1376  .5287 .1640 98
299 - =3.459 1.144 .3110 - 1.1052  .3199 .0967 100
499 -3.454 1.159 .3032 .9356 .2711 .0804 100
699 -3.309 1.129 .3072 .6811 .2081 .0623 100
899 -3.341 1.150 .2967 .4803 .1575 .0480 100

Distribution 3 (y = -2, g = .5816, 0 = .4724, skewness = 1.625)

99 -2.244 .5701 .5179 .9067 .5027 .2158 100
299 -2.102 .5965 .4765 L4413 .2782 .1240 100
499 =2.121 .6220 - 4645 .3959 .2343 :1029 100
699 -2.057 .5975 .4701 .2832  .1739 .0780 100
899 -2.082 .6206 .4561 .2158 .1382 .0614 100

Distribution & (y = -1.4142, p = .1438, 0 = .6368, skewness = 2.475)

99 -1.539 .0710 .6974 .4397 .5783 .2749 100
299 -1.469 .1365 L6442 . 2443 .3111 .1586 100
499 -1.485 .1762 .6269 .2245 .2546 .1308 100
699 -1.446 .1540 .6341 .1589 .1841 .0979 100

899 -1.462 .1813 .6161 .1246 .1513 .0784 100
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of y. The precision o.f the parameter estimates for these three distri-
butions was usually only about half that of estimates given by the QRE
procedure. For Distribution 1, the bias and precision of the parameter
estimates was not perceptibly different among the CQRE, IMLE and QRE
procedures. However, in only 76 samples out of 100 could the CQRE
procedure converge when the sample size was 99. The IMLE and QRE
procedures converged more often (99 and 83 times, respectively) for
these samples.

The CQRE procedure might still‘ be of some value if it could provide

estimates superior to those given by the OQRE procedure. Ordinary

quantile regression estimation would be an obvious alternative whenever

the weighted QRE procedure failed to converge. Therefore, it is
important to determine which estimates are second best, CQRE's or
OQRE's.

The OQRE results are summarized in Table 4.17. For Distributions
2-4, the OQRE's for all three parameters were always more accurate and
more precise than were the CQRE's. This pattern was less pronounced for
Distribution 1, but was still somewhat evident. As an interesting
aside, comparisons of the OQRE's with the weighted QRE's of I'I‘ables 4.2
and 4.3 reveal strong evidence for the superiority of the weighted
results in both accuracy and precision.

Therefore, the results of this Monte Carlo study lead to the
recommendation that the CQRE procedure not be applied to samples from
distributions similar to the four 3PLN distributions studied by Cohen
and Whitten. If the conditioning of the covariance matrix or other
considerations preclude the use of weighted QRE, then ordinary

(unweighted) QRE should be attempted rather than conditional QRE.
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Table 4.17. Means and Standard Deviations of 3PLN Parameter Estimates
Using Ordinary QRE Procedure

Mean Standard Deviation

Sample Size
n Y H o Y Y] o4 Runs

Distribution 1 (y = -10, g = 2.2976, 0 = .0998, skewness = 0.301)

99 -9.502 2.0238 .1589 7.877 .6161 .0802 77
299 -12.490 2.3385 .1115 8.668 .5787 .0564 89
499 -12.146 ~ 2.3614  .1047 7.408 .4828 .0441 95
699 -11.286 = 2.3274 .1045 © 5.535 .4066°  .0367 . 96
899 -12.136 2.4101 .0950 5.771 .3834  .0323 100

Distribution 2 (y = -3.1623, u = 1.1036, 0 = .3087, skewness = 0.980)

99 -3.5039 1.1136 .3409 1.7132 .4188 .1281 99
299 -3.3977 1.1442  .3075 .8915 .2656 .0788 100
499 -3.3363 1.1398 .3060 .6521  .2021 .0619 100
699 -3.2616 1.1211 .3080 .5519  .1695 .0503 100
899 -3.3010 1.1409 .2994 .3891 .1296 .0386 100

Distribution 3 (y = -2, g = .5816, 0 = .4724, skewness = 1.625)

99 -2.1127 .5780 5110 , .6767 .3480 .1608 100
299 -2.0880 .6056 L4714 .3615 .2119 .0956 100
499 -2.0763 .6118 L4677 .2862 .1659 .0763 100
699 -2.0371 .5938 L4710 .2233 .1317 .0602 100
899 -2.0660 .6142  .4593 .1716  .1062 .0468 100

Distribution 4 (y = -1.4142, 4 = .1438, 0 = .6368, skewness = 2.475)

99 -1.4623 .1266 .6842 .3370 .3360 .1966 100
299 -1.4542 .1611 .6360 .1997 .2063 .1165 100
499 -1.4593 .1733 .6300 .1643 .1632 .0938 100
699 -1.4347 .1546 .6346 .1224  ,1256 .0728 100

899 f1.4538 .1762 .6197 .0977 . 1044 .0572 100
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CHAPTER 5

SUMMARY AND CONCLUSIONS -

The quantile regression estimation (QRE) procedure has been de-
veloped principally as a means of estimating the parameters of the
3-parameter lognormal (3PLN) and related distributions such as the
3-parameter log equicorrelated -normal (3PLEN) and S]3 distributions.
Parameters are estimated by regressing sample quantiles on their
asymptotic expected values using' iteratively reweighted (often non-
linear) least squares (IRLS) techniques. Since the data requirements
are minimal (say, on the order of ten sample quantiles),‘the procedure
is especially useful for preliminary analyses on large datasets that
have yet to be keypunched, or for analyses of data that are only
available in a condensed form. IRLS is necessary because the form of
the asymptotic covariance matrix of the regression residuals depends
upon the values of the unknown parameﬁers.

The asymptotic means and variances of the quantiles can be obtained
as long as the moments of the quantiles converge to the population
moments of their limiting multivariate normal distribution. For the
3PLN and 3PLEN distributions, the asymptotic expectations of the sample
quantiles were expressed in terms of the asymptotic moment generating
functions of corresponding standard normal quantiles, which posses the
necessary convergence properties. The SB quantiles were espressed
directly in terms of standard normal quantiles, which also exhibit
moment convergence.

A more general application of the QRE procedure pertains to random
variables whose inverse distribution functions (F-l) are expressible in

closed form. Provided moment convergence holds for quantiles from these
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distributions, the QRE procedure applies straightforwardly since the
asymptotic expectations of the quantiles are directly obtainable from
F-l. In a recent application, Koutrouvelis (1981) independently derived
the straightforward version of the QRE procedure for use in estimating
the 2-parameter Pareto distribution.

Ultimately, judgements of the value of the QRE procedure must be
based on the accuracy and precision of thé estimates it produces. In
Chapter 4 of this thesis, the sampling properties of QRE's from four
3-parameter lognormal and six Sg distributions were examined and
compared to those of estimates from the local maximum likelihood
estimation (LMLE) procedure.‘ In ‘these Monte éarlo stl'ldies IMLE's were
obtained using whole samples, while of course, QRE's were derived using
selected sample quantiles.

The results showed that the QRE procedure pe‘rformed well. For
moderately and heavily skewed 3-parameter lognormal distributions using
sample sizes of 99 and greater, the estimated bias of the QRE's was
small (less than 10 percent), and the relative precision of the QRE's to

the IMIE's was never less than 60 percent. Among the six S_ distri-

B
butions, the QRE's showed little bias except in estimating th; kurtosis
parameter O when kurtosis was fairly high. The relative precision of
the QRE's to the LMLE's varied substantially among the six distributions
and four parameters, ranging from >18 to 106 percent. Fortunately, the
low relative precisions corresponded to instances where the absolute
precision of the QRE's was very high.

Twice in this thesis, the QRE procedure was applied to real-world

grouped data. The 3-parameter lognormal distribution was estimated

using data from Hill (1963) and the income distribution of Singh and
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Maddala (1976) was estimated using 1960-1972 U.S. family income data.

For each of these applications the estimates -from the QRE procedure
provided a superior fit to the data according to the xz-criteria than
did estimates from alternative estimation procedures reported im the
literature.

Amongst the various applications, the iteratively reweighted
nonlinear least squares algorithm converged most of the time. In the
3PLN Monte Carlo studies, convergence was attained nearly always for
samples of size 299 or greater. l;or samples of size 99, the algorithm
failed to converge for 17 of 100 samples from the least skewed‘o;f:"the
four distributioﬁs, but 1t convergéd in 299 of 300 samples from the
three more skewed distributions. In the SB Monte Carlo study, where all
sample sizes were 299, convergence was a Slight problem for two of the
six distributions. In a preliminary analysis that used sample sizes of
99, the algorithm frequently failed to converge. It should be noted
that these two "problem" SB distributions were noticeably bell-shaped,
whereas the remaining four had shapes that intersected the X-axis at a
more severe angle.

In the applications to real data, convergence was attainled for the
Hill data and for eleven of the thirteen years of U.S. family income
data. The two years for which convergence failed had larger proportions
of families in the highest income category than did the other eleven
years, suggesting that the procedure performs best when the uppermost
quantile point is close to 1.0.

A conditional version of the QRE procedure was also developed in
this thesis as an alternative means of estimating the 3~parameter

lognormal distribution. The conditional version has the advantage of
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not requiring iteratively reweighted least- squares in the estimation
since much of the correlation among the quantiles is accounted for in
the regression equation itself. Unfortunately, thé results of this
procedure were quite poor in comparison with the unconditional QRE
results and even in comparison with unweighted unconditional QRE
results.

Finally, a Monte Carlo study was conducted to examine how quickly
the moment generating functions of standard normal quantiles, and
equivalently, the moments of 3PLN éuantiles converge to their asymptotic
expected values. VWhile the rate of convergence depends on both the
quantile‘point, P, and the value of the .3PLN shape parameter, o, it was
found that on the whole, agreement.between the actual and asymptotic
moments of the quantiles was good for sémple sizes of 59 or greater.
Convergence was found to be fastest when p was near 0.5 and when O was
small.

In conclusion, the QRE procedure appears to be a valuable method of
estimation to use on quantile data from a large class of distributions.
The application is particularly attractive for the 3-parameter lognormal
and SB distributions, for which the regression equatio;s may be
expressed in terms of moment generating functions and expectations of
standard normal quantiles, respectively, each of which have well-behaved
asymptotic properties. When ungrouped samples are available from these
distributions, local maximum likelihood estimation will tend to yield
more precise estimates, and is therefore recommended over the QRE
procedure unless data reduction (selection of quantiles) is desired for
other reasons. Further work on the determination of optimal quantile
spacings for condensing data might lead to significant improvements in

the precision of quantile regression estimates.
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APPENDIX A: MAXIMUM LIKELIHOOD ESTIMATION IN THE 3-PARAMETER LOGNORMAL

AND SB DISTRIBUTIONS

The 3-parameter lognormal (3PLN) distribution with parameters Y, M
and o and the SB distribution with parameters a, B, 4 and O are closely
related in that each may be readily transformed to the normal (p, 02)
distribution. Indeed, X has the 3PLN distribution if In(X - y) ~
N(u, 02) and X has the Sp distribution if 1a[(X - a)/(B - X)] ~
N(p, 02). Therefore, it comes as no surprise to find that the same
- peculiarities that Hill (1963) discovered -in 3PLN- maximum likelihood
estimation (see Chapter 2) also arise in S maximum likelihood

B
estimation.

In this appendix Hill's proof that there exists a path in the
Parameter space along which the likelihood function of any ordered
sample Xys eees X from the 3PLN distribution approaches +®= will be
presented followed by an analogous proof for the SB distribution. In
the second proof it will be shown that paths exist in the SB parameter
space along which the likelihood function approaches +® as either
a > x,, or B> X Fortunately, unless either skewness is near zero or
the sample size is very small, the likelihood functions from 3PLN and SB
samples usually have just one local maximum. The parameter estimates
corresponding to this local maximum are called local maximum likelihood
estimates. As the results of estimation in Section 4.1 of this thesis
suggest, there is no reason to treat these local maximum likelihood

estimates any differently than maximum likelihood estimates are normally

treated.
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Maximum Likelihood Estimation in the 3-Parameter Lognormal Distribution

Let 1In(X - y) ~ N(p, 02). The likelihood function of n independent

observations from this distribution is

2 2
L(xys---5% 5Y,14,07) = L(y,u,0%)

(A.2)

= (210®) ™ 2n0x, - 1 lexp- (17205 [1ax, - ) - 2. (A1)
Defining
Ay = n'IZln(xi-Y)
and
% (n) = a7 '5llaGx; - V) - AN

it is easily seen that
¥ (y) = sup L(Y,h,0) = [6(1]1 7"z, - v .
2
H,O

It will now be shown that

lim L**(y) = +oo,
Y*xl
Proof:
§%(y) = n-lz[ln(xi -y - a2
< n-IZlnz(xi -Y)
< 1n2(x1 - Y), for y sufficiently near x
Hence,
s A - -1
Le(y) = BT (x, - )
-n -1
2 |1n(x1 - Y)| M, -y

1

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)
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for Y near x.. Let x. - y = €(y). Then

o ®
I (y) > | 1ne(y) | e nrey), (4.8)
where
o -1
Ky) = 1 (=, - v) ~.
i=2

The right hand side of Eq. (A.8) approaches infinity as ¢ approaches

zero. Indeed, ignoring the constant term K(y) and noting that

llns(y)' = -1ne(y)' for 0 < e(y) <1, _ _ A.9)

permits the limit to be written as

Lin | 1lae(y) | e7Hy) = linl£G)/e0], (A.10)
e(y)~»0 x>0

where x = e(y), f(x) = x-l, and g(x) = [-lnL(x)]n. L'Hospital's Rule may ’

be used to evaluate the limit in Eq. (A.10):

lim [£(x)/g(x)] = lim [f%(x)/g"(x)] , (A.11)

x>0 x>0

lim [1/(n!x)] = + o,

where fn(x) and gn(x) refer to the nth derivatives of f(x) and g(x),
respectively.

By applying the result in Eq. (A.11) to Eq. (A.8) it is clear that
L**(y) approaches +®» as y approaches x.. Note from Eqs. (A.2) and (A.3)

1
that if y = x,, then {i(y) = -» and §(y) = +e.
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Maximum Likelihood Estimation in the S_ Distribution -

Let In[(X - a)/(B - X)] ~ N(u, 02). The density function of X is

then

£,(0) = (2m09) 3B - ) [(x - @)(B - x)] " (4.12)

x exp-(1/209)1n{[(x -~ )/ (B - x)] - w2,

and for n independent observations ordered as x cees X the likelihood

1’

function is

L(a,B,u,oz)
—n/2 - nrl - - - 1
(B - a) [(xi a)(B xi)] (A.13)

x exp-(1/20") X 1a{[(x; - @)/ (B - x] - ui®.

2
L(xl’ . )xn; Q,B,'J,a )

(~27th2 )

Defining
ACa,B) = 0" X al(x; - @)/(B - x,)] (A.14)
and
6%(@,p) = a7 I {lal(x; - @)/(B - x)] - Ble,P}? (a.15)
it is seen that
L¥*(q,B) = susz(a,s,p,oz) (4.15)
M,O

(30,17 1 [(x; - (B - x)]17".
It will now be shown that

lim L**(a,B) = += (A.16)

(!"Xl
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and

a
B
=
9
3
7~
2
W
e’
H
§

(A.17)

Proof:

Case 1: aq=»x

&% (o,8) = 27" S{lal(x, - /(B - x)] - fe,BIE (A.18)
<ot 2a?(Gx; - ¥)/(B - x)]
< 10?[Gxy - @/ - ] 2 o(x, - @)
for o sufficiently close to X Hence,
L (0,8) = [8(a,)]™ 1 [(x; - ) (B - x]7" (4.19)
>|1nGxy - @) | W [(x; - 03B - x)]7?

for ¢ pear X, - Let X, —a= e(a). Then

L**(a,B) > | 1ne(a) I e o) - xl)'lK(a), (A.ZO).
where

n
K(@) =T [(x; - a)(B - x)]7".
i=2
Clearly the limit of the right-hand side of Eq. (A.20) as a>x, is equi-

valent to the limit of the right-hand side of Eq. (A.8) as X, . Since

this limit is +®, Eq. (A.16) has been proven. Note that if a = x,, then
f(a,B) = - and 6(a,B) = +» for all x <B<e
Case 2: B+xn
8% (a,p) = 0! 3 {Inl(x; - @)/(B - x)] - fi(a,B)} 2 o
LD S (CREIVICRER)
< 1*[x, - @)/ - %] 2 10%(p - x)
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for B sufficiently close to X - Hence,

Li*(a,8) = [6(a,)] " 1 [(x; - a)(B - x)]7F (4.22)

lln(B - xn)' o [(xi -a)(B - Xi)]-l

v

for B near X - Let B - X = €(B). Then

L+ (0,B) > | 1ae(8) | o - x )T (BIK(R), (4.23)
where
n-1 -1
K(B) = M [(x; - a)(B - x)] .
=1 - |

Again, the limit on the right hand side of Eq. (A.23) as B+x2 is clearly
equivalent to the limit on the right hand side of Eq. (A.8) which was
shown to be +®», Therefore Eq..(A.17) has been proven. Note that if
B=x, then f(a,B) = +» and §(a,B) = +» for all ~» < g < x,.

If both a>x, and B*xn simultaneously, the likelihood function also

approaches +». However, in this case lim {i(a,B) is undefined.
a->x

1
Brx
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APPENDIX B: SELECTED ESTIMATION ALGORITHMS

Each of the analyses presented in Chapter 4 required substantial
software development. All of the analysis programs were written in SAS
(Statistical Analysis System) and executed on an IBM 3033 computer. In
addition, several control programs written in SUPERWYLBUR were utilized.
Documented listings of the source codes of these programs are available
from the author upon request. In this appendix, representative
algorithms used in the iteratively reweighted least squares and local

maximum likelihood estimations in Chapter 4 are given.

B.1 Algorithm to Find Quantile Regression Estimates from 3PLN Samples

Given that a vector of k quantiles x

X has been

p1’ xpz, s Xy
obtained, the following steps were followed in obtaining quantile
regression estimates of the parameters. The notation used matches that

of Chapter 3.

1. Compute the "independent variables" for the regression--
-1 ' _
;= "(py), k;,=lp; 1 pj)]/[n¢(c1._)¢(cj)],
for i,j=1,2,...,k, i<j.
2. Compute pseudo-moment estimates estimates 6% = (y*, u*, o*) of

8 = (Y, W, 0) for use as start values in the nonlinear estima-

tion (see below).

3. Set m = 0, em = 6%, V = identity matrix.

m
4. Set m=m+l. Compute em = 1-step Gauss-Newton estimate of 6

A

based on em-l and Vm-l' Compute Vm using Bm.
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5. If ?m is less than user-specified minimum permissible esti-
mate, then stop iteration and note that estimation has failed

for this sample.

~ -~

6 -6

6. If the sum of the elements of
i m m-1

is greater than .001

then return to step 4.

7. Output Sm as estimate of 6.

The Gauss-Newton procedure.requires that starting values be sup-
plied for the parameter estimates. Also, in this generalized nonlinear
least squares situation, start values are required for the élements of
the variance-covariance matrix V of the quantiles.

Regarding the choice of start values for the parameters, it is best
if little work is required to obtain them, as long as they are close
enough to the golution for the estimation algorithm to converge. The
method of moments provides a relatively easy means of obtaining unbiased
(but inefficient) parameter estimates which might serve as start values.
Unfortunately, in the strictest sense, moment estimates are not
obtainable from grouped data because the grouping precludes the
computation of the sample moments. However, a pseudo-moment estimation
procedure was developed whose estimates worked extremely weil as start
‘values.

This pseudo-moment estimation procedure is so named because a
pseudo-dataset of n observations is created from the quantiles and then
the method of moments is applied to the pseudo-data. To form thei
pseudo-data from a set of k quantiles, it is assumed that all of the
observations in the intervals between each pair of consecutive quantiles
fell exactly at the midpoints of these intervals. The observations less
than the first quantile were assumed to equal an amount 50 percent less

than the first quantile.
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To form the initial estimate of the variance-covariance matrix v,
the identity matrix was used. This too, worked extremely well. Since .
it worked well, there did not seem to be any point in using a ﬁore
complicated expression. A further justification for using the identity
matrix is that it gives unbiased parameter estimates.

B.2 Algorithm to Find Local Maximum Likelihood Estimates from 3PLN

Samples

Given an estimate of y, the conditional maximum likelihood esti-

mates of u and 02 are simply

n
A(Y) = (1/n) Z 1a(x;-Y) and (B.1)

i=1

n ]
(1/) 2 [la(x;-y) - y12. (8.2)

i=1

62(7)

Traditionally, the method of scoring has been successfully used to
compute maximum likelihood estimates from lognormal samples [see Lambert ‘
(1964), Harter and Moore (1966), and 0'Neill and Wells (1972)]. Here
the local maximum likelihood estimate of 6=(y, M, o) is found by search-
ing over the permissible range of Yy for that value Y* for‘ which the
triplet [y*,{(Y*),6(y*)] maximizes the value of the likelihood function.
This method was easy to program and worked quite well.

The likelihood function can be shown to attain a local maximum for
that value of y for which {1n[&6(y)] + {i(y)} attains a local minimum.
The logarithm of the likelihood function of a sample from the 3-para-

meter lognormal distribution is
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L(x1a~°-:xn; Y, H, 0) =

n n
-(a/2)1n(2n0%) - (1/20°) 3 [1n(xi-y)-p]2 - X laGx-v).  C (B.3)
i=1 i=1

When the likelihood equation is evaluated at the point [y, {fi(y), &(Y)]

it simplifies to

Lix,.oo0x0s ¥ BOD), 0] = -(@/2)1n[2n6°(¥)] - (0/2) - ofi(y).  (B.4)

This expression can be rearranged to

Llxy,...ox5 ¥, 0¥, o] = -(0/2) [1n(2m)+1] - n[lnd(V+(Y)].  (B.5)

K, - =[n8(M+i(V],

where the constant K1 is independent of the parameter estimates. Thus
the likelihood function attains a local maximum when [1n&(y)+{i(o)]
attains a minimum over a restricted range of y-values. (As y is allowed

to get very close to the first order statistics x,, the value of the

1°
likelihood function corresponding to y tends to infinity).

In the algorithm that follows, the maximum of the likelihood func~-
tion over the range of y-values in the interval (-8, xl-.IO Xy ) is
found and the triplet [y*,{i(y*),56(y*)] corresponding to this maximum is
' considered to be the local maximum likelihood estimate.

1. Compute X, = min(xi; i=1,2,...,n).
2. Set initial limits within which the search for y* will take

place:

ol
o)
|

=%, - 4,x1| (lower limit). (B.6)

X - .10'x1| (upper limit). (B.7)

Set r=1.
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3. Set D = (yU-yL)/IO. Compute L*[{i(Y), &(¥)] corresponding to
Y =¥, ¥ptD, y*2D, ..., Yy where i(y) and &(y) are defined .
by Eq. (B.1) and (B.2) and where

), 601

Define

InG(y) + (Y. (B.8)

¥ = Min{L*[{§(y),6(¥)1}. (B.9)
4. If ¥ < ¥y < Yy then go to step 5. If ¥ = Yy then set r=2r. If
Y= Yy then set r = (1/2)r;
Set = X, - A;lei. Return to step 3. |
5. Set & = Y-D and Yy = ¥+D. If (¥y~Yp)>.001 then return to
step 3.
6. Take local maximum likelihood eétimates to be ?, ﬁ(?), 6(?).
Of course the barrier of Eq. (B.7) can be adjusted as the user sees
fit. For the parent distributioms used in the Monte Carlo study of
Chapter 4, the barrier given in Eq. (B.7) worked well. 1In all cases a ‘
maximum was found less than this barrier value. Also the initial esta-
blishment of a lower bound for ? can be adjusted. This initial bound
will not affect the final estimate of ?, but only the speed at which the
estimate is found. For small sample sizes the likelihood surface tends
to be more irregular and several local maxima may exist. In such cases,
the global maximum within the permissible range of y may be more easily

found if the stepsize D is decreased.
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B.3 Algorithm to Find Quantile Regression Estimates from S, Samples

This algorithm implements a combined grid search and least squares
estimation technique. Of the four SB parameters (o, B, Y and 0), p and
O are estimated via generalized least squares conditional on values of «
and B. A grid search is conducted in the (&, B) plane for that quartet
of values a, B, {i(e, B), G6(a, B) which yields predicted quantiles that
minimize the weighted sum of squared residuals from the observed quan-
tiles.

The regression equation is given in Eq. (3.34) of Chaper 3. The
estimation is iterative in two ways. First, the region of the (a, B)
plane within which the grid search is conducted must be successively
narrowed. Second, the estimated covariance matrix of the quantiles,
being a function of 0, must be successively updated by the most recently
obtained estimate of o.

The following algorithm presumes a vector of k quantiles xpl’ ey
xpk from a random sample of size n from an SB distribution.

1. Define: X = (xp1 xp2 .o xpk)'.
P=1(p;p, --- P

" (p).

N
]

Z = [1] 2], where 1 is a k X 1 vector of ones.
K = k by k asymptotic covariance matrix of z with

typical element

kis = [picl-pj)]/[n¢(zi)¢(zj)] for p; <y

where n is the sample size and ¢ is the standard

normal probability density function.
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Set the initial value of V, the covariance matrix of the
quantiles, equal to the k-dimensional identity matrix.
Define the minimum and maximum allowable .estimates of the
range parameters, o and B. This permits the algorithm to be
stopped whenever estimates of o are diverging toward -® or
xpl’ or whenever estimates of B are diverging toward +» or
xpk' For the six SB distributions (all with a = 0, B=1)
estimated in Chapter 4, the bounds on the estimates were set

as follows.

[=33

Lower bound on = -2,

xp1 - .Ollxplt,

xpk + .Ollxpki,
3.

Upper bound on

Lower bound on

et
]

™ W R
H R &S B
i

Upper bound

[e]
=]

Set initial lower and upper limits of the grid in the (a, B)
plane. The grid search will begin within these limits, but
the limits will be allowed to change if they are later found
not to enclose the least squares solution. For the six SB

distributions investigated in Chapter 4, the initial limits of

the grid were

a-dimension
Initial lower limit: ay = aﬁ - .1(RANGE)
Initial upper limit: ay = aﬁ
B-dimension
Initial lower limit: BL = Bf
Initial upper limit: BU = Bf + .1(RANGE),

where RANGE = Bf - Aﬁ.
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Also, choose the number of gridsteps, S. The size of each

grid step is, in the a-dimension
da = (a; - o )/(8 - 1),

and in the B-dimension
dB = (By - B)/(S - 1).

The algorithm cannot work with S < 3. It is recommended,
however, that S be at least 5. For the estimations of Chapter
4, S = 7 was used.

4. TFor each grid point (a, E) form the dependent regression

variable

Yy =1n[(x - ®)/B - x)]
and compute 6 = [p(a, B), o(a, B)] where
§=vint vy,

Then compute

§(a, B) = p(@, B) + o@, Bz
= 28,
and
2(a, B) = {f expl§(a, B)1}/{expl§(a, B)] + 1}.

Finally, compute

SSE(@, B) = [x - 2@, ] v [x - 2@, B)).
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5. Let (a*, B*) equal the grid point (a, B) for which SSE (@, B)
vas a minimum. If (o*, B*) is an interior point on the grid .
then go to step 6. If (a*, B*) is on the border of the grid

then go to step 7.

6. If da + dB < .001 then go to step 9. Otherwise recompute V

and narrow grid as follows:

V= [0, pIK,
dL-—-d*-d(!, BL=B*'dB’
aU=ork+da, and BU=B*+dB.

Return to step 4.
7. If a* < df then stop. Note that estimation failed.
If dﬁ - a* < ,00001 then stop. Note that estimation failed.

If g* - Bf < .00001 then stop. Note that estimation failed.

X* - da. .

If B* < Bﬁ then stop. Note that estimation failed.

If o = ap then ap = ay - .2(RANGE). Otherwise a

L
If o = ay then aU = Min(o* + da, aﬁ). Otherwise aU = a* + d&.
If B* = BL then BL = Max(p* - dB, Bf). Otherwise BL = B* - dp.
If B* = BU then BU = ﬂU + .2(RANGE). Otherwise BU = B* + dB.

8. V= [cz(d*, f*)]K. Return to step 4.

9. Take estimates of SB parameters to be

&=w,5=w,ﬁ=mw,m,a=qw,wx

B.4 Algorithm to Find Local Maximum Likelihood Estimates from S, _Samples

The likelihood function of a sample Xps eeey X from an SB distri-

bution is ‘
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L(z; a, B, H, 0) = ) ' (B.10)

-n/2 X, - o
(2n02) exp{-(1/202) 2 [1n Bl'

i i i

12 (B - a)
-plIt¥nm .
(x; - o)(B - x.)

When o and B are known, the random variable y = In[(X - a)/(B - X)] ~
N(p, 02). Therefore, conditional on o and B, the maximum likelihood

estimates of 4 and O are

Ale, B =2 Ty, =07l Ila [Gxy - /(B - x)] (B.11)
i i
and
6(a, B) =o' I [y, - fite, B)1? (8.12)

1

- ? {ln[(xi -a)/(B - Xi)] - fi(a, ﬂ)}z-

1

In logarithmic form the conditional likelihood function may be written

(B.13)
1o L(a, B) = -(2/2)[la(2n6%) + 1] + n la(B-a) - I laf(x,-a)(B-x,)].
i

The local maximum likelihood parameter estimates may se found by
maximizing Eq. (B.13) via a grid search in the (a, B) plane. The algo-
rithm follows the QRE algorithm fairly closely, except that the con-
ditional objective functions differ. Thus, the algorithm will be given
in terms of the QRE algorithm to save time.

Let Xis ooy X be a random sample from an SB distribution.
1. Perform step 2 of QRE algorithm.

2. Perform step 3 of QRE algorithm.

3. For each grid point (a, B) compute
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i=a"l 3 lacxy - 0/ - x))
1
and
3 = a5 {[n(x, - &)/(F - x)] - .

Evaluate Eq. (B.13) using 3, E, ﬁ, and 52 to obtain 1n
L(a, B).

Let (o*, B*) equal the grid point (5, E) for which 1n L(a, B
was a maximum. If (o*, B*) is an interior point on the grid
then go to step 5. if (a*, B*) is on the border of the grid
then go to step 6.

If da + dB < .001 then go to step 7. Otherwise narrow grid as

follows:

a

B*'dB)
B* + dB.

L a* - da, BL
oy o* + da, and BU

Return to step 3.
Perform step 7 of QRE algorithm. Return to step 3.

Take estimates of SB parameters to be

& = ok, B = B*, ﬁ = p(a*, B*), g = o(a*, B*).
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APPENDIX C: SOME INITIAL WORK ON DETERMINING THE OPTIMAL SPACING OF
3-PARAMETER LOGNORMAL QUANTILES

Whenever data are available in ungrouped, or raw form, use of.the
quantile regression estimation procedure must be preceded by the
selection of quantiles from the raw data. Immediately, the question
arises of how many quantiles to select, and which ones? Recall that
choosing the largest possible set of quantiles, i.e., the full set of

order statistics, invalidates the QRE procedure.’ Thus, the number of

quantiles should be small relative to the sample size. Once the number

of quantiles k has been decided, there should be at least one spacing of
the k quantile points for which the information retained from the sample
about a particular parameter or parametefs is a maximum. If the QRE
procedure were applied to such optimally spaced quantiles, the precision
of the parameter estimates would be optimized as well.

In the following discussion, a spacing S, is defined as S, =

k k
{pi} = Pys Pys -oey P where 0 < Py <Py < -v. <Py <1 When there is
no chance of ambiguity the k-subscript will be dropped to giveia cleaner
notation.

Ogawa (1951) has outlined the procedure for determining an optimal
spacing of k quantiles for an arbitrary continuous random variable X
with density g(x) and unknown parameter 6. He defined the inf&rmation
about 6 in a sample as I(8), and in a set of quantiles as IS(G), where

the quantiles have been formed according to the spacing § Ogawa

Kk

7The QRE procedure relies on the asymptotic multivariate normal distri-

bution of the quantiles. Order statistics can not be used in the QRE
procedure because their joint distribution does not tend towards a
multivariate normal.
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defined the optimal qx;antile spacing for a given k as that spacing for
which the relative information of the quéntiles, IS(B)/I(G) was .
maximized. Equivalently, the optimal spacing is that Sk which maximizes
IS(G).

In order to compute IS(B) for a given spacing of quantiles, the
joint demnsity function of the quantiles must be computed. While the
exact joint distribution of the quantiles is not known, their asymptotic
distribution, assuming g(x) is absolutely continuous, is known to be
multivariate normal (see Theorem 3.2). Specifically, the joint demsity

function of the k quantiles for a given spacing Sk is

h(XP1 g oo ,ka) = (2n'k/23182. . .gk[Pl(Pz‘pl) . (Pk-pk-l) (l_pk)l"!‘énkfz

P,,"D.
[ Z il i-1 g?(x - )2

X expi{-
expi 1 @ P00 e, ) BithiT Sy

NiB

k g.8;

1

~2 = —5:3—— (xpl-cl)(x i-17¢-101%
i=2 PiPi

where, as in Chapter 3, c. is the pith population quantile. The in-

formation in {Xpi}s, the set of quantiles determined by the spacing S,

about a parameter 6 is then defined, in the Fisher sense as
= 2 _ 2 2
IS(G) = E{31nh/36]" = -E[3"1nh/36°].

In general, however, finding IS(G) is very difficult and often will
depend upon the value of the unknown parameter 6. Then, the simul-
taneous solution to the k equations EIS('B)/BPi =0 i=1,...,k must be
found and these equations have not been derived for the 3-parameter
lognormal distribution. Ogawa has derived the system of equations for

the normal distribution when either Y, or o, or both are unknown. Cheng ‘
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(1975) developed a pfocedure to follow for obtaining the system of
equations for any density function of the form g(x) = c-lf[(x-p)/o].
However, the 3-parameter lognormal distribution does not fit into this
class of distributions.

Thus far, the only contribution that has been made towards the
determination of optimal spacings of 3PLN quantiles was the empirical
study of O'Neill and Wells (1972). They estimated the information about
each of the three parameters contained in grouped samples formed
according to two types of spacings, equal and logarithmic. Their
results indicated that the asymptotic variances of the parameter
estimates were smaller when the data were grouped in logarithmic rather
than equal intervals. These results were obtained from samples having
considerable skewness (& > .65). The advantage of the logarthmic
grouping might not be as great for less-skewed distributionms.

A small empirical study was conducted here to help indicate a
suitable value for Py» the first quantile point, in estimating the
location parameter Yy for the four 3PLN distributions of Cohen and -
whitten (see Section 4.1). The study consisted of selecting 10
quantiles from samples of size 299 from these four distributions. For
each sample, five sets of quantiles were formed corresponding to five
spacings that differed only in the first quantile point. The first
quantile point p, was varied from 0.01 to 0.05 in increments of 0.01,
while the remaining quantilé points were held fixed at the values given
in Section 4.1. Ten samples from each distribution were generated and
the means and standard deviations of the QRE's correspbnding to each of
the five spacings were computed. The results, given in Table C.1, show
that when P, = 0.01, the parameters were estimated with the greatest

precision, and usually with the greatest accuracy.
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Means and Standard Deviations of 3PLN Parameter Estimates
for Various Definitions of the First Sample Quantile (pl)*

Mean Standard Deviation
Py
Y M o) Y v] o Runs
Distribution 1 (y = -10, py = 2.2976, ¢ = .0998, skewness = 0.301)
.01 -12.183 2.337 .1061 8.101 .5605 .0467 10
.02 -10.481 2.260 .1100 4.677 = .4363 .0458 . 9
.03 -11.800 2.370 .0996 5.773 4542 .0432 9
.04 -14.872 2.445 .1000 13.628  .6887 .0508 9
.05 -13.308 2.426 .0989 8.243  .5852 .0486 9
Distribution 2 (y = -3.1623, u = 1.1036, 0 = .3087, skewness = 0.980)
.01 -3.129 1.083 .3134 .4511 .1520 .0466 10
.02 -3.233 1.112 .3063 .5831 .1908 .0541 10
.03 -3.342 1.148 .2963 .5854 .1858 .0515 10
.04 -3.317 1.140 .2989 .5878 .1905 .0537 10
.05 ~-3.345 1.148 .2969 .6035 .1926 .0545 10

Distribution 3 (y =

.01
.02
.03
.04
.05

~-1.976
-2.011
-2.053
-2.043
-2.054

Distribution 4 (y =

.01
.02
.03
.04
.05

-1.400
=-1.415
-1.436
-1.430
-1.436

-2, p = .5816, 0 = .4724,

.5647
.5830
.6082
.6020
.6079

=1.4142, y =

.1305
.1437
.1633
.1584
.1630

.4756
. 4685
.4584
.4610
.4590

.1438, 0 = .6368, skewness = 2.475)

.6382
.6312
.6211
.6237
.6216

skewness = 1.625)

.1576 .0986 .0479
.1991 .1259 .0542
.1979 .1228 .0522
.2079 .1243 .0545
.2137 .1263 .0561

.0677 .0762 .0505
.0859 .0987 .0553
.0857 .0973 .0539
.0921 .0955 .0564
.0955 .0976 .0589

10
10
10
10
10

10
10
10
10
10

*For each distribution, 10 3PLN samples of size 299 were generated.
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Unfortunately, this analysis was conducted subsequent to the large

Monte Carlo study reported in Section 4.1. .Had it been conducted

sooner, the first quantile point used in the creation of grouped data

sets in Section 4.1 would have been set to 0.01 rather than 0.03.
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APPENDIX D: A MONTE CARLO STUDY OF THE SMALL SAMPLE DISTRIBUTION
OF EXP(OZP)

An important step in deriving the quantile regression estimation
(QRE) equations for the 3-parameter lognormal (3PLN) distribution
involves the recognition that 3PLN quantiles are related by a monotonic
transformation to standard normal quantiles. Thus, their expectations
may be computed in terms of the expectations of corresponding standard
normal quantiles. While the exact expectations could not be expressed
in closed form, it was shown in Chapter 3 that a closed-form expression
did exist for the asymptotic expectations of the 3PLN quantiles. These
were computed in terms of the moments of the limiting multivariate
normal distribution of the standard normal quantiles. The purpose of
this Monte Carlo study is to assess how accurately the asymptotic
moments represent the exact moments of 3PLN quantiles for small sample

sizes.

Let 0 < 12 < P, < ... < Py < 1, and let Xfl’ p2? T ka be k

corresponding sample quantiles from a 3PLN distribution. Using the

X

relationship between the 3PLN and standard normal quantiles

Xpi =y + exp(u)expcozpi), (D0.1)

it can easily be shown how the expectations of Xpi depend upon the first

two moments of exp(oZpi). Indeed,

E(Xpi) Efy + eXP(P)eXP(UZPi)] (D.2)

Yy + exv(u)E[eXP(oZpi)]
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and

Var(Xpi) Var{y + exp(p)exp(czpi)] (D.B)

exv(2u)Var[eXP(ozpi)] .

Since the limiting distributions of the Zpi are normal with means

S | : _ ) 2 o
c; = ¢ (pi) and variances kii = [pi(l pi)]/ncb (ci), the 1limiting
expectations and variances of the exp(ozpi) can be derived by treating

them as moment generating functions of normal random variables. The

resulting asymptotic expectations are

. 2
lim E[exp(0Z_.)] = lim exp(oc, + 1/20%k..) (D.4)
. pi pem i ii
= exp(oci) ' (D.5)
since lim k.. = 0.
pom  1E

The variances, of course, converge to zero. However,

lim Var[n®exp(0Z_.)] = lim n exp(20c,)exp(o2k, ) [exp(c’k,.)-1], (D.6)
. pi -~ i ii ii
tends to a finite limit. Rather than computing this limit, it was
evaluated numerically by computing the right-hand side of Eq.l (D.6) for
larger and larger values of n until near convergence was attained.
The purpose of this Monte Carlo study is to compare the empirical
means and variances of exp(oZpi) with their asymptotic expectations when
the sample size is small (between 19 and 99). The divergence of the
empirical means and variances from their asymptotic expectatioms will,
apart from sampling variation, depend upon the value of 0, the quantile

point p., and the sample size n. Therefore, these three factors are
1
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varied in this study. The various values of o, 1 and n for which the
sampling behavior of exp(ozpi) was investigated are shown in Table D.1.
The four values of o shown in Table D.1 are those that were used to
define the four 3PLN distributions studied by Cohen and Whitten [1980]
(and again in Chapter 4 of this paper).

The Monte Carlo study was conducted as follows. For each combin-
ation of n and Ps 10,000 random samples of size n were generated from
the standard normal distribution. Values of n were selected in such a
way that for each P; in Table D.1 there would be an order statistic in
the sample whose cumulatlve distribution functlon had p; as its expected
value.$ Next the pith quantile, zpi’ was computed for each sample and
then the corresponding four values of exp(ozpi) were computed for each
of the four values of ¢. In this way, random samples of size 10,000 on
exp(czpi) were constructed for each of 140 combinations of g, Py and n.
For a given combination of P; and n, the samples corresponding to the
four o-values were formed from the same sample of Zpi so that compar-
isons of the sampling behavior of exp(ozpi) across the range of o would
be more cbntrolled.

To complete the Monte Carlo study, the first four sample moments
were calculated for each of the 140 samples of quantiles and these
moments were compared to their asymptotic expectations. The mean of the
asymptotic distribution of exp(oZpi) is given by Eq. (D.5). The'expres-

1
sion for the asymptotic variance of n’exp(czpi) is given in Eq. (D.6).

8A sufficient condition for such a value of n given a particular p;
given in section 1 of Chapter 4.



Table D.1. Values of o, P>» and n Used in the

Monte Carlo Study of Exp(oZpi)

.0998
.3087
L4724

.6368

.05

.10

.20

.50

.80

.90

.95

f?

39

59

79

99

129
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While all of the first four moments are examined in this study,
only the first two moments must closely approximate their asymptotic
expectations for the QRE procedure to be accurate. Results for the
third and fourth moments are given only to assist the curious reader in
determining how nearly normal are the small sample quantiles. The raw
results of the Monte Carlo study are shown in Tables D.2-D.5, in which
the means, variances, skewness, and kurtosis of the 140 samples are
given, respectively. To aid in appreciating the effects of n, py and ¢
on the approximation, two sets of plots are given. In Figure D.1, for
the seven values of P> the percentage differences between the empirical
and asymptotic values of E[exp(oZpi)] are plotted as a function of the
sample size for each value of oO. Figure D.2 presents analogous plots
for Var[n%exp(ozpi)].

Several patterns emerge in each of the figures. The notable
pPatterns are summarized by the following observations:

(a) The empirically determined percentage differences between
E[exp(ozpi)] and %&3 exp(ozpi) were, holding other factors
constant, closer to zero when
1. n was larger,

2. P was nearer .20, and
3. 0O was smaller.

(b) The empirically determined percentage differences ' between
Var[naexp(ozpi)] and %;g Var[n%exp(ozpi)] tended to be closer
to zero, holding other factors constant, when
1. n was larger,

2. P was near .50, and

3. O was smaller.
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Sample Size
n Pi='05 pi=.10 p.=.20 p.=.50 p.=.80 Pi='90 p.=.95
Distribution 1 (o = .0998)
19 0.8340 0.8716 0.9159 1.0001 1.0936 1.1492 1.2018
39 0.8412 0.8752 0.9168 1.0002 1.0910 1.1425 1.1903
59 0.8439 0.8769 0.9174 1.0000 1.0902 1.1414 1.1864
79 0.8451 0.8777 0.9176 1.0003 1.0895 1.1401 1.1844
99 0.8456 0.8778 0.9178 1.0001 1.0895 1.1393 1.1833
© 0.8486 0.8799 0.9195 1.00000 1.0876 - 1.1365 - 1.1784
Distribution 2 (0 = .3087)
19 0.5750 0.6573 0.7648 1.0032 1.3239 1.5458 1.7815
39 0.5879 0.6639 0.7657 1.0020 1.3115 1.5137 1.7212
59 0.5931 0.6673 0.7668 1.0011 1.3078 1.5081 1.7011
79 0.5953 0.6688 0.7671 1.0016 1.3047 1.5019 1.6913
99 0.5961 0.6689 0.7674 1.0009 1.3046 1.4986 1.6856
® 0.6018 0.6732 0.7712 1.0000 1.2966 1.4854 1.6618
Distribution 3 (0 = .4724)
19 0.4329 0.5294 0.6661 1.0081 1.5431 1.9598 2.4457
39 0.4455 0.5358 0.6659 1.0046 1.5175 1.8913 2.3068
59 0.4509 0.5394 0.6669 1.0027 1.5099 1.8787 2.2615
79 0.4531 0.5411 0.6672 1.0032 1.5039 1.8663 2.2398
99 0.4539 0.5411 0.6675 1.0020 1.5035 1.8593 2.2273
® 0.4597 0.5458 0.6720 1.0000 1.4881 1.8321 2.1754
Distribution 4 (o = .6368)
19 0.3276 0.4278 0.5816 1.0153 1.8052 2.4982  3.3882
39 0.3382 0.4329 0.5797 1.0083 1.7594 2.3702 3.1063
59 0.3431 0.4363 0.5803 1.0051 1.7459 2.3457 3.0165
79 0.3450 0.4378 0.5803 1.0055 1.7358 2.3236 2.9744
99 0.3456 0.4376 0.5805 1.0036 1.7346 2.3109 2.9501
® 0.3508 0.4421 0.5852 1.0000 1.7089 2.2619 2.8510




Table D.3. Variances of ngExp(GZpi)
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Sample Size

n pi=.05 pi=.10 p.=.20 p.=.50 p.=.80 p.=.90 p.=.95
Distribution 1 (o = .0998)
19 0.0333 0.0231 0.0171 0.0156 0.0253 0.0401 0.0733
39 0.0313 0.0225 0.0170 0.0155 0.0243 0.0375 0.0675
59 0.0316 0.0218 0.0170 0 0158 0.0242 0.0366 0.0638
79 0.0309 0.0229 0.0169 0.0158 0.0242 0.0390 0.0624
99 0.0314 0.0224 0.0174 0.0156 0.0241 0.0382 0.0613
® 0.0321 0.0225 0.0172 0.0156 0.0240 0.0376 0,0618 .
Distribution 2 (o = .3087)
19 0.1481 0.1245 0.1136 0.1510 0.3605 0.7097 1.6203
39 0.1439 0.1233 0.1133 0.1495 0.3390 0.6397 1.3959
59 0.1483 0.1206 0.1137 0.1524 0.3363 0.6180 1.2785
79 0.1441 0.1268 0.1132 0.1526 0.3333 0.6515 1.2342
99 0.1482 0.1243 0.1165 0.1502 0.3329 0.6358 1.2079
o 0.1543 0.1263 0.1157 0.1497 0.3270 0.6147 1.1765
Distribution 3 (o = .4724)
19 0.1942 0.1881 0.2017 0.3589 1.1659 2.7326 7.5076
39 0.1918 0.1878 0.2005 0.3527 1.0698 2.3696 6.0513
59 0.1999 0.1844 0.2018 0.3585 1.0565 2.2638 5.3829
79 0.1964 0.1940 0.2007 0.3592 1.0402 2.3664 5.1331
99 0.2003 0.1905 0.2065 0.3531 1.0382 2.3032 5.0008
® 0.2108 0.1944 0.2057 0.3505 1.0085 2.1900 4.7214
Distribution 4 (0 = .6368)
19 0.2010 0.2230 0.2800 0.6661 2.9584 8.2942 27.7200
39 0.1997 0.2227 0.2761 0.6477 2.6346 6.8673  20.6585
59 0.2098 0.2192 0.2784 0.6559 2.5861 6.4733 17.7509
79 0.2062 0.2306 0.2762 0.6571 2.5275 6.7027 16.6891
99 0.2103 0.2266 0.2841 0.6447 2.5200 6.5019 16.1706
@ 0.2230 0.2317 0.2834 0.6370 2.4168 6.0652 14.

7363
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Sample Size

a p;=-05 p;=.10 p;=20 p;=.50 p,=.80 p,;=.90 p.=.95
Distribution 1 (o = .0998)
19 -0.1864 -0.1190 -0.0358 0.0719 0.2560 0.3020 0.5180
39 -0.1940 -0.0684 -0.0530 0.0426 0.1508 0.2634 0.4591
59 -0.1261 -0.0532 0.0255 0.0320 0.1907 0.1971 0.3396
79 -0.1531 -0.0862 0.0072 0.0567 0.0965 0.1232 . 0.2918
99 -0.1621 -0.0251 -0.0100 0.0514 0.1065 0.1509 0.3286
Distribution 2 (o = .3087)
19 0.1203 0.1339 0.1642 0.2541 0.4823 0.5657 0.8678
39 0.0141 0.0984 0.0906 0.1671 0.2991 0.4418 0.7207
59 0.0488 0.0843 0.1470 0.1337 0.3107 0.3397 0.5278
79 -0.0059 0.0406 0.1049 0.1467 0.1997 0.2461. 0.4531
99 -0.0226 0.0820 0.0814 0.1286 0.1984 0.2631 0.4786
Distribution 3 (0 = .4724)
19 0.3559 0.3289 0.3204 0.3983 0.6673 0.7857 1.1685
39 0.1741 0.2284 0.2025 0.2649 0.4182 0.5862 0.9507
59 0.1843 0.1920 0.2425 0.2138 0.4064 0.4537 0.6841
79 0.1077 0.1401 0.1817 0.2176 0.2813 0.3437 0.5841
99 0.0853 0.1661 0.1532 0.1894 0.2707 0.3518 0.6002
Distribution 4 (0 = .6368)
19 0.5930 0.5250 0.4783 0.5457 0.8622 1.0232 1.5015
39 0.3336 0.3590 0.3148 0.3639 0.5413 0.7366‘ 1.2130
59 0.3199 0.3006 0.3391 0.2948 0.5045 0.5709 0.8507
79 0.2210 0.2406 0.2591 0.2892 0.3644 0.4432 0.7207
99 0.1931 0.2509 0.2256 0.2509 0.3439  0.4421 0.7267




Table D.5. Kurtosis of Exp(ozpi)
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Sample Size

n Pi='05 pi=.10 p.=.20 p.=.50 pi=.80 P.=.90 p.=.95
Distribution 1 (o = .0998)
19 2.9999 3.0435 2.9531 3.0249 3.2014 3.1568 3.3730
39 3.0234 2.9474 3.0170 2.9866 3.0670 3.1416 3.5048
59 3.0609 3.0016 3.0907 3.9734 3.0780 3.1039 3.2368
79 3.0383 3.0905 2.9482 3.0226 3.0470 3.0164 - 3.2269
99 3.1452 2.9946 3.0142 2.9548 3.0490 3.0886 3.3554
Distribution 2 (0 = .3087)
19 2.9494 3.0175 2.9797 3.1196 3.5033 3.5806 4.1762
39 2.9440 2.9425 3.0105 3.0258 3.2084 3.3670 4.2032
59 3.0182 3.0085 3.1239 3.0052 3.1934% 3.2438 3.5787
79 2.9814 3.0890 2.9695 3.0559 3.1081 3.0986 3.4568
99 3.0897 3.0042 3.0276 2.9835 3.0930 3.1660 3.5853.
Distribution 3 (0 = .4724)
19 3.1246 3.1499 3.0941 3.2781 3.8873 4.1355 5.1891
39 2.9846 3.0043 3.0546 3.0943 3.3819 3.6344 5.0863
59 3.0614 3.0591 3.1867 3.0559 3.3222 3.4074 3.9658
79 2.9881 3.1319 3.0091 3.1024 3.1846 3.2043 3.7163
99 3.0937 3.0402 3.0594 3.0208 3.1486 3.2600 3.8327
Distribution 4 (0 = .6368)
19 3.4898 3.4192 3.2935 3.5164 4.4264 4.9473 6.6608
39 3.1134 3.1248 3.1419 3.1983 3.6193 3.9949  6.4287
59 3.1705 3.1502 3.2829 3.1301 3.4885 3.6242 4 .4845
79 3.0385 3.2153 3.0698 3.1675 3.2881 3.3493 4.0576
99 3.1385 3.1019 3.1104 3.0715 3.2235 3.3856 4.1485
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