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d.f. distribution function
i.,i.d. independent and identically distributed
i.i.d.r.v. independent and identically distributed random variables
p.d. positive definite
a.e. almost everywhere
U.M.P. uniformly most powerful
C.L.T. Central Limit Theorem
Notations
Np(g,g) p variate normal with mean vector y and dispersion
matrix I
X; Central chi-square with p degrees of freedom
xg(n) Noncentral chi-square .with p degrees of freedom

a, " bv(bv ®0)

identity matrix

of order p

and non-centrality parameter n

a /b -1 as v
vty

Ip (unless otherwise mentioned)



- {Q - -

)
he]
—
o
fial

\ 4 | p s .
M e s ea oy m s

Notations (cont.)

vii



{ . .

)
]

viii

ABSTRACT

The following four problems are considered in this disser-
tation.

The first problem concerns testing the hypothesis of no
regression in a multiple (linear) regression model with stochastic
predictors. A class of permutationally.(conditionally) distribution-
free tests for the above problem has been proposed and its asymptotic
properties together with asymptotic relative efficiency results have
been studied.

The second problem deals with testing the hypothesis of no
regression in a multiple (linear) regression model with non-stochastic
predictors, but with grouped data. Permutationally distribution-free
tests, their asymptotic properties and some specific applications of
such tests have been studied.

The third problem deals with the same model, but we are
interested in testing that the intercept is zero along with the
hypothesis of no regression. Tests analogous to 'signed-rank tests'
have been used here with an interesting application to the problem
of 'paired comparison.'

Finally, the above findings have been generalized to a

multivariate set up.
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CHAPTER I

INTRODUCTION AND SUMMARY

1.1. A Review of the Literature.

Hijek (1962) considered the following problem: Having observed

Xi = g + Bci + oe,, we test the hypothesis
(1.1.1) Hy : B = 0 against the alternatives g > 0,

where o and o(>0) are nuisance parameters, B the parameter under test,
c, are known constants and €;, €,,... are i.i.d.r.v. A class of
genuinely distribution-free rank-statistics has been proposed by
Héjek for the above testing problem. The asymptotic approach of Hajek
consists in regarding the given testing problem as a member of a

s v 2 1} of similar testing problems. In this

sequence {HOV, H

th . .
sequence, the v testing problem concerns Nv observations with

Nv +® gg v >, As a rule, HOv depends on v through Nv only, i.e.,

HOV

11

HO(Nv)’ (e.g. we might assume HOv = Hy, H, being applied to

N = N observations), while Hv depends on some parameters SN
(=1, 2,004, Nv):in addition. More specifically, he has
considered a sequence of random vectors gv = (le,..., XvN )', where

the Xvi's are independent and

(1,1.2) Pr(X,, sx) = F ,(x) = F(o ' (x - a —“scvi)),

i=1, 2,..., Nv’ vz 1.



In the above, F is a known distribution function,
i (i=1, 2,..., Nv) are known constants, o and (> 0) are nuisance
parameters and B is the parameter under test. The testing problem
(1.1.1) has been considered. The asymptotic theory has been studied
by using the 'contiguity" lemmas of LeCam (see e.g. [19] or [25];
see section 1.3 for definition of contiguity). It has been shown
that the test one would have obtained by using the Fundamental
Lemma of Neyman and Pearson (see e. g. [26], p. 65) is asymptotically
power—equivalent to Hajek's rank order tests under certain assumptions
on the c“i's and F.

Assume that

(1.1.3) the density f(x) = F'(x) exists and

f [£'(x)/£f(x)1%2£(x)dx < = ,

Let the constants 4 1=1, 2,.4., Nv) satisfy a condition (known

in the literature as Noether condition, and, henceforth,

referred to as such)

N
—_ v
(1.1.4) lim{ max (¢, - ¢ )2 (e, ~€)? =0,
voe | 15N vi oo o
—_ -1 .
where ¢ = N s ¢ ,. Further the c . 's satisfy the boundedness
v Vo Vi vi
condition
Nv
(1.1.5) sup I (c ., -C€)2 <=,
Vv i=1 V1 v



Let F—1 denote the inverse of F and let

_ T (F W)

1 », 0 <uc<l,
£(F "(u))

(1.1.6) o(u)

. 1 . 00
Then, f $2(u)du = f [£'(x)/f(x)]2f(x)dx < .
0 -0

We call ¢ a "score'" function.

Now, let R.\)i be the rank of Xvi in the ordered sample

V. .. SV, ie.

(1.1.7) X\)_-,L = VvRA} with probability 1, 1 £ i < Nv’ v =1,
vi
Further, let av(i), 1 <4< Nv be some arbitrary scores

satisfying

1
(1.1.8) lim J [av(l + [qu]) - ¢()]2 du = 0,
v 4

[x] being the largest integer less than or equal to x. Let the rank-

order statistics Sv be expressed as

(1.1.9) s = I (c i c\))a\)(RVi) , v = 1.

Let £, and Qv(B’ o) be the size and power of test based on critical
region

(1.1.10) S >»XKd,v=>=1,

where K8 is the upper 100e7 point of a standard normal variable and

N o
(1.1.11) a2 = M(.,-%¢ )Zf [£'(x)/£f(x)]1%f(x)dx. .
v =1 YV .



The main theorem of Hajek is as follows:

THEOREM 1.1.  Under the model (1.1.2) and under the assumptions

(1.1.3) - (1.1.8), the critical region (1.1.10) provides an asymptoti-

cally UMP test of limiting size £ for (1.1.1), and the asymptotic

B

- 2
power equals 1 - <I>(K€ - a*dv), where, o(x) = (V21 ) ! fféexp.(— %?)dt,

and K and dv are defined in (1.1.10) and (1.1.11) respectively.

If however, the true d.f. is G instead of F (where G satisfies
similar regularity conditions as F), Hdjek's test is no longer
asymptotically UMP, but the A.R.E. of the proposed test relative to
the UMP test has been obtained. It turns out to be the square of the

correlation coefficient between '"true score' and the "assumed score"

i.e.
(0w ¢ (u) du)?
(rhy? (wdu) (142 () dw)
] -1
where y(u) = —‘gu(f (u)) , 0<u<l,
g(G™! ()
g(x) =" G'"(»x), [ [g'(x)/g(x)]? g(x)dx < .

The notation X for 'dependent' variable (i.e. 'predictand')
has been used all through except in Chapter II, where the i are
stochastic. We have used the notation Y for 'dependent' variable in
that chapter and X's for 'independent' variables, (i.e. 'predictors').

A situation likely to arise in practice is when zv is not
observable, but we have a finite (or a countable) set of class-

intervals



(1.1.12) I, :a, <x<a J= veey =2,1,0, 1, 2,...

[where -o <...<a_j<a <@ <e.i< @ is any (finite or countable) set of

ordered points on the (extended) real line [~-», «]], and the observable

stochastic vector is g: = (le,..., Xjﬁ_)', where
v
(1.1.13) . = ¥ 1,2,
vi R B &
J==-c0
and
1 if X ; € I,

(1.1.14) A v J

J 0 otherwise ,
(1=1,2,000, Ny v21; §=..., =2,=1,0,1, 2,...) .

The model, the testing problem and the assumptions are the
same as before.

In practice, we may very often come across situations when
data are collected in several groups or ordered categories, thus,
rendering any analysis suitable for ungrouped data, impossible.

Even in studying the height distribution of a large number of indivi-
duals, it is very often convenient to record the observations
classified into several groups.

Another example may be, when we want to compare the efficacies
of several contraceptive devices. A number of couples are studied
for a certain length of time, and the distributions of the conceptions
are compared. By nature, the exact time of conception canhot be
studied. Rather, the cycle in which the conception takes place, can
be recorded, though the actual distribution of the conceptiohs can

be taken to be absolutely continuous. Hence, the data can be



recorded only in terms of intervals of approximate 4-weekly cycle-
lengths.

In the case of grouped data, Sen (1967) has obtained a class
of permutationally (conditionally) distribution-free tests for the
testing problem in (1.1.1). He has also obtained a class of asymptoti-
cally UMP parametric tests under the same conditions as of Hajek
(1962) and has established the asymptotic power equivalence of the two
kinds of tests under "contiguous' alternatives. Sen has also obtained
an A.R.E. expression similar to that of Hajek when the true d.f. is G
instead of F. He has also shown that the loss of efficiency due to
grouping can be made arbitrarily small provided the probabilities of
observations belonging to class intervals'{Ij} can be made arbitrarily

small. Throughout our investigation, we have taken Nv =y, v = 1.

1.2. A Summary of the Results in Chapters II-VI.

The results of Héjek and Sen, described in the earlier section,
have been extended in several directions. In Chapter II, we have
extended the findings of HAjek to the multiple (linear) regression
model with stochastic predictors. including the situations where the

predictors carry only partial information, and, may be referred to as

'partially informed stochastic predictors.' For example, we may have
the general linear model Yvi' = 30 + lelvi + ... + BPXPvi + asvi,
i=1,2,..., v, v 2 1, where the observations (Yvi’ lei,---s vai)’

i=1,2,..., v, v 2 1 may not be available, but only the ranks on
these are available, ranking being done independently within each

. t
Yv or ka We want to tes



~

(1.2.1) Byt 8 = (Byseens B.p)' = 0,

against the alternatives B # Q. A class of permutationally (condi-
tionally) distribution-free tests has been obtained for the above
problem which is unconditionally distribution—free for the particular
case p = 1., This class of tests.is asymptotically optimal in the

sense of Wald [34]. The A.R.E. results are given and in the particular
case p = 1, the expression for.the A.R.E. turns out to be the product
of the squared correlation.coefficients between the "true score" and
"assumed score" for each of.Y and X.

In Chapter III, the. results of Sen have been generalized to
the multiple linear regression.model., From this chapter onwards, we
have worked with grouped data. Sen's model is s simple linear
regression model where the hypothesis of no regression has been tested
against two-sided alternatives. Unlike his case, since we have here
two-sided alternatives, we have not been able to get a UMP test, but .
a test which is an "asymptotically most stringent test'"; (for defini-
tion, see Wald [34]). This has been achieved by showing the
"asymptotic equivalence" (definition given in Section 1.3) of the
proposed. test statistic to the likelihood ratio test statistic,

(see [34] or [35]).

Consequently, other optimal properties qf the likelihood
ratio test as proved by Wald [34], hold for our test as well.

Regarding the mathematical tools used in this chgter, there
is a basic difference from that of Sen. In proving many of the

results in this chapter, we have avoided the "contiguity" argument.



The reason behind this is to extend. the results to the multivariate
case, where "contiguity'" of the.sequence of probability measures
corresponding to the alternatives.to the corresponding sequence for
the null hypothesis, at least, does not seem apparent. A corollary
to the. lemma 1 of LeCam (see e.g..[19], p. 204) gives a sufficient
condition under which‘"contiguity",holds. This does not hold in
general in the multivariate case. We are not aware of any condition
ensuring 'contiguity'" in the multivariate situation. In Sen's case,
however, "contiguity" has been. used as a major tool. Further, Sen
has considered a countable. set.of class-intervals, whereas, we have
for all essential purposes,.considered a finite set of class-
intervals, and ultimately have. extended. the results to the case of a.
countable set of class-intervals. by using the "contiguity" argument.
We have obtained the same efficiency expressions as in the case of
Sen and consequently, his conclusions regarding the same hold in our
case as.well, Our results also include the K(22)-sample problem as
a particular case.

In Chapter IV a similar problem has been considered, the only
difference being that here we are interested in testing for the
intercept along with the regression coefficients. More specifically,

if we have a linear model,

Xvi = BO + Blclvi +.. .+ chpvi + oey4 (i =1,.00, vy v 21 ,
the Cvi's being known constants,.we have tested
Hy : (Bysenes Bp) = (0,..., 0) in Chapter III against all possible.
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alternatives, whereas we have tested

HO : (BO, Byseoos BP) = (0, 0,..., 0) against all possible alterna-

tives in Chapter IV. The parametric test procedures for the two
problems are exactly the same, but the permutation test procedures
vary in the two cases, since in Chapter ITI, statistics analogous to
rank statistics have been considered, whereas in ChapterIV statistics
analogous to signed-rank statistics have been considered. A detailed
explanation of these has been given in Chapter Iv.

As an interesting application of the test procedure considered
in this chapter, we have been able to find a test for the paired-
comparison problem as considered by Mehra and Puri [28]. It has been
shown that the two tests are asymptotically power-equivalent when
each pair of treatments is compared the same number of times. But

if that is not so (and, obviously, the number of treatments compared

e

s 2 3), the two tests may not be asymptotically power—equivalent.
A counterexample has been obtained to this effect, and, in fact, in
the particular example considered, our test is asymptotically more
powerful than that of Mehra and Puri. This shows that the test
considered by Mehra and Puri (which seems rather arbitrary apart
from the fact that the test statistic is asymptotically a chi-square)
need not be asymptotically optimal in the sense of Wald [34], whereas
our statistic can claim that property. Moreover, it seems that our
statistic is computationally simpler than its rival.

The findings of Chapter III and IV have been extended to the
multivariate case in Chapter V. Our attempts seem to be the first
in this respect, since very little seems to have been said or done

regarding the general linear regression problem for multivariate
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grouped data even under the normal theory set-up. We may, however,
remark that unlike the univariate case, the asymptotic optimality in
the sense of Wald cannot be claimed in the multivariate case in a
quite general sense.

In Chapter VI, a specific example has been considered. This,
however, illustrates the test procedure developed in Chapter III,
although, as we shall see later on in Chapter V, the multivariate
extension of such tests is quite simple, even in practice.

A general manner of presentation which has been followed in
Chapters III-V is this: In section 1, We have introduced the
problem and have given the basic notations and assumptions. In
section 2, we have derived a class of parametric tests and have
established the asymptotic optimality (if any) of such tests. 1In
section 3, we have developed a class of permutationally distribution-
free non-parametric tests. The remaining few gsections deal with
miscellaneous remarks, derivation of the A.R.E. results and

applications to specific cases.

1.3. Some Definitions and well-known Results.

In this section, we give some definitions and well-known
results which have been used repeatedly in the subsequent chapters.

1) Continguity (Definition: H&jek [17]).

Let {Pv} and {Qv} be two sequences of probability measures
defined on a sequence of measurable spaces {X;,/iv}, v 21, If for
any sequence of events Av Q/kv, Pv(Av) -+ 0 entails Qv(Av) -+ 0, we

say that the probability measures Qv are contiguous to the probability



measures Pv' Contiguity implies that any sequence of r.v.'s Yv converg~
ing to Y in Pv—probability converges to Y in Qv—probability as well.

ii) Uniformly Continuous Integrals (Definition: Loéve [27]).

Consider the probability space (Q,/&, P). Let {Xv’ v 2 1},

be a sequence of r.v.'s (measurable functions) on this space. Then

the integrals: of the r.v.'s Xv are said to be uniformly continuous,

if, for any A g/&, fIXvIdP - 0 uniformly in v as P(A) - 9; in other
A

words, for every € > 0, there exists a 66 independent of v such that

I[XVIdP < ¢ for any set A with P(A) < 68.
A

iii) Uniformly Integrable (Definition: Loéve [27]).

Let Bv = [[XV| > al, Xv's being r.v.'s as in (ii). We say

the r.v.'s IXVI are uniformly integrable, if S IXVIdP -+ 0 uniformly in

B
v

v, as a > @,

NOTE: The r.v.'s Xv are uniformly integrable if, and only if, their

integrals are uniformly continuous and uniformly bounded.

iv) Kronecker or Direct Product (Definition).

Let A = ((aij)) be a p x q matrix and B = ((baB)) be a r x s

matrix. Then, the Kronecker or Direct Product of A and B denoted by

A@ B, is given by
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v) Op(f(v)) (Definition).

Consider a sequence of r.v. 's {X , v 2 1}. We write X =0_(f())
v v p
(Xv is of probability order O (£(v))), if, for each € > 0, there exists
an A_ > 0, such thatrPr-{|Xv| < Asf(v)} 21 - ¢, for all values of v.

vi) op(f(v)) (Definition).

Consider a sequence of r.v. 's {Xv’ v 2 1}, We write

X =o0 (£(v)), if for every e > 0, lim Pr-{[Ilellf(v)l) <e} =1,

0

(i.e. Xv/f(v) converges in probability to zero as v + «).

vii) Asymptotically Equivalent (Definitiom).

Wz say two sequences {Xv} and {Yv} of r.v.'s are "asymptoti-

cally equivalent" if X, =¥ > 0 in probability as v - ~, and {Xv} or

{Yv} has a non-degenerate limiting distribution.

viii) Asymptotic Normality (Definition).

1

s is

We say a sequence zv = (X, 5000, va>' of r.v.

v

asymptotically Np(g, L), where I is a p.d. matrix if, and only if,

for every vector g = (al,..., ap)' # 0, with finite and real elements,

L
(2'X, - a'w/[a'zal? is asymptotically N, (0, 1).

ix) Bonferroni Inequality (see e.g. Feller [12]).

Let (%MA, P) be a measure space, and let A, 3/4

r
1, 2,...5 v). Let 8, = 1 P(Ai),

(1=
i=1

S = ZZP (A. n A.. ) s 00
2 L H]

151, <1 <r 1 12
s = T ... P (A, n Ai NeooN A, ),
P o1si <ip<...<i s Tl 2 m

m

Sr = P(A1 n A2 NeooN Ar).
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Then the first set of Bonferroni Inequalities says that the
probability Pm that m or more of the events Al’ Az’ ey Ar occur

simultaneously, satisfies the inequality
S -8 <P <8 m=1, 2,..., r - 1).

x) A Convergence Theorem (see Crimer [11], p. 254).

If {Xv}’ {Yv} and {Zv} are sequences of r.v.'s a,b 2 0
are numbers such that Xv converges in law to X as v =+ o, Yv and Zv
converge in probabilities to a and b respectively as v -+ «, then
Zva + Yv converges in law to bX + a. 1In particular, if Xv converges
in law to X as v + «, X& - X, 0 in probability as v = =, XG
converges in law to X as v = =,

xi) Slutsky's Theorem (see Cramer [1l], p. 255).

If ¢ £

soees gpv are sequences of r.v.'s converging in

v’ "2y

probability to the constants cj, Co,ees, cp respectively, any rational

function R(Elv,..., £ v) converges in probability to the constant

p
R(cisesey cp), provided that the latter is finite. It follows that
any power Rk(glv"""apv) with k > 0 converges in probability to

k
R (Cl,..., Cp)-



CHAPTER II
RANK ORDER TESTS FOR REGRESSION WITH

PARTIALLY INFORMED STOCHASTIC PREDICTORS

2.1. Introduction, Notations and Assumptions.

Consider a (double) sequence of stochastic matrices

Z, = (gvl""’ gvv)’ 1l £v < o, yhere
v - ' _ (1) (p) .
Z,; = <Yvis 2,10 = (Yvi’ Xjgooeees X5 ), (p 2 1) are i.i.d. random

vectors having an absolutely continuous d.f. Fv(y, X), X elRp, the
p-dimensional real space. We assume that the p-variate marginal
d.f. Fg1(x) = Fv(m, x) does not depend on v and possesses a continuous

density function f(1(x). We denote the conditional density function

x by £ (y]x). We also assume that
) 1
fv(Y|§) = fo0l(y - Bg - v 2 B'x)/c], where By and o(> 0) are nuisance

of Y , given X .
vi i

parameters and B = (B1,ce., Bp)' is the parameter (vector) under test.

Thus the density function corresponding to the d.f. Fv(y, x) is

given by
-1
(2.1.1) fv(YIﬁ) = £01(x)f20(ly - Bo - v Z R8'%1/0), v 2 1.
We want to test the null hypothesis of no regression i.e.

(2.1.2) Hy : B = 0 against the alternatives § # Q.
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=1
It may be noted that under Hy, fv(y,g) = f(y,x) = £f01&)E20(c (v - Bp)),
for all v 2 1 and thus Yvi and gvi are stochastically independent for

alli=1, 2,..., v and all v 2 1. We shall use the notations

v
1,..., p) and ?; =V I Y ,. The

v
2O 1Y g® g
v = V1 i

v
i=1

following assumptions are made:

(2.1.3) £30(y) = (d/dy)fzo(?),exists and I(fyp) = f (féo/fzo)?fzodx < o

(2.1.4) E(XST)) = 0 (assumed without any loss of generality) and

?

E|X\El;)|q+6 < ¢ < o, for some § > 0 and for all k = 1,..., D,

v = 1;

(2.1.5) L = Var(g,,) is p.d.

Let

— £30(Fah (W) /E00(Fag(w), 0 < u<1,

(2.1.6) ¢ ()
where F;é(u) = inf{x : Fyq(x) 2 ul} ;
-1 -1
(2.1.7) ¢*(u) = - g"(G" (W) /g(G (W), 0<uc<l,
where G is a d.f. with density function g satisfying (2.1.3); thus
s ®
(2.1.8) I(g) = fo ¢" (u)du = f (g'/8)? gdx < =.

We introduce a class of score functions av(i), i=1, 2,000y v,

satisfying

- 1
(2.1.9) 1im f fav(l + [uv]) - ¢*(u)}2 du = 0,

Y-
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=1
It may be noted that under Hp, fv(y,g) = f(y,x) = fg1®)fr0(c (v - By)),

for all v =z 1 and thus Yvi and gvi are stochastically independent for

alli=1, 2,.,.., v and all v 2z 1. We shall use the notations

vi

v v
—_ - — -1
X(ﬁ) = v ! by X(k) (k = 1,..., p) and Yv =V I Y ,. The
=1 i=

i

following assumptions are made:

A ® 2
(2.1.3) £fi9(y) = (d/dy)£,o(y) exists and I(f,q) = f (£30/£00) fopdx < o

(2.1.4) E(Xéﬁ)) = 0 (assumed without any loss of generality) and

E I X(k) I'LH"S
vi

(2.1.5) L = Var(¥ ) is p.d.

Let

1]

(2.1.6)  $(w) = - F3o(Fad(w)/E20(Fag(w), 0 < u <1,
where Fzé(u) = inf{x : Fyoo(x) 2 ul} ;

(2.1.7) ¢*(w) = - g' € @) /g (W), 0<u<l,

where G is a d.f. with density function g satisfying (2.1.3); thus

1 00
(2.1.8) I(g) = fo $* (wau = [ (g'/8)? gdx < =.

We introduce a class of score functions av(i), i=1, 2,.

satisfying

1
(2.1.9) 1im f fav(l + [uv]) -~ ¢*(u)}2 du =0,

Yoo

< ¢ <o, for some § > 0 and for all k =1,..., p,

)
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where [x] denotes the highest integer less than or equal to x. In

particular, we can take the following types of score functions as

suggested by Hdjek [19]:

(@ &, (1) = B+, 4= 1,00, v, v 2 1
(b) av(i) = ¢*(i/(v + 1)), i = 1,000, v, v 2 13
i/v
(e) av(i) = vj ¢*(u)du, i = 1,..., v, v 2 1, where
(i-1) /v
LA\
vl vV

denote ordered statistics in a sample le,.;., va of size v from a
uniform distribution on (0, 1), Uvi 's being distributed independently
of Xé?) 's (A =1,000, v; Kk =1,..., p). Let Fk(x) be the marginal
distribution of XST) and Fk,k'(x’ y) the joint bivariate marginal

(k) and X(k')

distribution of X
vi V1

Consider another sequence of random vectors'{ﬂv}, where,

= (Wél),..., Wép))' is assumed to be distributed independently of
Y = (Y ,..., Y )'. Also, assume that the conditions (2.1.4) and
~v V1 vV

(2.1.5) are satisfied with W replacing X .. Let F* denote the d.f.
~y V] k
—1
of w&?) and Wﬁ(u) = F; (@, k=1, 2,..., p. Consider another class
of "score" functions bkv(i)’ (1 =1, 2,000y, Vv, v21l3 k=1, 2,..., p)

satisfying

1
(2.1.10) \1;2 [O{bkv(l + [wl) - pFw)? du = 0.

In section 2.2, a class of permutationally (conditionally)

invariant distribution-free tests has been proposed and studied. In
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section 2.3 the asymptotic permutation distribution of the proposed
class of test statistics (under Hyp) has been developed. The asymptotic
non-null distributions have been obtained in section 2.4 by using the
contiguity lemmas of LeCam (see e.g. [19] or [25]). 1In section 2.5
the optimality properties of the proposed tests have been developed
under the conditions of Wald and the ARE results of the allied tests
(in Pitman's sense) have been derived.
In the remainder of this section, we prove a lemma which

will be used repeatedly in the subsequent sections.

LEMMA 2.1.1. Let {Xvi’ i=1l,..., v; v 2 1} be a double sequence

of r.v.'s such that for each v, X,1»+++» X are independently
l 246

distributed with d.f. F . (x) for which Elx\)i < ¢ < « for some

§ >0 and all i = 1,..., v. Then, Y; - E(XQ) - 0 a.e. as v > o,

The proof of the above lemma is based on the following result:

X

s seees X be samples from distributions with
1 v2 AV »

LEMMA 2.1.2. Let Xv

d.f, Fvl(x)’ sz(x),..., Fvv(x> respectively. TIf there exists

n (> 2) such that Eleiln <ec<w, foralli=1, 2,..., v, v 21,

then given any ¢ > 0, P(I?; - ﬁb] > e} < K/Cenvn/z) for all v > vy
-1 v —
and some positive K, where X =v £ X ., u =EX) .
v jop VLT TV v

Proof. The proof of the lemma 2.1.2 follows along the lines of

. Brillinger [8] (who however considered the case of i.i.d.r.v.

X1, X95... with EIX1|n < «), and hence is omitted.

Proof of LEMMA 2.1.1. Given any ¢ > 0, let Av denote the event

"fﬁv - E(X%)l > e." Let C be the event that "infinitely many A
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happen." Using lemma 1.1 we get,

- +5 1+
P{]X§ - E(Yv)l > e} < K/(e? v 7-, for all v > Vo,

so that

o) \) © -

1=
I PA) < = P(a)+ (K/ezﬂs) z v o2
=1 =1 v=vgtl

v

< oo,

Using now the well-known Borel-Cantelli lemma (see e.g. [27]) we

get P(C) = 0 1i.e. Av can happen only "finitely many times.'" Hence

X -E(X) >0 a.e. as v »> =,
v v

2.2. A class of conditonally distribution-free rank-order tests.

We rank the observations within each row of the stochastic
matrix gv’ ranking being done independently between rows. Let R(O)

vi
yeessy Y and R(k) the rank of X(k)
> v

. .. among
vi vi

be the rank of Y ., among Y
vi v

X(k),..., X(k)
vl vV

1

(k=1,.0., p; v =2 1); we define the collection

(-rank) matrix by

R0 g0 ] (]
vl Vv v
(D gD gV
vl LAY ~V
(2.2.1) By T | i | T :
P (@) r(P)
vl vV _ __NV -

where gﬁk) = (Réﬁ),.e., Rét)), k=0, 1,..., p. Each row of the above

stochastic matrix is a random permutation of the integers 1, 2,..., V.
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let
, -1/2 " k), = 0, _—
(2.2.2) Skv =y 121 [bkv(Rvi ) - bkv][av(Rvi ) - av], k=1,000y Py
— -1 v . _ _ AY
where bkv = v izl bkv(l)’ (k =1,..., p) and a = v iil av(l).

The test statistic to be proposed is a quadratic form in the Skv S.
The nonparametric methods developed in this paper are useful
when the Xéi)'s are partially informed, i.e., they are not observable,

but only the ranks on them are available.. Our technigues are equally
applicable when we use mixed rank statistics,.i.e., using the observa-

tions X(k)'

ol s as such instead of rank-scores on them.

The test criterion is formulated by using the rank-permutation
principle. of Chatterjee‘and Sen (1964), (also discussed in Puri and
Sen (1966)).

Since each row of R is a random permutation of the numbers
1, 2,c0ey VY, gv'is a random.matriX'having‘(v!)p+l‘possib1e realiza-
tions. Now, as has been noted after (2.1.2), under the null
hypothesis the Yv's are distributed independently of the ka's
(k =1,..., p). By assumption, the Yv'S are identically distributed.
Hence, under Hj, ‘the v! possible permutations of Yv's are independent
of the permutations of ka's and are equiprobable among themselves,
each permutation having the probability (v!)_;,< So, if we delete

R., we are left with a rank matrix involving ranks of the

~

R(O) in
=y

ka's which we denote by Ev(o)' Two collection matrices, say,

R and gj(o) are said to be permutationally equivalent when it is

v (0)
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possible to arrive at one from the other by only a number of inter-
. * . . .

changes of its columns. So if Bv(o) is a matrix having the same

column vectors as gv(o), but the columns are so arranged that the

% . .
first row of gv(o) consists of the numbers 1, 2,..., v in the natural

order, i.e.

1 2 eV -
@) () Lw(2)
. 1 v2 vy
(252.3) 'B\)(O) - 6006 606 0636606606068 048s6006 ¢80 ’
g g gr(p)
u vl v2 oo ]

%
v (0)

* : * ' . .
to each gv(o), there will be a set z(gv(o)) of v! realizations of

then R is permutationally equivalent to Bv(o). Thus corresponding

Bv(o) such that any member of the set is permutationally equivalent
to g:(o). The probability distribution of BV(O) over the (v!)P possible

realizations will depend on Fjj(x) even under Hp in (2.1.2),

p 1
(unless Fg1(x) = kzl Fk(xk)); thus rank-statistics §v = (Slv""’ Spv)

are, in general, not distribution-free under Hy. However, given a
particular set z(gj(o)) (of v! realizations), the conditonal distri-
bution of R over the v! permutations of the columns of R*

~v(0) ~v(0)

would be uniform under Hp, i.e.
. _ * _ -1 *
(2.2.4) P{gv(m —-;V(O>|Z(gv(0)), Hp} = (v!) = for all E,(0) © Z(Bv(o))

irrespective of Fpy(x). Let(Y denote the permutational (conditional)
v

probability measure generated by the conditional law in (2.2.4). Then,
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after some algebraic .computations, we get the following results:

(2.2.5) E(skv]@x) =0, k=1,..., p;

(2.2.6) Vo = Cov (S s S |®)

1Y ')y = .
.Z (bkv(Rv - Bkv)(bk'v(Rvi ) - bk'v)}

i=1

(v/ (v=1)){v"

()
)

{v~1

i

nh~M<

l(a\)(i) - E\))z} ’ (k9 k' = 1,000, P)-

We propose the following test statistic:

2.2, = g'vy*
(2.2.7) Mv gv zv gv >

where y: is a generalized inverse of zv = ((ka'v))' We shall show
in the next section that under the assumptions (2.1.3), (2.1.4),
(2.1.9) and (2.1.10), gv converges in probability to. the matrix

Zo I(g), where

(2.2.8) Ty = ((cik.))

with
1

*2 _ ,
Kk = [O wk (udu, k=1,..., p, and

Q
|

1 .1
*
Okkl = fo IO wk(u)w;'(u')dek'(u’u')’ l s k‘ # k' < p’

: N L (k) (k")
1
Hk’k,(u,u ) being the bivariate joint d.f. of Fk(X\)1 ) and Fk'(le ),

1<k #k'" £p. The following test procedure is proposed based on the

critical function z;(Z,):



(2.2.9) c () =) ¢ , ifM =M ,

where M§,e and Slve are so chosen that EG%(cl(zv)) = ¢, This implies
that E(;i(gV)IHO) = g, E(+|Hy) standing for expectation under Hy, i.e.
gl(gv) is a similar size ¢ test.. However, this procedure requires
evaluation of v! possible realizations of MQ’ The task becomes

prohibitively laborious for large: v and this leads us to .the study

of the asymptotic distribution of the permutation test statistic Mv'

2.3. Asymptotic permutation distribution of Mv'

We shall now prove a theorem which will be used in deriving
the asymptotic permutation distribution of Mv' This theorem
generalizes Theorem 4.2 of Puri and Sen (1966) in the sense that
unlike Puri: and Sen we do not have to assume the existence of the
derivatives of the score functions ¢*(u) or ¢§(U)'S and the
boundedness conditions thereon. In proving the result all we need to
assume is the square integrability of ¢* and the uniform boundedness

1

of the (2 + G)th order moments.of,wv i=1,00ey v, k=1,..., p)

for some § > 0; the latter implies the conditions

-1/2+48"'

]wi(u)f < [u(l - w] for some appropriate §' > 0 as assumed

in [29].

THEOREM 2.3.1. Under (2.1.8) X, I(g)go in probability as v = =,

, -2 _ -1 2, =2
[av(l) av] = v av(l) g - Now,

Proof. v
1 i

o<
o<

i 1

22
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v V,€
|2o = 3 -
(2.2.9) Cl(Zv) 8 ve » IE M M&,s ,

N h = . o 3 o
where M and slve are so chosen that EG%(Cl(Zv)) € This implies

that E(Ci(gv)IHo) = ¢, E(+|Hy) standing for expectation under Hy, i.e.
cl(gv) is a similar size ¢ test. However, this procedure requires
evaluation of v! possible realizations of Mv' The task becomes

prohibitively. laborious for large:v and this leads us to .the study

of the asymptotic distribution of the permutation test statistic Mv'

2.3, Asymptotic permutation distribution of Mv'

We shall now prove a theorem which will be used in deriving
the asymptotic permutation distribution of Mv' This theorem
generalizes Theorem 4.2 of Puri. and: Sen (1966). in the sense that
unlike Puri and Sen we do not have to assume the existence of the
derivatives of the score functions ¢*(u) or wi(u)'s and the
boundedness conditions thereon. In proving the result all we need to
assume is the square integrability of ¢* and the uniferm boundedness

(k) ,

of the (2 + 6)th order moments .of in s (1 =1,000y vy, k=1,..., p)

for some § > 0; the latter implies the conditiomns

-1/2+8"' . '
for some appropriate §' > 0 as assumed

[ | < [u@ - w]

in [29].

THEOREM 2.3.1. Under (2.1.8) X, - I(g)go in probability as v + o,

2 -1 Y 2
1 [av(l) - av] = v 121 av(l) -7 Now,

-1
Proof., v
i

o<
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1 1

a, = fo a (1+ [wlhdu = fo [a (1 + [uw]) - $*(uw)]du, (since

1 .
[0 ¢*(u)du = 0). Using now (2.1.9) and the Schwarz inequality, we

get, @ + 0 as v > =, Further,
v

1 1

-1 foai(l + [w])du = fo[av(l + [w]) - $%(w1%du

v

a’ (1)
Vv

h™<

i=1

1 1
2 f0¢*(u)[av(l + [uv]) - ¢*(u)]du + [O¢*2(u)du

+

Using now, (2.1.9) and the fact that

1 1 1 L
[O|¢*(u){av(l + [uv]) - ¢*(u)}|du < Iz(g){f [av(l + [uv]) - q)*(u)]zdu}2
0

with I(g) < =, we get, v_l
i

™~ <

2
av(i) + I(g) as v +~ =, Thus,
1

(2.3.1) vl

M <

z [a (1) - 5512 > 1(g) as v + .

Proceeding exactly in the same way and using (2.1.10), we can show

that .

v
(2.3.2) v 1z [b
.

\Y
(R(k)) - E’k 17 =3 1 [b
1 =

kv ¥ vi v

as v+ o, (k= 1,004, D)o
Using (2.2.6), (2.3.1) and (2.3.2) we get,

(2.3.3) v > cﬁk I(g) as v =+ =,

kk,v

For k # k', we get from (2.2.6),



- -1 (k) (k')
l. Moy = O/ = D0 B by R (0 - B By
{v_l ; a®(i) - Ez} .
=1 VY v

For proving the theorem, all we have to show now is that

(2.3.4) v} z b, (R

i=1

(k))b ' (R(k )) > 00 y in probability.
k'v kk'

We introduce the following notations:

(k))’

Vi osgr, P, LGy < @, ws

(2.3.5) Hkk'v(u’ V)

it

(2.3.6) H‘k\)(u) L of 128 (X(k)) u] ;

(2.3.7) Ckv(i/(v+1)) bkv(i); dA=1000, v 1 s kz k' <p).

-1 Vv
(2.3.8) v T k (R

i=1

©), @k

kl (R

1.1
- JOJO Ck\) (\)Hk\) (u)/(\)'l'l))Ck'\) (\)Hkt\) (V)/(\)+l))dek,v (u,v)

f f (G, OB (o)) QALY = p OBy (DAo+IIIC By (WWOHIIH , (4,v)
+ f . f [Cry ©Hry VOFLY= yies Gl s DA+ By ()60 L Cu,v)

e OH) (/) =y Iyl CHyy () G+ digy (,v)

~e

24
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|
0
1
|
0
=«

(2.3

Now,

-1
\Y

1

inte
1

i=1

1
Jo[wiv(ka'v(V)/(v+l)) - w;.(V)]w;(u)dek.v(u,V)

1
* *
fowk(u)wk:(V)dek.v(u,v)

I) + (II) + (III) + (IV) + (V), (say).
9) | (1) |sd l[c GH () /(WD) - bR (w) /o)) 12aE, (w32
. =1 5 o Ve, (u : wk kaV"u. v+l), 1y (8
@ o, @y, (1
oty YRR v k'Y
Vv
- o7 2 e, ’% ) - P ey
i=1
-1y 2 (k") 1/2
{v r cZ, (RS /(w+1))}
c oty e (@) - W e 1 P s b2 ()2
={v [ k\)(1) - wk(l (v+1)) 1] v kv(l)
i=1 i=1
v ' * 2
E [bkv(i) - wl’:(i/(v+1))]2 = Jo[bkv(l+[uv]) - wk((l+[uv])/(v+1)ﬂ du

1 1
<2 f [b, (1+[uv]) - w*(u)]zdu + 2 f [w*(l+[uv]/(v+l)) - w*(u)]zdu
0 kv K 0¥k k

Since w*(u) is a monotonically non-decreasing and square
k y ROl

grable function of u; using lemma a (p. 164) of [19], we get,

Io[wi((l+[uv])/(v+l)) - w;(u)]zdu >0 as v > », Using now (2.1.10)

whic

65

. 1 .
1V
h implies v 1,2 bi (i) - J w;z(u)du < =, we get from (2.3.9),
i=1] XV 0

+ 0 as v +» », Similarly (II) - 0 as v » =,

25



(2.3.10):
1

1 L
I(III)lS[fo{wi(vﬂkv(u)KV+l)-¢;(u)}2dev(uﬂz[f0w§%(ka.v(V)Kv+l)dew(vH1/2

But,

1 ao 0
2300 [ 5% G, 0/, ) > ol as v e

Also,
! * % 2
(2.3.12) Bl 4 Gy /(o)) = g (1%, ()]
oo =1 Y w, (k) * 2
= E[v izl{wk(RVi [Oo+D)) = 4y (U ) }7]
_ -1 VY wk (k) sk ik %* _
Elv 51({¢k R /D) =y (U D+ {yy (U ) -y (U )12

i
where wi*(k) is a function defined on 0 < X < 1 by

(2.3.13) wz*(x) = w;(i/(v+l)) for (i-1)/v < A £ i/v, (L = 1,..., V)

so that w;*(i/(v+l)) = wz(i/(v+l)) for all i

1,..., v. Then using

the elementary inequality (a + b)2 < 2(a? + b2), we get from (2.3.12),

1
(2.3.14) E[fo [y, VB () /(1)) = 4 () 12, (w) )

-1 Y wx, (k) Hok 2
2B 3 g2/ - T, 07

3w - @ 02
1=1 k vi 1pk vi

+ 2 E[v_
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2 Bl R /(o)) - )1

1
+2L[@Nw—wpwfw

1 1
Now, fotw;*<u> - w1 *du = fotw§<1 + w]/ D) = 41 du.

Since w;(u) is a monotonically non-decreasing and square integrable
1

function of u, using lemma a, p. 164 of [19], fo[wi*(u) - wz(u)]zdu -+ 0

as v > », Again using lemma 2.1 of [16], we get,

2.3.15) BRI/ - 1

<2 V7 v nax [y (1/ (D)) - w;*|)(v‘l (b (17 (v+1)) - w"‘k*)Z)l/z,

1<i<y i

i~ <
M

1

-1 -1

v
where " = v i§1w§*<i/<v+1>> = v i§1w§<i/<v+1>> > fo ¥ (w)du = 0
-1 Y kw2, 0
as v > «, Also, v =~ I ¥ (1/(v+1)) ~» Opp € © a8 v >, and
i=1
-1/2 Ok ' 1/2 i/v *
v max |wk (/)| = v max |f wk(u)dul
1<i<y 1<i<v 7 (i-1) /v
i/v
< max {f w;z(u)du}l/2 >0
1<i<gy ¥ (i-1) /v

as v - « gince Gik < o, Now, from (2.3.15),
%, (k) %k 2 -
E[Wk (R, /(v+l)) - 8 (le)] +0 as v > o,
Thus, from (2.3.14),

1
(2.3.16) E[[O[wﬁ(kav(u)/(v+l)) - ll)z(u)]2 dev(u)] + 0 as v »> o,
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‘ Using (2.3.11) and (2.3.16) with the fact that convergence in mean

implies convergence in probability, we get from (2.3.10), (III) - O
in probability as v -+ «, Similarly (IV) > O in probability as

v > o, Again,

i ) e, D).

IIM<

(V) =

Since,

]
Bl e, 80 uk, Ty 142

(k)))lz+a k! )))|2+5 1/2 -

< {E|uy (F, (% E|v)y (B o (X
using Markov's weak law of large numbers, we get,
W + elpE, &0 @ =

in probability as v - ». Hence (2.3.4) is proved.

THEOREM 2.3.2. Under the permutational model(gi and (2.1.8) §v is

asymptotically Np 0, I(g)'go) in probability.

Proof. Let e = (el,..., ep)' # 0 be a vector of finite real constants.

Then

(2.3.17)  E(e's IP) =0, El(e's V7|01 = (e'V 0 1(e).

~ Ry

We have to show that for every vector e as above, g'gv is underfF;

asymptotically normal (0, (e'f.e)I(g)) in probability. We have,

~0~

v P
: Qe = (k) (0)
(2.3.18) ¢'8 = 151 {k__z_1 e, (b RIS - b )}{a\)(R\)l ) -3} .
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p
Under p , { Z e (b (R(k)) b, ), i=1,..., v} is equiprobable over
v ol k kv

the v! permutations of the columns of RS(O) while {av(i)’ i=1,004, v}
is equiprobable over the v! permutatlons of the integers 1, 2,..., v

independently of the permutatlons of{ Z e (b (R(k))) i=1,..., v}.
k=1
Since yv - EO in probability as v > », to prove the theorem it is
' P
sufficient to show that the sequence { % ek k(R(k))} satisfies the
k=1

Noether condition (see e.g. (16)) in probability and the sequence

{a (i)} satisfies the condition Q of Hdjek (16), namely,

max_
l<11S..._1 <v

. _ .2
kv [av(la) - av]
(2.3.19) lim kv/v = 0=>1im = 0,

VT Ve y [a,(1) -3 12
i=1

which implies the Noether condition, and then apply Theorem 4.2 of

[16], p. 514. Let a? < a® be the ordeml

2
v (1 v(2) S s.6 S av(v)

ai(i)'s and let us define a step function nv(u) as

(2.3.20) n_(w) =,ai(i) for (i-1)/v < u € i/v, i =1,..., v.

k 1
Then v-l max b [a2(i )] = n_(u)du. But,
1st S5 vooel VO C - v
ks, =k /v
! 1 Y 2
J n(u = v  Ia (i) >I(g) <o as v >,
0 Vv . \Y
i=1
1
Hence, f nv(u)du > 0 as v + » gince then kv/v -+~ 0. Also

1—kv/v

Es - 0 as v » =, Hence,



(2.3.21):
Ky . — 42 -1 k 2
max T [av(l ) - av] 2v max I a“(1) + 23
! * 1Siy<...<i svoosl V0
v < v
v v .
=12 -1 2,. =2
I [a, (1) - av] v oI av(l) - &
i=1 i=1

as v > o,

Putting in particular kv = 1, it follows that the sequence

{av(i)} satisfies the Noether condition i.e.

(2.3.22)

Also,

(2.3.23)

as v > «

Further,

(2.3.24)

max  [a (i) -3 ]°
. v v
l=is=sy +0 as v > o ,
AV . — .2
.Z [av(l) - av]
i=1
P
-1 (k)y = 4.2
v max {2 e [b,_ (R'.) -b 1}
ls41sv kep & KM kv
< v_l max P g ei[bk (R(F)) - Ek ]2
L<i<y kel vEovi v
L -1 ) — .2
<(p I e ) max max v [bkv(l) - bkv]
k=1 1<isv 1<k<p

(the proof being similar to that in the case of

=1

P (k) 2 ' '
v { 2elb (R, -B 1} =¢'Ve~>e'y

1 k=1

e
o~

1l Mmc<

i

in probability (using lemma 2.3.1 and the fact that L, is

Hence,

av(i)'s).

>0

p.d.).
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P K, = 142
max { T e, [b, (R°)) - b, 1}
(2-3.25) 1<4igv k=1 k" kv AV § k\) 0

-

> in probability.
v —

Dz e b &Y -5 1)

{=1 k=1 vi kv

Hence the theorem. An immediate consequence of the above theorem is:

2
THEOREM 2.3.3. Under'ﬁi, MQ is asymptotically distributed gs,xp.

2.4, Asymptotic non-null distribution of Mﬁ.

We first prove the following elementary lemma:

-l )
LEMMA 2.4.1. (i) v /2 IX(k)I + 0 a.e, as v > for all
lSl<v v
k = l,o LY P
-1 2 (k) <k> <k> 2
(i1) v " 2 (Xvi ) > E(X a.e._as v > ®,
i=1

for all k= 1,..., p.

Proof. We first prove (ii). We can write,

(k). gk)y2 _ =1 o (k)2 2 (k)g
(2.4.1) v 121(X51 v Y o= ”121(X )© - xv y2
Since (X(k)) .,'(Xss))z are i.i.d. with
§
Lo N kS P RPN

using lemma 2.1.1,

> (k) 2 <k> 2
(2.4.2) E[v (X))~ E(X ) a.e, as v - o,

i=1
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[Note that the p-variate marginal d.f. of ¥ . does not depend on v].

vl
2+8 2+8
L L
Again, EIX(k) |2+6 < (E]X(k) ] +6_) 8 cu+6 < So,
(2.4.3) iﬁk) > E(X(k)) = 0 a.e. as v > ,

(ii) follows now from (2.4.1) - (2.4.3).

To prove (i), we first recall two equivalent foms of Noether
condition given by Hoeffding (1951). We state these in a slightly
different form convenient for our purpose: |
v

; x _g0)
=1

(2.4.4)  ( max (xfﬁ) "‘k))z)/(
1€i<v i

) >0 a.e. as v + ®

R S = N S O B e e

Vo =] 1=1

a.e. for some r > 2.
The right hand expression in (2.4.4) can be rewritten as

-r \Y
(2.4.5) limv 2 {v7' |X<k) 700 |%y/07 3 00,2/
V> i= 1 i=1

a.e. for some r > 2.

We shall prove first (2.4.5). Taking r = 2 + §' where (0 < §' < §/2)

and using an elementary inequality, we get,

(2.4.6) v I Ix(k) (k)|2+‘S < 21" 7! z |x

(k)|2+6' ff<k)|2+6')
i=1 i=1 v

§ - 268'

S aT o Ve have,

Taking now, &'’
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k) 2+8"' 248"
<EIX\fi)| )

< ¢ < o,

(k>|(2+6')(2+6")
1

< E|X ' (k)|4+6
Vv 1

= E|X,
\Y

Hence, by lemma 2.1.1,

@2.6.7y v ' xR 2

(k) [ 2+8"
N | a.e. as v > «,
{oq VI 1

+ E|X;

Also ?ﬁk) + 0 a.e. as v > o, Using now (ii),'(2.4.6) and (2.4.7),

we get (2.4.5). (i) follows immediately from (2.4.7) since

\
-1 248" -1-8 7V 246"
(v 7" max |Xvi,) <v 2 3 }Xvil

1<i<v i=1

R : .. . i
Consider a sequence of measure spaces (lv,r\ . “v)’ v 21,

v
a typical element of }v being Z,» where

(1) X(p)
vl

(1) (p) '
SAETEEE X srees X O .

Z = X cen
~y (yvl’ ’ ’ yVV, AVAY]

%
Now take a particular alternative, say B8, = B, ,

*
B = Q* = (BTO,..., B;O)', ¢ =0, and associate with it the particular
%*
hypothesis By = Bg, B =0, 0o =o0.. Denote the distribution of zZ,

0

under the alternative and the hypothesis by Qv and Pv respectively,
where dQv = quuv, de = pvduv' Let the respective densities for

7Z ., under the alternative and the hypothesis be qvi(g) and pvi(§>’

~V

= (X500, xp)', i=1l,..., v. Let

~

q.®/p..x) ifp . (x) O
(2.4.8) rvi(§) = vi vi vi
0 otherwise

Consider the following two statistics:

1/2
vi l)

.
]

v
(2.4.9) W =2 I (r
v .
i=1
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. v
(2.4.10) L = I r,

We introduce the notations:

*
(204.11) vy = Bzo/oo (k=1,000y P)s X" = (¥ reers ”b) ,

Y'
vi

.y
(Y,y = Bp)/og » h =V Zy'%  (1=1,..., v).

The asymptotic distribution of Mv will be obtained by using
the contiguity lemmas of LeCam (see [19] or [25]). We need show
that the distributions Qv are contiguous to the distributions Pv"'
We adopt a procedure analogous to that of Hédjek [17]. The following

lemmas will be needed:

LEMMA 2.4,2. Under the given model and (2.1.3)-(2.1.5),

B[P ) + -1 I(20) (' Zy) a8 v > o

1/2

Proof. Write syo(x) = f504° (x). Using the notations in (2.4.11),

we get from (2.4.9),
v
= L I t _
(2.4.12) W\) 2 izl [{SZO(Y\)i h\)i) /SZO(Y\)i)} 1].
Use the Bonferroni inequality, the fact that p is fixed (independent
of v) and lemma 2.4.1 to get
(2.4.13) max lhvil >0 a.e. as v > =,

1<i<y

Now, as in [17], we can write after some algebraic simplifications,

2
1 hvi

I ™<

EW [P, h .oy h ) =~

YV go(h )

v1?®* vi

1

where go(hvi) = f_w[{szo(y - hvi) - Szo(y)}/hvi] dy. But, we may
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note that since max |h .| + 0 a.e. as v > =, for fizxed h__(w)'s,
- i vi
1<izy

w's being points in measurable sets in the basic probability space,
proceeding as in [17], gO(hvi) - %-I(fzo) a.e., (i.e. except for a
set of points u of zero measure). Also,

v P P

IRl = I3 Yk*k'(" x5 (k N y'zy aee.,

i=1 k=1 k'=1 i=1 ot
since

- k). (k
E(v 51) 51 )) = Oppers Ks k'=141i,..., p, and,
1=1
2 4 4
EI (k) (k)l‘|'6/2::S [EI (k)|+6 E| (k)|+<S 1/2_<_C<°°,
so that lemma 2.1.1 can be applied. Thus to prove the lemma, all
v
we have to show is that the random variables I h go(hvi) have (i)
je=1

'uniformly continuous' integrals and (ii) the integrals are 'uniformly
bounded' (see chapter I), and then apply the Lr-convergence theorem
given in Lo&ve [27, p. 163] with r = 1. Since it can be shown that

(see e.g. [191), lgo(hvi)| < %—I(fzo), uniformly in i = 1,...,v,v 2 1

v v
2 .
and E(iithi) = y'Ly, El(izlhvigo(hii))l < %-I(fzo)x'zx. (i) follows,

since for any measurable set A, with IA being defined as

g' 1 if weA
IA(w) =

(\.O otherwise ,

AY
EC Z h ;80 T,) < § T(£20) [E( z h )Z]I/Q(EIA)”2 .
i=1 i=1
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p P 1Y (k) (k")
(Zh2)2= [z 2 R Y DXy Xy ()P
i=1 k=1 k'= i=1 ’
P P k k!
< ( max y2)2( b T v IX( ) ( )l)z
1<ks<p k=1 k'=l i—
P p -V k
< p*( max yk)z $ {v!s IX(l) (E )l}
1<k<p k=1 k'=1  i=1 V7 Y
5 P P v
spt(max D2 50Tz a2y
1<k<p k=1 k'=1 i=1
Yo 2
Hence,'E(.Z hvi)
i=1
1Y P _,V 1 :
< p*( max k)2 5 s vz [E(X(F))“E(X(F ))”
1<ksp k=1 k'=l  i=1 vi Vi
w/ (4
< c'/( +6) p6( max Yi)z .
1<k<p

\Y
2
Thus, E( Elhvigo(hvi)IA)

[N
I

1/2

p3( max yR)(E(I))"" ~ 0

1<k<p

uniformly in v as E(IA) = P(A) - 0. Q.E.D.

let T = (Tlv"°" Tpv)‘, where
L0 ®
= 5 '
Tkv v 2 iil vi ¢(F20(Yvi))

1y
SRR NS FICARYETICARD

21 (k)

[Szo(Y )/Szo(Y )] k=1, 2,...

> P

36



Proceeding along Hajek [17] and using the technique of con-

ditional expectation as in the preceeding lemma, we get,

LEMMA 2.4.3. Under the given model and the assumptions (2.1.3)-

- At e
(2.1.5) Var( -y glev) + 0 as v > o,

Using lemmas 2.4.2 and 2.4.3, it now follows that

E[GW, - x T + L I(fzo)x NX)ZIP ]1+0

which implies
(2.4.14) W= x'gv+.é I(fy0)y'Zy >+ 0 in Pv—probability.

LEMMA 2.4.4. Under Pv, the given model (2.1.1) and (2.1.3)-(2.1,5),

is asymptotically multinormal (Q, I(f,p)Z) a.e.

Proof. We have to show that for every vector g = (el,..., ep)' z0

of finite real constants, g'gv is asymptotically normal (0, I(fp¢)e'Ze)

a.e, We can write,

> <>
(2.4.15) e'T = T ( Z e )¢(F20(Y ))

(2.4.16) E[¢(F20(Y;i))|Pv] =0, E[¢2(F20(Y;i))|Pv] = I(fpq) < .

1/2 -
Also, max | Z e X(k)/ / | >0 as v + » from lemma 2.4.1 (i) and
kv
1gi<y k=1
Y (k)
z { Z e X'."}2 > e'fe a.e. as v > » from lemma 2.4.1 (ii). So,
k™ vi
i=1 k=1
P v P
max ( I ekxéi))z/ :{z ekXSE)}Z +~0 a.e, as v > x, i.e.
1<igv k=1 i=1 k=1

37
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P (k) e , .
(2.4,17) the sequence { = ekai } satisfies the Noether condition a.e.
k=1
P
1 ' <) (k)
Under Pv’ le,.oe, va, kzl Kk vl seoas kilekxvv are mutually

independent, ¢(F20(Y;1)),.°., ¢(F20(Y¢v)) (all identically distributed

under the hypothesis) are Borel-measurable functions of Y;l,,. R st

respectively. Now, using (2.4.16) and (2.4.17), conditional on the

(k)'s fixed, e'Tv is asymptotically

~

N0, Iy (70 5 x5 1)) 16,0))
i=1

(k) (k ))) ~ % a.e. as v > o, g'T is unconditionally

Since v
s (( v1 v1 ~y

i—l
asymptotically N;(0,(e'ge)I(£f50)) a.e. Q.E.D.

Using the above 1emma, we get from (2.4.14),
(2.4.18) W, is asymptotically Ny (- %‘I(fZO)X'Els I(f20)x'LY) a.e.

We next prove the following lemma:

LEMMA 2.4.5. Under (2.1.1) and (2.1.3)-(2.1.5),

lim max P (|{q Vi)/pV1(~V1)} -1 >e) =
v+ 1<i<y

Proof. P (|(q (2 ;)/p ;Z ) - 1] > €

~yi

et El[May, (7, /p  E,0F - 1]]P]]

Svi

IN

-1 *
£ E[lhvil f~ml{f20(y—hvi) - fzo(Y)}/hvi|dy]
But, it can be shown after some elementary algebra that

f [{f20(y = b)) = £20(9)}/h,|dy < 1'% (£,0), (1 =1, 2,000, V).



Hence, P (I{qvi(gvi)/p (2 )Y 1] > )

vi~vi
-1 _1/2
<
<e I (fzo)E|hvi| . So,
(2.4.19) max P (|{q ;(Z )/p @ O} - 1] > e
1<isy
-1
<€ 11/2 (fzo) max E('h\)il)
1<isvy
-1 _1/2
<e 1 / (fp0) E( max| h__|)
1<igy VT
We know, max |h_ | + O a.e. as v > =, and
I<is<y

-1 P (k) o
max |h il SsvZ{I omax [X i I 3¢ max_lykj),.
1<isy Yt k=1 l<isy 1<ks<p

-4 (k)
But, J v 7'12§§ [Xvi (w)ldPok(w)
<igv

Ay
= f v-%K mavaXéF)(w)fI

lgi<y V7 Ap

@), W ,

(where (Qk, K? POk) is the measure space, Ak € 4 and

1, if w e
I, (wy = Ak

A 0, if we 9 - Ak)

k

A

-4
V2 [f( max |8 () )2ap (1! [f IAk(w>dPOk(w>]1’2

1<i<v

v ! {E[ max ]X(F)IZ]}I/Z POkl/2 (A)

1gisy V%

(k) Xés) are i.,i.d,r.v., using a well-known result (see

Since le soees

e.g., Hartley and David [21]),

39



(k) 2 1/2 (k) N 1/2
E XX < [v/(2v-1 E(x
[12;?:\)|"ll 1= [v/(2v-1) T HEX )M

Hence,

-L
J v 2 max ]X(F)(w)!dPO (w)
1<i<y V3 k
Ay i<y

< 11/(v-0 EGEDH B2 ()

< M) L2 (g

uniformly in v as POk(Ak) + 0, Hence, integrals of r.v.

(k)

max X, are uniformly continuous for each k ='1,..., p and

1<igy

40

using (2.4.20) and the Lr—convergence theorem of Loéve [27], p. 163),

with r = 1, we get,

(2.4.21)

E( max Ihvi!) >0 as v >®,

1<i<y
The lemma now follows from (2.4.19).
We now state LeCam's second lemma (see {19], p. 205) which

is an immediate consequence of (2.4,18) and lemma 2.4.5.

LEMMA 2.4.6. The statistic log Lv satisfies

(i) 1log Lv - Wt %-I(fzo)(x'gx) + 0 in Pv—Erobabilitz.

(ii) 1log L, is asymptotically normél (-%iI(fzo)(x'gx), I(f0) (x"Zx))

(iii) the distributions Qv are contiguous to the distributions Pv'
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We are now in a position to derive the asymptotic non-null
distribution of §v by using LeCam's third lemma (see [19], p. 208).

We first define the following statistics:

=V %) - B 16t ), k= 1, by

(2.4.22) s o1
i=1

I

¥ =1/2 0 & * ' =
(2.4.23) T = izlwk(UVi)¢ (F20(¥) )y k= 1,000, po

Then,
(2.4.24) E[(Si - Tiv ijv]
_=1/2 (k)
=ELC lfl{b Ry = By = Yecw, 0365 Eaocx p)2e,)
v lirem /%) B - W02 1@
=V kv “vi kv~ YWt g

i=1

AY
(2 v 5 Eb, (R(k)> - YU D12 + 282 ] I(g)

i=1

A

But I(g) < =, Bkv

(p- 157) and 1.6. a (p. 163) of [19] E[b, (R(k)) -, )12+ 0

>~ 0 as v > » and proceeding as in Theorem 1.5, a

as v > o, for all i = 1,..., v. Hence, from (2.4.24),

% X
(2.4.25) E[(S, - Tkv)zva] >0 as v >, for allk = 1,..., p.

*

*
Hence, Skv - Tkv‘

> 0 in Pv—probability (and hence in
Qv—probability because of contiguity) for all k' = 1,..,., p.

Using Bonferroni inequality, we get,

(2.4.26) g: - Ij > 0 in Pv—probability (and‘hence‘in'Qv-probability),
X _ * * ' * = * % 1 !
where §v = (Slv seaay Spv) and Iv (Tlv""’ Tpv) . Further,
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x 172 ) k), _ + (@ % '
Skv ™ Skv =V iil[bkchvi ) - bkv][av(Rvi ) = ¢ (Fo (¥ N1,

k=1,..., p.
Hence,

*
(2.4.27) E[(S,, - Sk\))zva]

\Y
-2 s b B - B )2 @) - o*h)))?
i=1

-1 (k) = (k) =
+v iii,(bkv(Rvi ) - bkv)<bkv(Rvi') - bkv)'

(a, &%) - ¢* W) (a R - o*u¥ e 1, (uriting UF,
for FZO(Y;i));

V-
=v I E(

(k) (0) %, Kk
Z (Rjy") = B )% Bla (R = ¢ (U ))?

kv

vz et /%) -5 e, @) -F ).

i=i! vi'
Bla,RD) - 6" @) (a, &) - ¥,

vV
s v, @) - B )2E ®D) - ¢Fwk )12
1=1

+ @ la, @) - )12 Bla &) - etk
But,
VB by (1) - B 12 > oy < = and Bla R - ¢¥(UF12 > 0

i
i=1

for all i =1,..., v. Hence, from (2.4.27),

*
(2.4.28) E[(S,, = S, )%[P,] >0 asv >« for all k - 1,..., p.
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~

(2.4.29) §v -s* - Q in Pv (and hence in Qv)—probability.
(2.4.26) and (2.4.29) give,

(2.4.30) s - T » 0 in Pv (and hence in Qv)—probability.

~y ~

From (2.4.14) and lemma 2.4.6 (i),

log L - x'T + 3 I(f20)y'Zy > O

in Pv—probability (also used in proving lemma 2.4.6 (ii)). Hence,

for any vector ¢ # 0 of finite real constants, (log L, g'gv)

has asymptotically the same distribution as of

('L, - 5 I(£20)x'2X» £'8,) -

Using (2.4.30), the latter has the same asymptotic distribution as- of

1 - v
.. ('T, - 7 I(E20)x"2Y> &'T) -
Let
1 1 X
@.63D 00 = [ [ @ @D @D, w6 = B W,
(ky kK' = 1,..., D).

We prove the following lemma:

LEMMA 2.4.7. Under Pv’ the model (2.1.1) and the assumptions

(2.1.3)-(2.1.5), (2.1.8)-(2.1.10), (y'L - 4 I(f20)%'ZY; g'g:) is

asymptotically Nz(-%-l(fzo)(x'zx), 0, T(£20)(x'Zy) > (e'2,8)I(8),
1

(2'20021)[0¢(u)¢*(u)du) a.e.

s

Proof. We have to show that for every (a,b) # (0,0), where a, b
are finite and real constants, ax'lv + bg'z: is asymptotically

1
N1(0, a2(y'Zy)I(£50) + bz(g'gog)l(g) + 2 ab(g'goox)jo¢(u)¢*(u)du) a.e.



Now, ax'gb + bg'zj
v P
|
z [z aykwk(UVi)¢(F20(Yvi))
i=1 k=1

-1
=y 2

> be, v * Y'.))
+ kil e V(U309 (Fao (¥ :))]

+ z* |
2\)1)’ say,

%
Looav b (U )6(F0 (YD),

Lgt Zvi = Zlvi + szi’ i=1, 2,..., v.

*
We may also note that E[ax'zv + bS'IleOJ = 0 and

Var(ay'T + be'T¥|Ho) = a?(y'Zy)I(£20) + b2(e'Z e)I(g)
AN SEES) X &) 0 £ 298
1

+ 2 ab(g'goox)fo¢(u)¢*(u)du. As in [19] (pp. 217-218) all we need

v %
show now is that I E[Zv% X% (6)!Pv] +~ 0 as v » », where for any
i i

i=]1
§ >0,
e ; %
) 1, if |z5.] > 6
XZ* (6) =
vi l\o, otherwise,
But ¥ < X + X .
“ * 2 2
z%.(8)  z¥ L (8/2) 78,4 (8/2)

1P * * . .
i bekwk(Uvi)¢ (FZO(Yvi))’ i=1, 2,...

s V).

s



g k— -
. g

|
3

v
%
Hence, z E[Zvi Xy % (S)IPv]
vi

i=1
v %2
S2TEIET * 00 Cxgx oy * X3 (/2 1%]
s ([ + 72 1]P ).
im1 1v1 Vi(d/z) 2Vi ngi(ﬁ/Z) \J
v
So it is sufficient to show that E[iilz Z* (6/2)I 1-+0

as v » » for j = 1, 2 (these conditions being equivalent to the
Lindeberg condition of the classical Central Limit Theorem for

v
z ZTv and I Z;vi)a The proof is exactly the same as in [19,

i=1 i=1
p. 218], and, hence, is omitted.
Using new LeCam's third lemma (see [19], P. 208) and lemma

*
2,4.6, we get, under Qv’ Q'Iv is asymptotically

1
N,y ((g';oox,)focb(uw*(u) du, (e'Zoe)I(g)) a.e.

for every ¢ # Q0 of finite real constants i.e. Ej (and hence gv)

is under Qu asymptotically
1
Np((goox)fo¢(u)<b*(u)du, ZoI(g)) a.e.

Also, from Theorem 2.3.1, y& + ZoI(g) in probability. Recalling

definition of Mv in (2.2.8) and using Slutsky's theorem, we get that

under Qv’ Mv is distributed asymptotically as
1

Xg((x'ééoéaléo 0x) (foqb(U) ¢*(u)du)2/1(g)) a.e.
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2.5 Aymptotic optimality of tests and A.R.E.

Let

(2.5.1) A, = [L(%VIX)X=Q/L(ZVIX)X=iv] ,

(iv = (?1v’°°°’ ?pv) being the maximum likelihood estimator (m.l.e.)
of y), be the likelihood ratio test criterion for the testing problem

considered here. Let

*_ "'l
(2.5.2) M= (T T ) /T(E0).

We make the assumptions on the likelihood function L(gle)
as in Wald [34], (given in details in chapter III, and, hence, are
not restated here for the sake of brevity). Under these assumptions,
and also under the assumptions (2.1.3)-(2.1.5), (2.1.8)-(2.1.10),

we get the following result:
THEOREM 2.5.1. M) + 2 log A ~ 0 in P -probability.

Proof. Same as in Theorem 3.2.3 of chapter III with Z,» &, T(f20)
and M* replacing X*, A, A2 (F, {1.}) and S_ respectively.
v ~y?osy j v

The theorem implies that Mj + 2 logekv > 0 in Qv—probability
(because of contiguity). So, if the assumptions (2.1.3)-(2.1.5) and
(2.1.8) along with the regularity assumptions of Wald are satisfied,
a test procedure, similar to the one we have considered, based on
Mi possesses the optimal properties of the likelihood ratio test as
described in Theorem 3.2.2 of chapter III.

We might also remark that using LeCam's third lemma, it can

be shown that, under the alternatives, Mj is asymptotically
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XEC(X'QX)I(fZO)) a.e. If, under the same sequence of alternatives,
two test statistics are asymptotically non-central chi-squares with
the same degrees of freedom, it has been shown by Hamnan [20] and
Andrews [2] that the A.R.E. of one. test procedure with respect to
the other is given by the ratio of their non=centrality parameters..
Using this, we get the A.R.E. of the test based on‘MQ'with respect

to the one based on‘M: is given by

-1 2
(2.5.3.) e = [(x'Zgo2g 2o/ ('ZX) 1o, »

: ' 12 [t 1/2
where p, = fo¢(u)¢*(u)du/[(f0¢2(u)dU) (Io¢ 2(u)du) 7] .

We may also observe that in the particular case, ¢* = ¢, wz = wk’ for
all k= 1,..., p, e = 1 1i.e. the test procedure based on the statistic
M§ as we have proposed is asymptotically optimal in Wald's sense.

We may note that the general efficiency expression-depends on..
y =0 1. However, using a well-known theorem of Courant (see Bodewig

[1956]), we get
1 -1

(2.5.4) max e = maximal eigenvalue of I ZooZo Zog 3
X
-1 -
min e = minimal eigenvalue of % %' X ly .
Y ~ ~00~0 ~00

It is interesting to observe that instead of considering. the
rank statistics Skv(k = 1l,.0., p) as defined in (2.2,2) if we consider

the mixed statistics

v
o _ -1/2 Y (k) (0, _ — ]

Skv v iEIXUi [av(Rvi ) av], k=1l,000, D,
(k)

oi (1 =1,0c0, v,

(which would be more logical to consider when the X

k=1,..., p) are observable), the appropriate statistic will be
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the corresponding quadratic form in Sﬁv's'and,the,efficiency‘expression
will be

(2.5.5) e

Thus in the particular case when ¢* = ¢, the resulting test is

optimal according to criteria described earlier. However, as already

mentioned, the mixed statistics cannot be used when the X&?) are

not observable. We may also remark that unlike MQ,'the'statistic

(k)

WiSE is not unconditionally distribution=free even when

based on X
p = 1.
We next investigate some particular cases where the efficiency.

expression can be simplified considerably leading to some interesting

results.

Case I p = 1. Here, e =’p% pi ,» where,

1 1 1 )
2.5.6) o = | v (ukay/(| vwan'’?  vwaw'’?) .
1 0 1 1 0 1 0 1

We méy note that this efficiency expression is the same as we would.
have obtained by an extension of Héjek's ideas to simple linear
regression with stochastic predictors. The test statistic which we.
would consider in- that case will be:simply SIQ; This will be uncon~
ditionally distribution-free.since in this situation under the
hypothesis of no regression (or. independence according to our model),
the permutation distribution.of.Slv.becomesvidentical with its
unconditional distribution. For. two-sided alternatives, the. test
procedure is optimal in Wald's sense. For one-sided alternatives,

this will be asymptotically uniformly most powerful (UMP) as in
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Hajek (1962) in case ¢* = ¢ and w? = | It might also be remarked.

1°
that the test considered here is an alternative approach to the

study of independence of two random variables‘aS'has been considered.
by Bhuchongkul [5]. - Bhuchongkul followed the Chernoff-Savage [10]
approach in proving the asymptotic normality of her test statistic

and as such had to put rather stringent conditions regardingthe
existence of the derivatives of. the score function and on its bounds.
But unlike our case the asymptotic,hprmality‘of her statistic

follows even when regression is non~linear. However, her pbse?vation~

that the normal scores test is the locally most powerful rank test .

under the alternative that the variables under consideration have a.

bivariate normal distribution is equally valid in our case. In fact,

in case of linear regression our result is slightly more general in
the sense that whatever be: the parent distribution, if,wf = wl
and ¢* = ¢, the resulting test as considered by us is asymptotically

optimal. We give expressions for e in some particular cases:

TABLE 2.5.1. Showing some efficiency expressions.

(X
pw) = o7t (W), b (W = 087 (W), 8x) = (2m) /2 f exp. (-t?/2)dt

. -1 =1 - -1 .
¢* 2u-1 2u-~-1 950 @ 1(u) coé o 1(u)
* 1 -1 1 -1
wl u-3 ,® (u) u-3 c,® (w)
e (3/m)2 3/7 3/m 1
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Case II. p = 2.
R 1 -1
(1) wl,:(u) =u- '2— (k = l, 2), Wk(u) = Gké (u)s (k = l’ 2)
* - I - (1) L(2)
$7(u) = 2u -1, ¢(uw) =0, ¢ (w), Pi, = corr(X 17, X,7).
2
Here p, = 3/m and we get after some simplificatiomns,
-14 9 9P
= (/1) boooe
~00 0. o
1p12 2
[1/12 (1/2m)sin” (p12/2)
2 = -1
0 (1/2m)sin” (p12/2) 1/12
—2
;o= |7 £12%:%
~ 2
_3120102 O2
using these, we get after some lengthy algebra,
e = (3/m 'L/ LS
where,
-1 1
L /3 2sin " (p12/2)
§' = (y,0,5 Y,0,)s L. = and T = [ ' T
1l 0 1 0 2sin 1(012/2) /3 o

Then,
eM=I§xe==<ywﬂ<1+plg/u.+<6m>ﬁn4<m2m>x 050, <1
= (3/M2( = p,,)/(1=(6/m)sin (p,/2)), =1 < p,, <0
e = min e = (3/M2( = p,))/(1=(6/Msin (0),/20), 050y, 1
= (3/M2(1 + )/ (1(6/msin (p,,/2)), -1 < p,, S O
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We can draw the following conclusions as in Bickel [6].

(1) .912 < ey £ .917. As a function of p, e

p = 0, concave for 0 < p < 1 and -1 < p £ 0, attains its minimum

M is symmetric about
of (3/m)? at p = 0, approaches it as |p| > 1 and attains its maximum

of .917 at = .78.

(2) e considered as a function of p is symmetric-about 0 and
decreases from a maximum of (3/7)2 at p = 0 to an infimum of

(3/7)sin(n/3) = .827 as p + 1.

o (), k=1, 2)

]
e

1
N =

(i1) g (w)

, (=1, 2), y () =0

1 -1

3 (w) = o5t o7 (W), o(w = o o M(w

2 2
Here p, = 1 and so e = p; . Hence for ey e, Ve get exactly the same. -
expressions as in Bickel (1965) and hence, all his conclusions hold

in this case.

(11) g = of 87 W, Yy =0 o7 W,

2u - 1, ¢(u) = o' o (u) .

0% (w)

Here, pi = 3/m and p? = 1. Hence, e = 3/7m = .955 .

ot (), k=1, 2),

ii
Q

(1v) i) = oy o7 (W, ¥ (0)

¢*(u) = U;é ®-1(u), () gl ¢_1(u). Then, e = 1.

i
Q

-1
It can be shown in the general situation that if w;(u) = 0; & “(u),

=1 2
v () =0, & (v, (k=1,..., p), then p2 = 1 so that e = p,. Also,
k k 1 2
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when, wi(u) =q - %-, wk(u) =0, ¢_l(u), (k =1,..., p), it can be

found as in the case p = 2,
2
(2.5.7) e = p, (Q'LQ)/TQ'LOQ) s

-1
where § = (61,...,6p)' = (Y,0;s005 Ykok)"-L =IL,¥ L, » where,

. . -1
LO = ((pkk,)), 7= ((2 sin (%.pkk.))). We shall next show that

-1 -1 . . . .
LO - V = is positive definite. To prove this, it is sufficient to

show that 1'L,t < 1'Vr for all 1 # Q (see e.g. Fraser [13}, p. 55).

P

-1
But 7'Vt - 't = )3 T,7,,[2 sin /2 - p,
PSS NNON j’j'=1 J'[ (ij' ) ij']
P o0 2‘n-1‘
= z T,T, I ¢
5,4t=1 i'3 2, S Payr

where c, are positive constants and dre the same for all j, j' = 1,,,.,.p.

Thus

(2.5.8) 'Vt - 1'l

~

Using now a result of I. Schur (see [4], p. 96) we get that if

A ((ajj.)) and B = ((bjj,)) are positive definite matrices,

c ((cjj,)) = ((ajj,b. .)) is positive definite. Hence, since

33
r

((pjj.)) is positive definite, ((pjj,)) is positive definite for all

r=1, 2, ... . Thus from (2.5.8),

1'% = 1'Lyz > 0.

~e~ ~



w0
e
[=]
0
o
3
S
1
<t
i

v-l

is positive definite,

)L 8 > 0, for all § = 0

Hence, from (2.5.7), e < pi .
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CHAPTER III

NONPARAMETRIC TESTS FOR GROUPED DATA

3.1. Introduction, Notations and Assumptions.

~V

where X ., has a continuous d.f. F _(x) given by
vi vi

IN THE UNIVARIATE LINEAR REGRESSION MODEL

Consider a (double) sequence of random vectors

X = (le,..., va)', v 2 1, consisting of v independent r.v.'s,

-1
(3.1.1.) Fvi(x) = F(o [x - By ~ ﬁ'gvi]), i=1, 2,000, Vy v 2
where B' = (Bl,..., Bp) is the parameter (vector) of interest, BO
and 0(>0) are real (nuisance) parameters and ¢ . = (c__ . ,..., C_ )",

vi 1vi pvi

i=1, 2,..., v, are vectors of known constants satisfying (without

any less of generality)

v
(3.1.2) Ioey=0s k=1,2,..., p.
i=1
Define
* 2 Y 2 |
(3.1.3) Crvi = ckvi/Ckv’ where Ckv = iil Clvi? k=1, 2,..., D
We assume
(3.1.4)  max lcivil = o(1), for all k = 1,..., p.
1<isv
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Let
v *
= (( *
(3.1.5) 4, ((ii1 vk 'y

i)) and 4 = ((Akkv))-

We assume that Av and A are positive definite, and A, = A as v +» =,

Further, we assume that f(x) = F'(x) exists and

(3.1.6) A2(F) = ( [£'(x)/£(x) )% £(x)dx < =.

R
We consider the measure spaces g(v’/Av’ “v)’ a typical point
of the space}&v being denoted by g, = (R1s000s Xv)’ v 2 1., Our

problem is to test the null hypothesis
(3.1.7) Hp:8 = 0 (i.e. no regression) against § # Q.

HO:EHOV depends on v only through the number of observations, while
the sequence of alternatives (as will be considered) will depend on
the parameters Crui (i=1,2,..., vi k=1,..., p) in addition.

More specifically, we consider the sequence of alternatives
(3.1.8) Hv:Bk = Bkv = rk/C v’ k=1,000, Dy

where T = (T1,4.., Tp)' is a vector with fixed real elements. Let
{Pv} and {Qv} be two sequences of probability measures (associated
with the sequences of null and alternative hypotheses respectively)
defined on the sequences of measurable spaces {%v’/Av}’ where

= = >
de p\)du\), dQ\) q\)duv, v =2 1.
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Introduce the likelihood ratio L, = LOv(zv) as follows:
qv<§v)/pv(§v)’ if pv(zv) > 0
(3.1.9) Lo\;(-z»{\)) =) 1 , if pv(gv) = q\)(’}év) =0
- L 1E b (5 = 0 < 4

We are concerned with the situation when §V is not observable.

We have a finite (or countable) set of class-intervals
(3.1.10) Lyay < xS a5 3=, “1, 0, 1,0..,

[where, =~ <...< a_, < a, < a, <ev.S » is any (finite or countable)
set of ordered points on the (extended) real line [-0, ©]]. The

. *
observable stochastic vector is Xj = (th,..,, va)', where

*

™~ 8

(3.1.11) Xvi = z Ijzvij’ i=1, 2,004, Vv,
J...OO
and
1, if Xvi € Ij
(3.1.12) Zvij =
0, otherwise,
for all i =1, 2,000y, Vv, V21, J==,.0., =1, 0, 1,..., «.

We shall first consider the case when we have a finite

set of class intervals I—s*’ I—s.+1"'°’ IS s (a_s; = -y a, T )
i 1 2 1 2
* 52
so that X', = I 12 .. (i=1, 2,e0., v; v 2 1). This is always
vi jovij

j=_sl
possible by amalgamating classes on either end. Also, if s; + s, = L,
since there are only a finite number of class-intervals, we can

relabel the suffixes of the Ij's by replacing j by 8 + 3

(3 = =8ysee0s s,). Thus the relabelled class-intervals are
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L

I Il,..., I (a, = =0, a = %), so that Xj, =

0° % 0 Qi =0 Ij’ Zvi’LJ’

(i=1, 2,.4e, v, v 2 1). Later on, however, the results are extended
to the case of a countable set of class~intervals.

In the present chapter, we have considered some permuta-

tionally distribution-free tests for the above problem. It has been

"shown that under a set of mild regularity conditions, these are

asymptotically optimal in a certain sense.
The assumption that rank Av = p is made without any loss of
generality, since, otherwise, a reparametrization in (3.1.1) will

lead to a lower order Av which will be of full rank.

3.2. Asymptotically Optimal Parametric Test.

Define
(3.2.1) Fj = F((aj - BO)/G), =0, 1,e.., &+ 1;
(3.2.2) Pj = Fj+1 - Fj’ =0, 1,..., &

(3.2.3) 6(w) = ~£"(F () /EF (W), 0 < u < 1

jti Fj+1
(3.2.4) A, ( ¢(u)du/( du, when P, = 0
J I F JF J
J i
0, otherwise.

We can rewrite Aj as

. -1 ,
(3.2.5) 8, = Pl [f(a, = Bo)/0) = £((ag,, = B/, 1 =0, L,.0e, 2,
when Pj # 0. Let

(3.2.6) J=1{jlj ¢ (0, 1,,..,2],Pj>0} ;
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L, L,
(3.2.7) A(F,{1.,})) = ¢ AT P, = ¢ AP, ;
J jmo 13 gy 3
Hence,
| Fivi Fii
(3.2.8) 0 < A%(F,{I,}) = % [J ¢(u)du]2/( du < A2(F) < =,
J jeJ /F, 2
3 hj
Assume,
(3.2.9) max P, < 1.
0sj<y 3
Let,

(3.2.10) Y = (Yl,..a

Then,

Ny . T (i=1, 2,0.., V).

» ¥p) ' = (T /0heen, T f0) ! = 10

(3.2.11) Pr(X ; ¢ IjIHV) = F[{(aj+] ~ By)/o} - h ]

- F[{(aj - By)/o} - hvi]

Using Taylor expansion, (3.2.1), (3.2.2) and (3.2.4), we get now,

for all j ¢ J, 1 =1, 2,..., v,
(3.2.12) Pr(X . e Ij|Hv) = Pj[l + hViAj + hviejgj(hvi)] =P .. (say),

where 0 < Gj < 1 and,

_1 vi '
(3.2.13) g, (b ) =P, fo [£'({(a;,, = Bo)/o} = 0,9)

- £'({(ay - B)/o} - 6,y 1dy

o(l), uniformly in je J, i=1, 2,..., V.
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Fix first a and o, but not yk's (k =1, 2,..., P). Then the likelihood

function of gj under Hv is given by

(3.2.14) L& |y =

9
. 1 _ - LI
. { i Z (F(aj+1 hvi) F(aj hvi))} s

. vij
1 =0 il

=<

where a! = (aj - BO)/O’ (j =0, 1,..., ).

J
Let
(3.2.15) T, = [(3/3y)log LTIV
v L
= 375 1 - - v
[( /8yk){g§ log[.E Zvij(F(aj+1 h ) F(aj hvi»]}]fO
i=) j=0 ~
L
§ z Zvi‘A“P‘
e gm0 ViZ IS
= “kvi %
i=1 z Zvi'P°
j=o ViZ3
Voo I3
X . & Z‘auA. > k = ls 23"'9 P
1=1 kvi =0 vij j
; - . o 1 < 2 1
{(noting that zVijZVij' 0 for all j = j', 0 =3, j' <2,

i=1,2,..., v, v 21).

We fix first o and o. For each fixed u‘and o, it can be
shown that a quadratic form involving the statistics Tkv's is asympto-
tically equivalent to the likelihood ratio test criterion (to be
defined later). Also, we shall see in section 2.3 that if we use a
quadratic form involving permutation test statistics, it is asympto-
tically equivalent to the likelihood ratio test criterion for each

fixed o and o. Since the permutation test-statistics and hence,

the quadratic form in them is asymptotically distribution-free, the
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test has the correct limiting size for all possible particular
hypothesis; so the test statistic is indeed "asymptotically equivalent"
to the likelihood ratio test criterion.

As we have already mentioned, the test statistic we are going
to consider will be an appropriate quadratic form in the statistics
Tkv'S (k =1, 2,..., p). Apart from the intuitive appeal of these
statistics being co-ordinatewise extensions of Sen's [33] statistic,
the rationale behind using this quadratic form (to be proposed later)
is that it can be proved to be "asymptotically equivalent" to the
'1ikelihood ratio test criterion', and, hence, (under regularity
assumptions of Wald [34] enjoys the asymptotic optimal properties
of the latter.

To formulate the optimal parametric test procedure, we need

the following lemmas:

LEMMA 3.2.1. Under Hg, the model (3.1.1) and the assumptions (3.1.2)-

- v . 2
(3.1.6), T, (T1v,a.., Tpv) is asymptotically Np(g, AA (F,{Ij})).

Proof. It is sufficient to show that for any vector g = (e],...,ep)'¢ 0

with fixed and real elements, g'gv is asymptotically

N, (0, (g‘Qg)AZ(F,{Ij})). We can write,

\Y
(3.2.16) e'T = I m, W,

L ‘
where, mg = ek?kvi’ in = i AZ ., 1=1,2,..., v. Then,

since, E(Zvij[Pv) = Pj, 0<j=<f,i=1, 2,000, v, v 21, it is
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1
immediate to check that E(wviIPv) = fo ¢(u)du = 0,
Var(wvi]Pv) = A2(F,{Ij}), i=1,..., v, v 2 1. Hence,
1 - 1 = 1 2 ; ~ 1 2(1m

E(e'L |P ) = 0, Var(e'T [P ) = (g'4 €)A (F,{1,3) ~ (g'8e)A%(F, {1, D).
Under Hy, W ,..., W are i.i.d.r.v. with 0 < Var(W _.) < =,

Vi AVAY) V1
i=1,..., v. Using now a theorem given in p. 153 of [19], to
prove the lemma, all we have to show is that the coefficients
mvi(i =1, 2,000, v) in (3.2.16) satisfy the Noether condition

given in chapter II. This is satisfied since

) b
max |m il < ( max max Ic;vil)( z Iek!) =o0(l),
1<igy 15i<y 1<ks<p k=1
M 2
using (3.1.3) and I m . = g'Avg ~ e'le as v > =,
i=1

The next lemma due to Hajek [17] ensures the contiguity
of the sequence of probability measures {Qv} to the sequence of

probability measures {Pv}'

LEMMA 3.2.2. Under Hp, the model (3.1.1) and the assumptions

(3.1.2)-(3.1.6), Lov(gv) is_asymptotically

Np (= 2Cy"AY) A2 (B, (y'AY) A% (F)) .

REMARK. H&jek obtained the result under the model (3.1.1) with
p=1 (i.e. case of simple regression). Hajek's result can be
trivially extended to our model once we observe that
hvi =0o(l), i =1, 2,..0, V.

Next we prove a result which gives the asymptotic distribu-
tion of zv under the sequence of alternatives Hv' Because of

'contiguity' it is possible to use LeCam's third lemma (see e.g. [17]



or [19]) in proving the result. However, we present an alternative

proof with a view to extending it to the multivariate situation.

LEMMA 3.2.3. Under the sequence of alternatives Hv’ the model

(3.1.1) and the assumptions (3.1.2)-(3.1.6), Iv is asymptotically

2 2 '
Np((Al)A (F,{Ij}), AA (F,{Ij})).

Proof. We introduce e, m

vi vi

It is sufficient to show that g'T

z, is asymptotically

N1(<9'Ax>A2(F,{Ij}), (g'Ag)A?(F;{Ij})). Now

(3.2.17) E(in!Hv)

jiJA,P.(l + hviAj + hviejgj(hvi))

2
hviA (F,{Ij}) + o(hvi) .

2
(3.2.18) E(wvi[H )

2
" T AP, (L + h b, + hviejgj(h D))

jed J VL

2
A (F,{Ij}) + O(hvi) .

3
< 3
(3.2.19) E(]inf ]HV) < jiJlAj] Pj(l + hviAj + hviejgj(hvi))

= 1 |a, )%, +0(h ) .
jedJ J J vi

In deriving the above results we have made repeated use of the fact

that for any positive integer r,

2 a,|" P, < max 2275 £ |a. TP < (max P2TE)( z [a le)r

jeJ jeJd jed : jed jeJ 3
and max P%_r < «» independently of any i = 1,..., v and
jeJ
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S W . (d=1, 2,..., V) as in lemma 3.2.1.
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1 1
L [a |p, < f |¢(w) |du < [f $2(waul'’? = am.
Thus,

\Y - v
2 E(m W [PE) s 2 m (30T 8]0 + 0 1)) = o(1),

i=1 i=1 jeJ
v 2
since, max ]m .| = o(l), and I mo. = o(l). .
1<i<y i=1 Ot
Hence,
v .
(3.2.20) ilE(ImVi(in - E(in)| [H)

1

\Y)
< 4 .lemvi]3[E(|in|3|Hv) + |E(in|Hv)|3] = o(l),
l=

since E(in]Hv) = O(hvi)’ i=1, 2,..., V.

Further,
AV V 9
= 2
(3.2.21) 2 Var[mviwviJHv_] E m, . [A (F,{Ij}) + 0(h, )]
i=1 i=1
= (g'Avg)AZ(F,{Ij}) + o(1) ~ (g'Ag)AZ(F,{Ij})
and
\Y \Y )
(3.2.22) E[iilmviwvile] = (i=1 m o)A (F,{Ij}) + o(l)

= ('AOA(F LD + o) ~ (¢"LA*(F, {1}

Using (3.2.20) and (3.2.21) we get the conditions of Liapounov
(see e.g. [11], p. 215) under which the central limit theorem
holds, are satisfied. The result follows now on using (3.2.21)

and (3.2.22).
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Define the statistic

_mren A2 N (-1
(3.2.23) 8, = LA A (FILD)TL = AT (F{LHINT,

A

We propose the following parametric test procedure for testing H,
against the alternatives given in (3.1.7) based-on-the-critical
. ® .
function wl(gv). |
1 ,4if S > 8
v
* = =
(3.2.24) wl(gv) = slva’ if Sv Sv,s

0 if S <8 s
v V,€E

where S, and § are chosen in such a way that
v’e lve
- Efy (X*)]P ]=¢, 0<ec<1
1™y 10y ? >

€ being the desired level of significance of the test. We may note
that the above test is a similarAsize g€ test, Further, under the
model (3.1.1) and the assumptions (3.1.2)-(3.1.6), Sv is distributed
asymptotically under H as X; and under the alternatives as xg(ﬂ),
where

(3.2.25) n = (x'Ax)AZ(F,{Ij}) .

o 2 2 .
Noting also that Slve -+ 0 and Sv’e - Xp,a’ where Xp,e is the upper

100eZ% point of a central chi-square distribution with p degrees of

freedom, we can easily obtain the following theorem:

THEOREM 3.2.1. Under the model (3.1.1) and the assumptions (3.1.2)-

(3.1.6), the asymptotic power of the test procedure described in

(3.2.24) is given by

64
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P[xi(n) z x

2

2
p,S]

where the non-centrality parameter r is defined in (3.2.25).

Let A be the likelihood ratio test criterion  for-the testing
v :

* %*
bl i id d i 3.1.7) i.e. 2 = (L(X L(X N
problem considered in ( ) i.e v ( (Nle))x=g/( (NVII))X=XV

where iv = (?lv,..., ?pv)"is the maximum- likelihood estimator
(m.%.e.) of y. Our next objective is to show Sv + 2 1ogekv -0
in Pv—probability, and hence alsO‘in'Qv—probability‘because of
the contiguity of the Qv—probability measure to the Pv—probability

measure. We make the following assumptions on the likelihood

function L(gﬁlx) as in Wald [34].

ASSUMPTION I. Denote by Dv‘the set of all sample points Ev for

which the m.f.e. § exists and the second order partial derivatives

v
(BZ/aYngk')L(gjlx) are continuous functions of Yyseees YP. It
is assumed that
(3.2.26) lim P(Dle) = 1, uniformly in y .

Y >oo

If for a sample point Ev’ there exists several maximum-likelihood
estimators, we can select one of them by some given-rule. Hence,
we shall consider ?v as a single valued function of’Ev defined for

all points of Dv'

ASSUMPTION II. For any positive €,

(3.2.27) lim 1.’”3\, -yl<elxyl =1,

Yo

p L
uniformly in y, where Iiv -x| = (=2 (?kv - Yk)2)2 .
k=1
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;e ~Ii!ﬂ'lb!lll - R N - = .

v
Write, L(gt!x) = I L(Xti[x). For any x, any §(> 0) and any
i=1
- \
Xo T (Y013°“9 YOP) » let

. *
(3.2.28) wkk.’i(x,xo,a) = g.i.b. (az/aykayk,)logL(Xvi]x) ,

and

]

A *
£.$.b, (Bz/sykaYk.)10gL<XviIX) ’

~

(3.2.29) ¢kk.,i(x,x0,6)
where Ix - Xol <6,

ASSUMPTION III.

(a) For any sequences {le}’ {xzv} and'{év} for which

%ig X, T %ig Loy = X and %ig Gv = 0, we have,

(3.2.30) lim Exlvwkk',i<x’ Lpys 8,) = lim Ex1v¢kk',i(x’ Yoy )

= B [(32/3v, 0y, ) LogL (X[, [0]

uniformly in y, where E stands for expectation.
(b) There exists an € > 0 such that
2 _ 2

are bounded functions of Xys Xy and ¢ in the domain D€ defined by

the inequalities le - le < e and |6| <e .

(c) The greatest lower bound with respect to y of the absolute

value of the determinant of the matrix

(3.2.31) Ex(((-aZ/aykayk,)1ogL(§jlx))) is positive.

66
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ASSUMPTION IV.

(3.2.32) Ex[(alayk)L(in]x)] = Ex[(azlaykayk.)L(inlx)] =0,

for all k, k' = 1,.0., p; 1= 1lyuuey v &
ASSUMPTION V. There exists an n > 0 such that

(3.2.33) Ex|(a/ayk)logL(X:ill)lz+n are bounded functions of y ,
for all k = 1,..., p; i1 =1,c0.5 v .

Let the surface Sc(x) be defined by

' a2 * -
(3.2.34) 1 (B, (-0%/8y, 8y, ) LogL(X |00y = ¢
and the weight function n(y) be defined by
(3.2.35) n(y) = lim [A{w'(y, o)}/ Alw(y, )11 ,
>0

where for any y and any o > 0 ,

(3.2.36) w(y, p) = (2] - x| <0},

Y lies on the same surface Sc(l) as v, w'(y, p) is the image of

*
w(y, p) by transformation y = EYY and EY is a non-singular matrix

such that

~ N‘-\(

' = _n2 *
(3.2.37) BB, = (B (-92/3y by, ) TogL(X D)),
and for any set w, A(w) denotes the (p - 1) dimensional area of w.

THEOREM 3.2.2. (Wald). Let Sc(y) and n(y) be defined as in (3.2.34)

and (3.2.35). Then for testing HO as defined in (3.1.7), under the
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Assumptions I - V, the likelihood ratio test

(a) has asymptotically the best average power with respect to

the surfaces SC(X) and weight function n(y);

(b) has asymptotically best constant power on the surfaces Sc(x);

(c) is an asymptotically most stringent test.

We next prove the following theorem which establishes the
"asymptotic equivalence" of the statistic Sv to the likelihood

ratio test statistic -2 logekv

THEOREM 3.2.3. Under (3.1.1)-(3.1.7), Sv + 2 logeAv - 0 in Pv_
probability.

Proof. We have,

(3.2.38) -2 log) = —2[(logeL(§§lx))x=g - (1ogeL(g§[x>)x=iv].

By Taylor expansion,

* - *
(3.2.39) logeL(gle) = (1ogeLQc\)lx))x=2

V
*

P )(BlogeL(lex>)
+ 2y - ¥ =0

k=1 k kv Byk =X,

82 *

L ;3 ) ( ><3 logeL(}N{“w>
+L 3 3 -4 - %

2 1=l k=1 Tk T Yo/ Mkt T ity Y} Yy 1 ‘x=x$"

where lj lies in the p-dimensional rectangle [y, ﬁv]. Since,

8logeL(zjlx)
Byk

=3,

for allk =1, 2,..., p, we have from (3.2.38) and (3.2.39),
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) 1o s - a%log (X3
3.2.40) -2 log. = % - ¥
( ) 8"y , Xv(( Bykayk. ))x=x§ Ly

But, we can write,

v
* - '—
logL(gle) ,izllog[zviOF(al hvi>
+,Q,"Z'l _
1 - - (al — X = '
j=1zvij{F(aj+1 hvi) F(aj hvi) +2Z o, 1 F(a'Q hvi»]'
Hence, -
2 v - ' -
21ogL(X*| ) v .gozvij{f(aj hyg) - flag,, - h )
Ty, 2 CﬁVI J“
f=1 ' - - LR
k i ijZVij{F(aj_l_1 hvi) F(aj hvi)}
v _ - ' _ =
f(a0 hvi) f(ag+1 hvi) 0. Hence,
2 *
8210gL (] |v)
CARAC
. =1
LI LIPS -2 IV B
Z\)iOf (al hvi)4-jzlzvij{f (aj+1 hvi) £ (aj hvi)}
_ v x % + Zvil( £ (az hvi))
) izlck“ick'vi Iz {F(a!,, -~ h .) - F(a' - h )}
jop Vi3 j+1 vi 85 7 By
v % z . {f(a' - h ) - f(a',. -h ,)}?
5 o % .o Vij | vi j+1 vi
- c, .Chy . 3=0
i=1 kvi“k'vi <7 : : "
jioZVij{F<aj+1 - hvi) - F(aj - hvi)}
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Under H ,
52 10gL (X, )

(3.2.41) E _
x=0 3Yk3ka

IREACIRIEE WD

CviCkvik

- Gn e m ay N &8 e
I
g
*
*
.
Tt TR
o
N
o

s ] - t V
i=1 OZvij{F(aj+l) F(aj)}
v * % L 2
E “kvik! v1E(,E ZvijAj Pv)
i=1 Jj=0
Vv
* % %
.Z €01k Tui .E {f' (a ) - f! (a )}
i=1 J=0
) Voo % 2 M *
- = - 2
| (P gl B EED = - (ol el a1

The above expression could also be obtained from the relation

E /ﬁ leogL \\ - E 9logL\ /3logL
x=gk e ) e | (e ) e

which holds under the stated regularity assumptions of Wald.

Now,
3210gL (L] ) v 2
(3.2.42) E _ +(zec A2 (F, {I 1)
x-g Bykayk, i=1 kvi k vi
Yz (£l - £'(a)}
. vij j+i J
* j=0
= El Z ck\)l k vi
i= Zvi'P’
=0 V1373
- I ck .ck b A2 (Z - P.)}%|p ]2
i=1 kvi k'vi 3=0 3 7vij 3 v

as lllil'flll‘ - BN s 08 M Ny



S = SN 63 S5 O S &8 a8

- lllﬂl'flllf - e A o8 A M

v
-1 .
<2731 ¢k k2 3w P{f'(a' ) - £'(a")}2
i=1 kvik'vi jed 3j j+1 i
v ®2 %2 2 2 2
+ 2 izlckvick'viE[{jzoAj(Zvij - Py 2,1

-1, *
< 2(max P, )max c 2 ,) = {f'(a', ) - £f'(a!)}?
jed 1<isy © V1 4o I J
. 2
+ 2 ( max ckz.) T A% P.(1L=-0P,)
1<i<y j=0 3 J

But, we have already seen that IAj| is finite for all j =0, 1,...

Further, I {f'(a!
" jed B4

) - f'(a:'i)}2 < ©, gince the summation
involves only a finite number of terms.
Using (3.1.4) and the above, we get now from (3.2.42),

2

azlogL(gjlx) v ,
X ok =
Ex=0 aYkBYk' + (ii ckvick'vi)A (F’{Ij}) o(1)

1
Thus, under Hyp,

3210gL (X" |x)

AY]
*OT efyof PARELD) = o (1),
i= , -

AR 1

for all k, k' =1, 2,..., p.
Also, using properties of maximum likelihood estimators,

we can show in this case, under Hy, § is asymptotically

Ly
/ / 521ogL(X*[y) -1
, , Sy
N {'0,({{ E -
ol =
14

. -1 -2
i.e. Np(g, Av A (F,{Ij})). Hence

? ?kv

71

L.

= Op(l), for all k = 1,2,...,p.



Also, we have

2 * 2 *
321ogL (X’ | x) ) 321ogL (¥ | x)
a'Yka'Yk' o aYkaka -0
L=, L=
converges to zero in Pv—probability for all k, k' = 1, 2,...,

Now, from (3.2.40), we get,

- - ~f ~ 2 o _ . °
(3.2.43) Zlogekv (vavxv)A (F,{Ij}) <+ 0 in Pv probability.

But, again,

plog L(X 1)

(3.2.44) O = 5y B
k =%,
BlogeL(gjlx) P 321°geL(§$]X)
- dy + .Z Tk'v Y. Yy v k%
k =0 k'=1 k' 'k x—xv

where x:* lies in the p-dimensional rectangle [Q, ﬁv]. Thus,

oY s e

(3.2.45) T = = {
kv Ly \\ 8Y,. 07, MR

_ k%
v

f'azlogeL(gtlx) leogeL(§:|xi;>
X

so that

azlogeL(§j|x)

(3.2.46) T' =4' i{
aat MOy sk
W\ X=X,
But,

22log L& |x

5
- A AZ(F,{I.D
kaavk' ;) x=x3* v J

also converges in Pg-probability to zero. Hence,
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(3.2.47) 8 - (gcgvgv)A2(F,{Ij})

]
—~
]

' -1 -2 o o 2 i
TA, LA (FALD - (LA 8)4 (F,{Ij})

%
3210geL(gle)

N -1 =2
" MV T
X=X,
5 *
3 logeL(J}V(\) l Y) X
aYkaYk' %% T
=X

ot 2 ay 2 -1 2 o >
L, @A (F,{IjD)(AvA (F,{Ij})) (4 A (F,{Ij})xv 0

in Pv—probability by Slutsky's theorem. The theorem now follows
from (3.2.43) and (3.2.47).

Note that, since {Qv} is contiguous to {Pv}’ §, + 2log A >0
in Qv—probability as well.

The above theorem implies that Sv and - Zlogekv have
asymptotically the same distribution under Hgy .and also, under the
sequence {Hv} of alternatives. Thus, under the given model and the
assumptions, the test procedure based on’Sv possesses the asymptotic
optimal properties of the likelihood ratio test as given in Theorem

3.2.2,

3.3. Asymptotically Optimal Nonparametric Test.

Define as in Sen [33],

v

(3.3.1) 1 Z ,,=vV, for j =0, lyee., 23 v = L v, 3
i=1 V43 j=0 3
) 2

(3.3.2) F\)’0 = 0, Fv,j+1 = mzovm/v, i =0, 1,..4, .
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Define

(3.3.3) A

v,j+l v, j+i1
vi IF ¢ (u) du/ f du, for vy > 0,=0 if vy = 0

F

(j =0. 1,..., %). Let

v 2
(3.3.4) U v = ¥ c A Z .., kK=1l,i04, P,

and U = (U
v v

A
(3.3.5) AZ(FV,{Ij}) = E ng(v./v).

We propose the test statistic

(3.3.6) M = (U'A

-1 -2
N gV)A (Fv,{Ij}) .

The ratiomale behind using this test statistic is as follows:
We may first note that (as in Sen [33]) the distribution of s,
will depend on the unknown Aj (j =0,1,,.., 2) even under HO in
(3.1.7). This is because we are dealing with grouped data. However,
Sv provides a distribution-free test under the same permutation
argument as of Sen. We repeat this briefly for the sake of complete-
ness. Under Hy in (3.1.7) X:i “4=1, 2,..., v) are i.i.d.r.v. and,
hence, the joint distribution of gﬁ remains invariant under any
permutation of its v arguments. A permutational probability measure
denoted byé;% is definéd on the set of v! equipfobable points

(actually there are v!/ I v,! distinct equally likely permutations
j=0

of gj} on the v dimensional real space[Rv. Underé;;, all the v!
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equally likely permutations have the common probabiiity (v!)—l. Also
vj in (3.3.1) and Avj in (3.3.3) are permutation-invariant for all

j=0, 1,..., . We can easily verify that
(3.3.7) E(Zvij|6%) = vj/v (1 =1, 2,000, v 3 =0, 1,000, 2);

(3.3.8) E(Z ..Z v]éP ) =0 (=1, 2,000, vi 3,3" =0, 1,000y &, 321050

vij vij
(3:3.9) E(Z;42,50 50 [60) = vy0v,y = 8,500/ 00 - 1),
(G, 3" =0, L,e0s, 23 1, 1" =1, 2,000, v, 1= 1'), where ij' are

Kronecker deltas, Using these, we get,

1

\Y)
(3.3.10) E(Ukvlﬁi) z c;v f ¢(w)du) = 0, k =1, 2,..., p;
(3.3.11)  Cov. (U ,Up, [8°) = (v/(v- 1))( z °§v1 Fi A%, b,

Thus,

&9

(3.3.12) E(gVIG%) =Q Var(gvlﬁx) = (v/(v - l))AZ(Fv,{Ij})Av .

Let

= A”2 1yl
(3.3.13) M = A (FV,{Ij})QvA g, -

The following nonparametric test is proposed:

1 1ifM > M

v V,E
* - =
wZ(Xv) 62\)5 if Mﬁ MQ,E ’

0 ifM <M
v
. ’ % Y = YN
M§,€ and szsvbelng so chosen as E[wz(gv)!65] £, the level of signifi

cance, This implies E[wz(gj)va] =g 1i,e. wz(gj) is a similar size ¢

test.
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We may remark again in this chapter the limitations of the permutation
test statistic. The task of finding the percentage points of the
actual permutation distribution becomes tremendous even with moderately
large sample sizes. This leads to the study of the large-sample
distribution of the permutation test statistic.

Next we prove a lemma which is due to Sen [33]. An alternative
proof is, however, proposed with a view to extending it to the multi-
variate situation. Sen's method consists in proving the result under
.the null hypothesis and then extending it to the sequence of
'contiguous' alternatives. Our proof involves a direct argument

and does not appeal to contiguity.

LEMMA 3.3.1. Under the assumption (3.1.6), AZ(FVQ{Ij}) > AZ(F,{Ij})

as v » « either in P - (or_in Qv—) probability.

Proof. First we prove the result under Pv-probability. Write

2 = A ~2 .
A (FVJIj}) pX Avj(v./v) + .Z Avj(vj/v). Now, for any j ¢ J,

jed jed
. . F,
o Vv, j+1 v,j+1 J+1
(3.3.15) A;j(vj/v) < f $2(u)du = f $2(u)du - f $2 (u) du
F_ . F. F,
N VsJ J
(since Pj =0 for j ¢ J).
v,j+i Fv,j
[ $2 (u) du —f $2(u)du .
Fy 3
-,
But using a well-known result,under Hg, F_ 5" Fj = Op(v 7) for
?

1
each fixed j. Since f0¢2(u)du = A2(F) < », we have
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v, J
J ¢2(u)du = op(l) for all j = 0, 1,..., 2.

T,
J

Hence,

/\2 _
(3.3.16) jiJ Avj(vj/v) = op(l) R

gince the summation involves only a finite number of terms. Also,

~2
(3.3.17) I Avj(vj/v)

jed
= $ (A2, - A2)(, /) + T A2((./v)-P,) + T A%P, .
jed 3 jeg 34 S P |
+
Now, under P, (vj/v) - Pj = (F\),j+1 - Fj+1) - (F\)’j - Fj) = op(v )

for all j = 0, 1,..., £. (Using Chebyshev inequality, it follows that

L
£ ch fixed j, F . = F, = 0_(v 2)).
or ea ixed j, F, . i p( ))

As already observed in Section 3.2,

| < (max PTYYA(F) for all § ¢ J, and we get,
jed

|2y

2 — =
(3.3.18) jiJ A,((vj/v) Pj) op(l)

Further, for any j ¢ [0, 1,..., 2], given any € > O,

. A2 o A2
(3.3.19) Pr [(\)J./\))]A\)j Ajl > & |Pv]

= Pre A2 _ A2
= Pr [(\)j/\))IA\)j Ajl > €5 vy > olpv]
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. A2 A2 =
+ Pr [(\)j/\))lA\)j Ajl > g, vj O]Pv]

= A2 A2
= Pr(v /\))|A\)j Aj | >e, vy > 0|Pv]

N

But for any j € J and Vj > 0, we can write

22 _ A2
(B2~ 23) (0 /)

2 2
¥ F
- v,j+l ’ _ j+1
=, m7 f p(wdu| - (v, /V)PT f ¢(u)du
J P, 377 | )R
Vy.j B
— - 2
v, j+l Xi
= IF ¢(u)du (v/(ijj))(Pj -3 )
V]
2 2
-1 F\)aj+1 Fj+1
+ P, f ¢ (u)du - f é(u)du
] F . F,
\)sJ J
2
PN
+ Pj (Pj - \)) JF. ¢(u)du| .
J J

Hence, for j € J and Vj > 0, after a few steps, we get.

VI
855 = 2510v579)

\Y)
-1 _d
P, A P, -

<Py A2(®[p; -5

F. F, F,

. J+1 |
|¢(u)|du + f |¢(u)fdu lf
, F, . F .

V] ~J V] vyJtl

-1 F\),j+1
+ P,
3l
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-1 v,
+ P |p, - —La2(m
J J v
< 2P71A2(F)](v./v)-P.|+ 2P71A(F)[|F .-—F,|1/2 +|F .., -F, 11/2].
j 3 | hi vei ] v, j+l i+l
Using the above inequality, given any ¢ > 0, we get from (3.3.19),
.3.20) Pref(v./v 32. - A%]> ¢lP
(3.3.20) [/ ) | 25 Jl 2]
-1 €
< Pre[2P, A2(F)|(v,/v) - P.|> =, v, > 0|P
(225" a2(B) | (v, /v) - B]> 5, vy > 0[R]
-1 1/2 €
+ Pr-[2P, A(F)|F . - F, > =, v, > 0|P
(e Am®|F, o - 3 vy > 0[B]
-1 v 1/2 ¢
+ Pr [2Pj A(F)[Fv,j+1 - Fj+1| > vy OIPV]
eP,
s Pl Oym - Byl gy 2]
ezP%
+ Pr-[lFV’j - Fj|> §€K7?%7 [Pv]
g2p2
. - -——-——J— =
+ Pr [IFv,j+1 Fj+1|> 36A2 (F) 2,1 o(1)
(3.3.16), (3.3.17), (3.3.18), (3.3.20) ,show that
2’/\
(3.3.21) T A% (v,/v) > T A%P, = A?>(F,{I.}) in P_-probability.
oo V3] : 3 v
3 jed
To prove that the result holds in Qvuprobability, we proceed as
follows:
Let
' -1 . .
(3.3.22) Fvi,j = Flo (aj - BO) - hvi]’ i=1, 2,000y vy, 3 =0, 1,000,%,.



From (3.3.12), Pvij

j=0,1,..., % Let

v
(3.3.23) H¥x) =v7' 3 Fo (0
i=1
* 1 Y
3.3.24) H. .=v £ F, ., 3=0,1,...,2) ;
( ) \),J i=1 \)i,J j s s L L
* %
va,j+1 H\),j+1 * .
3.3.25 A L. = d d if H™ - H® |
( ) vi0 . ¢ (u) u/fH* u, 1E BT L "
V] V]
= 0, otherwise.
Let, ijj = Hj,j+1 - H:,j (3 =0, 1,..., 2). Define
: %* * %k
3 2 = 2
(3.3.26) A (FOV’{Ij}) jio Avjo v, i

Arguing as before, it can be shown now that
- 2 _ A2 (P : _ C1 s
(3.3.27) A (Fv’{lj}) A (Fov’{lj}) + 0 in Qv probability.

2 ¥ — A2
A (FOv, {Ij}) A (F,{Ij})

2 2
£33 %%
= g (A2, - A2H ., + I AZ@, -P,)
34=0 vjo N V] J
” %% -1
But, ij - Pj =V iil(P\)ij - Pj) = o(l), for all j =0, 1,...
2

and I A?(H** -P,)= 1= ,A%(H*f - Pj). Using now the remark

§=0 v3 jeg 30V

L

= Pj + 0(1), uniformly in i =1, 2,..., v,

> 0

immediately before (3.3.18), I A%(Hj? - Pj) = o0(l). Also,

j=0

s
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)
* %
L2, - AT = 3 02, - ADET 4+ 2 2, - a2 . For 5 ¢ J,
jmo V30 3TV g IO TV gy g0 373

Aj = 0 and as in (3.3.15) we can show that I (A%,

- A2 E** = o(1).
I, @ 0P - 0w

Proceeding now as in (3.3.20) it can be shown that

£ (A2, - A2)H** = o(1). Thus
. vjo Vi
jed

(3.3.28) AZ(ng,{Ij}) - A?(F,{Ij}) + 0 in Q -probability.
(3.3.27) and (3.3.28) prove the result. Q.E.D.

Define

L
(303'29) Wig = jiOA\)jZ\)ij’ i= l’ 2’---9 Ve

Under(}i, &vj are all invariant, while zvij are stochastic. v, of

J

v
* ~ . % *
= ey ) =
in are equal to Avj (j =0, 1, , ¥). Also Ukv iilckvi Vi

k=1, 2,..., p. The following theorem gives the permutation limit

distribution of gb.

THEOREM 3.3.1. Under(j; and (3.1.1)-(3.1.6), U is asymptotically

NP(Q,A A2(F,{Ij})) in probability.

Proof. It is sufficient to show that for any d = (d . dp)' z 0,

1*’

s dp real and fixed, g'gQ is asymptotically

1%
N; (0, (Q'AQ)AZ(F,{Ij})) under (/7 in probability. Write,

*

\%
! =
(3.3.30) §'0, = T e Wy s

1

P
where e , = i dkcl’:\)i @ =1, 2,...,v). Using (3.3.10) and (3.3.11),
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(3.3.31) E@'Y ) =0, var(4'y I62) = /(v - 1)><£1'A\,9>A2(Fv$“j})-

To prove the theorem, we shall make use of the Wald-
Wolfowitz-Noether-Hijek permutational central limit theorem again.
We shall show that the sequence {evi} satisfies the Noether condi-
tion, while the sequence {in} satisfies the condition Q of Hdjek
(see chapter II) in probability. We note first that Eb = 0 and

. * N .
since vj of the in are equal to Avj’ =0, 1y0.0y 2,
L

-1
W"=wv Zv,A . =0. Since,
3=0 NI

b
max |e ,| < ( max maxz|c§vi|)kil|dk| = 0(l) and

1<4igvy 1<igv 1<ksp

e%i = Q'Avg ~ d'Ad (non-zero and finite). So,
1

1<

i

max e?,/

e?, = o(1l), i.e. the sequence {evi} satisfies the Noether
1<isy i

V1

o<

1
condition. As in chapter II we can show that
k
=1 7V .
max v w2 o so0 in(\; probability and
1<i<...<1,_ <v  a=1 ‘o

AY]
vz wji = AZ(Fv,{Ij}) > AZ(F;{Ij}) in probability by lemma 3.3.1.

Hence, the theorem.
Next we prove that the test procedure based on wz(gj) is
power—-equivalent to the one based on wl(gj). To prove this, we need

the following lemma in addition to lemma 3.3.1.

LEMMA 3.3.2. Under (3.1.1)-(3.1.6), Hv - T > Qin P - (or in Qv—)

probability as v - o,
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Proof. Tt is sufficient to show that Ukv - Tkv = 0 in probability
for each k = 1,..., p. We have,
L v *
(3.3.32) U - T = (A ,-48)zpck 7
kv kv =0 V] 37 kviTvij

But,

v o v

= *
E(li rvi v13|Q ) ii1ckVi(Pj +hy AP+ P6g (L))
Voo v *
=8Py Tocpihy HPe T oo b (h,y) = 0(1),
i=1 i=1
, Voo, P Vo,
since iil vihvi = k'Elyk.( z CruiCk! Vl) = 0(1), and gj(hvi) = o(1)
uniformly in O <g,1<1isgv,
v %2
Var( 2 ckvizviJ!Qv) =z ckvi Var(zvij’Qv)
1=1 i=1
v *2 v *2
- < = i
.Z Croi vij(l Pvij) < 1/4 ,E o 1/4. Then, using Chebyshev
i=1 i=1
Voo
; (0 € 4 < = _

inequality, we can conclude, for each j(0 < j £ 3), i klevlj Op(l)

i=1

under the sequence of alternatives Hv' The same conclusion follows
v

* =
under Hy, since E( z Ckvlzv JIPV) 0, and

Var( Z c§v1 vlJ|P ) = P (1L -7p, ), £ j £ 4. Next we have to show
i=

that for each j =0, 1,..., % - A.l = op(l) either in Pv_ or

in Qv— probability. We first prove the result under Hy. For j ¢ J,

P, =0, 8, =0 Then,



Pre(A ., # 0) < Pr*(v,#20) =1-Pr (v, =0) =1 - -p)Y =
( vi ) ( j ) r (vJ ) (1. Pj) 0,
that is, A - A, =0 (1
> By T8y T oW
For j € J, given any € > O,

(3.3.33) Pr“(]&vj - Aj|>-e|PV)

= Pr-(IA\)j - Aj]> €5 vy > ova)

+
[av}
N
~~
>

<

1
=
v
Q]
-»
<
|

= OIPv)
But,
3.3.34) Pr-(]A , - A, |>e, v, =0) <Pre(v, =0) = (L-P) >
( ) (} Vi J| » Vs ) ( 3 ) = ( J) 0
as v -+ » gince Pj > 0.

Again for j ¢ J, vj > 0,

. Fj Fj+1 F\),j+1
A, = (v/v.)’j ¢(u)du + f ¢(u)du + f ¢ (u)du
vd I Hr F F
vy ] 3 j+!
Hence,
F, F, F,
R v 1 j+1 v j v j+i
Av' - A, = (— - ¢(u)du + — o(u)du + — $(u)du .
I3 vy By s 3 Ir S
J v, J V,j+1
Thus,
N 1
]L—Llﬂl—iﬂmkﬂ+lMDM. FP”
vj j v P, j . V] j
| h| h|
v 1/2
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Hence,
3.3.35) Pre(|A , - A,] > . > 0|p
(3.3.35) Pro(]d ;- a5l > e, v, > 0lR )
v 1 1/2 -~
< Pr'IICT'_ ET'A(F)Pj > e/3, vy > Ova]
J J
v 1/2
+ Pr[— -
r[\)j A(F)IF\),j Fjl > e/3, vy > 0|1>\)]
v _ 1/2
+ Pr["j A(F)!F\),jﬂ Fj+1| A(F) > ¢/3, vy > ova]
< Pro[|X - 2> S PT7|F ]
v, P, 3A(F) "3 v
J J
+Pr [(D|F , - F,|> ——-i—lP ]
Vj v, ' 9A2(F) 'y
+ Pre[(-)?|F - F.,.|> —82—|P ]
v, v, 3+l 3+117 9a2(m) 1Ty
a W, /9) ) D)
But, since, under P v,/v) =P, =0 (v F ., -F, =0(v
’ ’ v’ g 3 P > v, k| P
21
forj=0, 13"'9 L, (\)/\)j)-Pi=0p(\)?) forjeJ.
J
Hence each term on the right hand side of (3.3.35) can be
made arbitrarily small for j € J. Using this along with (3.3.34),
we get from (3.3.33), &vj - Aj = op(l) for j € J. We have glready
shown, Evj - Aj = op(l) for j € J. Thus, the lemma is proved under Hj.
Under {Hv}’ we prove the result by writing
Avj - Aj = Avj - Aij + Aij - Aj, and then showing Avj - Aij = op(l),
Aij'_ A, = 0(1). The proof is analogous to the one earlier and
hence details are omitted. We may, however, point out for later
reference that in this case F , -HY =0 (1), and : F, = o(l),
V] V,] p Vs J



each for all j =0, 1,..., & so that Fv

j=0,1,..., . Hence, (vj/v) - Pj

s

op(l), for all j =0, 1,..., &.

., - F, =0 (1) for all
J P

Using the above lemma, it now follows that under Hy and also under

the sequence of alternatives {Hv}’ g§ and Ev have asymptotically the

same distribution.

This along with lemma 3.3.1 implies that the

quadratic forms Mv and Sv as defined in (3.3.13) and (3.2.23)

respectively have asymptotically the same distribution.

We conclude

that under the sequence of alternatives {Hv}’ M, is distributed

asymptotically as X%(n), n being defined in (3.2.25).

3.4. Extension to the case of countable set of class intervals.

Suppose, instead of a finite set of class intervals, we have

a countable set of classeintervals

I, =1[b,, D

37 Py Pynds 3

We introduce the notations

1
(3.4.1) Fv

-1 )
i = F(o (bj - BO)): J =

., =2, -1, 0, 1, 2,...

ceey =2, =1, 0, 1, 2,...

(3.4.2) P, =T -F' L, = ...

jo v, J+l V]

A |

F\),j+1 v,j+1
A, = du
jJO IF' ¢(u) /f

Fl
v,s] V]

(3.4.3)

(G = seey =2, -1, 0, 1, 2,...). Let

1 ifX , e 1

V1

'
(3.4.4) Zvij

0 otherwise

du

, =2, -1, 0, 1, 2,...

if P,, 2 0,

50 = 0, otherwise,
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Consider the statistics

v
= $ ' =
(3.4.5) TkvO ilck“i ji;m Ajozvij“’ k=1, 2,..., p.

Our objective is to show that in this case, if classes are coalesced
on either end, thus reducing the problem to the case of finite number
of class-intervals, and consider test procedures developed earlier,
by proper choice of the terminal class intervals, the resulting test
procedure will be asymptotically power equivalent to the one based

on the statistics Tkvo(k =1, 2,..., p), (i.e. one which uses all

the class intervals). More specifically, if we introduce the statistics

s
% 2

kvi |
1 j=-81

Vv
(3.4.6) T = T (k =1, 2,..., D),

A.Z
i J

vij

where Aj =A, (J=-81+1l,0.., 8p = 1)

jo
A ¥ a,p, /T P
= ® . 2 [y
S2 j=82 Jo Jjo j=sy Jo
=81 -81
A—sl B ’i_ooAjOPj 0/j=Eoo Pj 0 ’
= ! ] = - ‘ -
ZVij Zvij (j sy +1,..., 89 1),
% 81
Z = ¥ Z'.,.,Z2, = I Z'..,
vigy j=s, vij® “vi(-sy) jmme Vi3

we want to show that Tkvo - Tkvl =+ 0 in Pv- (and because of contiguity
in Qv_) probability for all k =1, 2,..., p. It is sufficient to show

that

(3.4.7) E[(T, , - Tkv1)2|Pv] + 0, for all k = 1, 2,..., p.



- A(—sl))zvij]

2
Ales) P (=s)?

Now,
(3.4.8) Tkvo - Tk\)1
Voo, -
e L [CZ a,2', . - Z .. )
1=1 kvi j=s, jovij Sy vissy
+ I A, Z', A zZ
(j__w 307 vij (-s1) v1(—sl))]
Y] * o ~81
= e [ (@Q.,-0 )2 ..+ T (A,
=1 kvi j=85 3o 8o "vij =m0 30
Then,
Voo, -
(3.4.9) E(T, . Tkv1|Pv) = Iy B (Ajo - Asz)PjO
i=1 =s,
A % -8
+ , Z - P, =
iilckvl _W(Ajo A(—sl)) 30 ,
2
(3.4.20) E[(T, - T, )2[P ]
AY) . -8
= 3 ciﬁiE[{ OV D P AL
i=1 j=8o J 2 J jE—
Voo -
<2 £ 2, 5 (A, -A )2P,
v %2 51 2
+ 2 .Z ck\)i DX (Ajo A( s )) 40
i=1 ' |-
Voo, - -s1
=2 I ckgi[ A%OP,-0 - é P A2 P, -
i=1 j=s2 J J 2 2 j=—00 Jo Jo
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- —Sl
(where, PSZ = jisz P, ( sp) T J__m )
<2 3 [ ¥ A2 P, + _EIA P, ].
le =8, jo jo j= » J07J0

Since, bl A%onO < A2(F) < o, uniformly in j, given any ¢ > 0,

j::—oo
we can find s; and s, such that
-8

53 2 2
IoaRR<e/2, m ke <e/2,
i=s2 j=—e

so that from (3.4.10),

A

E[(T - T )2[Pv] 2e . This proves (3.4.7).

kvo kvl

Since, b A?OPjO < A2(F) < o, uniformly in j, given any ¢ > 0, we
j=0

can find an % such that % A§O 40 < e. This proves (3.4.7).
=2

3.5. Asymptotic Relative Efficiency (ARE).

Suppose the true distribution function is G(x) instead of

F(x) and let g(x) = G'(x). Let

(3.5.1) A%(G) = fi [8' (x)/g(x)]%g(x)dx < =.
Further, we define,

(3.5.2) Gy = G[o_l(aj -BD1, 3 =0, 1,..., £+ 13
(3.5.3) P? =Gy "G 320, 1w, 4

(3.5.4)  ¢*(w) = -g' (€ (W) /g (W), 0<u<1;
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G,
j+1
(3.5.5) AL = fc ¢*(u)du/P§, if P? > 0,= 0, otherwise,
J
(3 =0, L,.u., 2).

C4t1 .
f ¢(u)du/Pj s, 3 =0, 1,..., 2;

G,

3

(3.5.6) A?*

)
(3.5.7)  A2(G,{I.}) = =% a*2p* ;
i o0 43

%
(3.5.8)  B2(F, {I.}) = 3% a%%2 p* ,
j joo 3

2
(3.5.9) C(F, G,{I.}) = =z a*pa¥%p* .,
j jmg 33

(3.5.10) o(F, G,{Ij}) = C(F, G,{Ij})/[A(G, {Ij})B(F,{Ij})];

h
vi
* L g _ _
(3.5.1)  ki(h ) = P} fc [g'{(ay,, = By)/o = 0y}

- g‘{(aj - BO)/O - ij}]dy .

where 0 < ej <1 for all j ¢ J* = {j]0 £ 3 < 9, P¥ > 0},

i=1, 2,..., v. Define the statistics

Vv 2
(3.5.12) T*V = S c* ., 2Z AN k=1,2,..., p.

* % LN
Let Ev = (Tlv""’ Tpv) . Then,

. , ) . o
(3.5.13) E(EV]Pv) Q, Var(gV|Pv) LA (G,{Ij}) .



i _ _ _ o
N R - N O e S BE PR S SR N e 2R e - 6N

Let,

% =2 N
(3.5.14) Sv = A (G,{Ij})zv Av Ev .
Further, let,

Rk Voo z %
(3.5.15) Tkv = I Chui by ZijAj , k=1, 2,..., p,

i=1 j=0
k% k¥ Kk,
Sy = (Tlv’ L ) Tpv) ]

LT %%, ~1 ke, =2

(3.5.16) Sv = (zv Av Ev )B “(F, {Ij}) .

Then,

33 _ %% - 2
(3.5.17) E(T, [Pv) = 0, Var(Z] va) AB (F,{Ij}) .

If the permutation test procedure as described in Section 3.3 is

now used, it is asymptotically power-equivalent to the test procedure

(based on the critical function ws(zj)) defined as follows:

%%
S

1, if s**
v V,E

v

(
)
I

%y _ | . Tk %k
¢3(§V) =) § , 1f Sv =8

3ve V,€
R % ok
0O , if s <
- v V,€

*% % _
where Sv,e and 63va are so chosen that E[wg(gv)va] = g,

We may note that for any ¢ # Q with real and fixed elements,

v P 2
%% = * *%
R LR ST MILEATICIER
i=1 k=1 i=0
. 3 * X BT % *
= Z (Zec. ,)ZATPY(l+h AT +h .0.%k7(h )
i=1 k=1 k “kvi 3=0 J 3] viTj vi~j j i
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v 2
%k
K b} c;vihvi) z AfA, Pf + o(l)
1% = j=0 4 3 J

(e"2, 0 C(F, 6,{I,}) + o(1) ~ (¢'"A4y) C(F, G',{IJ.})

v P 2
*ek - % (0 %*%D -
(3.5.20) Var(e'T""|P ) = 3z (Zec, )23 a2 Rz . |80)
Y v i=1 k=1 k kvl j=0 i vij' v
v P 2 %
= 3 (T ey )23 AYPL + o(1)
i=1 k=1 v j:O J J

(e'A

A

Vg)BZ(F,{Ij}) + o(1) ~ (g'Ag)BZ(F,{Ij})

It can be proved in the same way as lemma 3.2.3 that under the
sequence of alternatives {Hv}’ the model (3.1.1) and the assumptions
(3.1.2)-(3.1.6) with G and g replacing F and f respectively, Ij*

is asymptotically N ((AY)C(F, G,{I,]), ABZ(F;{Ij}». Hence, sj*

ig, under Hy, distributed asymptotically as X;(ﬂd), where,
(3.5.21) ng = (y"AYC2(F, G,{Ij})/BZ(F,{Ij})

Also, Ij is under H  asymptotically Np((Al)Az(G,{Ij}), AAZ(G;{Ij})).
Hence, Sj (which provides now the asymptotically optimal test in the

sense described in section 3.2) is asymptotically Xi(no) with

(3.5.22) n, = (x'Ax)AZ(G,{Ij})

0

Using the definition of ARE as given by Hannan [20] or
Andrews [2] as the ratio of non-centrality parameters‘the ARE of the
permutation test procedure as given in (3.3.14) relative to the
asymptotically optimal test as given in (3.2.24) with Si replacing

Sv is given by



R 2 _E n A Ay m = . ilgl? - =8 ou =8 = =
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(3.5.23) = ng/ng = 0%(F, G, {11 .

eF,G,{Ij}

The above expression turns out to be the same as in Sen [33].
We may note that the expression for ARE depends on the true distribu-
tion, the assumed distribution as also on the grouping structure.
However, this is unavoidable and the optimum way of grouping in a
particular context will depend heavily on the parent distribution.

In case of ungrouped data where the Xvi'S are observable,
while the model (3.1.1) and the assumptions (3.1.2)-~(3.1.6) remain
the same, for testing Hy against {Hv}’ one proceeds on lines analogous
to that of H4jek [17]. Hence, if S\)O denotes the test statistic for
ungrouped data, in the situation where both the true and assumed

distribution functions are F, Sv is asymptotically Xi(noo) with

0
Ngg = (x'Ax)A?(F). In that case the relative loss of efficiency

due to grouping will be

Fj+1 1
(3.5.24)  (ngy = m)/ny, f [¢(u) - Aj]ZdU/jo¢2(U)du
0

L
b
= F‘

J

j

AZ(F,{I.})

— i
A2 (F)

|
=

We can determine the class—-intervals in such a way that given any € »> O,

max Pj = max (F
3 J
Thus, the loss of efficiency can also be made arbitrarily small by

1 - Fj) < ¢. This can be achieved independently of v.

proper choice of class-intervals.
Again, in situations where the true distribution function G

and the assumed distribution function F differ, the relative loss

of efficiency is
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'. (3.5.25)  [('00)0%A2(6) - nfl/("1)02A%(G)
= 1= [o(F, G{I,D/pI2[AG,{I D /M@ 17,
which also can be made arbitrarily small as in the preceding case.
Also, the expression (3.5.25) may be greater than, equal to or less
than (3.5.24) with G replacing F, depending on p(F, G;{Ij}) and p.
We give expressions for ¢(u) and Aj in cases of some well-
known distributions:
TABLE 3.5.1. Some expressions for ¢(u) and Aj.
(al = 0" (a, - B,))
J J 0
Density £(x) -£'(x) /£(%) ¢ (u) Aj(when Pjio),
§=0,1,...,%,
Normal — (21) Zexp. (-5 x o7 (w)  [£(al)-f(al, )]/
orma exp. (-5 3 11

[eCal, )=0(a)))

Double 1 exp. (-|x[) sgn x sgn(2u-1), -1 if a' <O,
2 : j+1
Exponen- \
tial P+l if aéZO,
/ a] -a!
,// (e Jee J+1)/
‘\ 1 1
a' -a!
(2=e J-e J+1)
2 ] 1
if aj <O<aj+1
2 1 -a'
Logistic e_x(l+e X)— (l-e X)(l+e X) 2u-1 (1+e J) !

_a' l
+(l+e ITHT 1,
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From the above table, it is clear that the Normal Score Test, Sign
Test or Wilcoxon Test are asymptotically optimal according as the
parent distribution is Normal, Double FExponential or Logistic

respectively.

3.6 Applications.

The model considered includes as particular case the
p-sample (p = 2) problem. Consider the situation when the

Xvi (i=1, 2,..., v) are from p populations Myseons Hp and out

of the v observations nkv are from population Hk (k =1, 2,..., p).

p
Note that v = % n, ., Assume
k=1 &V

(3.6.1) lim nkv/v =T (0 < T < 1, for all k = 1, 2,..., p;
V>0
> )
rmo=1).
k=1 k

The regression constants c are given in this case by

kvi

1 - (nkv/v) if the ith observation is from kth sample,
(3.6.2) Crui =
- (nkv/v) otherwise,

E=1,...,vi k=1, 2,..., p). Then,

v v
- 2 —3 —
.E Ckvi 0, .Z Crvi nkv(v nkv)/v i
i=1 i=1
v
by = - (nkvnk,v/v), for all k, k' = 1,..., p.



Hence,

(3.6.3)

~V

é:>

Under (3.6.1), j\\)\) + A, where,

A is a p x p matrix of rank p - 1.

Allv
(p-1) *(p=1)
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1 _ nl\)éZ\) —[1/2 . _F_ nlvnp\) —1/2]
(v—nlv)(v—nZvZJ _fv—nlv)(v—npvz.
_1/2 1/2
i T1yM2y 1 T PayPpy ]
(v—nlv)(v-nsz_ _fV—HZV)(V_nvaJ
1/2 1/2
) nlvnpv — — nZvnpv )
(\)—nl\))(\)—npvz4 .fv—nzv)(v—npv)
1/2 1/2]
1 -_" ’IT1TI'2 o —"" TI']_'H'p ham
(1-my) (1-m2) (1-m1) (1-7_)
- P_
1/2 1/2
[ 1 .. - 2% ]
(1-m1) (1-mp) (1-m9) (1-m_)
— P_l
1/2 1/2
1T11T AT
- P - 2P vee 1
El—ﬂl) (l—ﬂp)il l:(l-ﬂz) (l—ﬂl'))]
Writing

AIZ\)
(P_l) x1 ’
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We notice that Aﬂlv is of full rank. Let D = (I _19), where
(p=1)xp

Ip_l is the identity matrix of order (p-1). ng has asymptotically

the same distribution as ng under Hp and also under the sequence

of alternatives {H\)}° Thus, under Hv’ ng is asymptotically

Np((QAx)AZ(F,{Ij}), (QAD')AZ(F,{Ij}))o But DAD' = A,, where

A1 Ar2
A= | (p=1)x(p-1) (p-Dx1| ,

Aoy vy

_ 1*(p-1)

and thus by reparametrization get a non-singular distursion matrix for

transformed variables. Since, g;gjgv = (gvgv)'gziv(gvgv), where Qt

is a generalized inverse of Av’ Mv remains invariant under repara-

metrization. A;iv can be obtained by using a formula given in Rao [32],

p. 20. In the case of ungrouped data, the p-sample problem was

considered by Puri [28(a)] under essentially more stringent conditions.
We might remark that in the p-sample problem, Basu [3] has

considered the censored case where only v*(<v) of the ordered variables

in the combined sample are observable, while vE/v > p, (0O <p< 1)

as v > », A gimilar problem follows as a special case of ours when

Ip:x < xg, while probabilities Pj (3 = ly00.., &) of belonging to

Iy Ins00.5 I, are sufficiently small. However, while in Basu's

case v* is given, while the corresponding truncation point is random,

in our case, the truncation points are fixed, while vj (3 =0y 1y0..,40)

are random. In spite of these basic differences, the A,R.E.'s of
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the two tests will be the same, and further, we can study the
optimality properties of Basu's test according to the criteria
described earlier. As such, for the logistic distribution, Basu's
test is optimal. Similar comparison can be made in particular with
the test proposed by Gastwirth [14] for the two sample problem in
the censored case by taking p = 2. (See also [33]).

The above analysis is also applicable when the observable
r.v.'s are grouped in several ordered categories (the case of Categori-

cal Data) if the underlying parent distribution is continuous.

3.7. Concluding Remarks.

The present chapter includes, as a particular case (when
p = 1), Sen's model where the null hypothesis has been tested
against one-sided alternatives. This also includes a similar two
sample problem as considered by Gastwirth [15]. Unlike the case of
one-sided alternatives, we do not get here an asymptotically most
powerful test, but a test asymptotically optimal in Wald's sense.
Also when the class intervals are sufficiently small, the efficiency
of the Mv—test reduces to that of a similar test (for ungrouped
data) considered by Jogdeo [24]. We may also remark that unlike
Hdjek f17] and Sen [33] we need only impose the Noether condition on

v
] y N . 2 =
the Crvi S but no other assumption like iz1ckVi 0(1), for all

k=1,..., p. This helps avoiding some artificiality in taking the
regression constants ¢, . = o(l) (k=1,000, P} 1 =1,u0.4, v}

v 2 1); here, for example, we may consider the case
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Crvi = i- Xgi (k =1,..., p; 1 =1,000, vi v 21). On the other

hand, we have considered a sequence gv of alternatives which are
"local," while Hdjek and Sen have regarded the regression coefficient

B as fixed and still, in effect, have considered local alternatives
v

by imposing the condition I c%i = 0(1l) along with the Noether
i=1

condition.



CHAPTER IV
ON TESTING THE IDENTITY OF MULTIPLE

REGRESSION SURFACES FOR GROUPED DATA

4.1. Notations and Assumptions.

Consider a double sequence of i.i.der.v. X = (X _,.0.,5 X
Sy Vi Vv

v 2 1, satisfying the model (3.1.1) and the assumptions (3.1.2)~-

(3.1.6). 1In this case, however, we want to test
(4.1.1) Ho:B% = (Bgs Bisesss Bp)' =9 .
We assume in additionm,

(4.1.2) F(x) + F(-x) = 1, for all real x.

The usefulness of the symmetry assumption about F will be revealed

in section 4.3. A particular situation where this model is realistic

is as follows:

Consider a double sequence of i.i.d. stochastic vectors

1y (2)y, | e
zvi = (Xéi)’xvi Yhi = 1l,4es, v, v 2 1, satisfying
P
4.1.3)  x% = 5@ o 4 W)
vi k kvi vi

k=0
£ =1, 2;i=1, 2,..., v, v 2 1, where, Cyi = (COvi"'°’ cpvi)"
i=1, 2,00y vwith e, ., =1 (i=1, 2,c.., V), v 2 1, are vectors

Ovi
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of known constants, 0(>0) is a nuisance parameter and B

(%)
k b

k=20, 1,..., p, £ = 1, 2, are unknown regression parameters.

NN C
vi

» €4 ) are either interchangeable

We assume as in [30],
or their joint distribution is diagonally symmetric about (0, 0).

We want to test

(4.1.4) Hb:Bél) - séz), for all k = 0, 1,..., p,

against the alternatives that at least one of the (p + 1) equalities
in (4.1.2) is not true. Let Bk = B(l) - 6(2), k=0, 1,000, DP.

k k
_ (D @

Then H} = Hg given in (4.1.1). Writing X | .
0 0 vi vi vi

1 2
vi = Eéi) - 551)’ i=1, 2,..., v, v 2 1, the model can be rewritten

as
P
= i = : >
(4.1.5) Xvi Bg + kzlskckVi + oe 4o 1 1,000y vy, v 21,
1f €,1 (which are i.i.d.) have a common d.f.F, (3.1.1) and
. o v o v
o = 2 =
(4.1.2) follow. Note that, COv i§1c0vi v. So,
) L .
Covi = covi/COv =y 2, for all i =1, 2,..., V.
v % * v *
.E C0uiSkvi = .Z Crvi = O, k=1, 2,..., p. We introduce the
i=1 i=1
notations
1 o
Vs % -
(4.1.6) A, = ((iilckvick'vi))k,k'=0,1,...,p B > Ao»
o' A
~ Ay
where,
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(40107) L\O = 7 N

(3.1.5) implies Avo and Ay are positive definite., Let

(4.1.8)  ¢(w = - £'(F L W)/EE (W), O0<u<l;
(4.1.9) () = - £'(F (L + w)/2))/EE (L + 0)/2)), 0 < u<1;
then,

1 1

(4.1.10) fo¢2'(u)-duy-= fbxpz(u)du = A2(F) < =,

"In our case, theeri.(i'= 1,.0.y V) ‘are not observable. We

have a finite set of class intervals

L (J = =2, =+1,0005 =1, 0, 1,000, -1, 2)
2

£ x

4.1.11) I.:a, <a
( ) JaJ’% i+

[where == = a = 7 <...< a ] < a] <...<a = o denote a finite set.

_g-L 2] 1
% 2 7 “'2“

of ordered points on the real line with a_y = aj s ag = 0], The

. B *
observable stochastic vector is gv = (le,..., X:v)Y,where

L
7 : * _ P
(4.1.12) Xvi Eszzvij (i =1,..., V)
and
1 if Xvi € Ij
(401.13) . Z . o = 3

vij
Q otherwise

for alli=1, 2,..., vy V21 (j= L4000y =1, 0, 1y0cu, 2).
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For the testing problem considered here, a class of permuta=
tionally (conditionally) distribution-free nonparametric tests has
been proposed which is comparable to one in the previous chapter
where the problem was one of testing the hypothesis HO:Bk =0
(k =1, 2,..., p), while By and o were nuisance parameters. As it
has been remarked already, in chapter III, statistics analogous’
to rank statistics were considered, while here statistics analogous to
signed-rank statistics have been used. We may also .comment at this

stage that in what follows, the assumption (3.1.2) namely

v %

z .
, cle
i=1

=0(k-=1, 2,..., p) is unnecessary, and the same results

without any modification will hold once we .assume that Avo and AO are
positive definite. This assumption, however, can be made without

any loss of generality as already observed in chapter III,

4,2, Asymptotically Optimal Parametric Test.

We define,

(4.2.1) F,

F(a, 1/0)y 3 = =23e005 =1, 0, 1,000, o + 13
3 -

(4.2.2) PJ. = Fj+l - Fj, j = —2,,00_-', —l, O, 1,..., ,Q,;

* o - = - i = -
(4:2.3) Fy = F = F_ . =28 -1 (=1,2,..., 2+ 1),
* = * - * = 7 = -
so that, Pj Fj+l Fj 2Pj ] Os lyeeesy R)u-n -

F,

) . j+1

(4.2.4) A, = f ¢(u)du/P,, if P, = 0O
, i g 3 3

J j=—2,,'ao, _l’ O, l,ooo’_ﬂ,o

= (0, otherwise
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41
(4.2.5) A? JF* w(u)du/P§ , if p? 20

3

0, otherwise

When P, # 0, we can write,

N

(4.2.6) Aj

It follows immediately that,

(4.2.7) P_, 0y Lyeens ).

]
v’
>

n
>
~~

[

[

So, Ap= 0. Also, if Pj z 0,

.»1’ 2»,..., 21.

/2

duj .
/2

"" * ®
(1+Fj+l)/2 (1+Fj+
(4.2.8) A% =2 ¢(u)du / 2
J (1+F%) /2 (1+F%)
_ J h|
er+1 Ty
= ¢ (uw)du J du=4, (G=1, 2,004y 2).
'F, /' JF J
] / h|
Let,
% y
(4.2.9) AZ(F,{I.}) =2 A2P =2 I AP, =2
| j=—g 13 j=p 3 i

where J_ = {37 (1, 25004, Q)IPj > 0} . Hence,

_ Fj+1
(4.2.10) 0 < A%(F,{Ij}) =27 .f ¢ (u)du
j€J+ Fj

£ j+i
LY f $2 (u)du =
j=-1 ' E

AZ(F) < o,

104

= [f(aj_%_/o) "' f(aj'f%-/o)]/Pj’ J= %5000, =1, 0, 1,000y L.
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Assume,

(4.2.11) max P, < 1.
3=0,1,000,8 9

Consider the sequence of alternatives,

(4.2.12) Hv:Bk = Bk0==Tk/Gkv (k =0, 1,..., p)

Let,

(4.2.13) Yy =9 T (k =0, 1,..., p) and let y* = (Ygseoes yp)';

-1

(4.2.14) hvi =g . c

0

g

;viTk (i=1, 2,..., V).

Then the likelihood. function of &: under Hv is given by

v
(4.2.15) L(§:|x*) = n{z z, P(X

‘ e I,)}
i=1 §=—g vij vi |

<
=

]
=]
—~—
™

201y Flagpy ) = byl = Fllagfed =)

i=1 j=-g ’
v %
= lzl{jz 2Zviij(l + hviA' + hviejgj(hvi))}’
o<ej<1,

where,
h .
-1 v1i . .
(4.2.16) gy = 27} U8 Iy, /) - 031 - €116, /0) - 0,310y,

for j € J. UJ_ , where J_ = {j e (-1, -2,..., —2)|Pj > o} .

Hence gj(hvi) = o(l), uniformly in j ¢ J, U J_, i =1, 2,..,, v. Let

S 0 UGS S N AaE D U A D e B D E e am e
=



(4.2.17)

Let

(4.2.18)

T

o = 1070w 108 LTI o

Y 2
_ * .
= .E Croi ‘E zvijAj (as in chapter III)
i=1 j==2
Y . 2
= izlckvi jil(Z\):,Lj - Zvi(—j))Aj’ k=0, 1,..., po

i i.e. U I_,

1 if |Xvi| € Ij i.e Xvi € Ij -3

U ..
vij

0 otherwise

(L= Lyeeey v3 3 =1, 2,000y 2.

Then,

(4.2.19)

Thus,

(4.2.21)

Let

(4.2.22)

Next we state three lemmas the proofs of which are exactly the same

as lemmas

Zo13 = Boreeg) = Uoag 58K g

ey Ry i =1, 2,.04, v,

1 dif X, >
vi
sgn X.\):.L = 0 if X\):,L = , =1, 2,..4, v
-1 if X , <
vi
v . 2 7
Tk\)O = izlck.\)i Zl \)ijAj)Sgn X\)l’ k= 0, l,o ey P
T = (T T ',

S0 0vo*" " Tpvo

3.201 - 3-2.30

106
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LEMMA 4.2.1. Under H,, the model (3.1.1) and the assumptions (3.1.2) -

(3.1.6), is asymptotically N (04 LoA O(F {I ).

~

I\)0

LEMMA 4.2.2. Under Hyp, the model (3.1.1) and the assumptions

(3.1.2) - (3.1.6), Lov(gv) is asymptotically

N2 QA m, DA ).

LEMMA 4.2.3. Under the sequence of alternatives {Hv}’ the model

(3.1.1) and the assumptions (3.1.2) - (3.1.6), Ivo

is asymptotically

1 CBox A5 (B 11D, gh) (R (T, 1).

If {Pv} and {Qv} denote two sequences of probability measures

as in chapter III, lemma 4.2.2 ensures that ”Qv are contiguous to

Pv'" Define now,

-1
(4.2.22) 8 = Ay P (R, (I, 35080800

The optimal parametric test procedure 'in the sense .described in

chapter III is the same as in (3.2.24) with S

voo.repla01ng Sv'

4,3, A Class of Nonparametric Tests.

We introduce the following notations:

A\
(40301) .Z Z\)ij = \)j, (j = -/Ql,o.o, "'l, O’ l,oc.’ 2/)-

1=1
So,

\Y
(403-2) lEIU ij = \)j + \)-—j (J = l, 2’ LAY 2/)
Let

0 ; j

(403.3) F\)"—,Q, = > F'\)’j"‘l = E—Rvm/\)’ J = _Ql,OI.’ _l,_o, 1,..., /Q/;



h|
* - _ = -l - .
(4.3-4) F\),j+1 = F\)’j+1 F\)’—j A\ mi_J\) . J O l, g ey 2/,
% *
. sJt+1 »J+1
(4.3.5) A = I Vv (u)du f du
vj * %*
V] Vs j
% Lap® :
S 1, 1)/2 a4E )72
= $(u)du du ,
(1+F* ) /2 (1+F P12
V]
if v, + v # 03
-]
Ajj = 0, otherwise (j =1, 2,..., %).
Let
" v N 2
(4.3.6) Ukv i k\)1( z Ule vj)sgn X s k=0, 1,..., D,

and g* = (Ugv,..., Ubv)'.

We may note that in the case Xvi,e IO’ we have no information
regarding the. value of sgn Xvi' This, however, does not-affect the
test procedure (based on the statistics U*v"k =0, 1,..., p), since,
if Xvi € IO, Uvij =0 for all j =1, 2,...,.% and, as such, contribu-
tion of such terms to the calculation of U (k =0, 1,..., p) is

Zero.

Since, we are dealing with grouped data, .even under Hp, the

joint distribution of the U;v'S'will'depend‘on the A;'s; But, using.

108

a permutation argument, we can get here a permutationally (condition-

ally) distribution-free test. Under Hp in (4'1'1)"|Xvil’

i=1, 2,..., v are i.i.d.r.v. and so are X*.0,= r I!

U
j=p J-vid’
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(13 =1, U I-j’ i=1y000y 2,1 =1,..., v). Defining now,

W o,
vi

|
L ~ %
I U ,.A (i=1,..., v), we see that W = (W

]
vij vj v vi**tte? wvv)

j=
has a joint distribution which remains invariant under any permutation

of its v arguments under Hy. Further, under Hp, sgn Xvi can assume

two values +1 and -1 each with prob. 1/2 independently of the in's;

sgn X SEREED sgn va are independently distributed. Use the notations

® * ! =

X\)0 (X 010°° " vao) and sgn Xv (sgn le,..., sgn va)'
If we now consider a finite group Gv of transformations

{gv} which maps the sample space onto itself, where a typical trans-

formation g, is such that

m
(4.3.7) g ¥, = ((-1) 1 Hogseees 1) w"iv)’ m, = (0, 1),
2 =1, 2,..., v and (ii""’ iv) is any permutation of the integers
(1,..., v), then, there is a set of 2¥ V! transformations in Gv'
Under Hp, the conditional distribution over the set of 2V v1
realizations (generated by Gv) is uniform, each having common condi-
tional probability (2V v!)—l. We denote this conditional probability
measure by 6’\'} We may note that under@\'), F:')c j's and hence &tj's

>

remain fixed. It is now easy to verify that

0, 1,..., p) 3

% ' _
(4.3.8) E(Uk\)k?v) =0 (k

)Az(r {I b,

d v <

E( kv k vk?') = ( kvl k vi

1

(k, k" =0, 1,..., p), where,

=

2 s _ ~&2
(4.3.9) AO(FV’{Ij}) = jilAvj(vj + v_j)/v .
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Consider the quadratic form,

(4.3.10) Mj = (U*

=1 % -2, %
' .
Y, j\\,\) 'U\))AO (F\)’{Ij}) .

As in the earlier case, the following nonparametric test is proposed:

1, ifmM¥s M
v

% , ®
(4.3.11) wq(gvo, sgn gv) = b ? if M§ = M$,€ ,
0o , ifM* <M
v V,€

where M
V,€

and éqve are chosen in such a way that
H]

E[W4<X30’ sgn Xv)l@n] = g, the level of significance. This implies

that E[wq(gjo, sgn X

_ , % .
Nv)va] =¢c 1d.e. wu(gvo’ sgn gv) is a similar

size € test.
We may remark that it is necessary to introduce the "signed-
score' statistics instead of the ordinary "score' statistics as in

chapter 3 because here we are interested in testing for BO along with
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Bl,..., Bp. Had permutation-test statistics as in the earlier chapter

been introduced without consideration of signs, the one for By would
have reduced to a constant under the permutational probability
measure F;'. A similar situation was faced by Adichie [1] and by
Puri and Sen [30] in case of ungrouped data and they introduced

"rank"-statistics for similar

"signed-rank' statistics instead of
testing problems.

To study the asymptotic permutation distribution of the
test statistic, we first extend a result of Hajek [16] involving

the asymptotic distribution of the "simple linear rank statistie" to

that of the "simple linear signed-rank statistic." To formiate the
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theorem, we proceed as follows:

Consider double sequences {bv" 1<4i<v,v=21} and

1

{

84, 1si2v, v 2 1} of real numbers satisfying

v
(4.3.13) 1lim max b%./( S b2,) = 0,
vro 1<isy UF q=1 VT

v
ik - 532
1siis.?¥<- z (a . a )

k
(4.3.14) lim[kv/v = 0] = lim — 5 = 0.
z

V-0 Yo

Let X EEEE X

. oy Pe V i.i.d.r.v. having a continuous d.f. F(x)

satisfying F(x) + F(-x) = 1 for all real x; also let (va,..., va)
be a random vector which takes v! possible permutations of
(1, 2,..., v) with equal probabilities and distributed independently

of (X

RIS va). Let

v
(4.3.15) S = I b 43R S8 Xvi’
=1 vi

where sgn Xvi 's are defined in (4.2.20).

THEOREM 4.3.1. Under (4.3.13) - (4.3.14) and the assumptions following

v v
-1
iE_Sv defined in (4.3.15) is asymptotically N;(0, v I bii z aﬁi) a.e.

i=1 i=1

Proof. It can be assumed without any loss of generality that

) < < = s < 4
a < a, S...%a ans put a (1) a . for (i-1)/v < A i/v,

< 41 <L = 1
1<4i<v. Let Tv iileiaV(Ui)Sgn Xvi’ where Uy, Us,... is a

séquenée of independent random variables distributed independently
of the X , 's, each U, uniformly distributed over (0, 1], and the
vi i

rank of Ui in the partial sequence Uj,..., Uv is denoted by
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R', (1< i<v,v21). Hence, the vector (R' ,..., R' ) satisfies
vi V1 Vv

the same conditions as (va,..., va) in the theorem, and we get,

(4.3.16) E(T - sv)2 = ( b\z)i)E[a\)(Ul) - a\)(va/v)]2

1

||.M <

1

-1
S (102027 e e, -7 6T T G, -E) 2,
i=1 ' 11y . i=1 ¥ Y

using lemma 2.1 of [16]. Also, E(Sv) = 0 and

AY

AV

T b2, 1 a?,
vl , \)l

=1 i=1

Var(S ) = v_l
v i

Hence,

1/2

\%
(4.3.17) E(T,-5)2/Var(s,) < 2/Z [ max |a,, -3,|/Gad ) )

1€igy

1/2

A

v
2v2 [ max |a i-—E;I/(?(avi-—EQ)Z) ]

1<isy
-+ 0 as v » o from (4.3.14) putting kv = 1. To prove the theorem, it
is sufficient to show that (i) (Tv - E(Tv))//VZ;?ESS is asymptotically
N;(0, 1) a.e. and (i1) (5 - E(S))//Var(S)) - (T - E(T)))//Var(T )0
in probability. The proof which is based on (4.3.17) is given in
Hajek {16].
To prove (i), we use Theorems 4.1 and 4.2.of Hdjek [16]. We

need observe only that the Lindeberg condition

f(lz, |26)] -
where Tvi = (b i B;)av(Ui)sgn Xvi (i=1, 2,..., v), and

1 if |T .|z
V1

0 otherwise
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1 £ 1< v, is equivalent to the condition

v
1
lim —F=v L E[T'2 I |, |1 =0,
oo Var(TV) q=1 Vi (ITviI_G)
v _ v
where T'. = % (b, -~ b J)a (U,), T' = I T', and
vi o, vd VAVARS | Voogo Vi

5” 1 if |T§i|za
AE :

vi .
\\? otherwise

The last assertion follows from the fact |sgn Xvil = 1 with proba-

bility 1 for all i =1, 2,..., v and sgn Xv seeey SEN va, Ul""’ Uv

1
are mutually independent.
The above theorem will be utilized in deriving the asymptotic

. *
permutation distribution of gv. In order to prove the result, the

following lemma is also needed.

LEMMA 4.3.1. Under the assumption (3.1.6) and (4.1.2)

2, % 2 . . R
AO(Fv,{Ij}) -+ AO(F,{Ij}) as v > « either in P - (or in Qv—) probability.

2
2, % k0 . ,
Proof. A (F {I.}) = £ A™(v. +v ,)/v. Noting that (v, +v .)/v=+2P,
O( ALY ) VJ( i _J)/ g ( i _J) i

j=1
in probability as v » =, we get exactly as in lemma 3.3.1,
2, % % %2 " 2 2,0 -
A(F5,{1.}) » % AT2(2P,) = £ A5(2P,) = AS(F,{I,}) in P_- (or in
0 "v ] =1 j=1 ] ] 0 3 v

Qv_) probability as v > =,

THEOREM 4.3.2. Under(?!, (3.1.1) - (3.1.6) and (4.1.2) U} is

) ) A .
asymptotically Np+1(g, AOAO(F,{Ij})) in probability.

~

*

Proof. Consider any linear combination d'U, d = (d,,..., d)' # Q,

v~

do, diseees dp are fixed and finite.
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* v P . % v
1 —_ =
g yv .Z (I dk le)( z ViJ VJ)Sgn X i .Z V1WV1 sgn Xvi ’

i=1 k=¢ j=1 i=1

h - Fact ,i=1,2 v. N lm .| = o(1) and

where m\)i kkyi® s 24000y Vo ow, méx m\)i = 0 an

k=0 1€i<vy

z mii = 0(1), (because of the assumptions (3.1.4) and (3.1.5)).
i=1
So the sequence {mvi} satisfies the Noether condition. Further,
—IV 2, %
vV I W, = AO(Fv’{Ij}) - A%(F,{Ij}) in probability. It can also

. Vi
i=1

be shown as in chapter II (see also chapter III) that

. k)
max v W2., -0 in(?&—probability. So the sequence

S A A
v
{in} satisfies Hajek's condition Q in probability (see [16], p. 519).

Now, we refer to Theorem 4.3.1 to get the result.

LEMMA 4.3.2. Under (3.1.1) - (3.1.6) and (4 1.2) 1 ~v -L,;7” Qin

Pv_ (or in Qv_) probability.

Proof. Write

L
* _ ~k _
(4.3.18) Ukv - Tkvo = il(A A ;

*

kvi vlngn X i k=0,1,...,p.

v
X c

The rest of the proof i's the same as in lemma 3.3.2 and, hence, is
omitted.

From the above results, it is now obvious that Mj and S\)00

have asymptotically the same distribution under Hy or {Hv}' It is

)

immediate on the basis of lemmas 4.2.1 - 4.2.3 that Mj (or S\)00

. . 2 2 .
is asymptotically Xp+1 under H, and xp+1(;0) under {Hv}’ where,

(4.3.19) ¢, = (X*'on*)Ag(F,{Ij}) .
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The extension of the above results to the case of countable
set of class-intervals is similar as in chapter III since the
sequence {Qv} of probability measures is contiguous to the sequence
{Pv} of probability measures from lemma 4.2.2, Again, in this case,
since the asymptotically optimal parametric test is similar as in
chapter III (involving only the additional statistic corresponding
to Bp), the ARE of the proposed test procedure compared to the
asymptotically optimal test procedure will be similar as pZ(F, G,{Ij})
given inb(3.5.23) where p2(F, G,{Ij}) is defined similarly as in
section 3.5. The loss of efficiency expressions will also be similar

as (3.5.24) or (3.5.25).

4.4, An Important Application.

The test procedure developed in earlier sections can be used
in the particular case of 'paired comparison' problem. The problem
(which has been considered by Mehra and Puri [28]) is as follows:

th

Consider p treatments in a sequence of experiments, the v

sequence yielding paired observations (Yvkm’ Yvk'm)’ m = 1’2"°"nvkk"

lsk<k'"=<p = L n . Assume that the n difference
’ 1 <kek ' <p vkk' vkk'
scores Y(k’k‘) =Y -Y (m=1, 2 n ), have a common
vm vkm vk 'm’ >omertry Mykk!'?

continuous d.f. kak,(x). This is the situation, for example if in
the analysis of an incomplete block experiment, with each block of
size two, one makes the assumption of additivity as in the usual

analysis of variance model. We want to test the hypothesis

(4.4.1) HO:F\)kk'(x) + F\)kk'(.—x) = 1 and F\)kk'(x) = F\)kvvknv(x)
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for any two pairs (k, k') and (k'', k'''), where
1<k, k', kK'"', k""" < p, k2 k', k'" #2 k""" against the sequence

of alternatives
(4.4.2)  F () = F (x4, /),

for each pair (k, k'), 1 £ k < k' £ p, where Hpp' are certain constants
not all zeroes satisfying M = 7 Mg (Lsk=zk'"<p).
The test statistic used by Mehra and Puri can be introduced
as follows:
Let {Jvi’ 1<i<v,vz21}be adouble sequence of numbers satisfying
either the assumptions (on the "score'" functions) by Chernoff and
~ (k’k")
Savage (1958) or by H&jek (1962). Let R
(k’k') l
m 5

V,m
1
IY(k’k )I when the v = I% Dot values of |Y
vm 1<k<k'sp v

be the rank of

m=1, 2,... 1<k <k'< p, are arranged in ascending

> Tokk'

order of magnitude in a combined ranking. Define

(k") o JVEkK!

(k,k")
v m ’

= JV(Réfék /(v + 1))sgn v§

where Jv(u) is a step function defined over (0, 1] taking constant
values Jvi over the interval ((i - 1)/v, i/v], i.e.

Jv(u) =J i = J( /(v + 1)) for (i ~ 1)/v < u £ i/v. Then the test

vi

statistics are of the form

P ' -1
(4.4.3) K\)0 = 1 { =T Ték’k )/ankk' 32 (v Jii)p.
k=1 k'#k i

R™M<

1

It has also been shown that under H; defined in (4.4.1) and

under the conditions given in [28], Koo is under Hy asymptotically
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te

xi_l and under the sequence of alternatives defined in (4.4.2) is
asymptotically xi_l(d), where
-1 P L —
k=1 k'#k ’
Prk' = iig nvkk'/v is assumed to exist and is > O for each pair
(ky k'), (LS k <k'<p)e pppe =ppey (ISk=k'<p).
p
Let noy = k'il mort To reduce the problem to our model,
we first set
RN VO Y11 Y
(bo4.5) KoK K g cper <o),
v Vo, vn
vk vk
Y= (Y1seees yp)' being defined in (3.2.10). We pool all the
observations Y(k’k') (m=1, 2,..., n 1<k <k'< p) and deno
vm - > s \)kk"
this pooled set of observations by le,..., va. Then this testing
problem belongs to our model with Bg = O, Crvi = +1 if Xvi is from
a block where the kth treatment is paired with a treatment k'
h

(k" =k +1,..., p), ¢, . = -1 if X, is from a block where the Kkt

treatment is paired with a treatment k' (k' =1, 2,..., k-1),

¢, . =0, if X , is not involved in the block at all. We consider
kvi vi

the situation when the observations are classifiedkin several
groups. Define test statistics Tk\)0 as in (4.2.21) or Uiv as in
(4.3.6), k=1, 2,..., po Then the quadratic form M: (or Svoo) is
asymptotically Xi‘l under Hy and X;—l(c) under the sequence of

alternatives with
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(4.4.6) L = (x'Ax)A%(F,{Ij}),

A and A%(F,{Ij}) being defined in (3.1.5) and (4.2.9) respectively.
We may also mention here that since, under the model By is absent,
even in the process of finding permutationally distribution-free
tests, statistics (as in chapter III), regardless of signs, may be
used.

We may remark at this stage that the tést proposed by
Mehra and Puri, considered as such has some limitations owing to
the fact that it allows a judge only to give two possible verdicts
"better" or "worse" in comparing one treatment with another.
However, if we want to allow greater flexibility in the judgment
of a judge by making the judgment level classified into several
ordered categories, the above test procedure will fail. For example,
in comparing the performances of two musicians at a music competition,
the performance of Musician 1 compared to that of Musician 2 may be
classified as "Much Inferior," "Slightly Inferior," "More or less
Parallel," "Slightly Better" and '"Much Better." 1In such cases, it will
not be possible to use the test of Mehra and Puri, while our test pro-
cedure can be used if these ordered categories are represented as
class-intervals on the real axis symmetric about the origin.

It should be possible to introduce, however, statistics

analogous to that of Mehra and Puri for grouped data by replacing

(k,k')

i /(v + 1)) by the corresponding "scores"
-

"score" functions Jv(R

for grouped data. We have already mentioned that their tests do
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-not.agree in general with our tests. To show this, we first define,

statistics analogous to that of Mehra and Puri for grouped data.
We have a finite set of ordered points on the (extended) real line

giving a finite number of class-intervals in which the observations

MO

om belong. These points may vary for different pairs (k, k'),

A \
1< k< k"< p. For each pair (k, k') we define scores Ajgk’k )
as in (4.3.5). Also, we define
\

1 if Y<k k! ) gk’k )
gk E
mj ’

0] otherwise

(4.4.7)

(e, k ). being defined

(m=1, 2,..., n NERE: =0, 1,004, & Kk (say) I
similar to (3.1.10) for each pair (k, k'), 1 £ k < k' < p). Then

the grouped data analogue of the statistics of Mehra and Puri will be

' n ' ,Q,
T\Ek,k ) - Z\)kk ( Z

m=1 j=0

k! *(k k') (k k' )) (k;k')

(4.4.8) vJ vmj vm

s

1 <k <k'<p. The appropriate quadratic form (see [28]) will be

p

(k k') .

(4.4.9) M _=p £ { I = a2/
Vo et k'ak Vv vkk

z
-1 ~x(k,k').2
{v P (A Vi )n ]

1<k<k'sp j= o

It can be proved as in [28] that under Hp, Mﬁo is asymptotically

xg, while under the sequence of alternatives, M ., is asymptatically

vo0

X;(G), where



_&Eh p

(4.4.10) 6 {0z Gopr w0},
k=1 k'#k kk kk
Ok (1 < k# k' £ p) being already defined in (4.4.4).

In the particular case when each pair of treatments is
-1
compared the same number of times i.e. 0ot = {E) v, for all

(k, k') such that 1 £ k < k' £ p, we have Orper = (g]*lv,

1

IA

z
k < k' £ p. From (4.4.5), Mgt = (Eq (Yk' - Yk)’
l1<k«<k'"<p. Then from (4.4.10),

2
AO(F,{Ij}) P

( ‘ p(p-1) ey k'#k k' Tk
- P W2(p LD I (r, - )P
p‘i 0 > j k=1 Yk s
4 P
where y = p = I Yie* Also, in this case,
=1
\Y p )
az Crvi 'Z Dokk! V(P} (p-1)=2v/p, k=1, «c0, P,
i=1 k=i 2
; -1
z = - —_ L
Lo CruiCivi T T Mok V{g] ,1<k#Kk'<op.
i=1
Voo w o i, . .
, = - Y = - - ]
50, .Z,ck\)ick'vi 2y VY (P] (p-1) ,1=k#Ek"<p.
i=i 2
1 o ee D
-1
Hence, A = 1 ... p} , where p = -(p - 1)

(Note that A is not of full rank. But we can take a principal

submatrix of order (p - 1) which is of full rank).

120
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From (4.4.4) we get,

(4.4.12) ¢

P
2 1 .
AFAIDC(I Y2 - === T vy, v,,)
0 37 e k  p-1 kek ! k'k!

2
P A (F,{I,1)
p-1

(4.4.11) and (4.4.12) justify our assertion. If however all possible
pairs of treatments are not compared the same number of times, the

two test procedures are not necessarily asymptotically power equivalent
since the noncentrality parameters ¢ and ¢ may differ. The following
example will justify the statement:

Consider the case p = 3, n = n = v/6, n
V12 V13 v

Y1
Then, p,, = p,, = 1/6, o, = 2/3; y,, = ——— = ——— = /§ {7— - 7#} R
12 13 23 12 /2—/—6 /‘S—E 2 5

My, = V6 T3 T 75| 2 Hyg = /6 75 = 75| .- Hence, we get, after some

algebraic simplifications,

= A2 2 14 2 2 =) _ .22
S = & @D + 15 0 +v3) E Gy, vy - 15 Y2Y,!

Also, here,

[o—

—

T S
/o /o
.
/10
4
_1 -3 1
- /o i
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2 2 2 8
Hence, ¢ = Ay (F,{I 1) v+ va + v = F (v, + v,xy) - 5 YaYsl -

1 ,2

The above example also shows that in this particular case
our test procedure cannot be less powerful than that of [28]. We
may, thus, conclude that the test proposed in [28] does not have the
asymptotic optimality properties as described in section 3.2. Also,
computationally, our test statistic seems to be simpler than its
rival.

It is also obvious that the univariate one-sample location
problem for grouped data follows as a particular case of our model,

since then we have only to set Bl = 82 = .., = Bp = 0,



CHAPTER V
NONPARAMETRIC TESTS FOR GROUPED DATA IN THE

MULTIVARIATE LINEAR REGRESSION MODEL

5.1 Introduction, Notations and Assumptions.

Consider a double sequence of stochastic matrices

= ] = (l) (Q)
§v (§vl""’ §vv)’ Vv > 1, where, §vi (X\)i ""’_XVi ),

i=1, 2,..., Vv are independent stochastic vectors having

continuous d.f.

(5.1.1) Fvi(f') = F(§' - §; - Sbig'), i=1,..., vV, V>1,

and X = (xl,..., Xq)', §o = (610,..., qu)' is the nuisance

parameter (vector), B = ((Bsk)) is the parameter (matrix) under
axp

test and ¢, = ( Y', (4 =1, 2,..., Vv, V> 1) are

~\)i e g C

Cqnye .
1vi pVi

known regression constants (vectors). We want to test the null

hypothesis of no regression, that is,

(5.1.2) H : B= 0 ,

against the set of alternatives B # 0 .

The notations and assumptions in (3.1.2)-(3.1.5) regarding

k=1, 2,000y, p; i =1, 2,040, V,

the regression constants c, .
g kvi

V > 1) are the same in this case. Let the-univariate marginal d.f.
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th , ,
of the s variate corresponding to the d.f. Fvi(x ) and F(x')
be F ., (x) and F_(x) respectively. (s =1l,..., q; 1 =1, 2, .v., V,
vi,s s
th

th
V > 1). The corresponding bivariate joint d.f. for the s and s'

variates are denoted respectively by F y(x, y) and FSS,(x,'y);

Vi,ss
(1<s#s'<q;i=1, 2,..., v, v>1), We also introduce the
Vv

z Fvi(x')’ (the average q-variate d.f.
i=1 ~

notation Hv(x') = v_l

for §vl""’ %vv).

The corresponding univariate marginal d.f.
th . e 1yth
for the s variate and the bivariate joint d.f. for (s,s')

variates are denoted by H, (x) and H y (x, y) respectively;
V,s V,ss

(1 <s#s'<q). Let

[oe

(5.1.3) fs(x) = F;(x) exist and AZ(FS) = f (f;/fs)2 fsdx <

- 00

for alls =1, 2,..., q.

Consider the sequence of alternatives

(5.1.4) H_.: @ §v = ((Tsk/ckv)) = T D,, where

v ~
qxp pXxp
- =//C
T Ty +er Tgp| 0 D /c, 0
T o wee T 0 .l/C
ql ap ~ pv / .

The elements of T are assumed to be real and finite.

~

We are concerned with the situation when Xv is not observable.

We have q-dimensional rectangles in the real q-spacequ defined by



125
q q
(5.1.5) ;:; I,s,s = ;:& {xslajs,s < x < ajs+l,s} ,
jS =0, 1,..., RS s 8 =1, 2,..4,q9 , (where =» = ao’s < ai,s
oo < a = © are ordered points on the (extended)

<
L .8 22 +1,s
s s

1, 2,..., q). Let

real line [-®, ], s

i 1 if Xvi € Ij <
= ’
(5.1.6) . Zvijs,s s

o

otherwise

s =1l,.s0,q31i=1,000, v, Vv>1,.

The observable stochastic matrix is given by

* *

(5.1.7) X = (X

%
~V ~\)1""’2{\)\)) » V21,

where §:i = ((Xéi))*,..., (Xég))*)', with

(5.1.8) x(&y* o

S
VOREERE A

s Vi s
08 Vijg,

(s =1, 2,000y q5 1 =1,2,.0., v, v> 1),

Under the model (5.1.1) it follows immediately that

b .
(5.1.9) Fvi,s(x) =F_(x - Bso = 2 By Gy o

k=1
and

P ,

(5:1.10) By oo rGoo ) = FpiCe =By = B By ey

. p .

AY"',,BSvO - kil Bs'k ck\)i) >

l1<s#s'<q; 1=1, 2,..., V, Vv>1,
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Let

5.1.11 F .. =pr(x'® <

( ) vi,JS,s (Xvi —-ajs,sle)

( 8 r *
=T (a - - T, C . .) ,
s js,s So k=1 sk "kvi
1
5.1.12) F. . . = pr(x(®) < (s") o
I W T P T LY

- Fss'(ajs,s - Bso

(0_<_-js_<_JLS+1,0_<_jS,§£

i=1, 2,..0, v, V2> 1).

Define

(5.1.13) H . =
V’Jsas

(5.1.14)  H, . | =
VyJgsdgrss,s’

(023 22, +1,0<3,22
Also let,

5.1.15 F. = F
( ) 5 .8 S(aj

s s’

P
- I T

]

S

k=1

c, a,
sk "kvi’ JS,,s'— Bsw_

y +1, L <g # s'.i q,

A%
X
i=

i=1

F

Vi,j s 1s8,8"' °
:JssJSVs ’

v+ 1, 1 <s #s' <q,Vv>1)

- Bso) = Pr(X

(s) .

vi —'ajs,SIHo) ’

for alli =1, 2,..., V;

(5.1.16) F, =F ,(a, -B a, -8
Jssjsvss9s' ss' JSsS SO, Jsvgs' S'O)
(s) (s")
= Pr(X < < i
r( i = js’s, X, = ajs|,S'IHo)’ for all i

P %
kflTs'kckv )

1,2,000, V3
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(0<3 <2 +1,0<3 , <8, +;31<s#s" <q.

Define now,

(5.1.17) PVi,j ,8 = Fvi,j +1,S - FVi,j »S i
s s S
5.1.18 P : & 1
( ) \)l’JS’S,JS',S'
= Fui,j +1, +l,8,8' ~ Tvi,j ,j ,+l,s;s'
A R e dlgrigt T
-F . . . + F . . .
Vl’JS,JS"l'l,S,s' \)l,JS,JS'sS’S' ’
(O f.js i.zss 0,§ js' f,gs's 1 i'S # S' f.q’ 1 f-i S.V, v z'l)’
and let,
5.1.19 P, o =F -5y
( ) jS,S ' js+l’s JS,s ’
5.1.20 P.
( ) Js’Js"S,S'

F, . . -F, .
Js+laJSv+l’SsS' Jsstv+lsS:S'

+ F,

- F )
js+lsJSvsS3S' J 138,8'

s’js
(0§js_§zs,Oijs,izs,,lf_s#s'_{q).
The above notations will be used repeatedly in the sub-

sequent sections. The "scale" parameters 0's have all been assumed

to be 1 throughout this chapter.

5.2. A Class of Parametric Tests.

We introduce first the "score''-functions

(5.2.1)  ¢_(w) = —f;(F;l(u))/fS(F;l(u)), 0<u<l,s=1,2,.u.,q.
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Let
¥, F,
Js+l,s Js+l,§
(5.2.2) Ajs,s = f d(u)du f du, when Pjs’S #0
F, s F, s
Jss Jsa
= 0, otherwise,. (=1, 2,000, q).

When P, # 0, we can rewrite A, as
JS’S Jsss

-1
l2' A = P, o - - f ° hael .
(5 3) jsssy' : JS’S [fs(a:ls9s BSO) S(aJS+1sS BSO)]

Let

(5.2.4) I = {jsljs €10, 1,..., &1, Pjs,s >0},s =1, 2,..., q.

(5.2.5) J_ v = {(,, js.)ljs el0, 1yveuy 2.1, 30 €10, 1,00n, 241,

. . >0}, 1<s #s8'<
JS’ Jsvssssv > - : =4

' 2 s 2 2
5.2.6) A“(F , {I. D =A = I A P, = I AZ P ;
( ) (Fg> Jg ) 88 4 o9 Jg°% I8 5 5. g8 g8
s s '8
(5.2.7) A(FS, Fors {Ij }, {Ij '} = A
s s
3 L,
s s
= I 2 A s 4 s' "3 ,3 s,s'
4.=0 §j ,=0 JS’ JSvs JS’JS" ’
s s
= Iz A, s A, gt Pj 3 o g'"
(js’js') éJss' JS’ Jsvs g?1g12S»
We may note that
(5.2.8) 0<A2, <A A, ,<A@E)A@F,) <=
T ss' ss ‘s's' s s'

(similarly as (3.2.8)).
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Let
(5.2.9) A= ((ASS.)).
q%q
We introduce the statistics
AV % Q'S
v 2. = 3 = l P : = l c o .
(5 2.10) T\),Sk § ck\)i . E Z\)ij .8 Aj »,S’ (s ’ »q, 'k ’ ,P)
: i=1 JS—O s s

We define a test procedure based on the statistics Tv Sk's
L

(8 = 1,000, g, k= 1,..., p). These statistics are co-ordinate wise
extensions of the statistics used in Chapter III. Moreover, unlike
the univariate case, the test procedure we are going to propose here
may not be asymptotically optimal (in Wald's sense) even under .the
regularity conditions given in Chapter III. Nevertheless, it seems
to be the most natural one to consider because of its simplicity and
mathematical tractability. We may remark also that our statistics
are generalizations in case of grouped data for analogous statistics
considered in case of ungrouped data by Puri and Sen [31]. It is,
however, worth mentioning that the restriction on the "score function"
¢ is much less stringent in our case than that in the case of Puri
and Sen who had to impose the conditions of Hajek [18] and Hoeffding

[23] on ¢. Let Pv, Qv be respective distributions of X% under

= H .
H0 Y and Hv

We get the following expressions after some algebraic
simplifications:

(5.2.11) E(T va) =0 ;

v,s8k
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% * y A
c, ., ¢ . :
kvi “k'vi’ “ss

M <

E(Tv,sk Tv,sk'va) - (i=l

*
) A o

v
*
E(Tv,sk Tv,sfk'va) B (iil “evi “k'vi’ “ss

(ky k' =1,..., p5 1 <s #5s' <q. Write,

(5.2.12) T.. = ((T )) .

~V v,sk
qxp

Then,
(5.2.13)  E(yle) = 0, Var(ylpy) = A8 4
qxp p¥p 4%q
- é B A as Vv~>>,
PXp  d*q
We assume that

(5.2.,14) A is p.d.

Next we prove two lemmas:

LEMMA 5.2.1, Under Pv, the model (5.1.1), the assumptions (3.1.2)F

(3.1.5) and (5.1.3), the -joint distribution of the elements of Tv-ii

asymptotical%zinq(O, A8 A).

q P
Proof. Consider any linear combination I X ev,sk Tv,sk’
s=1 k=1
where ey ok (s = 1,00., q, k= 1,..., p) are fixed and real
3

constants. We can write,

q p v
(5'2'15) sil kzl ev,sk v,sk = iil wvi ’
q p . s .,
where W, =.S§1 kil ey, sk kvt J io Zvij s Ajs’s (=1, 2,000y V,v > 1),
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Now, E(in[Pv) =0, (1 =1, 2,0.., V).

A

Var(w\)iva) = I L &) sk ®,s'k' Ckvi Sk'vi Ass' <7

s,s'=1 k,k'=1

(1i=1, 2,0c., V).

L
| < oy ol Eleh,l B o5 qa, ]
Again, |[W .| < ( max max |e Co s ; \
Vi 1<s<q 1<k<p V,sk k=1 kvi o=1 js=0 ige8 VljS,S
Hence, writing m = max max le l, we get,
q 23
3 3 P 3 3
(5.2,16) W _.]7 < m 4 e |7 (2 T | lz... )
vi V,pq k=1 kvi e=1 js= J_s8 viJs,s
q 25
3 pt+q * 3 3
L W L L R | ]
V,Pq k=1 kv s=1 4 =0 Jgs8 vij ,s
3 p+q 3 ¢ 8 3
m 4 z | { A l iy
V,pq k=1 kvi 14 =0 j _»8 vij ,s
Hence,
p q s
*
(5.2.17) E(Ju,|Plp) <md 4P* 3 | G2 P
qu. k=l S=l js=0 JS’ JS’
*
cmy o (max max 2t 5P w7 I f |65 ()| dw)®
PL 1<g<q 5 €7 Is? k=1 s=1 s
—— "8 8 0
%
=m) _ (max max p.2 ) P I fer Pz A,
P 1<e<q 3 ed  Js? k=l VT s=1 s
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Thus,
Y .
(5.2.18) % E(lwviIBIP\))f_mi (max max P 7 ) 4¥F
i=1 P4 1<g2q 3 €7 Is?
——* Y8 s
p " q
[ £ max Ickvil (2 A?(FS))]
k=1 1<i<v s=1
1 -
*
<p mi ( max max P,2 S) max  max lckvil (Z A3(FS))
Pl 1<e<q 3 6T, Js7T L<kep 1<iy s=1
= 0(1l), from (3.1.4).
AY) 2 v
(5.2.19) I E(inlpv); E Var(in]P\))
i=1 i=1
; : (oK
= e e. 1.1 A Coypare
s,5"=1 k,k'=1 v,sk v,s'k’' “ss 1=1 Cevi “k'vi
= 0(1) ,
using (3.1.5), (5.2.8) and the fact that e are finite and real

v,sk
elements, and also the summations involve a finite number of terms.
(5.2.17)-(5.2.19) validate Liapounov's criteria under which
the classical C.L.T. holds. Now, using (5.2.13), the lemma is proved.
Q.E.D.

Let

g %
T, € .,
k=1 sk kvi

(5.2,20) h = (s=1, 2,000, q3 1 =1, 2,.00y, Vv, V> 1.

vsi

LEMMA 5.2.2, Under Qv, the model (5.1.1) and the same assumptions

as in lemma 5.2.1., the joint distribution of the elements of Tv-iﬁ

asymptotically Npq(D (A T A, A8 A, where,
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(5.2.21) D (A =f A 0

Proof. Using Taylor expansion, we get from (5.1.11), (5.1.15),
(5.1.17) and (5.1.19),

(5.2,22) P

Vi, g_,s Pjs,s[l + Ajs,s hoet T Puss &5 o By ;s (Bygd s

for jsst, where, 0 < ej s.< 1, and

1 ck\)i h\)si) ASS *+ oD

]
N
[ ne IRt

i

Y

*
1 Tsk'(iil Ckvi Sk'vi

100509, k=1,.0., Do

[
i Mg

o ) ASS + o(l), s

Hence,

(5.2.24) E(gvlqv)

— J—

p Vox p Vox %

=1 21,02 ci.c )Ag eos Z T, (2 c e A
k=1 1k i=1 1vi“kvi’ "1l k=1 1k®,” "pvikvi’ 71l

i=1

Pr (1 o) e )
It . ( C,. .C . ,)A cee & T
k=1 gk 1=1 Ivi~kvi‘Taq k=1 gk 1=1

x %
Cc LGl
pvi kvi

A
aq
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(where by ol(l) we mean a qXp matrix each element of which tends
to zero as vV > ®)
- - - 7
o EERR
LR BN T ...T c ) L c wc o
11 1 1p 1=1 1vi =1 1vipvi
\Y v
x % *
0... A T eee T L e ,C ... ss0 L C 02
qq ql qp =1 1vipvi 1=1 pvi
- -t -
= D(A) T Av + 0(l) *D(A) T Aas v> o>,
Also,
(5.2.25) Cov. (Tv’sk, Tv’sk,le)
A% % s AY % QIS
= Cov., (I ¢ s X Cpet D) .
i=1 vi js 0 j ,8 Vvij ,s 1=1 Vi js_o NS Vljs
AY) QIS
* %
= .Z Crvi kv Var ( I ZVlJ - ,sIQV) '
i=1 3,=0
'3
s
But, Var [(.Z J 8 “vij ,s)]Qv]
3,=0
s
L
s
=EICE oz, b 0%l
j =0 Jg2® g2
s
2
° 2
- HECE oz, A O]
jS—O s
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+ o(D).
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%
s 2
= A P A1+h, . A h 0, h
js=0 js,s S,s vsi S,s vsi JS,S gJ ( vsi))
2
s 2
- [h A +h )X \ 9, (h. 1]
[\)Sl ss Vs1 js=0 JS,S J 8 JS,S gJS Vvsi
Hence, from (5.2.25),
(5.2.26) Cov (Tv,sk, Tv,sk,le)
Vooox * ,
= (I cpis Gryg) Agg t oD, 8 =1, 2,000, a3 ky k' = 1,.00,p,
i=1

Similarly,

(5.2.27) Cov (T, 4 T, c4pilQ)

AVAE %
= (2 Gps Sprug

i=1

) A

s +0o(l), L <s #s'<q; k,k'=1,..., p.

Using (5.2.26) and (5.2.27) we get,
(5.2.28) Var (gvlqv) = A, 8A+o0,(1),
(where by 02(1) we mean a square matrix of order pq each element of

which tends to zero as v = ®),
Thus,

(5.2.29) Var (Tlev) +> A8 A as v,
Let in (i=1, 2,..., V) be the same as in lemma 5.2.1. Using the

inequality (5.2.16),



k ; . 4

3,
(5.2.30) E(|W,,|”[q)

P q 8
= 3 4p+q z k\):".l3 L2 'A° sI3 Pvi‘ s
»Pd k=1 s=1 j =0 Jg’ Jg?

Q

3 4p+q P * |3

= m )X .
V,Pq k=1|°kv1

z
S=
Using now (5.2.18) and (5.2.30), we get,

AY
(5.2.30(a)) zl E(lwvi|3|Qv) = o(1)
i=.

]
I ™Mo

P
Also, E(W . ] Q,) i

s=1 k

%
oleyyy)

Hence,

v
(5.2.30(b))

v
3 ® 3 _
X [E@, lo) ] = BRSNS
Using the inequality |W , - E(W )[3 < 4(|w ]3 + |[EW )]3) we
8 quattty %o vi?l S A0y vi’l )

get now from (5.2,30(a)) and (5.2.30(b)),

(5.2.31)

[LI e

3
E[|W,, - EG )71 = o(D)

i=1

Similarly,

AY]
(5.2.32) E Var (inlQ)

1]
g}
[}
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Using (5.2.24) and (5.2.29) and arguing as in the last part
of lemma 5.2.1, we get the result, Q.E.D.
Tv being a stochastic matrix, for actual test construction,

it is more convenient to use a real valued function of Tv as a test

statistic, As in chapters II, III and IV, a suitable statistic
will be a non-negative definite quadratic form in the pq elements

of Tv where the discriminant of the quadratic form is the inverse

of the matrix E_ = A B Av = ((

Y 'k')) (say). [We may note

e
Vv,sk,s

~ that according to our convention, Var (TGIPv) = AR AV]. Consider

the statistic
q
(5.2.33) Sv = i

1_ ((esk,s'k')) - A—l 8 A—l - ((aSS' Akk'))

here E_
where 2y v 2 oV

*
A size-£ test procedure based on the critical function wl(Xv)

is as follows:

(‘
(5.2.34) 1 , 1f S > 8.

*
=/6 =
lpl(Z{\)) % lve °? 1f Sv Sv,a
0 , if S < 8§
v

\
*
and 6lv€ are so chosen that E[wl(§v)|Pv] = ¢, Thus,

V,€

where S
V,€E

we get a similar size-€ test.

By virtue of lemmas 5.2.1 and 5.2.2 Sv is asymptotically

1

2 2 ’ 2
under P.. Then S > upper 100eZ point of
*pq v v,e ” Xpq,e (PP P Xpq? >
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5lv€ > 0 as v » ©, The large-sample test procedure will be as follows:
if S_ > Xz , reject H in (5.1.2)

: v - 7pq,E 0
< 2 accept H
qu,E s P 0
W 1 b h itd T* = (T, T
e may also observe that writing T = Ty,11°°°** Ty,1p>°° ">
% -1 % * =1 -1, %
) = 1 = !
T\),ql””’ Tv,qp) » We get, Sv Iv (é 8 év) Tv=1Iy (é 8 év ) Iyve

From (5.2.24), we get,

%
(5.2.35) E(T lo) =) I le(if S1u1 Ckvi) A11

) A

Covi © 11

kvi

1vi Skvi) Aqq

‘ s ) A
k=1 gk 1=1 pvi kvl) qq

+ a column vector with pq elements each of which > 0 as v =+ <,

We can write the first vector in (5.2.35) as

—~ KJ &
Ev - P(A) 8T

pax1l

% : . ~
where T o= (Tll,..., Tlp,oey, qu,e.a, qu) , P(A) =A@ IP and

~

~7 ~ ‘ .
év = Iq 8 Av. Thus, P(A) QV = A B Qv = E, i.e. B,

E. T >E T
~V o~ ~ o~

~

* % x % ‘
as V>, yvhere E = A 8 A. Thus, E(Tv!Qv) >E T as V>
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* *
Similarly, from (5.2.29), Var (Tv]Qv) = Var (Tslqv) +E as vV > o,

Using lemma 5.2.2., we get now, under Hv, S., is asymptotically

\Y

xg(n), where

% * F. -, % % % * 3 % %
(5.2.36) n=( Y ETE Y =t =" aen

5.3. A Class of Nonparametric Tests.

The unconditional distribution of Sv depends on the unknown

AjS,S (js =0, 1,000, RS, s =1, 2,..., p) even under Ho. However,

under a permutation model, Sv provides a distribution-free test.

Since, the vectors le,..., va are i,i.d. under Ho’ they have a

joint distribution which remains invariant under v! possible permu-

tations of the Vv vectors. Thus, in the v dimensional real space

m?, we have a set of V! permutationally equiprobable points. Let

(pv denote the permutational probability measure defined on this. set.
Under @v, all the V! equally likely realizations have common prob-

ability oL,

We introduce the following notations-:

Vv
(5.3.1) % Zvi’ g = Vi g 3
i=l JS, JS’
Vv
5.3.2 X Z... Z . =V, . H
( ) i=1 VlJSsS VljS,S' JSstvssss'
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0, F -1 gs
(5-3:3) F\),O,S = ’ \)’js‘l'l,S - v 0 =0 \)ms’s b
=]
. F
~ FV’JS+1sS v,jgtls,s
5.3.4) A, = u)du du if v, z 0
G Ay o] swas ] a0,
Vst’s Vsjsss

0, otherwise.

(jS =0, lyeoe, Rs; js' =0, 1,004, QS.; l<ss=s8'<q).

>

We may note that Vj s V.

»S J

. T o
S,.8 \Y S
s S’JS" s aJss

(0 s jS < QS, 0 < jS, < RS., 1< s #s'< q) remain unaffected by the

*

permutation of the vectors 331,..., Loy It follows now immediately

that

(5.3.5) E(Z

(5.3.6) E(Z .. Z ... I®
S

S
(5.3.7)  E(Z .. Z 4.0 |B) = — P ,
S s

(where 0 < jS z

are Kronecker deltas). Also, we get after some simplificatiomns,

-1
5.3.8 E(Z .. 7 .. =v v, . :
( ) ( vij ,s “vij S',S'l W JS,JSv,S,S' ’

@)

(5.3.9) E(Zvijs,s Zvi'js.,s Y

we

-1 -1 -1 -1
=V (\)- l) v, S\). g! -V (V_l) v . '
Jg28 dgrs Jgsdgrsss
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(0<j <2 ,0s3 ys8 4, 1<1i# i'<v, vz,
Define the permutation test statistics,

I}
5 Zoie by ,
s=0 JS, JS’S

(s =1, 2..., qs k=1, 2,..., p). Let

Y
(5.3.10) Uv ok © i c

2
S a2
5.3.11) A = 3 A v, /v
( ) V,S8 i =0 V,js’s( JS,S ) s
s
(5.3.12) A gs = A ( /v)
e '= e N l\)-' '\)
VeS8t g op gm0 Vedgr® Vadgnast I gneese ’
(L<ss#sg"<q).
Now, after some lengthy algebraic manipulations, we get,
(5.3.13) E(Uv,sk|61) = 0;
S
(5.3.18) E(U, qU 0B = vO=DTCE e el DA s

i=1

(1<k, k'<p,1=<s,s" <q).

Writing

(5.3.15) » = (U, ) >

]

qxp
we get,

> = P =
(5.3.16) E(Y [02) = 0, var(y ) = A 8 4

))

where év = ((Av,ss'

gaxq

The following test statistic (which is a quadratic form in

U 's) is proposed:

v,sk
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P P
X X U U sk,s'k'
1 k=1 k'=1 "v,sk v,s'k'"v ?

N ™~,0
N o0

(5.3.17) M =
v 1
s=1 g
where K = A 8 A and
Sy ~y =y

11,1t
1 g AS = ((Ksk,s k
~v v

Ef = A; )) denotes a generalized inverse of gv
(é% is a generalized inverse of éw). We may also remark that év (as we
shall show later on) is p.d. in probability.

Now a (permutation) test procedure based on a critical
function wz(gj) can be formulated as follows:

71, dfM > M

v V,E
LI . =
(5.3.18) (XD =3 6, ., Lf M, =M
o , if Mv < Mv,e s

. *® -
where 62vs and M?,e are chosen in such a way that E[wz(gv)|61] = g,

~ Then, E[w2(§3)|Pv] = ¢, so that we get a similar size ¢ test.

The limitations of the permutation test procedure for moderately

large sample sizes have already been discussed in chapter II and
reemphasized in chapter III.
We next want to find the asymptotic distribution of Mv' With

this end in view, we first prove the following lemma:

LEMMA 5.3.1. Under the model (5.1.1), the assumptions (3.1.2)-(3.1.5)

and (5.1.3), éw - A ig_Pv— (or in Qv_) probability as v » =,

Proof. Lemma 3.3.1 gives A + A in P - (or in Q -) probability as
—_— v,Ss ss v v

v » o, (We can work with univariate marginal distributions in this

case). So, only we need to show that the elements Av I Ass' (in
s

\)

Pv— or in Qv—probability, where 1 < s # s' £ q) as v >~ ©». We can write
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(503.19) A. ’S [ ASS'
,QS ,Q,S,A R
= I X . . QU /v
§.=0 § ,=0 [ Vslgs8 V:JSV,S' JS,JSv’SsS' )
S S
-A, A. |P. P ']
JS,S Jsv,s JS,JSvsS:S
zs ls' 2
= 2 @B, . -, A o, . /v
3 =0 j ,=0 VsJS’S Jgs8 V’Jsvss' Jsgjsvssss' )
S []
ILS ,Q,S,A
+ z° ( - A, A v, /
3.=0 § ,=0 V’Jsl:s' Jsvas' Jg98 JS’JS"S’S' )
s s
28 Zs, ; ]
+ I 7 A, A, v, v) - P, 1.
320 _,=0 JS’S JS"S'[( JSstv’S,S' ) JS’JS'”S’S'
s ]

Applying Cauchy-Schwarz inequality to the square of the first

term on the right hand side of (5.3.19), we get,

2 Loy X
(5.3.20) [jsij js,ij (Av,js’s - Ajs’S)A“’js"S'(ng’js!’s’s'/V)]Z
<[ és(ﬁ -4, D%, /)]
js=0 ValgsS Jg2® g®
LR e, W)
31=0 Vidgrss' i e,
< [ !ZLS(/S . - A, D2, _/VIAREF_ L)
js=0. Vsig»8 Ig,8 igss s
Now, as in lemma 3.3.2, we can show here that Kv,js,s - Ajs’s = op(l)

(either under Pv_ or under Qv—) for each jS =0, 1,..., Rs' Since
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AZ(FS,) < « and the summation of the right hand side of (5.3.20)
involves only a finite number of terms, we get the square of the first
term (and hence the first term) on the right hand side of (5.3.19)

is op(l). The same technique (i.e. Schwarz inequality) enables us to

write

(5.3.21) [2°? term on the right hand side of (5.3.19) ]2
< [ ;S'(Z\ - A )2 (v /)]
Jgr=0 v,js,,s' js"s' js"s'
d gsA% v, /W] .
js=0 Jgo8 Jgo5

As before, the first factor on the right hand side of (5.3.21) is op(l)
(either under Pv_ or Qv-probability). The second factor can be written

as

2, %
57 p, + 2%
=0 JS’S JS’S =

[Cv, /v =P, 1.
3 =0 s Jg28 Igs®.

s

The first term in the above is uniformly bounded in jS by AZ(FS), while

-1
we can show as in chapter III, v, /v - P, = 0 (v 2) either in P
Jg»s Jgos P v

(or in Qv—probability). So, the second term on the right hand side of

(5.3.19) is op(l). Write the third term as

P A, A, G /vy - P, v]
. . S8 J_ 18 J 9] _ 18,8 J_sJ.195,8
(353 1)ed__, X 5 5778 8°"8
s’”s ss
Use the fact for each pair (JS, Js,) € Jss" Ajs3s’ Ajsv,S' are
bounded valued, while (v, V) =P, y > 0 either in
sJ _138,8 J_.sJ_ 155,58

Pv_ or in Qv—probability as v » «», The last statement can be proved
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by writing
v, . /v) - P, .,
( Jgadgrss,s’ Jgsdgrss,s’
= (F ., . - F, .
Vit atl,s,s] JS+1,JSv+1,S,S')
- (F_, . - F, . )
VsJS'H'sJSIsSaS' JS+1,JsvsSsS'
- (F ., . ' -F, .
( \)’JS’JS'-I-]"S’S' JS’JSv+lsS:S')
+ (F. ., -F, .
(VsJS,JSv,S’S' Jssjsvssss') ’
where
=yl gs qgs'
Vsjs+1,jsl+1’sﬁs' m =0 m_,=0 m_,m_y,S,s"’
s 3
(js =0, ly0a4, L3 js' =0, 1,004, Rs', l1<s=#s'<q), and then
shwoing each term in the above sum is op(l) by using the Chebyshev
inequality and the fact that under H o, . -F, . =0(1,
d v QV’ V’JS’Js"S ,s' JSstnSsS‘ @,

(jS =0, 1,..., stl; js' =0, 1,..., ls,+l; 1<s#s'<q). Hence
the third term on the right hand side of (5.3.19) is op(l), the

summation involving only a finite number of terms:

COROLLARY 5.3.1. Under the conditions of the above lemma

A ®A - A®®AinP - or in Q -probability as v - «,
My Ry R TN =Ty v

Proof. Write A 8 A -4 8 A=/ 8 (év - A+ (Av - L) 8 A .

~ ~y

v

The elements of Av are all bounded above by 1, while



A <

I =3.a

det(4d) <
s

1 =.a

AZ(FS) < ® ., We get the result by using lemma
1 s=1
5.3.1 and the assumption that A, > A as v >,

Our next theorem gives the permutation limit distribution of gv.

THEOREM 5.3.1. Under the model (5.1.1), if the assumptions (3.1.2)-

(3.1.5), (5.1.3) and (5.2.14) hold, then the joint distribution of the

4

elements of gv is under(]v

asymptotically Npq(g, A B A).

Proof. The proof proceeds along the lines of Puri and Sen [31]. For
any given m = (ml,..., mp)', define,
P p
]

= ( 3z mklek""’ T mkUvqk) .

Y09
k=1 k=1

We can write,

v P %
E U .= 2(z mec* )¢ %z A
k=1 e Pvsk i=1 k=1 k7kvi js=0 Vij s8 V,J 8
= UszO (say), s =1, 2,.00, Qo

We have to show that U . is asymptotically Nq(g, (n'Am)A). To prove

- q
this, we consider any linear combination e'U = I eUdU s, Where,
S 00 ZL Ts vs00
g:(el,..., eq)'.
vV P * q o R
e'U = 2 (2 me, D(ZI e Z ., A, ) .
< Ry0o i=1 k=1 k“kvi =1 S § =0 Vij s Vs, ,s

It is easy to see, in view of (3.1.4) and (3.1.5) that

v P *

P
max ( I mec* )2 =0(l), and ¥ ( T mcr )%= m'A
1<izy k=1 F Vi j=1 g=1 X% kvi v

m~>n'imas v >,
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v ) D
. * _ *
i.e, iil(kilmkckvi = 0(1). Hence, the (double) sequence {kilmkckvi}

satisfies the Noether condition. Also,

v q RS R
v {ze A S 2
- = =0 JSSS ,Jsss

]
>
>

/)

13845

L T L
sJSs ’JS" JS’JS

> g'Ae in P - (or in Qv—) probability as v + o, -

Also, we can show .as in (2.3.19)-(2.3.21) that

lim kv/v 0 = lim V_l[ max £V W2(1 )] = 0,
V>0 Vgl 1Sil<...<ik v o=l o
v

s

zs
I Z
=0

I
n o~,0
0]

where, W (i) L. A
v vijg,s vig,s

1
— Y q

so that W = v L IW (@)= 3 e f ¢ (uw)du = 0.

AY] i= =1 S 0 s

Now, use Theorem 4.2 of [16] along with (5.3.16) to get the result.
Q.E.D.

The next lemma will establish the "asymptotic equivalence" of

the permutation test statistics to the parametric test statistics.

LEMMA 5.3.2. Under (5.1.1), (3.1.2)-(3.1.5), (5.1.3) and (5.2.14),

Q& - Iv +~ 0 in Pv— (or in Qv_) probability.
gaxp
v ls .
Proof. Write, U -T = L c* . (| - A,
v,sk v,sk =1 kv i js=0 v,Jgs8 JS,S)ZvijS’S R

(s=1, 2,..., g, k=1, 2,..., p), and proceed as in lemma 3.3.2 to
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show Uv,sk - Tv,sk -+ 0 in Pv_ or in Qv- probability for each pair
(s, k), where s = 1, 2,..., q and k = 1, 2,..., p. Then using
Bonferroni inequality, we get the result, Q.E.D.

As an immediate consequence of lemmas 5.3.1 and 5.3.2. we get
the permutation test statistic M& defined in (5.3.17) is "asymptotically
equivalent" to the parametric test statistic Sv defined in (5.2.33).
Thus Mv and Sv have asymptotically the same distribution either under
Hy or under Hv‘ Hence the test procedure based on Mv given in (5.3.18)

is asymptotically power-equivalent to the one based on Sv given in

(5.2.34).

5.4. A Multivariate Generalization of Tests in Chapter IV.

We have the model (5.1.1) and we want to test in this section

(5.4.1)  Hg: g¥ = 0 ,
qx(p+l)  gx(p+l)
where, - .
Bio  B11 .- Bip
(5.4.2) 8% =] Bag B2y ... B ,

2p

$ 06 000008 e0s a8

qu Bql Tt qu

against the set of alternatives g* # 0. The assumptions (3.1.2)-(3.1.5)
hold in this case also, although we may remark as in chapter IV that the

assumption (3.1.2) is unnecessary here once we assume that the matrices

v
- % % _
Avo = ((iil Crvi ck'vi)) and A ((Akk')) are p.d. where Avo - AO
(p+1) x(pt+1) (p+1) x(p+1)
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as v >~ », We may note that as in chapter IV,.cOvi =1, Cov =y,
1
* _——
=v 2 .
Sovi v

In the present situation, we assume in addition that the
q-variate d.f. F is diagonally symmetric about the zero vector, that is
if g = (15000, ep)' has d.f. F, so has -g. This implies that any €y
has marginally the same distribution as -€, (1 =1, 2,..., p) and any

pair (81  ej) has the same joint distribution as (—si, -ej),
H

We keep the notations F .(x'), F ., (x), F V(x,y), F(x"),
vi‘=s vi,s™ 2

vi,ss

<s #sg'<
F (), F 1 (x,y), H (%), Hv’S(X), Hv’ssv(x,y) (l<s=zs q) same
as in section 5.1. However, the sequence of alternatives to be con-

sidered here is as follows:

*

v = ((Tsk/ckv)) = 1,0

*—
(5.4.3) H:8" =8

=)

where D
~Vv0

((Tsk)) .
gx(p+1)

For notational convenience, we consider here g-dimensional

rectangles in the real g-space mq defined as

q q
5-4-4 m I, = ,"\ {X a. < x < a, }

(g = =Bgseees =1, 0y Loeny 2,
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-© = g ] Seee< 8.1 < 81 <400 8, ,1 = denote a finite set of
-9 -4 - = 2 =
s 2 2 2 s 2
ordered points on the real line with a , = -a, ;3 let a = 0;
_JS’S JSQS 0,8

s=1, 2,..., ). The observable stochastic matrix is

% *
(5.4.5) x = (gjl,..., X)), v =1,

where X° = (&), L, N, wien

2
(5.4.6) (xéj))* - 5 1

. Z ..
Jg»8 Vij_,s
(s =1, 2,000y q31=1,00., v, v 2 1), and

1, 18 x® o1
Vi jgs8

(5.4.7) zvijs,s =

0 , otherwise ,
(jS = —RS,..., -1, 0, 1,..., zs, s=1,,00, 49, 1 =1, 2,044, v, v 21).

For the testing problem considered here, a class of permuta-
tionally distribution-free tests has been proposed which is a multi-
variate extension of the permutation argument in chapter IV. We shall
discuss more about it later.

First, we consider a class of parametric tests. For this,

we need introduce the following notations:

(5.4.8) F . . pre(x8) < 4.
vi,ji_,s vi J .8V

]
=]
~~



(5.4.9) F . . . c=peex$® ca, L x5 < JED
\)i’JSsJSv:Sss Vi Jo»8 Vi g'?S v
p p
=F ,(a, g1, c¥ .y 1 T T ,,.c¥ L)
ss T8 k=g sk"kvi® 73 , 538 k=0 S k"kvi
(—28 <j < zsfl, -2, < js' S ;3 1 ss#28'<q; 1=1, 2,..0., v,
v 2 1). Let
LV
(5.4.10) H = v r F ., | >
VyJ.»8 i=1 Vl,JS,S
(5.4,11) H , . ¢ = L F ., .. '
V’JS’JSlﬁs:S i=1 vl,JS:J 158,8
(—ls < jS < £S+l; -zs, < js' S8 ,tl; 12s#2s8' g3 vzl
Also, let
(s)
(5.4.12) F, = F (a, ) = Pr. (X'}’ < a, H):
Jgr8 8 i 3 vi Js,sl 072
5.4,13 F, = F a, a
( ) JS:Jslgsss' SS'( JS'%"S’ Jsv"’zl'ss')
—_ Pr.(X(§> < , X(?') < a. ',H );
vi Jj_ a8 vi JS,,s 0
(—%S < jS < ZS+1; —RS, < Jgr < QS,+1; 1 <s#s'<gq).
Define
5.4,14 P, . =F ., . -F ., .
( ) vi,j_ss vl,JS+;,s vi,jgss ’
The notations (5.1.17)-(5.1.20) are the same except that jS

ranges from —28 to zs for alls =1, 2,..., q.
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The "score'" functions ¢S(u) are the same as in (5.2.1).

A, are the same as in (5.2.2). We introduce another class of
S’

"score' functions ws(u) defined by

~1_ 14u
f!(F_ (=)
(5.4.15)  y_(w) = - 2—= lﬁ ,0<u<l,1
£(F(59)

IA

w

IA
£~

Further, let

*
5.4.16 F = . = 2F, -1(3 = e
( ) 3 . FJs’s F_J 1,6 FJS’S 1(3s 1, 2,c0., zs+1),
5.4.17) P* = F¥ - =2p, i =1, 2,..., 2
( ) Jsss Js+lss Jsss JS’S (JS > i 'S)’
* g;
» jS+l,s j +l,s
%
5.4.18) A = u)du du
( ) 3.8 ” P (u) -
js:s js’s
%
l+FjS+1,s Vi
/ js+1,s
= ¢ (u)du [ du
) 147 F¥
JS:S JS’S
2
= AjS,S s js =1, s ZS; l1<ss<gq
We may note that A |, = =A, P, =P , i = 1,004, &
y _JS’S JS9S’ JS’S "Jsss (JS > > S)’
AO’S =0, for all s =1,..., q. Let
2s jLs
(5.4.19) AZ(F ,{I.}) = A = 3 A2 P, =2 £ A2 ,
078" 3, Oss it Jg28 Ig»8 3! Jgs8 Jg»s
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(5.4.20) AO(FS, Fs,,{Ij} , {Ij '}) = Apggt
S S
% L,
= 3 58 S
o=t 5 ==L jS’ JS" JS’JS" ’
S S S S

Now, P,

. =P, . ,
JS’JS"S’S' (_JS),(_JSV)9SsS' ?

and, P, , . =P .
> (_JS)9JS|’SsS' (JS)9(_qu),S,S'

(jS =0, 1,..., RS; jS' =0, 1,e00, 2 43 1 S8 ®s'< Q.

Hence, from (5.4.20), we can rewrite

jz's 2s'
A =2 X z A, A, [P, . v — P, . '
Oss js=1 js'=1 JS’S JSV9S JS,JSI’S’S sz(_JSI)’SpS ]
(1ss=zs"<q).
(5.4.21) Assume A0 = ((Aoss')) f is p.d.
q(p+1) xq(p+1)

We introduce the statistics

v %
(5.4.22) T = 3 ¥ z°
v, sko =1 kvi § =1 viJs,s Y
s s
v 2
*
=z Crvi ZS[Z\)i' s Zvi(—‘ ) s]A'
i=1 JS=1 JS’ JS > JS’S
v 2
=z c;vi( ZSle' s j s)sgn XS?) ¢
i=1 jsél JS’ JS’ 1
where,
1, if x99 e,
vi ige®
(5.4.23) ©_ ., =

vij ,s
Jgo

0 , otherwise s
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1, 1£x9 50
. V1
(s) _ e w(8)
(5.4.24) sgn Xvi =/ 0 , 1if X\)i =0
a1, 18 x8) <o ,

v1i

(s =1, 2,000, 93 k=1, 2,..., p3 v 2 1). Let Pv and Qv denote

i

respective distributions of gj under H H  and Hv' The following

o ov

two results (similar as lemma 5.2.1 and 5.2.2) are immediate:

LEMMA 5.4.1.  Under Pv’ the model (5.1.1), and the assumptions

(3.1.2)-(3.1.5), (5.1.3) and the diagonal symmetry of the g-variate

d.f. F, the joint distribution of the elements of

(5.4.25) Too = ((Tv;sko))
ax(p+1)

is asymptotically N ~. (0, A, 8 AD).
: (p+1)q '~ Ro © Ro
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LEMMA 5.4.2. Under Qv’ the model (5.1.1) and the same assumptions as

in lemma 5.4.1, the joint distribution of the elements of Iv is

asymptotically N (D(A)z A AO ] éo), D(A) being defined in

(p+l)q

(5.2.21).
We may remark at this stage that for testing the null hypo-

thesis in (5.4.1), the test statistic we use is a quadratic form in

the elements of zvo' The test statistic is
q q p P 1,1
sk,s'k
5.4.26 S = I T T T T T e ?
( ) VO ) g'el k=0 k'=0 v,s8k0 v,s'k'0 Vo :
_ _ ; -1 _ sk,s'k'
where, B, = 4 84, = ((evo,sk,s'k')) and Eyo = ((evo )
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The test procedure based on the statistic Sv is specified by the

0

critical function w3(X3), where

1 s, 1f S > 8

v0 v0,e
* . _
(5.4.27) w3(§v) = 63ve s, if S\)O = S\)o’€
0 > At Svo < SvO,a ’
. _ % _
where Svo,e’ 63ve are chosen in such a way that E[ws(gv)|Pv] €,

so that the test is a similar size ¢ test.

From lemmas 5.4.1 and 5.4.2, it is easy to see also that

2

under Hy, %w is asymptotically Xq(p+1

y? while under Hv’ it is

2
Xq(P+1) (no) » where,

(5.4.28)  n, = z00(40 @ Ao)Zo0>

_ 1
where Too = (TOl,..., Top? T102°* > Tlp,..., T ces qu) .

Op q0

However the above test is not distribution-free. To obtain
a (conditionally) distribution-free test, we use once again a permuta-
tion argument. First, the following notations are introduced:
(5.4.20) 18 - 51y ,

vio js_l Js’S VlJS,S

where I' = I urI, . s
J.»s8 »S (_Js)ss

S s
(js=l, 2:-.-: jzlS;S'—']_, 2,..-, q;i:l, 2,...,\)’\)21).
* (1) (1 )
(5.4.30) Evo = leO cos vaO :
(s) (s)
X\)lo e & 8 X\)\)O
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(5.4.31)

(5.4.32)

(5.4.33)

(5.4.34)

(5.4.35)

(5.4.36)

(5.4.37)

1 1
sgn gio = |sgn Xél? ces SEN Xév?
(@) (q)
fgn le e SEN va
v
I 7., =y, (G. = =2
i=1 .\,)1JSSS JS!S s
v
z . .. =v, .,
i=1 VlesS VlJSV’S' JssJS!9S’S'
- < 4
( 2s s s
. J
-1 s
F = F . = z v
v,—zs,s i »V,Jsfl,s m =g g
s s
- < <
( Zs Js Qs)
Fv, —QS, -2 4, 8, 8" 03
| Jan
-1
vyj 41,3 +l,8,8" "V z° I
’JS ? S" i m =_Q/ m |=_2/ 1
s 8 s s
- < < -
(=2 Js 2s’ Qs
%
F° . = F - . 1<
V:JS+1:S VaJS+lsS Vs“JS9S 5
|
v

sJS+1ajSv+lsS:S'

F o, .
V’JS+1,Jsv+lssss'

- F . .
V’(—Js)stl+1sSsS'

S

]

S’ooc,__l, 0, 1,0&., /Q/S);

-F .
v’JS+ls(—JS|):Sss'

+ F . .
V:(_Js)s(_Jst):Sgs' ?

<2
s

.
1o

s # 8');
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%* o~
v,js+1,s v,js+1,s
5.4.38) A% . = f u)du du
(s.0.30) &5, =] vwas /|
Vsdgss Vsdgss
1+F* 1+
( v,j t1,8)/2 ( v,i +l,8) /2
= N ¢(u)du N du
14+F" 1I+F"
( VsJS’S)/Z ( V] »8) /2
s
if v, + v(_, ) 0
JS:S JS »S
A* . = 0, otherwise.
\)’J ’S
s
Consider the statistics,
% Voo zs 2k (s)
= A
(5.4.39) Uv,sko ;Z pkvi(, L V] ,stij ,s) sen Xvi
i=1 JS=1 s s

(s =1, 2,..., q, k=1, 2,..., p). The permutation test procedure,
we are going to discuss below, will be based on Uj sk

H
(s =1,.0., qs k=1,..., p).

Under Hy in (5.4.1), i=1,2,..., v) are v i.i.d.

X .
~vi0
random vectors. Hence, the joint distribution of the elements of

X*
~V

Oremahs invariant under v! possible permutations of its columns.
Further, under Hp, there are 2V possible sign-changes of the columns

* ' ; . ,
of sgn zv’ each such sign change being independent of the permutations

of the columns of X* . Hence, if we denote

Z,,
(5.4.40) W' - gs A* (i =1 vy s =1 )
. L) \)i j =1 ‘\)’js’s ‘\)ijs,s ’ll.’ ’ ,..I’ q ’

s
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(5.4.41)  § =

*
then the distribution of Ev remains invariant under any permutation of

its columns, and, further, 2Y possible sign changes of the columns

(s) (1 =

; &
of sgn gvo do not affect in = 1,000y vy 8=1,.0., Q).
If we now consider a finite group {Gv} of transformations
{gv} which maps the sample space onto itself, where a typical trans-

formation g, is such that

mg 1
(5.4.42) gvyj = | (-1 wéiz

(-1)ml W

\)11

where, my = 0, 1; d=1, 2,..., vand (4 4.¢.., iv) is any permuta-
tion of the integers (1l,..., v). Thus there is a set of 2¥ v1
transformations in Gv' Under Hy, the conditional distribution over
the set of 2” v! realizations (generated by Gv) is uniform, each

-1

having common conditional probability (2” v1)7'. We denote the

conditional probability measure by ODé. Then,

% o
(5.4.43) E(UV,Skolé>v) 0
Let,
) QS a2
(5.4.44) AO\),SS = ; 51 V,js,s(vjs,s v(_js)’s)/v, s =1, 2,00, q3
S
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2 L
~k "*
(5.4.45) A = £% 8* . v, o
Ov,ss’ js=1 js'=1 v:JS:S V,Jsv,s'[ Jsst"S’S'
-V, . -V ., + v . V
JS"JS,,S,S' —Js’JS"S,S' ‘J 5715158, S']/ ?
l<s=#sg'"<q.
Using now the results,
2 2 1 (8) Pry =
E[U\)ijs,S sgn® (X ;) [P [Vjs’s + V(-5) 17V,
(1< jg s, 1<ss<q,
(s) (8")\ 119y
E[Uvijs,stijS,,s'sgn(xvi )Sgn(Xvi )IUV]
= [v -V, . -V, . +v o, v
js,js',S,S' JSS_JSV,Sas' "JS9JSVQS:S' _Jss—J 1S, S']/ ?

(I<i <8, 153, 28,,1<ss=8"<q),

(S) (5') R .
E[U\)ijs,sU\)i'jS,,s' sgn(X ;sgn(x; 7)) [0 !1 = 0,

(1< jS = QS’ 1< jsl S QS" l<s,s' =q),

we get,
* * 1 = * *
(5.4.46) E(U skOUv ,s'k' OHD ) ( Z ckvl k' vl)AOv,ss'
(ky k' =0, 1,.0., p; 8,8' =1, 2,..., q)
Write
(5.4.47) g ((Uv ko)
qX(p+1)
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(5.4.48) &, = (A, (1)),
o aq
We have,
* ' =
(5.4.49) E<Eso|@k> 0
* "o o_ -
(5.4.50)  Var(Ul |@) = A @ Ay, = K,, (san)

Again, assuming éOV is p.d. so that gov is p.d. the test

statistic we propose is given by

q q P p 1t
% %
(5.4.51) M = 1 2 33U u* ' gk’s ko
v c=1 a'=1 k=0 k'=0 V25K0 Vv,s v
sk,s'k' g . ,
where, ((KOv )) = Kov’ a generalized inverse of K0v° We can show,

here, that KOv is p.d. in probability.

- N SN A W N Ay == ee

The following test is proposed based on the critical function

%* * .,
wh(zvo’ sgn gv) given by

*
1, 4ifM* > M
V0 V0 ,€
. % % —_ 1 * = *
(5.4.52) %q(gvo, sgn X' ) e » 1f Mo M\)O’€
B
0 > Af Mvo < Mvo,a
where M" 8 are so chosen that E[y (X* , sgnx™ |F'] = .
\)0,8’ Lye 4 N\)O’ ~V v

This implies that E[wﬂ(gio’ sgn g:)[Pv] = ¢, so0 that the test is a

similar size ¢ test,

2

However, as in the earlier cases, in this case also, we need
. . . . . * . , . ,
find the asymptotic distribution of Mvoo With this end in view, we

first prove the folloWing lemma.

Ve ‘
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LEMMA 5.4.3. Under (5.1.1), (3.1.2)-(3.1.5), (5.1.3) along with the

assumption of diagonal symmetry of F, we get,

A,, ~ A, in P - (and in Q -) probability.

Proof. We can show A0 - A as v > « in Pv_ (and in QV—)

V,88 Oss

probability similarly as in lemma 4.3.1.
Now, proceeding as in lemma 5.3.1 we can show A . > A
0v,ss 0ss

as v - (L <s 2 s'<q). Q.E.D,

We next find the permutation limit distribution of gjo .

THEOREM 5.4.1. Under the model (5.1.1), if the assumptions (3.1.2)-

(3.1.5), (5.1.3), (5.2.14) along with the assumption.of diagonal

symmetry of F hold, then the joint distribution.of the elements of

* ' .
U, is under(?v asymptotically Nq(p+1) 9, AO 8 éo).

Proof. The proof follows by combining Theorem 5.3.1 and Theorem

4.3.2 and hence is omitted.
The next lemma establishes the "asymptotic equivalence"
of the parametric test statistics Tv R to the permutation test-

H

. . %
statistics Uv,sko'

LEMMA 5.4.4. Under the same assumptions as in Theorem 5.3.1,

U* -T -0 in P - or in Qv—probability.

~v0 ~y0
qx(pt+1)

Proof, Write,

<

(3* , - A% YU .. ]sgn.X(?).
vy, Jgs8” Vi ,s vi

%
* _ * s
Uo,sko ~ Ty,ek0 = % Ckpil %

i=1 Js—l

l61
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Using lemma 4.3.2 we can show that U% -~ T + 0 in P - and in
v,8k0 v,sk0 v

Qv—probability for each s =1, 2,,0.5, q, Kk =0, 1,0.0, p. Using now
the Bonferroni inequality, we get the result.

The above result along with lemmas 5.4.1 and 5.4.2 shows that
under Hy, the joint distribution of the elements of Eio is asymptoti-
q(p+1) @ 2

' x .
Nq(p+1) (Q(A)EOAO, Ay 8 éo)° Thus, MV0 is under Hy asymptotically

cally N 8 éo), while under Hv it is asymptotically

L2 . . . . 2 .
L(pr1)q’ while under Hv it is asymptotically X(p+1)q(n0)’ UM being
defined in (5.4.28).

We may note that the above results can be extended to the

case of a countable set of class—intervals by using co-ordinatewise

contiguity.

5,5, Concluding Remarks and Scope for further Research.

Unlike tests in the univariate case, namely those in chapters
TII and IV, we cannot claim here asymptotic optimality from the point
of view of Wald in a quite general sense. It has been shown by Puri
and Sen [31] that when the derivative of the logarithm of the
conditional density of one variable given the rest is a linear combina-
tion of the derivatives of the logarithms of the marginal densities,
then the tests proposed by them in case of a similar problem for
ungrouped data is asymptotically optimal according to Wald's criterion.
The assumption holds in case of multinormal distribution or for
any coordinate wise independent distribution. The latter con-
clusion holds true here as a trivial consequence of the results

derived in the univariate case. But, the former conclusion is not
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apparent. Studies can be pursued along this line, but at the moment,
we are not aware of any particular statistics which will give
asymptotic optimality in our desired sense. Also, we comment as in
Sen and Puri [31] that the model (5.1.1) can be made a little more

general by taking

- n BN BE e

(s)_
Xvi B BsO

C(S) + E(S)

P
LBk Ckvi T Su1

k=1

(s=1, 2,.00, q; i =1, 2,000, v, v 2 1),

The model presents certain complications, since, then, the

variance~covariance matrix of the statistics cannot be expressed as
a Kronecker product of two non-negative definite matrices, thereby,
rendering the analysis more difficult., However, in many actual

situations, (e.g. the c-sample problem), such requirement is met.

A further scope for future research is to extend the findings
of chapters III, IV and V to the situation;where the predictors are
stochastic. We have solved the problem only in the univariate case
with ungrouped data in chapter II. A multivariate extension of those

results for ungrouped data also seems feasible. Also, extending the

- aE EE al

findings of chapter II to the case of signed-ranked-statistics we can
tackle the analysis of covariance problems in paired comparison

designs.

Finally, we make the comment that the problem of tied ranks

can be tackled very easily with the techniques developed earlier,

if for tied observations, we use '"scores' described in earlier

chapters, the class-intervals being properly picked from the ranks of

®
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these observations, while for untied observations, we take class-

intervals (depending on the ranks of such observations) with

arbitrarily small probabilities of belonging to them.

am an_ aa
®
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CHAPTER VI

A NUMERICAL EXAMPLE

6.1l. Introduction and the Data.

In this chapter, we consider an example to illustrate some
of the test procedures developed in the earlier chapters. The
example, we shall be using, will illustrate test procedures devel-
oped in Chapter III, although more general examples can be easily
constructed.

The problem is to test the effectiveness of several contra-
ceptive devices. 1500 married women in the age-group 15-25 are
observed for a period of 36 months., Women are either subject to
nb contraceptive device, (hereafter, referred to as contraceptive
1 i.e., the 'control group') contréceptive 2 or contraceptive 3,
There are 500 women in each group.

A 'conception delay' is defined as the exposure months
preceding but not including the month of conception. We treat
conception as a chance event and 'conception delay' as a random
variable. An 'ovulatory cycle' is equated to a calender month.
For simplicity it is assumed that the population is 'homogeneous'
i.e. the monthly probability of conceiving remains constant from

one month to another and for a homogeneous population conception
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delay is distributed geometrically.l The data shown in Table 6.1,

though fictitious, corresponding to this fact, admitting, of course,

sampling fluctuations. Conception delay is calculated by subtracting

nine months from the interval between marriage and the first live-

birth. There are 12 class intervals within each of which we know

the number of oBservations belonging to the three groups earlier

mentioned. Hence, the problem is a 3-sample grouped data problem.
Throughout, this chapter the suffix v has been dropped,

whenever possible, without ambiguity.

TABLE 6.1 showing distribution of conception delays for women

subject to contraceptives 1, 2, or 3.

Conception Frequency of women subject to Total
Delay Contra- Contra- Contra- Class
(in months) |ceptive 1 [ceptive 2 [ceptive 3 |Frequency
0~-1 145 140 128 413
1-2 107 102 94 303
2-3 76 65 69 210
3-4 45 56 60 16l
4=5 42 43 40 125
5-6 28 23 25 76
6-7 16 23 18 57
7-8 17 18 17 52
8-9 6 8 15 29
9-10 6 5 12 23
10-11 3 3 5 11
11 & above 9 14 17 40
Total 500 500 500 1500

lsee e.g. a paper by Mindel Sheps, "Uses of stochastic
models in the evaluation of population policies. I. Theory
and approaches to data analysis', Proceedings of the 5th
Berkeley Symposium on Mathematical Statistics and Probability

Vol. IV 115-136.
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Let Tl, T2’ T3 denote conception delays for women subject to contra-
ceptives 1, 2 and 3 respectively. Let Pl(t), Pz(t), P3(t) denote

o t = =
corresponding d.f.'s. We assume Pz(t) Pl(pzt), P3(t) Pl(p3t),
Pys p3 > 0., Then log Tl’ log T2 + log p2 and log T3 + log p3 are

identically distributed. In other words, we are assuming that the
use of a contraceptive is effecting a shift in the scale of the
distribution of conception delay for women who are not subject to
any contraceptive device, so that when we take logarithm of this
variable, there is a shift in location of the transformed variable.

Assume Pr(log Tl < u) = Fl(u) = F(u - B;). Hence, Pr(log Tj < uw

= F(u - B; + log pj), j =1, 2. If now X denotes logarithm of con-
o 1 .

ception delay and the 1500 r.v.'s are labelled as Xl’ X2,..., XlSOO’

the d.f. of Xi (conception delay for ith woman) can be written as

7 - 1 -
1611 ~ By - B

(6.1.1) Pr(X; <x) = F(x - 8! -8 36310

1, if the ith woman is subject to contraceptive k

where, c',
ki .
0, otherwise,

k=1, 2,3;i=1, 2,.., 1500). (6.1.1) can be rewritten as

- B,c,. - B.,c

(6.1.2) Pr(Xi <x) = F(x - Bo - Blcli 25214 3 3i) ?

2/3, if ith woman is subject ot contraceptive k

]

where ck,
* -1/3, otherwise,

(k=1,2,3;1i=1, 2,..., 1500). Thus,
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1500
(6.1.3) ,Z Cri = 0, k=1, 2, 3.
i=1
1500 5 2 2
z ¢y = 500(2/3)° + 1000(~1/3)" = 1000/3
=1 L
1500
ii ey ki = 1000 (2/3)(-1/3) + 500(-1/3) (~1/3)
= -500/3, 1 <k # k' < 3,
So,
(6.1.4) Av = 1 -.5 -5
-.5 1 -.5 which is of rank 2.
-.5 -.5 1

So, if we work with a principal submatrix of order 2 of Av,.it will

1500

be of full rank. Also max cii = 4/9 and T cﬁi = 1000/3,
1<1<1500 1=1
for all k = 1, 2, 3. Hence,
* 2
(6.1.5) max i = 4/3000 = ,001333 .

1<1<1500
(6.1.2) is the same as (3.1.1). Also, from, (6.1.3), (6.1.4) and
the remarks below it,and (6.1.5), we find that (3.1.2)-(3.1.5) are
satisfied. The underlying distribution F is assumed to be such that
(3.1.6) is satisfied. We want to test

(6.1.6) Hg : Bl = 82 = 83 = 0.

The usual chi-square statistic for testing the homogenity of

several populations can be used in this case. In the next section,
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we compute the chi-square statistic, and the permutation test
statistic defined in (3.3.6) using (1) Wilcoxon scores and
(2) Normal scores. The number of observations being large,
the asymptotic chi-square distribution of the permutation test

statistic seems reasonable.

6.2. Calculation of actual test statistics and analysis of the

data.

We calculate first the homogeneity chi-square statistic.

Let fjk denote the observed frequency for the jth class interval

and k7 group (5 = 0, 1,..., 113 k = 1, 2, 3). Let
3 11
£, - kzl Fge 0= 0, Lo, 15 £ = B £

|
™
Fh
~
~
I
Ju
-
N
-
w
~

Then, under H0 in (6.1.6), the expected frequency for the jth

class-interval and k™ group is fj = fj fok/lSOO (=0, 1,...11;
0

ko
k =1, 2, 3). The homogeneity chi-square statistic is given by
2 11 3

(6.2.1) VO R
§=0 k=1

2

fjk/fjko- 1500 ,

which under H is a central chi-square with 11x2 = 22 degrees of
0

freedom. The observed value of chi-square in this case turns out
to be 18.6506. It is insignificant even at upper 25% level of

significance. We can, thus, conclude that if a homogeneity chi-
square test is used, the data bear no evidence to reject the null

hypothesis. -
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‘ Next, we proceed to calculate the test statistic given

in (3.3.6) using Wilcoxon score. Then ¢(u) = 2u ~ 1,

A ,=F +F . . -1,
V,.] V,]J v, j+l

fa)

TABLE 6.2. showing values of Avj for the Wilcoxon scores test,

cumulative v&
t i frequency| frequency Vi
0~1 0 413 413 -1087
1-2 1 303 716 - 371
2-3 2 210 926 142
3-4 3 161 1087 513
4-5 4 125 1212 799
5-6 5 76 1288 1000
6-7 6 57 1345 1133
7-8 7 52 1397 1242
8-9 8 29 1426 1323
9-10 9 23 1449 1375
10-11 10 11 1460 1409
above 11 11 40 1500 1460
. Total 1500

Using the formula (3.3.4), we get

(6.2,2) (Ul’ U2, U3) = (-1.0619, -.1521, 1.2140).

From (6.1.4) we find a generalized inverse of Av given by

(6.2.3) Aj =431 .5 6] = T[a/3 2/3 0
5 1 0 2/3  4/3 0
0 0 0 0 0 0

From (3.3.5),

(6.2.4) A, {1} = 32202299 .
Hence, using (3.3.6) we get observed value of the chi-square

2
statistic as x(l) = 5.4331,
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Under Ho’ the statistic is distributed as xé. The theoretical

upper 10% value of a X§ is 4.605 and upper 5% value of a xg is 5.991.

So, the observed statistic (using Wilcoxon score) is significant at
10% level of significance, but not at 5% level of significance. At
any rate, we can see that in this case, it is better than the homo-
geneity chi-square statistic.

We next consider the normal scores test. In this case,

X _1/2

d(u) = ®_1(u), where, 0(x) = f (2m) exp(—t2/2) dt. Then,

- 00

A

-1 -1 _
(6.2.5) Avj = (v/vj)[ E(® (Fv,j)) - (9 (Fv,j+1))] ,

vj’ Fv,j and Avj (j =0, 1..., 11) being defined in (3.3.1), (3.3.2)

“1/2 2/2)
and (3.3.3) respectively, and £(x) = (2m) exp(~x *

A

TABLE 6.3. showing values of Avj for the Normal Scores Test.,

Iy o Y 31 By
0 (-1.21260679| 4 | .72908880 | 8 [1.56503017
1 [- .31894609| 5 .96909789 | 9 [1.73387609
2 .11955300| 6 [1.16507737 |10 [1.87671818
3 44431388 7 11.36861240 {11 }2,31332213

1]

3 (-1.9152, -,2940, 2.2092)

.91897472 .

AZ(Fv, {Ij})

Then, the observed value of the chi-square statistic (defined in

2
(3.3.6)) is given by x(z) = 6.2643. Thus, the statistic used
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(a Xg) is significant at 5% level of significance, and we may draw

the conclusion, that, in this case the Normal Scores test is better
than the Homogeneity chi-square test or the Wilcoxon test.
The above is an example where our proposed tests are much

better than the classical tests available in the literature. The

 drawback with the homogeneity chi-square test is that too many

degrees of freedom are associated with it, thus making it less
likely to detect any heterogeneity among populations than the tests
we have proposed. It is expected that in usual situations, the
value of a chi-square per degree of freedom will be much less for
a homogeneity chi-square than the one used by us. This suggests
the superiority of our proposed tests to the classical tests.

The case of tied ranks for the p(> 2) sample problem has
been treated in the null situation by Kruskal2 and Kruskal and
Wallis3. Also, asymptotic power properties of such tests can be
treated very easily by using asymptotic distributions of U—statistics.4
The treatment of ties in the "normal scores" case is not, however,
available in the literature. Our proposed methods include that

situation as a particular case.

2
Kruskal, W. H. (1952). A nonparametric test for the several
sample problem. Ann. Math. Statist. 23 525-540

3
Kruskal, W. H. and Wallis, W. A. (1952). Use of ranks in
one-criterion variance analysis. J. Amer. Statist. Assoc. 47 583-621

queffding, W. (1948). A class of statistics with asymptotic
normal distribution. Ann. Math. Statist. 19 293-325




We might remark that in this case no attempt has been made
to study the permutation distribution of the test statistics. The
difficulties associlated with their use in practice have already
been mentioned in earlier chapters. However, attempts are being
made to study the permutation distribution with specific scores

and moderately large sample sizes,
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