
ABSTRACT

COLES, ADRIAN LAMONT. New Approaches to Conducting Inference in Nonlinear Functional
Regression Models with Novel Applications to Copy Number Data. (Under the direction of
Arnab Maity.)

In recent years, researchers in many areas of science have embraced the assumption that

several types of observed data are realizations of an underlying smooth process. Given this

paradigm shift, functional data analysis techniques have grown in popularity. In particular,

many researchers elect to frame their scientific problems as functional regression models, where

often times the interest is in regressing scalar responses onto functional covariates. Estimating

the functional effect in these types of regression models are well-developed in the literature.

However, procedures that test whether the functional covariate is necessary in the regression

model have received far less attention–especially when the relationship between the random

process and the outcome are believed to be nonlinear. In this dissertation, we propose three

new approaches to testing for the effect of nonlinear functional covariates on scalar outcomes.

Each approach shares a common framework that connects the complex functional model to its

corresponding mixed model framework.

Chapter 2 presents the nonlinear functional regression model. This model regresses scalar

and continuous outcomes onto a functional covariate while adjusting for scalar covariates such

as height and weight. The scalar covariates are modeled parametrically and the functional

covariate is modeled nonparametrically. We develop testing procedures to investigate nonlinear

functional effects as well as estimation procedures to explore the magnitude and direction of the

functional effect. We investigate the finite-sample performance of the proposed procedures via

simulations, and we apply the procedures to conduct a genome-wide copy number association

analysis in multiple myeloma patients. The response in our analysis is the level of a prognostic

marker used to determine disease progression.

Chapter 3 presents the generalized nonlinear functional regression model. This model ex-

tends the nonlinear functional regression model to the case of non-normal outcomes. We de-

velop testing procedures to explore the relationship between the functional covariate and the

outcome. To help create a comprehensive testing procedure, we develop an adaptive composite

kernel which serves as the covariance structure in a mixed model representation of the func-

tional model. Simulation results show that the proposed testing procedure performs well when

the functional effect is linear and when the functional effect is nonlinear. The model is used

to determine which local regions of copy number alteration are related to the progression of

multiple myeloma. In this chapter, disease progression is determined by dichotomizing cancer



stages.

Chapter 4 presents the functional nonlinear Cox proportional hazards model. Again, the

core methodology in Chapter 2 is extended to the case of censored survival times. We develop

a main effects model that includes scalar covariates and a functional covariate, and we also

develop an interaction model that captures the interaction between a single scalar covariate

and a functional covariate. Both models are reduced to simple random effects models whereby

testing procedures for both models are proposed. Our numerical experiments show that both

testing procedures perform well on finite samples. We apply both models to investigate the

effect of eight genes in the glioblastoma multiforme pathway on survival times in patients that

have been diagnosed with this aggressive form of brain cancer.
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Chapter 1

Introduction

The statistical methodologies contained in this dissertation represent a point of synergy be-

tween two bodies of statistical literature: (1) functional data analysis and (2) kernel machine

regression. While we develop models that have a broad appeal, we are motivated by a desire

to solve three challenges within the area of cancer genomics. Thus throughout this work, we

discuss our models in the context of these problems. The aim of this chapter is to provide brief

introductions into both bodies of statistical literature, as well as a brief introduction to copy

number aberrations, which is at the core of the cancer genomics problems for which we offer

three novel solutions.

1.1 Functional Regression

The observable data from several types of scientific phenomena often arise from unknown

smooth processes. Data such as these can be referred to as functional data. One approach

to analyzing such data is to consider the finite collection of observations from an underlying

smooth process as multidimensional data. However, this approach can discard valuable infor-

mation about the actual process that generated the observed data. This can make it difficult to

gain deep insight into the true nature of the scientific phenomena. In general, functional data

analysis is a sub-discipline of statistics that extends multivariate statistical analysis techniques

to allow investigators to extract more information about underlying smooth processes than

what is often available when considering a finite set of realizations as vector-valued data.

There are several types of functional data methodologies that target a wide range of goals.

For example, some methods simply seek to describe central tendencies and variation across

a set of random curves, while other methods seek to estimate the smooth curves that yield

finite collections of observations. Another common goal within functional data analysis is to

1



explain the variation in a response variable (functional or non-functional) through independent

functional and/or non-functional covariates. The research presented here falls into this latter

category, where we propose three new functional regression models. Our primary goal is to

determine if a single functional covariate is necessary to explain the variation in scalar outcomes

when the effect of the functional covariate is assumed to be complex and nonlinear.

The nonlinear functional regression models developed in this work share common challenges

and strategies as many previously developed functional regression models. For instance, the

functional covariate is assumed to be observed on an infinite-dimensional domain. In practice,

this induces sparseness in observed data of any finite size. Thus, one common theme throughout

Chapters 2, 3, and 4 is to reduce the functional regression model to a parsimonious finite form

while minimizing loss of information about the true curves. For heuristic motivation, consider

the functional linear model (FLM) introduced by Ramsay and Dalzell [1991] and popularized

by Ramsay and Silverman [2005],

Yi = α+

∫
T
Xi(t)β(t) dt+ εi, t ∈ T .

In this equation, Xi(·) is a smooth function, β(·) models the effect of Xi(·) on Yi, and εi are

independent mean zero random errors with finite variance. This model assumes that Xi(·) and

β(·) are square integrable, and that the relationship between the response and the function

are linear. The basic idea is to use an orthonormal basis of L2[T ] to yield the following basis

expansions, Xi(t) =
∑∞

j=1 ξijφj(t), β(t) =
∑∞

j=1 β
?
jφj(t), where {φj(·), j ≥ 1} is an orthonormal

basis. Truncating to J appropriately selected basis functions yields the following truncated

model,

Yi = α+

J∑
j=1

ξijβ
?
j + εi. (1.1)

Conditional on J and {ξij}Jj=1 and assuming normality for the errors, Eq. (1.1) is a multiple

linear regression model. This reduced dimension model is used to investigate the relationship

between Yi and X(·). We emphasis here that connecting complex functional models to well-

known and simpler frameworks is a common strategy within the literature, and it’s a strategy

that we employ in the methods developed in this work. We offer more details about such

connections in subsequent chapters.
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1.2 Kernel Machine Regression

Kernel machine regression has recently emerged as a powerful solution to several challenges

that exist within traditional regression models such as modeling high-dimensional data. It is

also able to reduce the computational burden that stems from constructing models where the

covariates have complex relationships between themselves and the outcome. In general, kernel

machine regression is a subset of the larger machine learning literature, where the focus is on

regressing outcomes onto the features of a complex space through simple terms in the model

space. The features of the complex space are obtained via a kernel function, which implicitly

determines (1) the relationship between the multidimensional covariates across subjects, and (2)

the relationship between the multidimensional covariates and the outcome. The selection of an

appropriate kernel function is important due to the multiple roles that it serves in the regression

model. A poor selection of kernel function can cause a reduction in power for associated tests.

To formulate these ideas, we present a comparison between a standard quadratic regression

model and its kernel machine equivalent. This comparison is offered only as a learning aid,

thus we omit the technical details in our introduction. Consider the following observed data

{Yi,xi}ni=1, where Yi is a continuous outcome and xi is a p-dimensional vector of covariates. As-

sume that one desires to fit the following regression model that contains linear terms, quadratic

terms and all two way interactions,

Yi = β0 +

p∑
j=1

βjxij +

p∑
l=1

l−1∑
k=1

θlkxlxk +

p∑
j=1

γjx
2
ij + εi. (1.2)

If the total number of terms is much greater than the size of the sample, then sparseness

is induced in the number of available observations making it difficult to fit this model using

standard techniques. In contrast, the equivalent kernel machine regression model has the simple

form

Yi = β0 +αTKi + εi, (1.3)

where α is an n-dimensional vector of effects, and Ki = [Ki1, . . . ,Kin]T with Klk = K(xl,xk) =

(xT
l xk+1)2. It’s easy to see the advantage of such a framework when considering that the number

of parameters in Eq. (1.2) can easily exceed n. In addition, the kernel machine framework makes

it easy to model complex effects, such as the fraction of alleles shared by any two individuals

in the sample which is applicable to genetic studies. In fact, the kernel used for this application

is the IBS kernel K(xl,xk) = (2p)−1
∑p

j=1(2 − |xlj − xkj |). We refer the reader to Wessel and

Schork [2006] and Wu et al. [2013] for more details about this kernel.

These methods have broad appeal; but most notably, they have experienced a great deal
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of recent success in statistical genetics and genomics applications. As suggested above, this is

because they are well-adapted to model the complex relationships between genetic markers and

disease outcomes as well as they are able to handle the high-dimensionality of genetic problems

[Liu et al., 2007, Kwee et al., 2008, Wu et al., 2010, 2011]. Given the nature of our motivating

problem in cancer genomics, extending such methods into the functional data literature only

adds to the utility of kernel-based methods in these areas of scientific research. We provide

more of the inner workings of these methods in later chapters as we build upon them to develop

powerful tests for nonlinear functional effects on scalar responses.

1.3 Copy Number Aberration

In this section, we briefly introduce the form of genetic variation referred to as copy number

aberration. In general, there are two classes of variation in the human genome, sequence varia-

tion and structural variation. There are several subclasses of structural variation, but we focus

our attention to copy number aberrations (CNAs). CNAs are a type of structural variation that

occur when a section of a DNA molecule has more (or fewer) copies of genetic material when

compared to a reference sample [Sun et al., 2009]. We note that the biological definition of CNA

includes more phenomena than quantitative structural variations; however, for the purposes of

this work, we consider only gains and deletions of genetic material that can be quantified.

To aid in understanding, consider Figure 1.1. Panel (a) illustrates the process of synthesizing

two DNA molecules from one original DNA molecule. During a normal DNA replication process,

two identical copies are produced as illustrated by the center pair of chromosomes in panel (b).

However, it’s possible for aberrations to occur during the replication process where multiple

copies of a section are produced as illustrated by the duplication of section C in the right pair of

chromosomes in panel (b). Similarly, it’s possible for fewer copies to be produced as illustrated

in the left pair of chromosomes in panel (b).

The subject specific copy number profile consists of thousands of continuous measurements

along the genome. The resolution of these observations is determined by the technology used to

measure the copy number aberrations. Figure 1.2 provides a toy illustration of a subject-specific

copy number profile across the human genome. The individual dots that are parallel to each

chromosome represent a single measurement at the corresponding genomic location. We will

discuss these measurements in more detail in our data illustration in Chapter 2.

In the genetics community, it is well-known that the differences between the genomes of

multiple individuals are largely attributable to structural variation as opposed to sequence

variation. Thus, researchers are increasingly interested in investigating the role that structural

variation plays in the evolution and progression of complex diseases. As noted by Alkan et al.
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(Source: amazingbiotech.blogspot.com) (Source: readingroom.mindspec.org)

Figure 1.1: Panel (a) provides an illustration of the DNA replication process. Panel (b) provides
a simple example of quantitative copy number aberrations.

[2011], the primary approach to investigating the association between disease and CNAs consists

of inferring regions of copy number gains and losses (i.e. CNV calling or CNV segmentation)

on individual samples with the same diagnosis. Next, recurrent regions of aberration are de-

termined by assessing whether the frequency of samples experiencing a gain or loss exceeds a

predetermined threshold [Diskin et al., 2006]. These recurrent regions are flagged for follow-up

biological studies. This approach has two key limitations: (1) it fails to consider the genetic sim-

ilarity across subjects and does not borrow strength across subjects to detect association with

disease outcome, and (2) projecting continuous measurements into loss/gain categories discards

information about the true biological process that generates the observed copy number intensi-

ties and makes it difficult to detect a signal in observations with low to moderate changes [Shah

et al., 2007]. We propose novel model-based approaches to investigating the association between

CNAs and disease outcomes that overcome the aforementioned limitations. Thus, we believe

that our solution to detecting recurrent CNA regions better prioritizes genomic locations for

follow-up biological assessments.

In Chapter 2, we propose the nonlinear functional regression model to investigate the re-

lationship between local regions of CNA and continuous prognostic markers that are used as

surrogate markers for cancer progression. This model regresses a scalar and continuous outcome

onto a nonlinear functional covariate while adjusting for potentially confounding covariates. Our
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(Source: http://www.german-mrnet.de/e80/e219/index eng.html)

Figure 1.2: This figure is an example of a copy number profile for an individual. Each dot
represents a continuous measurement of copy number aberration across a local genomic region.

primary focus is testing whether the functional covariate is necessary to model the outcome. We

also propose procedures to estimate the magnitude and direction of the functional effect. We

use our model to investigate the association between copy number aberrations and continuous

prognostic markers for Multiple Myeloma.

In Chapter 3, we propose the generalized nonlinear functional regression model to investigate

the relationship between copy number aberrations and binary disease status or categorical

disease stages. This models extends the nonlinear functional regression model by considering

outcomes that do not follow a normal distribution. In fact, the method is suitable for any

outcomes whose distribution is a member of the exponential family. Similar to Chapter 2, the

primary focus is testing whether the functional covariate is necessary to model the outcome.

In addition to considering non-normal outcomes, we propose a flexible adaptive kernel function

that yields a rich feature space capable of mitigating a poor choice of kernel function. The

adaptive kernel function appeals to the kernel machine regression literature in addition to

being a critical component of the model proposed in the chapter.

In Chapter 4, we propose the functional nonlinear Cox proportional hazards model. This

models extends the nonlinear functional regression model into the realm of censored survival

outcomes. As one may imagine, determining the variables that are associated with an increased

life expectancy is an important component to improving the quality of life for those that have
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developed complex diseases such as cancer. As before, we focus our attention on testing for an

effect of a single functional covariate on survival; however, we also develop a novel approach to

investigating the interaction between a single covariate and the functional covariate. In terms

of our cancer genomics problem, this model allows us to investigate the interaction between

copy number aberrations over a gene region and the level of expression of the gene housed in

the region.
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Chapter 2

Nonlinear Functional Regression

Models with Application to Copy

Number Data

2.1 Introduction

An increasing amount of research suggests that genomic abnormalities in the number of copies

of DNA are associated with the development and progression of cancer [Cappuzzo et al., 2005,

Diskin et al., 2006]. For example, a genomic aberration associated with the progression of

some types of cancers is the rearrangement of the regulatory gene v-myc myelocytomatosis

viral oncogene homolog (MYC). Such an altered regulation by MYC is believed to promote

the progression of multiple myeloma [Sawyer, 2011]. Another genomic aberration associated

with cancer involves the deletion of a genomic marker that negatively impacts the well-known

tumor suppressor gene tumor protein p53 (TP53) [Sawyer, 2011]. Recent research has shown

that common genomic aberrations exist in a large percentage of patients with the same cancer

diagnosis [Rueda and Diaz-Uriarte, 2009]. Thus, it is believed that copy number alterations can

have a negative impact on particular genomic regions that harbor genes, which suggests that

copy number polymorphisms are critically related to disease progression [Pinkel and Albertson,

2005, Misra et al., 2005]. Detection of these significant regions of CNA remains an important

problem in the field of cancer genomics. Such regions contain key information that can be

used to determine the evolution of disease as well as to design personalized therapies based on

molecular targets. In this article, we propose methods for detecting CNA regions in terms of

their association with relevant clinical biomarkers of disease progression across patients with

the same diagnosis, as well as for quantifying the effect of such regions on the disease outcome.
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Our motivating application arises from multiple myeloma (MM) data collected by the Mul-

tiple Myeloma Research Consortium. These data are a comprehensive collection of various ge-

nomics measurements obtained from individuals with multiple myeloma through the Multiple

Myeloma Genomics Portal (http://www.broadinstitute.org/mmgp). A detailed description

of the data is provided in Section 2.4. Briefly, the data we consider consist of array-based com-

parative genomic hybridization (aCGH) copy number profiles and clinical, demographic, and

biomarker data on 235 patients with MM. aCGH is a high-throughput technique for measur-

ing the chromosomal DNA copy number along the genome [Pinkel and Albertson, 2005]. The

resulting copy number profile consists of approximately 244,000 serially related measurements

(along the genome) for each patient. In addition, the data contain measurements on various

clinical outcomes that include β2-microglobulin (β2M), a protein that is recognized as a prog-

nostic biomarker of MM disease progression with high (lower) values indicative of bad (good)

prognosis [Greipp et al., 2005]. It is also well-established that β2M is related to the frequency

of cytogenetic abnormalities–such as CNA–in patients with the same diagnosis [Pignone et al.,

2004, Munshi et al., 2011]. In this chapter, we are interested in the following scientific question:

what CNA regions are associated with β2M measurements and what is the effect of such regions

on the biomarker?

There are several statistical challenges involved in answering these questions. First, the pres-

ence of serial correlation in the copy number data makes it difficult to use standard parametric

regression models. An illustration of this feature of the data is provided in Figure 2.1. Notice

in this figure that significant magnitudes of autocorrelation persist throughout the duration of

the location lag, which suggests that copy number alterations across wide neighborhoods are

related. Therefore, the classical approach to genetic association testing, where each site is tested

individually, is not well-suited for copy number data. It ignores the possible interaction between

sites and the serial correlation among nearby sites. This may result in reduced of power to detect

a signal. Second, if one attempts to capture relationships more complex than the linear main

effects, then the high dimensionality of the copy number data will cause typical multivariate

regression techniques, which attempt to accommodate multiple sites at once, to suffer from the

“curse of dimensionality.” Third, the observed copy number intensities are inherently contam-

inated with measurement error by the aCGH technology. Thus, direct usage of the observed

intensities in such models may lead to biased conclusions.

To address these challenges, we propose to view the aCGH copy number profiles as functional

data, i.e., the serial dependence along the genomic locations suggest that there is an underlying

random and smooth process that produces the realized aCGH measurements for each patient

with additional measurement error. This functional data view of copy number data was first

proposed by Baladandayuthapani et al. [2010]. Their work models the copy number profile as
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Figure 2.1: Serial correlation in the copy number profile of the chromosome 1 p-arm for a
random sample.

a functional mixed-effects model, which has been popularized by Morris and Carroll [2006].

However, the primary aim of their work is to first detect shared patterns of copy number

change along the genome, and then to determine if the shared segments can be categorized as

neutral, gains, or losses. This approach is similar in spirit to the traditional approach discussed

in Chapter 1.

We propose an alternative approach to investigating the association between CNA and

disease progression that avoids CNV calling in patients with similar characteristics, such as

cancer stages. We cast the problem as a functional regression model, where-in we treat the

aCGH profiles as functional covariates and the prognostic biomarker (β2M) as a continuous

response. This enables us to specify a unified modeling framework that accounts for both serial

dependence and measurement error, thus allowing us to directly assess the effect of the copy

number profile on the clinical biomarker via functional data analysis techniques. The primary

goal is to test for the functional effect, which allows us to determine if a region of copy number

alteration is associated with the prognostic marker. The secondary goal is to estimate the

functional effects (by genomic location) that characterize the relationship between significant

regions of copy number alteration and the prognostic marker.

The most common model for continuous scalar on function regression is the functional

linear model (FLM) [Ramsay and Dalzell, 1991]. There has been many approaches developed

to estimate the magnitude and direction of the functional effect in the FLM. An early approach

reduces the dimension of the functional covariates via functional principal component analysis
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and uses the principal scores in a standard regression model [Ramsay and Silverman, 2005].

This basic principal component approach has been extended to include roughness penalties

on the regression function [Reiss and Ogden, 2007]. Other authors have proposed spline based

approaches to estimate the effect of the functional covariate [Marx and Eilers, 1999, Cardot

et al., 2003b, Crambes et al., 2009, Goldsmith et al., 2011].

Although estimation procedures are well-developed for the FLM, inferential procedures have

received far less attention in the literature, especially procedures designed to test whether a

functional covariate should be included in a regression model. In an early work, Cardot et al.

[2003a] developed a testing procedure based on the norm of the cross covariance operator of the

functional predictor and the scalar response, and subsequently Cardot et al. [2004] proposed

a permutation-based test and F tests. A Wald test was proposed by Müller and Stadtmüller

[2005] for a generalized extension of the FLM. More recently, Kong et al. [2013] developed an

F test and Swihart et al. [2013] proposed restricted likelihood ratio tests to test whether the

more complex functional effects are an improvement over standard linear models.

All of the aforementioned testing procedures are based on the FLM. The assumed linear re-

lationship within the FLM may be too restrictive in some scientific settings such as ours. A few

authors have proposed functional regression models that model nonlinear functional relation-

ships, which are more appropriate for our copy number association problem. A nonparametric

kernel based approach was proposed by Ferraty and Vieu [2006]. Yao and Müller [2010] pro-

posed the functional quadratic regression model (FQRM), which extends the FLM by adding a

quadratic term. The functional generalized additive model (FGAM) is another recent approach

to model nonlinear relationships between a scalar response and a functional covariate [McLean

et al., 2012]. This model extends generalized additive models to functional data. While the

estimation procedures for each of these models have been shown to perform well via numerical

studies, each model lacks the development of a testing procedure.

In this chapter, our primary interest is in determining whether the functional predictor (i.e.

the copy number profile) is related to the continuous response (i.e. β2M) when the relationship

is nonlinear. We formulate a score-like testing procedure by extending the kernel machine frame-

work into the functional data literature. The kernel machine framework projects the model’s

original design space into a feature space that is specified by a choice of kernel function. The

effects of the covariates are then modeled in the feature space as opposed to the model space,

which makes these methods well-suited for high-dimensional data. These methods also provide

a unified framework for modeling linear and nonlinear effects of various complexities including

fully nonparametric models. In addition, this framework has been shown to be computationally

equivalent to the linear mixed model framework, which aids in the development of our testing

and estimation procedures. These features have led to the kernel machine framework gaining
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in popularity in many areas, such as genetic association studies. Our work demonstrates an

increased utility of the kernel machine framework as we extend it into the functional data

literature.

The new procedures presented in this chapter makes two key contributions in the functional

data literature and a key contribution to the statistical genetics literature. First, we develop a

testing procedure to investigate whether a functional covariate is needed in a regression model

when the effect is modeled nonlinearly. We reduce our functional model to a working linear

mixed model, whereby we propose a variance component score test based on the working linear

mixed model. Second, we develop procedures to estimate the magnitude and direction of the

nonlinear functional effect based on the working linear mixed model. Lastly, we take a model

based approach to investigating the relationship between copy number alterations and disease

progression as opposed to the approach demonstrated in Avet-Loiseau et al. [2009], which

consists of investigating the frequency of patients with known copy number losses or gains

across various genomic regions. Our approach has the potential to help genetic researchers

retain much more information about the true underlying genetic processes that contribute to

the development and progression of complex diseases.

We investigate the finite sample performance of our proposed testing and estimation pro-

cedures via simulations. The results show that our proposed testing procedures control type

I error rate well. They also yield a large increase in power when the true functional effect is

nonlinear. In addition, simulation results show that our estimation procedures have similar

performance as other popular nonlinear functional regression approaches.

The remainder of this chapter is organized as follows. We detail our nonlinear functional

regression model and the working linear mixed model in Section 2.2. In addition, we provide

the details for our proposed testing and estimating procedures in Section 2.2. In Section 2.3,

we discuss our numerical studies, and in Section 2.4 we apply our proposed testing procedure

to investigate the association between genomic copy number and β2M in multiple myeloma

patients.

2.2 Nonlinear Functional Regression Model

Suppose for i = 1, . . . , n, we observe a continuous clinical biomarker, Yi, a q-dimensional vector

of demographic covariates (confounders), zi, and copy number intensities, Wi(tj), where tj is

the jth probe location, j = 1, . . . , p, along a region of interest within a chromosome. We assume

that the observed copy number intensities are observed with measurement error. In particular,

Wi(tj) = Xi(tj)+δij , where Xi(·) is the true underlying process that generates the copy number

realizations Wi(tj), and δij is mean zero white noise with finite variance. In the application to
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MM data, Yi is β2M and zi = (zi1, zi2)
T is the vector of the age and gender of the ith subject,

respectively.

Classical functional regression models often make restrictive assumptions about how the

effect of the functional covariate is modeled. To provide more details to our discussion in Sec-

tion 2, consider the FLM: E(Yi|Xi) = α+
∫
Xi(t)β(t) dt, where β(·) is an unknown coefficient

function that linearly models the effect of X(·) on Yi [Ramsay and Silverman, 2005]. As pre-

viously suggested, such an assumption is restrictive in reality and may fail to capture the

relationships in the data. The FQRM by Yao and Müller [2010] extends the FLM by adding an

extra quadratic term,
∫
Xi(s)Xi(t)γ(s, t) dsdt. The FGAM proposed by McLean et al. [2012]

has the form E(Yi|Xi) = α+
∫
F{t,Xi(t)} dt, where F{t,Xi(t)} is an unknown function.

We propose a general framework that models the effect of the functional covariate in a

nonlinear fashion. We assume that the effect of Xi(·) is modeled by an unknown functional

operator L{Xi(·)}. We further assume that the continuous response, Yi, is related to zi and

Xi(·) through the following functional model

Yi = zTi β + L{Xi(·)}+ εi, (2.1)

where εi are mean zero errors with finite variance and L(·) : L2[T ] 7→ R. To properly identify

L(·), we assume that E[L{X(·)}]= 0 and E[X(·)]= 0 without any loss of generality and with

the understanding that zi contains an intercept. The FLM is a special case of model (2.1),

where L{Xi(·)} =
∫
Xi(t)β(t) dt. Similar expressions exist for the FQRM and the FGAM. By

not expressing a functional form, we assert that L(·) may represent any functional that maps

a continuous quadratically integrable function to R. Thus in summary, confounding covariate

effects are modeled parametrically and the functional covariate is modeled nonparametrically.

In this framework, we develop statistical methodology for testing the effect of the functional

covariate on the response and estimating the model components utilizing a procedure based on

a Gaussian model.

2.2.1 Estimation under the Gaussian Process Framework

Smoothing and Dimension Reduction

Our first task for model fitting is to transition L(·) from an infinite-dimensional function space

to a lower-dimensional space. To this end, we employ functional principal components analysis.

Assume that Xi(·) is a real valued smooth process defined on T with continuous covariance

function V (s, t) = Cov{Xi(s), Xi(t)}. By Mercer’s theorem, there exists an orthonormal set

of continuous eigenfunctions in L2[T ], {φj(·), j ≥ 1}, and a non-increasing set of eigenvalues,
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λ1 ≥ λ2 ≥ · · · ≥ 0, such that V (s, t) =
∑∞

j=1 λjφj(s)φj(t), for t, s ∈ T [Cristianini and

Shawe-Taylor, 2000]. The eigenbasis that corresponds to V (s, t) yields the Karhunen-Loéve

expansion of the random process, Xi(t) =
∑∞

j=1 ξijφj(t), where φj(t) is the jth eigenfunction

and ξij =
∫
Xi(t)φj(t)dt is the random functional principal component score with E(ξij) = 0

and Var(ξij) = λj . In practice, the infinite sum is truncated such that Xi(t) ≈
∑J

j=1 ξijφj(t),

where J determines the closeness of the approximation.

While there are several types of orthogonal expansions of the process Xi(·), the Karhunen-

Loéve expansion provides the most parsimonious approximation of Xi(·) for fixed J . In other

words, the use of the eigenbasis minimizes the mean integrated square error fitting criterion,

MISE =
∑J

j=1 ||Xi(·) − X̂i(·)||2, with respect to all other sets of orthogonal basis functions

[Ramsay and Silverman, 2005].

There are several ways to choose the truncation point J . One popular approach fixes J

by selecting the number of eigenfunctions, {φ1, . . . , φJ}, that account for a predetermined

percentage of functional variation explained (FVE) by the truncated expansion. Specifically,

FVE =
∑J

j=1 λj/
∑∞

j=1 λj , where λ1 ≥ λ2 ≥ · · · ≥ λJ are the ordered eigenvalues that corre-

spond to the eigenfunctions. This approach has a low computational cost compared to other

approaches to selecting J , such as cross validation.

Recall that we do not observe X(·); instead, we observe W (·), a proxy version of the true

functions with measurement errors. To account for such measurement error in the observed func-

tional observations, we use principal analysis by conditional expectation (PACE) to estimate the

FPC scores, which is available under programs at http://www.stat.ucdavis.edu/~mueller/

[Yao et al., 2005]. PACE accounts for measurement error by estimating V (s, t) using local linear

kernel-smoothers and subsequently estimating ξij under the mixed model framework. For more

technical details about PACE, see Appendix A.1.

Working Mixed Model

Each function defined on T has a unique basis expansion for every set of basis functions that

span the function space. The uniqueness of each function is determined by the coefficients within

the basis expansion. Thus, when using the eigenbasis, the FPC scores, ξij , capture most of the

information in the true functional covariates. Drawing from the information retained in ξij , we

approximate L{Xi(·)} with a multivariate function L∗(ξi) : RJ 7→ R, where ξi = {ξi1, ..., ξiJ}T .

To fix the ideas, consider the FLM where L{Xi(·)} =
∫
Xi(t)β(t)dt. Expanding β(·) with the

same eigenbasis used to expand Xi(·) gives L{Xi(·)} ≈
∑J

j=1 ηjξij . In general, we assume that
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L{Xi(·)} ≈ L∗(ξi), where J is chosen appropriately. Thus, we write an approximate model,

Yi = zTi β + L∗(ξi) + εi, (2.2)

where L∗(ξi) is a smooth function with a finite-dimensional argument.

To estimate the function L∗(ξi) in model (2.2), we assume that L∗(·) is a mean zero Gaussian

process with covariance τK(·, ·). Here, τ is an unknown variance component and K(·, ·) is a

kernel function, such that K(ξl, ξk) = Cov{L∗(ξl),L∗(ξk)}, l, k = 1, . . . , n. Thus, we can express

model (2.2) as the following working mixed model,

Y = Zβ + L∗ + ε, (2.3)

where Y, Z and β follow from model (2.2), L∗ = [L∗(ξ1), . . . ,L∗(ξn)]T is a n-dimensional

vector of random variables such that L∗ ∼ N(0, τK), and ε ∼ N(0, σ2I). Here, K is an n × n
covariance matrix that captures the variation of the functional effects across subjects such that

Klk = K(ξl, ξk).

The kernel function performs two tasks in our model: (1) it models the copy number simi-

larity between subjects, which allows us to borrow information across subjects to quantify the

effect of a recurrent CNA region as opposed to taking the traditional approach of observing the

frequency of patients with particular copy number alterations, and (2) it expresses the func-

tional relationship between the copy number profile and the clinical biomarker. The choice of

kernel function determines the function space used to approximate L?. Two popular choices

of kernel functions are the dth polynomial kernel function K(ξl, ξk) = (ξTl ξk + 1)d and the

Gaussian kernel function K(ξl, ξk) = exp{(
∑J

j=1(ξlj − ξkj)2/κ2}, where κ is an unknown tun-

ing parameter. The linear kernel function (d = 1) assumes that the relationship between Yi

and Xi(·) is linear, while the quadratic kernel function (d = 2) assumes that the relationship

between Yi and Xi(·) is quadratic. The Gaussian kernel function assumes the space of L? is

spanned by a radial basis and the tuning parameter κ determines the relationship between Yi

and Xi(·).
In principle, we can choose any kernel for implementation. Choosing an optimal K(·, ·) is

an open problem in the kernel machine literature. Liu et al. [2007] suggests using AIC/BIC

methods to select kernels and Wu et al. [2013] proposes to use composite kernels that average

over several candidate kernels. Regardless of the approach, the choice of kernel function for L?

should determine a function space that has a set of basis functions that is capable of capturing

a wide range of complex and nonlinear functions. For computational efficiency, which worked

well in practice for both the simulated and real data, we use the quadratic kernel, K(ξl, ξk) =
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(ξTl ξk + 1)2, to demonstrate the novelty of our approach. Simulation results suggest that the

quadratic kernel is robust in the sense that when the true functional effect is clearly more

complex than a quadratic form, usage of the quadratic kernel provides reasonable power and

estimation accuracy for β and L∗.
We estimate the components of model (2.3) using standard procedures for linear mixed

effects models (LMMs). In particular, we construct the best linear unbiased estimate (BLUE)

of β and the best linear unbiased prediction (BLUP) of L∗ as β̂ = (ZTV −1Z)−1ZTV −1Y and

L̂∗ = (λ−1σ2)KV −1(Y − Zβ̂). Here λ = τ−1σ2 and V = σ2(I + λ−1K). We estimate the

standard errors of our estimates as Cov(β̂) = (ZTV −1Z)−1 and Cov(L̂∗) = (σ2/λ)K(I − PK),

where P = V −1 − V −1Z(ZTV −1Z)−1ZTV −1. It remains to estimate σ2 and τ .

Given the LMM framework, σ2 and τ can be estimated by maximizing the restricted max-

imum likelihood (REML) under model (2.3). We proceed by profiling the REML below:

lR(σ2, λ) = −1

2
log|V(θ)| − 1

2
|ZTV −1(θ)Z| − 1

2
(Y − Zβ)TV−1(θ)(Y − Zβ),

where θ = (σ2, λ)T and V (θ) = σ2(I + λ−1K). Note that σ2 cancels out in β̂ and L̂?. This

suggests that we can find an optimal tuning parameter λ without considering the residual

variance σ2. Thus, we fix σ2 = 1 and λ̂ is obtained by performing a grid search over lR(λ;σ2 = 1).

Having found the optimal tuning parameter, λ̂, that yields β̂ and L̂?, we maximize lR(σ2; λ̂).

The score equation for σ2 is U(σ2) = −1
2 tr(P ) + 1

2(Y − Zβ̂)TV −1V −1(Y − Zβ̂). Given this

score equation, σ2 can be estimated as

σ̂2 = (n− tr(A))−1
n∑
i=1

(yi − zTi β̂ − L̂?i )2,

where A = ZT(ZTṼ −1Z)−1ZTṼ −1 + λ−1Ṽ −1[In − ZT(ZTṼ −1Z)−1ZTṼ −1] [Liu et al., 2007].

Here Ṽ = (I + λ̂−1K) and A is the hat matrix such that Ŷ = AY. The term tr(A) represents

the loss in degrees of freedom from estimating β and L?. Estimating λ and σ2 in this manner

simplifies the numerical optimization problem. The computation time required for such a grid

search and calculation of the closed form expression is very low. Choosing a wide and dense grid

ensures that we obtain a local maxima or that we are close enough to the local maxima that

the efficiency of our estimates is relatively high. The performance of the estimation procedure

is evaluated using simulations and illustrated on an MM data set.
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2.2.2 Testing for the Effect of the Functional Covariate

A problem of particular interest in many real data situations such as ours, is to explicitly test

whether the functional covariate is necessary in the regression model for an outcome. Thus from

model (2.1), we are interested in testing the hypothesis H0 : L{X(·)} = 0. Using the mixed

model formulation in (2.3), an equivalent hypothesis is H0 : τ = 0.

Here we adopt the approach proposed by Liu et al. [2007]; that is, we use an REML-based

variance component score test under the LMM framework. The score statistic of τ under the

null hypothesis is Qτ (β̂, σ̂2) = 1
2σ̂2 (Y − Zβ̂)TK(Y − Zβ̂), where β̂ and σ̂2 are the maximum

likelihood estimates of β and σ2 under the null model Y = Zβ + ε.

We use the linear mixed model formulation in (2.3) to derive the distribution of Qτ (β̂, σ̂2).

From this model, we have (Y−Zβ̂) ∼ N(0, V ), where V = Σ+(ZTΣ−1Z)−1, Σ = σ2I+τK. We

rewrite the score statistic such that Qτ (β̂, σ̂2) = (Y − Zβ̂)TV −1/2V 1/2KV 1/2V −1/2(Y − Zβ̂).

Defining a matrix M = V 1/2KV 1/2, we have Qτ (β̂, σ̂2) = (Y − Zβ̂)TV −1/2MV −1/2(Y − Zβ̂).

Given that M is a real symmetric matrix, we have the following spectral decomposition, M =

UDUT . This implies that Qτ (β̂, σ̂2) =
∑n

i=1 dir
2
i , where di is the ith eigenvalue obtained

from the spectral decomposition of M and ri = (Yi − ZTi β̂)(Σii + {ZTi Σ−1Zi}−1)−1/2. Clearly,

ri ∼ N(0, 1) which implies that r2i ∼ χ2
1. Thus, Qτ (β̂, σ̂2) follows a mixture of chi-squares under

the H0.

Following Zhang and Lin [2003], the Satterthwaite method is used to approximate the null

distribution of Qτ (β̂, σ̂2) by a scaled chi-squared distribution, kχ2
v. The scale parameter k and

the degrees of freedom v are estimated by matching the moments of Qτ (β̂, σ̂2) and kχ2
v. Let

µ(Q) = 1
2tr(P0K), where P0 = I − Z(ZTZ)−1ZT. It can be shown that k̃ = Ĩττ/2µ(Q) and

ṽ = 2µ(Q)2/Ĩττ , where Iττ = tr((P0K)(P0K))/2, Iτσ2 = tr(P0KP0)/2, Iσ2σ2 = tr(P0P0)/2,

and Ĩττ = Iττ − Iτσ2I−1
σ2σ2Iτσ2 . We use simulations to evaluate the performance of the score test

and apply it to our MM data set for illustration.

2.3 Simulation

We conduct simulation studies to evaluate NFRM’s estimation and test procedures. For each

simulation, we evaluate NFRM using several functional operators that vary in the degree of

complexity. The first simulation is designed to evaluate NFRM’s type I error control and power.

To evaluate our testing procedure, we compare our NFRM to the FLM to exemplify the benefits

of the nonlinear approach. The second simulation is designed to evaluate how well NFRM

estimates β and L{Xi(·)} from model (2.1). For these investigations, we compare NFRM to the

FLM and FQRM.
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2.3.1 Type I Error and Power

We design our first simulation study to evaluate how well NFRM and FLM control the following

type I errors, α = {0.05, 0.01, 0.005, 0.001, 0.0005, 0.0001}. We benchmark our simulations to

mimic the copy number data in terms of sample size, variation and matched covariates. We

generate data from the model, Yi = zTi β+ h{Xi(t)}+ εi, where zi = (zi,1, zi,2)
T, zi,1 ∼ N(0, 1)

and zi,2 ∼ Bin(1, 0.66), represent the appropriately standardized age and gender, respectively,

of the ith subject, and the error is εi ∼ N(0, 1) and independent. The frequency of males in the

multiple myeloma data set is approximately 0.66.

The true underlying trajectories, Xi(t), are generated from a Fourier basis with five basis

functions. The coefficients for each basis function are independent realizations of an N(0,0.5)

distribution. We generate the observed copy number intensity profiles as Wi(tj) = Xi(tj) + δij ,

where δij ∼ N(0, 0.16). We set the true values of β as β = (1, 1)T.

To retain the identifiability of the functional effect, we fit the model Yi = α + zTi β +

L{Xi(t)} + εi where we define L{Xi(·)} = h{Xi(·)} − E[h{X(·)}] and α = E[h{X(·)}]. Our

final estimate of the functional effect is ĥ{Xi(·)} = α̂ + L̂{Xi(·)}. We explore five functional

operators that vary in complexity:

1. Linear functional: h(f) =
∫
f(t)γ(t) dt;

2. Quadratic functional: h(f) = (
∫
f(t)γ(t) dt)2;

3. Absolute value of the 1st derivative: h(f) = |
∫
f ′(t)γ(t) dt|;

4. Signed square root of the 2nd derivative: h(f) = sgn(
∫
f ′′(t)γ(t) dt) ∗

√
|
∫
f ′′(t)γ(t) dt|;

5. Linear functional of the squared 1st derivative: h(f) = (0.9)
∫
f ′(t)2 dt,

where γ(t) is generated from a Fourier basis with five basis functions, with 0.9 as the coefficients

for each of the functions. The linear functional is the relationship assumed by the FLM. The

quadratic functional is the relationship assumed by the quadratic kernel function used in model

building and the FQRM. The remaining functionals are arbitrary nonlinear functionals of a

derivative of the functional covariate. In the functional data analysis literature, it is common

that the relationship between the response and the functional covariate is determined by a

derivative of the functional covariate [Ramsay and Silverman, 2005]; thus, a robust method

should be able to capture those types of effects.

We consider two sample sizes, n = 100, 200 and we set L{Xi(t)} = 0 and the level of

functional variation explained (FVE) = 0.95. We generate 1,000,000 data sets. Following the

procedure described in Section 2.2.2, we compare S = Qτ (β̂, σ̂2, ρ)/k to a χ2
v distribution.
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We follow the approach of Kong et al. [2013] for testing in the FLM. They propose the

following test: T = (SSER−SSEF )/J
SSEF /(n−p) , where J is determined by the number of FPC scores needed

to account for the selected FVE level and p = J + 2. Under the H0, T ∼ F(J,n−p).

For NFRM and FLM, the empirical rejection probability is recorded as the average number

of p-values less than the significance level α. Table 2.1 shows that for n = 100, both NFRM

and FLM perform well with respect to controlling a wide range of nominal type I error rates.

Similar results hold for n = 200 and may be viewed in Appendix B.

Table 2.1: Simulation results for type I error based on 1,000,000 generated datasets and n =
100. Values are displayed in percentages.

Type I Error NFRM FLM

n =100

5× (10−2) 5.0 5.5
1× (10−2) 1.1 1.2
5× (10−3) 5.5 5.9
1× (10−3) 1.3 1.2
5× (10−4) 7.0 6.1
1× (10−4) 1.8 1.2

Next, we conduct a simulation study to assess the empirical power of NFRM and the FLM.

The process is similar to that used to evaluate the type I error control, except that we use eight

equally spaced functional effect levels bl ∈ [0, 1), l = 1, . . . , 8. We consider four levels of FVE,

{0.85, 0.90, 0.95, 0.99}. For each setting, we generate 1,000 data sets. The empirical rejection

probability is recorded as the average number of p-values less than α = 0.05.

Figure 2.2 shows that for the quadratic functional, NFRM has a smooth monotone increasing

power curve, while FLM fails to detect any signal. The results across the sample sizes are similar.

Although the covariance structure is misspecified, the results for Functional 3 to functional 5

are similar to those of the quadratic functional. The figures corresponding to these functional

effects may be viewed in Appendix B. Figure 2.2 also shows that the FLM outperforms the

NFRM in the case of the linear functional. However, the linear model is nested within the

implicit quadratic model. Thus, this performance gain is expected to disappear with larger

sample sizes. To summarize in the context of our multiple myeloma data, if the copy number

profiles are nonlinearly related to the clinical biomarker, we expect the NFRM to be far superior

to the FLM. In contrast, if the relationship is linear, then the FLM is expected to be slightly

superior to the NFRM. Thus, it may be advantageous to use the testing procedures from NFRM

and FLM as companion tests, illustrating different aspects of dependence in the data.
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Figure 2.2: Simulation results of the rejection probability as a function of b as outlined in
Section 2.3.1. Both panels display the results of NFRM and FLM where the number of principal
components, J , are determined by a FVE level of 99%. The left panel shows the results for the
linear functional at sample size n = 100. The right panel shows the results for the quadratic
functional at sample size n = 100.

2.3.2 Estimation

In this section, we evaluate the performance of our estimation procedure. The data genera-

tion process is identical to that described in Section 2.3.1 which benchmarks this numerical

investigation to our motivating multiple myeloma data.

For this study, we also use four levels of FVE to choose J , FVE = 0.85, 0.90, 0.95, 0.99 and

we generate 1000 simulated data sets for each setting. To maximize the REML with respect to

λ, we perform a grid search over a regular grid of 91 λ values equally spaced on the log-scale,

such that λ1 = 10−5 and λ91 = 105.

We compare our procedure to the FLM and the FQRM using principal components regres-

sion which is the most fair comparison [Ramsay and Silverman, 2005, Yao and Müller, 2010].

Estimation under both the FLM and the FQRM is done modeling both Xi(·) and γ(t) using the

eigenbasis. For the FQRM, ζ(s, t) is also estimated using the eigenbasis. This implies that the

FLM is approximated with the following parametric model: Yi = α+ziβ+
∑J

j=1 ξ̂ijηj + εi. The

FQRM is approximated with a similar model with the following terms added for the quadratic

effect:
∑J

j=1

∑j
l=1 ξ̂ij ξ̂ilωjl.

Given this representation, β̂, η̂, ω̂ and their standard errors are obtained via least squares.

Thus, for the FLM we estimate L̂{Xi(t)} = α̂ +
∑J

j=1 ξ̂ij η̂j and for the FQRM, we add the

additional terms
∑J

j=1

∑j
l=1 ξ̂ij ξ̂ilω̂jl.
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To evaluate how well NFRM estimates the parameter β, we compare the following:

• Bias(β̂1) = M−1
∑M

m=1(β̂1m − β1)

• RMSE(β̂1) = M−1{
∑M

m=1(β̂1m − β1)2}1/2

• SE(β̂1) = M−1
∑M

m=1 SE(β̂1m)

• Coverage(β̂1) = M−1
∑M

m=1 1{β1 ∈ [β̂1m − ι(β̂1m), β̂1m + ι(β̂1m)]}

Here, M = 1000 and ι(β̂1m) = 1.96SE(β̂1m). The same comparisons are made for β̂2.

To evaluate how well NFRM estimates L{Xi(t)}, we estimate the following:

• RMSE(L̂) = {M−1
∑M

m=1(n
−1∑n

i=1[Lim − L̂im]2)}1/2

• ABSE(L̂) = M−1
∑M

m=1(n
−1∑n

i=1 |Lim − L̂im|)

• Corr(L̂,L) = M−1
∑M

m=1 Corr(L̂m,Lm)

Here, Lim is the functional effect of the ith subject for the mth generated data set, and Lm
is the n-dimensional vector of the functional effects for the mth generated data set. For each

generated data set, we also use a linear model to regress L on L̂ such that Lm = αm1n +

L̂mγm + εm. We summarize these regressions across iterations such that α̂ = M−1
∑M

m=1 αm

and γ̂ = M−1
∑M

m=1 γm. If L̂ is close to the true L, then we expect α̂ ≈ 0 and γ̂ ≈ 1.

With respect to estimating L{Xi(·)}, Table 2.2 highlights the NFRM’s advantages over the

FLM in the case of nonlinear functionals. For functional 2, the covariance structure is correctly

specified. The higher correlation values and lower mean squared error values suggest that NFRM

performs well. The results for functional 3 to functional 5 further highlight the novelty of

our approach. In each case, the same measures suggest that NFRM performs reasonably well

when the covariance function is clearly misspecified. For functional 2 to functional 5, the same

measures for the FLM reveal its inability to capture nonlinear effects. In the case of the linear

functional, FLM slightly outperforms NFRM. These results are provided in Appendix B. We

also note that Table 2.2 also shows that the NFRM and the FQRM have similar performance

under all settings.

With respect to estimating β, the performance of the NFRM, the FQRM and the FLM are

essentially identical. This is because the NFRM provides the BLUEs from the LMM framework

whereas the FQRM and the FLM provide the BLUEs from the linear model framework. Thus,

these results are trivial and may be viewed in Appendix B.

In summary, our method outperforms the FLM with respect to estimating nonlinear func-

tional effects and performs similar to the FQRM. In addition, the NFRM performs similar to
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both the FQRM and the FLM with respect to estimating the effect of the demographic covari-

ates. This makes our NFRM (with a quadratic kernel) attractive for modeling the effect of copy

number data, as we show in Section 2.4.
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Table 2.2: Estimation results for the functional effect, L{Xi(·)}, in the model Yi = β1z1i + β2z2i + L{Xi(·)} + εi based on 1000
generated data sets.

Definitions: NFRM, nonlinear functional regression model; FLM, functional linear model; FQRM, functional quadratic regression
model; FVE, functional variation; MSE, mean squared error; ABSE, absolute error.

NFRM FQRM FLM
n FVE MSE ABSE Int Slope Corr MSE ABSE Int Slope Corr MSE ABSE Int Slope Corr

Functional 2

100
0.85 1.380 0.941 -0.098 1.041 0.847 1.361 0.936 0.063 0.971 0.850 2.780 1.943 0.207 0.917 0.235
0.99 0.835 0.626 -0.034 1.014 0.956 0.836 0.629 0.056 0.972 0.957 2.764 1.937 0.205 0.919 0.259

200
0.85 1.178 0.761 -0.039 1.018 0.895 1.173 0.759 0.028 0.988 0.895 2.821 1.945 0.216 0.925 0.177
0.99 0.805 0.576 -0.017 1.010 0.959 0.804 0.576 0.025 0.989 0.959 2.816 1.943 0.201 0.928 0.186

Functional 3

100
0.85 0.827 0.654 -0.179 1.103 0.729 0.821 0.642 0.236 0.867 0.740 1.216 0.968 0.563 0.658 0.182
0.99 0.670 0.540 -0.095 1.054 0.852 0.673 0.532 0.217 0.863 0.860 1.212 0.965 0.578 0.650 0.202

200
0.85 0.714 0.559 -0.079 1.042 0.794 0.713 0.553 0.130 0.920 0.797 1.212 0.969 0.566 0.654 0.134
0.99 0.596 0.481 -0.047 1.023 0.878 0.599 0.475 0.114 0.924 0.879 1.211 0.968 0.575 0.648 0.141

Functional 4

100
0.85 0.775 0.607 -0.198 1.090 0.771 0.772 0.601 0.293 0.866 0.778 1.176 0.937 0.791 0.639 0.179
0.99 0.636 0.503 -0.108 1.047 0.860 0.645 0.506 0.308 0.857 0.866 1.173 0.935 0.798 0.632 0.201

200
0.85 0.663 0.509 -0.091 1.039 0.829 0.663 0.506 0.158 0.921 0.830 1.173 0.935 0.806 0.630 0.131
0.99 0.560 0.439 -0.058 1.026 0.887 0.562 0.438 0.158 0.922 0.888 1.173 0.934 0.790 0.634 0.139

Functional 5

100
0.85 1.696 1.219 -0.191 1.041 0.886 1.686 1.205 0.071 0.986 0.887 3.616 2.718 0.279 0.945 0.244
0.99 1.003 0.770 -0.080 1.015 0.963 1.001 0.768 0.059 0.984 0.964 3.589 2.708 0.280 0.944 0.271

200
0.85 1.467 1.009 -0.077 1.017 0.914 1.465 1.005 0.030 0.994 0.914 3.651 2.736 0.250 0.950 0.180
0.99 0.997 0.749 -0.043 1.009 0.963 0.996 0.748 0.031 0.993 0.963 3.645 2.733 0.225 0.949 0.189
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2.4 Analysis of Multiple Myeloma Data

To demonstrate the practical usefulness of our proposed NFRM methods, we apply our esti-

mation and testing procedures to relate copy number profiles to clinical biomarkers of disease

progression in MM as introduced in Section 2.1.

2.4.1 Data Description and Analysis

MM is a cancer that begins in the bone marrow and which most commonly develops in older

adults. The data set is a comprehensive collection of gene expression levels, DNA copy num-

bers, sequencing, and RNA interference data from patients who were newly diagnosed with or

previously treated for MM. In addition to demographic information such as gender and age, the

data have detailed clinical information on commonly used prognostic markers, β2M (measured

in ug/dL) and serum albumin (measured in g/dL) [Bataille et al., 1983, Greipp et al., 2005]. The

copy number profiles were measured using Agilent 244K aCGH arrays and consist of log2 ratios

indexed by genomic location across all chromosomes (approximately 244,000 measurements). In

this article, we are interested in studying the relationship between the clinical biomarkers and

the copy number profile of each chromosome while controlling for the demographic covariates.

In addition to the natural ordering, high dimensionality and resolution of these observations,

there exists serial dependence between neighboring locations within the copy number profile.

Figure 2.1 provides an illustration of the serial correlation in the copy number profiles. Along

with the aforementioned features, the slow decay of the autocorrelation demonstrated in this

figure suggests that the copy number profile is measured along a functional axis. These features

help to justify our application of NFRM.

Using model (2.1), we conduct a genome-wide association analysis. We use β2M as the

continuous outcome and age and gender as the demographic covariates z. We assume that Xi(·)
is the random process that produces the observed copy number profiles. Modeling the entire

copy number profile is numerically difficult due to the large number of observations that could

potentially drown out any local (chromosome-specific) signals in the data. Therefore, we use a

moving window approach to test and estimate the effect of local regions within the copy number

profile on β2M. Since each log2 ratio is measured across a range of probes, we first find the

midprobe location for each observation and apply a sequential index to the midprobe locations.

Each window consists of the observed copy number profile for 100 midprobe locations. Each

adjacent window has an overlap of 50 midprobe locations. We analyze the p-arm and q-arm of

each chromosome separately. The physical boundary set by the centromere of the chromosome

makes this a reasonable approach. However, our goal is to test and conduct inference for the

effect of the copy number profile for the entire chromosome. Thus, we use a Benjamini-Hochberg
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Figure 2.3: Test results for the MM application. The figure is a karyogram that depicts the
test results for NFRM and FLM across the genome. Red regions to the left of each chromosome
were identified by NFRM and green regions to the right were identified by FLM.

correction to adjust for the multiple tests along each arm. The moving window index is mapped

back to the chromosome probe location to isolate regions that are found to be significant.

Significant locations. We conducted an genome-wide analysis across all chromosomes and

found significant locations along chromosomes 1, 2, 3, 4, 14, 16, and 21. Figure 2.3 displays these

significant regions on a human karyogram. These results suggest that there is an advantage to

using NFRM and FLM as companion tests. There are significant regions found by NFRM but

not by the FLM, and vice versa. This suggests that some regions of the genome are nonlinearly

related to β2M, whereby NFRM has higher power to detect them. Other regions have a simpler

relationship and may be best detected by FLM in small to moderate sized samples.

Having tested for the effect of the copy number profile on β2M, we estimate the size and

direction of the copy number profile effect for all significant regions. To demonstrate our esti-
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mation procedure, we focus our attention on window 175 of chromosome 1. This is the most

significant window of chromosome 1. The results for this region suggest that it is negatively

associated with β2M. Figure 2.4 displays the estimated functional effects for each subject along

with pointwise 95% confidence bands. The estimates are ordered to better distinguish the con-

fidence intervals that do not contain zero. Recall that our methodology employs functional

Figure 2.4: This figure displays the ordered estimated copy number profile effect (along with
pointwise 95% confidence bands) by subject for window 175 of chromosome 1 p-arm.

principal components analysis by conditional expectation. It is reasonable to assume that the

first and second principal components determine the size and direction of the estimated effect

of the copy number profile. We are interested in visualizing the dominant functional principal

components and their impact on estimation. Thus, we project the data in the positive and

negative direction of the first and second principal components. We then estimate the size

of the copy number profile effect along the principal component directions. This allows us to

determine how the estimated effect of the copy number profile is affected by the magnitude

and direction of the principal components. Figure 2.5 shows a nonlinear trend along the first

principal component for window 175 of chromosome 1 p-arm, which was found to be significant

by NFRM and FLM. Figure 2.6 suggests a linear trend along the first principal component for

window 61 of chromosome 1 q-arm, which was solely found to be significant by FLM.

Goodness of fit. To assess the goodness of fit of NFRM and FLM, we use the quasi-R2

measure proposed by [Yao and Müller, 2010], R2
Q = 1 −

∑n
i=1(Yi − Ŷ )2/

∑n
i=1(Yi − Ȳ )2. This

measure provides a comparison of the prediction error using the sample mean of the β2M
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Figure 2.5: Estimation results for window 175 of the chromosome 1 p-arm from the multiple
myeloma data. The top panels show the estimation results of L{Xi(·)} along the direction of
the 1st and 2nd principal components. The bottom panels show the upper and lower pointwise
confidence bounds for L̂{Xi(·)} along the direction of the 1st and 2nd principal components.
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Figure 2.6: Estimation results for window 61 of the chromosome 1 q-arm from the multiple
myeloma data. The top panels show the estimation results of L{Xi(·)} along the direction of
the 1st and 2nd principal components. The bottom panels show the upper and lower pointwise
confidence bounds for L̂{Xi(·)} along the direction of the 1st and 2nd principal components.
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1 1 1

Figure 2.7: Chromosome 1 karyograms using different probe windows and overlap sizes. The
left, center, and right panels show test results using window sizes of 50 probes (25 probes
overlap), 100 probes (50 probes overlap) and 200 probes (100 probes overlap), respectively.

for prediction versus the proposed predictor. For window 175 of chromosome 1, NFRM yields

R2
Q = 0.1451 and the FLM yields R2

Q = 0.1007. This suggests that a small deviation from

the average copy number across subjects can result in a statistically significant region, which

justifies the need to have tests more powerful than the test provided for the FLM.

Sensitivity to window size. We investigate the sensitivity of our moving window approach

by conducting the tests using different window sizes. Specifically, we use the following window

size and overlap size combinations: (50, 25), (100, 50), and (200, 100). Figure 2.7 shows similar

results for each window size. Ideally, the window size should be determined by the biology of the

problem, but as a practical guideline, we recommend conducting the combined test procedure

using multiple window sizes and focusing on any regions detected by multiple window sizes.

Alternatively, window size can be determined by estimating the auto correlation within the

functional covariate using a lag equal to the desired window size. Note the serial correlation in

the MM data in Figure 2.1. In this figure, we observe a steady decay of the autocorrelation over

a lag of 100 probes which justifies using a window size of 100 probes for our data analysis.

2.4.2 Biological Ramifications

Using β2M as an outcome, NFRM identifies five significant contiguous genomic locations in

chromosomes 1, 3, 4 and 14. These genomic locations are shown in Table B.5. The FLM also

identifies the locations in chromosomes 4 and 14 as significant. The probes in these locations

appear to show a complex (linear and non-linear) relationship with the β2M values. Locations

in chromosomes 1 and 3 that are exclusively identified by NFRM demonstrate the importance

of exploring nonlinear relationships. Using the FLM, we identify significant genomic locations
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related to β2M in chromosomes 1, 2, 4, 14, 16 and 21 (see Table B.5 in Appendix B).

The probes on the locations in chromosome 1 are all positively associated with β2M, while

the probes in chromosome 4 are antagonistically related to B2M, i.e. in samples with high β2M,

there is a high probability of amplification in this location or sub-location of chromosome 1 and

a high probability of deletion in the region of chromosome 4.

Next, we verify the significant genes related to β2M for their known roles in cancer pro-

gression and development. As high β2M has been correlated with poor survival, genes that are

negatively associated with β2M are expected to be tumor suppressors and vice versa. A signifi-

cant locus on chromosome 4 contains the gene GRID2 (ionotropic glutamate receptor delta 2),

which is known to be located in a common fragile site where chromosomal deletions occur fre-

quently in multiple types of cancer [Rozier et al., 2004, McAvoy et al., 2008]. The gene PAQR3

(progestin and adipoQ receptor member 3), located in chromosome 4, is a known tumor sup-

pressor in colorectal cancer and is also negatively related to β2M [Wang et al., 2012]. Expression

of annexin A3 (ANXA3), located in chromosome 4, has been correlated negatively with tumor

progression in papillary thyroid cancer [Jung et al., 2010]. Genes that have been positively re-

lated with β2M are known to be associated with the progression of multiple myeloma. WNT3A,

located in chromosome 1, is a member of the Wnt signaling pathway and has been positively

correlated with β2M. WNT3A is associated with morphological changes and rearrangement of

the actin cytoskeleton in myeloma cells [Qiang et al., 2003]. Down regulation of surface molecule

CD229 reduces the number of viable myeloma cells, thus CD229 is a novel target gene for the

treatment of multiple myeloma [Atanackovic et al., 2011]. An upstream regulator of β2M, USF1

(upstream stimulatory factor 1), located in chromosome 1, also has been positively associated

with β2M [Gobin et al., 2003]. In essence, the whole spectrum of genomic copy number profiles

in multiple myeloma show that there are oncogenic transformations significantly associated with

β2M in locations identified by NFRM and FLM.

In addition, we use both NFRM and FLM to analyze the relation between the DNA copy

number profiles in the multiple myeloma data set and the concentration of serum albumin

(SA), another known clinical marker. Using NFRM, we identify multiple genomic locations

as significant in chromosomes 7, 9, 14, 19 , X and Y. Using the FLM, we identify significant

genomic locations related to SA in chromosomes 1, 6, 14 and Y. The regions in chromosomes

1, 6, and 14 are significantly related to SA. The probes in these regions are negatively related

to SA, indicating that all the associated genes are oncogenic, as low SA concentrations indicate

higher disease level in multiple myeloma [Kim et al., 2010].
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Chapter 3

Testing in Generalized Nonlinear

Functional Regression Models

3.1 Introduction

When prognosing cancer patients, oncologists typically assess the progression of disease via a

process known as staging [Can, 2013]. For example, multiple myeloma patients are categorized

as Stage I, II, or III based on the concentration levels of the proteins β2M (measured in ug/dL)

and serum albumin (measured in g/dL) [Greipp et al., 2005]. In such classifications, higher

stages typically correspond to worsening prognosis. As is the case in multiple myeloma, staging

algorithms often involve multiple prognostic markers and/or other clinical factors. The use of

several types of markers in classification rules suggest that the underlying genetic architecture

of cancer is complex and contributes to several observable phenotypes.

In Chapter 2, our goal was to investigate the association between copy number alterations

and disease progression. We used a single continuous biomarker as a surrogate marker for

progression. However, in our efforts to investigate the association between copy number al-

terations and disease progression, it may be advantageous to consider stages as an outcome.

This approach has the potential to provide more in depth insight into the complex biological

relationship between copy number aberrations and disease progression as explained in multiple

observable phenotypes.

Again, we cast this problem as a functional regression model, except that in this chapter,

we now consider cancer stage as a discrete outcome. While there are several available functional

regression approaches that regress continuous responses onto functional covariates [Ramsay and

Silverman, 2005, Shin, 2009, Yao and Müller, 2010], models that regress discrete responses onto

functional covariates have not received far less attention in the literature. James [2002] extended
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the generalized linear model framework of Nelder and Wedderburn [1972] into the functional

data analysis literature. They model the random trajectory via a natural cubic splines basis

and estimate the resulting parameters via the EM algorithm. Müller and Stadtmüller [2005]

proposed the generalized functional linear model (GFLM). They approximated the underlying

random trajectory using a Karhunen-Loéve expansion and establish a connection between their

functional model and the finite-dimensional generalized linear model framework. Asymptotic

tests are developed to investigate the effect of the functional effect in the reduced-dimensional

setting. Other authors have also developed approaches for estimation and prediction in func-

tional regression models with non-normal responses, such as the functional principal component

logistic regression model proposed by Escabias et al. [2005] (and extended by Aguilera-Morillo

et al. [2013]) as well as the penalized regression approach of Goldsmith et al. [2011].

With respect to problems in cancer genomics, the assumption of linearity remains a limita-

tion of these previous works. Recall that it is believed that the genetic architecture underlying

such diseases is thought to be very complex [Morgan et al., 2012]. Thus, for our motivating

problem (and similar problems), there is a need to develop new functional regression models

that, (1) model the relationship between a random curve and a discrete response nonparametri-

cally, which lends itself to complex nonlinear relationships, and (2) test whether the functional

predictor is necessary to model the discrete outcome when the effect is allowed to be nonlinear.

The NFRM developed in Chapter 2 models the effect of the random curve on the continu-

ous response nonparametrically. Under the framework, we proposed testing procedures to test

for the effect of the functional covariate. However, the approach is not suitable for discrete re-

sponses. In addition, the proposed procedures rely on the selection of a kernel function to model

the nonlinear relationship between the random curve and the response. We demonstrated a “ro-

bustness” to detecting complex nonlinear forms when using the quadratic kernel to construct

the model; however, we also showed that using this kernel resulted in decreased power to detect

simple linear dependencies. Thus, the resulting testing procedure requires a companion test for

maximum effectiveness.

In this chapter, we propose the generalized nonlinear functional regression model (GNFRM),

as an extension of the NFRM. Within the proposed model framework, we regress discrete (or

continuous) responses onto functional covariates. The work presented in this chapter makes

contributions to three bodies of statistical literature. First, under the generalized framework,

we propose testing procedures to investigate the relationship between the random curve and a

discrete (or continuous) response when the effects are believed to be nonlinear. This is important

because the functional data testing literature is thin, especially with respect to nonparametric

functionals as defined by Ferraty and Vieu [2006]. Second, we explore the benefits of using

adaptive composite kernels where weights are allowed to adapt with respect to a tuning pa-
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rameter. The adapting weights allow the composite kernel to model both linear and nonlinear

complex forms. This is important because it helps to mitigate the negative effects that result

from poorly selecting a kernel function to model the unknown complex relationship between

the functional covariate and the scalar response. We note that the adaptive composite kernel

also addresses general challenges in the kernel machine literature. The resulting testing proce-

dure is omnibus—capable of capturing linear and a wide range of nonlinear functional effects.

In addition, this work continues to build the case for employing our model-based approach to

investigating the association between genomic copy number and clinical outcomes.

The remainder of this chapter is organized as follows. We detail our generalized nonlinear

functional regression model and the working linear mixed model in Section 3.2 and Section 3.2.1,

respectively. Our proposed testing procedures are discussed in Section 3.2.2. We discuss our

numerical studies in Section 3.3, and we apply our proposed testing procedure to investigate

the association between genomic copy number and cancer progression in multiple myeloma

patients in Section 3.4.

3.2 Generalized Nonlinear Functional Regression Model

For each subject, i = 1, . . . , n, we observe a discrete (or continuous) response Yi such as cancer

stage, a q-dimensional vector of covariates zi such as age and gender, and p realizations of a

predictor process observed with error, Wi = (Wi1, . . . ,Wip)
T, where Wij = Xi(tj) + δij , Xi(·)

is an underlying square integrable process, tj ∈ T and δij is mean zero white noise with finite

variance. As in Chapter 2, we assume that Wij is the observed copy number intensity at the

jth probe location along the genome.

We assume that each Yi is independent with conditional mean E[Yi|zi, Xi(·)] = µi and

conditional variance Var[Yi|zi, Xi(·)] = ai(ψ)ν(µi) where ai(ψ) is a known function of the

dispersion parameter ψ, and ν(·) is a known variance function. We assume that the conditional

mean is related to the covariates and a functional covariate through a known link function g(·),

g(µi) = zTi β + L{Xi(·)}, (3.1)

where β is a q-dimensional vector of regression coefficients and L(·) is an unknown functional

that maps from L2[T ] to R. To avoid identifiability issues, we assume that zi contains an

intercept and that E[L{Xi(·)}] = 0 and E[Xi(·)] = 0.

The generalized functional linear model of Müller and Stadtmüller (2005) is a special case

of model (3.1) where L{Xi(·)} =
∫
T Xi(t)β(t)dt. Similar to Chapter 2, model (3.1) allows L(·)

to be any functional that maps a square integrable function defined on T to R. To determine
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if the copy number profile is associated with a discrete disease outcome, we develop procedures

to test for the effect of the functional covariate on the conditional mean of the response, where

in particular we are interested in the following hypothesis:

H0 : L(·) = 0 vs. H1 : L(·) 6= 0 (3.2)

3.2.1 Connection to Generalized Linear Mixed Models

In this section, we establish a connection with the generalized linear mixed model framework,

whereby we propose procedures to test (3.2). We begin by establishing a finite-dimensional

representation of X(·). Given this representation, we define an approximate model that is

subsequently cast into the generalized linear mixed model framework.

Working Mixed Model

The first step in developing our testing procedure is to reduce the dimension of the problem.

Following Section 2.2.1, we use the the Karhunen-Loéve expansion to obtain the following finite

representation of the underlying smooth function, Xi(t) =
∑J

j=1 ξijφj(t) for i = 1, . . . , n. Again,

a key step is to perform a functional principal component analysis to estimate the eigenfunctions

{φ1, . . . , φJ}, and we obtain consistent estimates of the principal scores via PACE, which serve

as proxies for the true scores in practice. More technical details on PACE are provided in

Appendix A.1.

Goldsmith et al. [2012] notes that the asymptotics developed in Yao et al. [2005] may be

viewed as justification for the common approach of overlooking the uncertainty surrounding

the FPCA process in large samples. However, we note that in small to moderate samples, the

increased variability from the FPCA process may be non-negligible. Failing to account for this

uncertainty can lead to inflated type I error rates in our proposed testing procedure. We examine

the effect of this common practice in our numerical studies.

Conditional on Xi(·), J , and ξi = (ξi1, . . . , ξiJ)T, we leverage the information in these scores

to approximate L{X(·)} with a smooth function L∗(ξi) : RJ 7→ R. Similar to Chapter 2, we

can justify the approximation by considering the generalized functional linear model where

L{Xi(·)} =
∫
T Xi(t)β(t)dt. Given β(t) ∈ L2[T ], we have that β(t) ≈

∑J
j=1 ηjφj(t), where ηj is

the unknown coefficient that corresponds to φj . Given the orthonormality of each eigenfunction,

we have that L{Xi(·)} ≈
∑J

j=1 ηjξij .

Given this heuristic justification, we propose an approximate model for the conditional

mean,

g(µi) = zTi β + L∗(ξi), (3.3)
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where L∗(ξi) is a smooth function with finite-dimensional argument. Following Chapter 2, we

further assume that L∗(·) is a mean zero Gaussian process where the behavior of the process

is completely determined by covariance function τK(·, ·). Here, τ is an unknown variance com-

ponent and K(·, ·) is a kernel function such that K(ξl, ξk) = Cov{L∗(ξl),L∗(ξk)} for l, k =

1, . . . , n. Given ξ1 . . . , ξn, we can express (3.3) as a working generalized linear mixed model

g(µ) = Zβ + L∗, (3.4)

where Z = [z1, . . . , zn]T is a matrix of fixed covariates and L∗ = [L∗(ξ1), . . . ,L∗(ξn)]T is an

n-dimensional vector of random variables such that L∗ ∼ N(0, τK). Here, K is the positive

definite gram matrix with Klk = K(ξl, ξk).

Similar to NFRM, the kernel function K(·, ·) performs several roles within this framework.

However, in this chapter we separate the kernel functions into two classes to support the devel-

opment of a new type of composite kernel in Section 3.2.2.

Class 1 kernel functions are those with no tuning parameters such as the quadratic kernel

function discussed in Section 2.2.1, K(ξl, ξk) = (ξTl ξk + 1)2. Recall that this kernel assumes

that the relationship between the conditional mean and random process is quadratic.

Class 2 kernel functions are those with a tuning parameter such as the Gaussian kernel

function which was also discussed in Section 2.2.1, K(ξl, ξk) = exp{(
∑J

j=1(ξlj − ξkj)
2/ρ2},

where ρ is an unknown tuning parameter. Recall that this kernel assumes that the relationship

between conditional mean and the random process is nonlinear where the tuning parameter ρ

determines the nonlinearity. We emphasize here that as ρ increases toward infinity, the Gaussian

kernel models a simple linear relationship between the conditional mean and the random process

[Keerthi and Lin, 2003]. This feature of the Gaussian kernel is a critical component of the

adaptive composite kernel that we present in Section 3.2.2.

3.2.2 Testing for the Effect of the Functional Covariate

Under model (3.4), the hypothesis expressed in (3.2) is equivalent to

H0 : τ = 0 vs. H1 : τ > 0. (3.5)

To test this hypothesis, we follow the profile quasi-likelihood approach of Breslow and Clayton

[1993]. Denote a working dependent vector Ỹ = Zβ + L∗ + (Y − µ)diag{g′(µ)}. This yields

the working linear mixed model Ỹ = Zβ+L∗+ ε, where ε ∼ N(0,Σ−1ψ ), and Σψ is a diagonal

matrix with diagonal terms wi = {ai(ψ)ν(µi)[g
′(µi)]

2}−1. Our inference on τ is based on the
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REML version of the profiled quasi-likelihood that is displayed below,

lR(τ |β̂0, ψ̂) = −1

2
log|Vψ̂| −

1

2
log|ZTV−1

ψ̂
Z| − 1

2
(Ỹ − Zβ̂0)

TV−1
ψ̂

(Ỹ − Zβ̂0), (3.6)

where Vψ = τK + Σ−1ψ and β̂0 and ψ̂ are estimated under the null model g(µ) = Zβ. Differ-

entiating (3.6) with respect to τ and evaluating the resulting equation at the null yields the

following score equation,

Uτ =
1

2
(Ỹ − Zβ̂0)

TΣψ̂KΣψ̂(Ỹ − Zβ̂0)−
1

2
tr(P0K), (3.7)

where, P0 = Σψ̂ −Σψ̂Z(ZTΣψ̂Z)−1ZTΣψ̂. Conditioned on ξ1, . . . , ξn and ψ̂, we have E(Uτ ) =
1
2tr(P0K) and VaR(Uτ ) = 1

2tr(P0KP0K) (which is the Fisher Information).

The testing procedures that we propose are based on (3.7), which is a function of K. Recall

that class 2 kernel functions depend on an unknown tuning parameter ρ. In such cases, it’s clear

to see that ρ is not estimable under H0 : τ = 0. This prevents us from using standard large

sample testing procedures such as the score test. Thus, we propose separate testing procedures

for each class of kernel function.

Testing: Kernels with no Tuning Parameters

In Section 3.2.1, we briefly introduced two classes of kernel functions. In this section, we develop

a testing procedure for class 1 kernel functions, which we refer to as Test 1.

Conditioned on ξ1, . . . , ξn and ψ̂, the second term of (3.7) is a constant. Thus, we define

the following test statistic based on the first term of (3.7),

Qτ =
1

2
(Ỹ − Zβ̂0)

TΣψ̂KΣψ̂(Ỹ − Zβ̂0) =
1

2
(Y − µ̂0)

TK(Y − µ̂0),

where µ̂0 = logit−1(Zβ̂0).

It can be shown that the distribution of Qτ follows a mixture of χ2
1 distributions under

H0 : τ = 0 [Zhang and Lin, 2003]. Critical values for this distribution are difficult to ascertain,

thus we approximate the distribution of Qτ with a scaled chi-square distribution κχ2
ν . Here,

the Satterthwaite method is used to estimate the scale parameter and the degrees of freedom

by matching the first two moments of Qτ to those of a κχ2
ν distribution. Calculations show

that κ̂ = σ2Q/2µQ and ν̂ = 2µ2Q/σ
2
Q. However, to account for the use of β̂0 and ψ̂, we replace

σ2Q with the efficient information, σ̃2Q = σ2Q − Iτ,ψI
−1
ψ,ψ, Iτ,ψ, where Iτ,ψ = 1

2tr(P0KP0) and

Iψ,ψ = 1
2tr(P0P0). Thus under the null, the final test statistic Sτ = Qτ/κ̂ has an approximate

χ2
ν̂ distribution.
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Testing: Kernels with Tuning Parameters

We now consider class 2 kernel functions which depend on some unknown tuning parameter ρ.

Given that ρ is not estimable under the null, the test statistic derived in Section 3.2.2 is not

applicable. Thus, we propose an alternative testing procedure for this class of kernels which we

refer to as Test 2.

Davies [1987] develops testing procedures in cases where nuisance parameters, such as ρ, are

present only under the alternative hypothesis. Based on this work, we propose a score based

test statistic for H0 : τ = 0. We define our test statistic as

Sτ (ρ) = [Qτ (ρ)− µQ]/σQ.

Under suitable regularity conditions, we assume that Sτ (ρ) is approximately a Gaussian process

indexed by ρ. Following Davies [1987], we compute a sharp upper bound for the p-value based

on the expected number of upcrossings of Sτ (ρ) over an appropriate range of ρ values. The

sharp bound for the p-value is computed as follows,

P(Sτ (ρ) ≥M : L ≤ ρ ≤ U) = Φ(−M) +Hexp(−M2/2)/
√

8π, (3.8)

where Φ(·) is the standard normal distribution function, M is the maximum of Sτ (ρ) over the

range of ρ, H = |Sτ (ρ1)−Sτ (L)|+ |Sτ (ρ2)−Sτ (ρ1)|+ · · ·+ |Sτ (U)−Sτ (ρm)|, where ρ1, . . . , ρm

are the grid of ρ values between L and U .

Testing: Composite Kernels

Given the many roles of the kernel function, it’s easy to see that the choice of kernel function

can impact the power the determine if the functional covariate is significantly related to the

condition mean of the response. While choosing an optimal kernel remains an open problem in

the kernel machine regression literature, there has been recent work to mitigate the negative

effects of choosing a less than optimal kernel from a set of candidate kernels. Wu et al. [2013]

proposes a simple kernel averaging technique to accomplish this goal.

Consider a set of L candidate kernel functions, K1(·, ·), . . . ,KL(·, ·). We define a com-

posite kernel function Kc(ξl, ξk) =
∑L

j=1wjKj(ξl, ξk), where w1, . . . , wL are appropriately

defined weights. In particular, we define wj = tr{P1/2
0 KjP

1/2
0 }−1 where P0 is defined as

above [Wu et al., 2013]. The composite kernel function produces the composite kernel ma-

trix Kc =
∑L

j=1wjKj . The key idea is that if we are willing to assume that the optimal kernel

is one of the L candidate kernels, then we expect the performance of the composite kernel to

be close to the optimal kernel.
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When no candidate kernel is a function of an unknown tuning parameter, we treat Kc(·, ·)
as a class 1 kernel. This is the case investigated by Wu et al. [2013]. However, when a single

candidate kernel contains a tuning parameter, we treat Kc(·, ·; ρ) as a class 2 kernel. To illustrate

the ideas, we use the following composite kernel function: Kc(·, ·; ρ) = wqKq(·, ·) +wgKg(·, ·; ρ),

where Kq is the quadratic kernel function and Kg is the Gaussian kernel function with respective

weights wq and wg. For each ρ ∈ [L,U ], we compute wg, Kg(·, ·; ρ) and Kc(·, ·; ρ), where the

standardized test statistic Sτ (ρ) is computed using Kc(·, ·; ρ).

Recall that the performance of Test 2 relies on establishing an appropriate range of ρ values.

As ρ→∞, Kg → Jn×n, where Jn×n is a matrix of all ones. This implies that tr{P1/2
0 KgP

1/2
0 } =

tr{P0Kg} → tr{P0Jn×n} = 0 as ρ→∞, which further implies that wg →∞ as ρ→∞. Thus,

the Gaussian kernel dominates the composition for suitably large values of ρ. This is a desirable

property, because it is well-known that as ρ→∞, the Gaussian kernel converges to the linear

kernel [Keerthi and Lin, 2003]. This enables the class 2 composite kernel to capture simple linear

relationships. Similarly, as ρ → 0, wg → tr{P0}. This implies that the Gaussian kernel has a

reduced impact on the composition for suitably small ρ. Herein lies the advantage of considering

composite kernels where a single kernel is a function of a tuning parameter. They are capable

of adapting to simple linear relationships as well as a wide range of nonlinear relationships

determined by the combined feature spaces of the kernels within the composition.

We now consider selecting L and U . In the case of a single Gaussian kernel, this range has

been studied by Liu et al. [2008]. They propose setting L = 0.1 ∗mini 6=k
∑J

j=1(tij − t′kj)2 and

U = 100 ∗maxi 6=k
∑J

j=1(tij − t′kj)2. Given that ρ affects Kc(·, ·; ρ) only through Kg(·, ·; ρ), we

believe that these boundaries are also appropriate for Kc(·, ·; ρ).

3.3 Simulation Study

We conduct simulation studies to evaluate the finite sample performance of the GNFRM using

both class 1 and class 2 kernels. Our experiments are designed to evaluate how well the GNFRM

controls type I error rate and power. We focus our attention to the special case of functional

binary regression where g(πi) = logit(πi), ν(πi) = πi(1− πi), and ai(ψ) = 1.

Similar to 2.3.1, we generate data from the following model,

logit(πi) = β1zi,1 + β2zi,2 + h{Xi(·)}, (3.9)

where zi,1 ∼ N(0, 1) for standardized age and zi,2 ∼ Bin(1, 0.66) for gender. Recall that the

proportion of males in the Multiple Myeloma dataset is 0.66.

Again, we mimic the copy number profiles by generating the true underlying trajectories,
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Xi(t), from an orthonormal Fourier basis with five basis functions, where each coefficient is an

independent realization of a N(0,0.5) distribution. The observed copy number intensities are

generated as Wij = Xi(tj) + δij , where δij ∼ N(0, 0.16). We set β1 = 0.7 and β2 = −0.7.

From this model, L{Xi(·)} = h{Xi(·)}−α, where α = 1
n

∑n
i=1 h{Xi(·)}, which enforces the

aforementioned assumptions E[L{Xi(·)}] = 0 and E[Xi(·)] = 0. To compare the performance of

this approach with NFRM, we explore four of the functional effects that were explored in that

Chapter 2:

1. Linear Functional: h(f) =
∫
f(t)γ(t) dt;

2. Quadratic Functional: h(f) = {
∫
f(t)γ(t) dt}2;

3. Linear Functional of Squared 1st Derivative: h(f) =
∫
f ′(t)2γ(t) dt;

4. Signed Square Root of 2nd Derivative: h(f) = sgn{
∫
f ′′(t)γ(t) dt} ∗

√
|
∫
f ′′(t)γ(t) dt|.

In these functionals, γ(t) = c
√

2 sin(2πt), where c is the effect level. For each functional, we

use 8 increasing and equally spaced effect levels from the interval [0, 1]. The null model occurs

when c = 0. In addition, we consider two sample sizes, n = 200 and 300, we set FVE = 0.99,

and we generate 1,000 data sets for each setting.

Following Section 3.2.2, we compute Sτ and Sτ (ρ) using the quadratic and Gaussian kernels,

respectively. When using the quadratic kernel, Sτ is compared to a χ2
v distribution, where k

and v are estimated using the Satterthwaite approach. When using the Gaussian kernel, the

sharp upper-bound for the p-value is obtained via the approach of Davies [1987]. Furthermore,

we explore the advantages of using an adaptive composite kernel function that averages across

the quadratic and Gaussian kernel functions.

We compare the GNFRM to the generalized functional linear regression model (GFLM).

In particular, both testing procedures of the GNFRM are compared to the GFLM’s Wald test

which was proposed by Müller and Stadtmüller [2005]. The Wald test is based on the following

functional logistic model which assumes that Xi(·) is linearly related to the conditional mean

of Yi via the regression function γ(·):

logit(πi) = α+ zTi β +

∫
T
Xi(t)γ(t) dt. (3.10)

This model assumes that Xi(·) is observed without error, whereby a classical approach to

functional principal component analysis is used to reduce (3.10) to the following model:

logit(πi) = α+ zTi β + ξ̂Ti γ. (3.11)

39



Table 3.1: Simulation results for type I error rate based on 1,000 generated datasets and
n = 300. Standard errors for each estimate < 0.001.

Type I Error GNFRM G GNFRM Q GNFRM CK GFLM

0.01 0.016 0.008 0.013 0.020
0.05 0.040 0.033 0.046 0.061
0.10 0.069 0.081 0.085 0.103

Definitions: GNFRM G, GNFRM with Gaussian kernel; GNFRM Q, GNFRM with quadratic
kernel; GNFRM CK, GNFRM with composite kernel

In this model, ξ̂i is a J-dimensional vector of consistent estimates of the functional principal

component scores for the ith subject. We generalize this model such that we relax the assump-

tion that X(·) is observed without error. Under the relaxed assumption, we use PACE to obtain

the consistent estimate ξ̂i. Note that this model is conditional on ξ̂i, thus the asymptotic prop-

erties of the proposed Wald test are unaffected by our use of PACE, and we assume that the

added variability from our FPCA process is negligible.

The proposed Wald test is Z = (γ̂TΓ̂−1γ̂−J)/
√

2J , where γ̂ is the MLE of Eq. (3.11) found

using iteratively reweighted least squares and J and Γ̂ are the dimension and the estimated

covariance of γ̂, respectively. Under the null hypothesis, Z ∼ N(0, 1). We estimate the empirical

size and power of each approach using the empirical rejection probability which is the average

number of p-values less than a significance level of 5%.

Table 3.1 provides the results of our type I error rate investigations for n = 300. The results

show that the empirical sizes of the Wald test are inflated, especially in the case of small type I

error rates. GNFRM with a class 2 composite kernel controls type I error rates of 5% and 10%

well, however at the smaller 1%, the size of the test is slightly inflated. Similar performance

holds for GNFRM with a Gaussian kernel, while GNFRM with a quadratic kernel performs well

at each type I error rate investigated. The results for n = 200 are similar. They are provided

in Appendix C.

Figure 3.1 displays the empirical power results for n = 300. The results suggests that in the

case of the linear functional effect, the Wald test outperforms all the GNFRM tests. However, we

observe that the performance of the GNFRM with a Gaussian kernel is close to the performance

of the Wald test which provides empirical evidence of the linearity of the Gaussian kernel feature

space as ρ → ∞. In the case of the quadratic functional effect, the GNFRM with a quadratic

kernel outperforms all other tests. While the Gaussian kernel is able to detect this type of

nonlinearity, its performance is not close to the quadratic kernel, and the Wald test fails to
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detect the quadratic relationship. We also observe that the quadratic kernel performs best in

the case of our arbitrary complex functional effects 3 and 4. Again the Gaussian kernel detects

the nonlinearity but not as well as the quadratic kernel; while the Wald test fails to detect the

nonlinear relationship.

Figure 3.1 also highlights the advantage of using an appropriately defined adaptive kernel.

Here we see that in the case of the linear functional effect, the composite kernel performs equally

as well as the Gaussian kernel. This can be explained by the adapting of the weight wg to the

magnitude of ρ as discussed in Section 3.2.2. In the case of the quadratic functional effect, the

composite kernel’s performance is close to the performance of the quadratic kernel (which is

the optimal kernel for this functional effect) while exhibiting a large performance gain over the

Gaussian kernel. Again, the weight wg adapts and allows the quadratic kernel to dominate the

composition. Similar results hold for functionals 3 and 4.

In general, these results suggest that using the GNFRM with an appropriately defined

adaptive kernel can be nearly as powerful as the test designed for linear functional effects while

also maintaining reasonable power to detect a wide range of nonlinear functional effects. Thus,

GNFRM with a class 2 adaptive kernel can be viewed as an omnibus test capable of detecting

any type of functional relationship between the random trajectory and the conditional mean of

the response with moderate sample sizes.

3.4 Analysis of Multiple Myeloma Data

In this section, we apply the GNFRM to the same multiple myeloma data set investigated in

Chapter 2. Recall that this data consists of approximately 244,000 copy number observations

per subject indexed across the genome. Following Greipp et al. [2005], we stage each subject

as Stage I, II, or III using the recorded values of the prognostic markers beta2 microglobulin

(measured in ug/dL) and serum albumin (measured in g/dL). We are interested in studying

the effect of local regions of copy number alterations on the progression of multiple myeloma.

We consider only the 162 complete cases. Four patients are categorized as stage I, five

patients are categorized as stage II, and 153 patients are categorized in the advanced stage III.

Furthermore, we consider disease progression as an advancement from the less severe stages (I

and II) to stage III. Thus, we dichotomize the stages into a binary outcome where Yi = 1 if the

ith subject has stage III cancer and Yi = 0 otherwise.

Using Eq. (3.1) with the class 2 adaptive kernel described in Section 3.2.2, we conduct

a genome-wide analysis using a logit link function to relate the conditional mean of the di-

chotomized outcome to the copy number profile. We control for age and gender (zi) in our

analysis. We note that we assume that Xi(·) is the random process that produces the observed
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Figure 3.1: This figure displays the Type I Error and power for each functional at FVE = 0.99
and n = 300. Here the composite kernel is included in the analysis. The solid line represents GN-
FRM with the Gaussian kernel; the dotted-dashed line represents GNFRM with the quadratic
kernel;the dashed line represents GNFRM with a composite kernel; the dotted line represents
the WALD test for the FLM.
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copy number profiles. Following our analysis in Chapter 2, we use a similar moving window

approach to isolate local effects of the copy number profile on disease progression, and we use

the Benjamini-Hochberg correction to adjust for multiple comparisons.

Figure 3.2 displays the results of our investigations. GNFRM found statistically significant

regions on chromosomes 4, 5, 6, 12, 13, 14, 15, 19, and 20. We compared our results to the

work of Avet-Loiseau et al. [2009], where they identified three genomic regions that were as-

sociated with survival among 192 patients who were newly diagnosed with MM. Their work

identified amplifications at cytobands 1q23.3 and 5q31.3 and deletions at 12p13.31. Although,

our investigations focused on a different clinical endpoint, we also detected the reported copy

number alterations within 5q31.3 and 12p13.31. The details of our analysis can be viewed in

Figure 3.3. We stress the detection of the significant genomic region 12p13.31, as this is the sole

location that the GNFRM testing procedure found to be significant over this entire chromo-

some. In addition, our exploratory analysis suggests that there are several additional regions of

copy number alteration that may help to explain the progression of MM to more severe disease

states.

To further illustrate the potential of our approach in investigating copy number association

using functional data methods, we draw our attention to Chromosome 5. Figure 3.4 provides

a Manhattan plot of Chromosome 5, which corresponds to Figure 3.3. The purpose of this

figure is to illustrate the level of significance across our moving window analysis. The p-values

are displayed on the −log10 scale to help distinguish between significance levels. In this figure,

window 202 is located in cytoband 5q31.3 and is found to be mildly significant. However, there

are several genomic regions along the p-arm that contain a much stronger signal. This suggests

other interesting genomic regions to explore to help understand the biological mechanisms that

contribute to the progression of MM.
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GNFRM

Figure 3.2: Test results for the MM application. The figure is a karyogram that depicts the
test results for GNFRM and GFLM across the genome using a Benjamini-Hochberg correction
for multiple tests. Red regions to the left of each chromosome were identified by GNFRM and
green regions to the right were identified by GFLM.
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Figure 3.3: Chromosome 5 ideogram of our analysis of association between Multiple Myeloma
progression and quantitative copy number alterations. Significant genomic regions of copy num-
ber alteration are mapped according to their cytoband location.
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Chapter 4

Functional Nonlinear Cox

Proportional Hazards Model

4.1 Introduction

Another important goal in oncology research is modeling the time to death for patients diag-

nosed with cancer. This is especially true in the case of aggressive cancers such as Glioblastoma

Multiforme [Krishnan et al., 2013, Johnson et al., 2012]. Predicting the survivability of pa-

tients with cancer in early stages helps physicians to tailor personalized treatments [Win et al.,

2014]. Recently, there has been an interest in predicting survival based on molecular targets. As

technology continues to lend itself to better understanding of the genetic etiology of complex

diseases, cancer researchers seek to understand the relationship between survival in cancer pa-

tients and genetic markers [Liu et al., 2010]. In fact, this interest in understanding the genetic

mechanisms that extend (or shorten) survival is demonstrated in Chapter 2 where we related

the findings of our multiple myeloma copy number association analysis to the work of Avet-

Loiseau et al. [2009]. Recall that the authors investigated the relationship between survival

time and copy number aberration using traditional techniques. Given the growing interest in

understanding the cytogenetic contributions to survival in cancer patients, we are motivated to

extend the NFRM to consider censored survival outcomes.

Our motivating application arises from Glioblastoma Multiforme (GBM) data which is

publicly available at the Cancer Genome Atlas (TCGA) domain http://cancergenome.nih.

gov/. GBM is the most common form of malignant brain cancer in adults, and the prognosis is

generally very poor [Jain et al., 2013]. This data consist of aCGH copy number profiles for 233

patients that have been diagnosed with GBM. In addition to the log2 copy number intensities,

the data contains gene expression, miRNA expression, DNA methylation, clinical data such as
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age and gender, as well as censored survival times for each patient. The copy number ratios are

obtained using the Agilent 244A microarray.

Recently, researchers associated with the Cancer Genome Atlas identified several recurrent

regions of copy number alterations among patients diagnosed with GBM [Network, 2008]. Some

of these regions were previously detected by other researchers, and some of these regions are

new locations not previously identified in the literature. In addition to detecting these regions

of copy number alteration, their research suggested that about 76% of the genes in the GBM

pathway exhibited a correlation between expression levels and copy number over their gene

region. Verhaak et al. [2010] extended their work to establish molecular subclasses of GBM

patients based on copy number alterations. They showed that the response to therapies differed

by subclass. In addition, Jain et al. [2013] suggested that some of these molecular subclasses

are good predictors of survival, especially when integrated with radiological imaging data.

Given these reported relationships between copy number and gene expression among GBM

patients, we propose novel statistical models as alternative approaches to investigate the fol-

lowing scientific questions:

1. What regions of copy number alteration are associated with survival in GBM patients?

2. Can we identify significant interactions between copy number alteration and gene expres-

sion on survival in GBM patients?

Based on the arguments presented in Section 2.1, we translate both of these scientific ques-

tions into functional regression models, whereby we develop a model to relate a functional

covariate to censored survival time nonlinearly. In addition, we develop a second model that

considers the interaction between a functional covariate and a scalar response. In Section 2.1

and Section 3.1, we briefly discussed several approaches to functional regression when the out-

come is continuous or discrete. However, to the best of our knowledge, the models developed in

this chapter represent a first attempt to test for the effect of functional covariates on survival

outcomes—representing a key advancement in the functional data analysis testing literature.

We propose the functional nonlinear Cox proportional hazards model (FNCPH) as a solution

to these cancer genomics problems. Two versions of the FNCPH model are developed: a main

effects model and an interaction model. Following the modeling approach utilized in both the

NFRM and the GNFRM, we establish a connection between our complex functional models

and the random effects Cox model. Testing procedures are developed under the random effects

framework.

The remainder of this chapter is organized as follows. We detail the main effects version of

the FNCPH model in Section 4.2.1, and we discuss its extension which includes an interaction
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term in Section 4.2.2. We establish a connection with the random effects Cox model through a

kernel machine representation in Section 4.2.1. We propose testing procedures in Section 4.2.3

and investigate the finite sample performance of the proposed procedures in Section 4.3. In

Section 4.4, we use the procedures developed in this chapter to conduct an integrated genomic

analysis of our motivating GBM dataset.

4.2 Functional Nonlinear Cox Proportional Hazards Model

4.2.1 Main Effects Model

Assume that for each subject, i = 1, . . . , n, we observe the random vector (Yi,∆i, zi,Wi),

where Yi = min(Ti, Ci), ∆i = I(Ti ≤ Ci), Ti is the survival time, Ci is censoring time, zi

is a q-dimensional vector of covariates, and Wi = (Wi1, . . . ,Wip) is a p dimensional vector of

realizations of the underlying mean-zero process with measurement error, i.e. Wij = Xi(tj)+δij

where Xi(·) is a square-integrable zero mean process defined on T and δij is mean-zero white

noise with finite variance. We also assume that Ti is independent of Ci conditional on zi and

Xi(·), and we assume that the random vectors are independent and identically distributed across

subjects.

We relate the survival time Ti to zi and Xi(·) through the following proportional hazards

model [Cox, 1972]:

λ[t|zi, Xi(·)] = λ0(t)exp[zTi β + L{Xi(·)}]. (4.1)

Here λ[t|zi, Xi(·)] is the conditional hazard, λ0(t) is the baseline hazard, β models the effect

of the covariates and L(·) is an unknown functional (linear or nonlinear) that maps from L2

to R. Furthermore, we assume that E[L{Xi(·)}]= 0 and E[Xi(·)]= 0. Our primary interest is

in testing H0 : L{X(·)} = 0, which implies that conditional on zi, the subject specific curves

are not associated with survival time, i.e. there is no local effect of copy number alterations on

survival time.

Dimension Reduction

Following the dimension reduction techniques discussed in Section 2.2.1 (FPCA), we posit the

following finite-dimensional model,

λ(t|zi, ξi) = λ0(t)exp[zTi β + h(ξi)], (4.2)

where ξi = [ξi1, . . . , ξiJ ]T and h(·) : RJ 7→ R is a smooth and centered function. In practice,

we implement a smooth covariance technique to conduct the FPCA [Di et al., 2009]. The
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smooth covariance approach is similar in nature to the PACE approach of Yao et al. [2005]. The

covariance function V (s, t) = Cov{Xi(s), Xi(t)} is smoothed via penalized thin plate splines

as opposed to local kernel-smoothers. The scores ξj =
∫
X(t)φj(t) dt are estimated as the

best linear unbiased predictors from a linear mixed model framework. This method can be

implemented via the fpca.sc function in the refund R package. More technical details about this

smooth covariance approach are provided in Appendix A.3. Having reduced the dimension of

our problem, we next focus our attention on testing the effect of ξi and Ti via the hypothesis

H0: h(·) = 0. This hypothesis is equivalent to the hypothesis expressed in Section 4.2.1.

Given the use of FPCA to reduce the dimension of the underlying trajectories, it’s reasonable

to consider extending developed testing procedures for the functional linear model (FLM) to

censored survival times, such as the Wald test considered in Chapter 3 [Müller and Stadtmüller,

2005]. This implies that h(ξi) =
∑J

j=1 γjξij , which is a result of using the same orthonormal

eigenbasis to approximate Xi(·) and β(·). See Section 2.2.1 for more details on this reduced form.

Conditional on J and ξi, this approach yields a fully parametric model, whereby it’s reasonable

to consider using classical procedures and asymptotic theory to perform large sample tests such

as the likelihood ratio test. We refer the reader to Klein and Moeschberger [2003] for details on

such tests.

In the case of the functional quadratic regression model (FQRM) proposed by Yao and

Müller [2010], we can assume that h(ξi) =
∑J

j=1 γjξij +
∑J

j=1

∑j
l=1 ϑjlξijξil. While this model

reduces to a linear model, the performance of large sample testing procedures in this finite-

dimensional framework have not been previously investigated in the literature, and we do not

take on the task here. We mention it only as a point of future research consideration.

Unfortunately, our numerical studies suggest that likelihood ratio test based on the simple

extension of the FLM does not perform well. See Section 4.3 for more details. Furthermore,

we do not expect this approach to detect nonlinear dependencies well. These considerations

further motivate the development of a kernel machine based working model to investigate the

relationship between the random curve and survival time when the effect of the curve on survival

time is expected to be nonlinear.

Kernel Machine Working Model

From Eq. (4.2) we assume that h(·) ∈ HK , where the function space HK is generated by a

positive definite kernel function K(·, ·). Let {ζj(·), j ≥ 1} be an orthogonal basis of HK such

that h(ξi) has the primal representation h(ξi) =
∑∞

j=1 aijζj(ξi) [Mercer, 1909]. Then by the

representer theorem, h(ξi) also has a dual representation h(ξi) =
∑n

j=1 αjK(ξi, ξj) [Kimeldorf
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and Wahba, 1971]. We use the dual representation to construct the following working model,

λ(t|zi, ξi) = λ0(t)exp[zTi β +αTKi]. (4.3)

Here Ki = [Ki1, . . . ,Kin]T and Kij = K(ξi, ξj).

There are several common kernel functions used in the kernel machine regression literature

[Suykens and Vandewalle, 1999, Schölkopf and Smola, 2002, Liu et al., 2007]. As in Chapter 2, we

focus our attention on (1) the dth polynomial kernel:K(ξl, ξk) = (ξTl ξk+1)d, where d determines

the degree of the polynomial and (2) the Gaussian kernel: K(ξl, ξk) = exp(
∑J

j=1 ξlj − ξkj)2/ρ,

where ρ is an unknown tuning parameter in the context of the kernel function.

The roles of the kernel function that are stated in Section 2.2.1 are especially important

in the context of investigating survival times. The work of Verhaak et al. [2010] and Jain

et al. [2013] demonstrates that molecular subclasses determined by copy number alterations

over specific gene regions are good predictors of survival. In some cases, these subclasses are

determined by considering the frequency of patients exhibiting copy number variations, whereas

in our model, the kernel function borrows information across subjects to quantify the effect

of recurrent regions of copy number change. Thus, in addition to being able to capture the

frequency of recurrent regions of copy number alteration, our approach also directly considers

the effect of such a region on the outcome.

Using the working model (4.3), we construct the following penalized partial likelihood,

`(α,β) =
n∑
i=1

∑
{u}

dNi(u)

[
(zTi β+αTKi)−log

( n∑
l=1

exp[zTl β+αTKl]Rl(u)

)]
−ϕ

2
αTKα, (4.4)

where ϕ is a penalty term, {u} denotes all grid points over time, dNi(u) = I(Yi ∈ [u, u +

∆u),∆i = 1) which is the indicator for the ith subject being observed to have the event in the

interval [u, u + ∆u), Rl(u) = I(Yl ≥ u) representing whether or not the ith subject is at risk

at time u, and K is the n × n kernel matrix where the (l, k)th element is K(ξl, ξk). Similarly,

we can view dNi(u) to be the change in the counting process Ni(u) = I(Yi ≤ u)∆i over a

short interval [u, u + ∆u). This view equates (4.4) to the penalized partial likelihood function

presented in Cai et al. [2011], which allows us to extend their kernel machine score test for

censored survival outcomes to the functional setting. This test is discussed in more detail in

Section 4.2.3.
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4.2.2 Interaction Model

In many applications such as ours, there is an interest in modeling the interaction between

a single covariate and the random trajectory. For example, consider our motivating scientific

problem. Let Xi(·) represent the random process that generates the observed copy number

observations over some gene region and let zi represent the level of expression of the gene.

In this scenario, it may be of interest to determine if the interaction between gene expression

and the copy number process is associated with survival time. To investigate such scientific

questions, Eq. (4.1) is extended to yield the following interaction model,

λ[t|zi, Xi(·)] = λ0(t)exp[ziβ + L1{Xi(·)}+ L2{Xi(·), zi}], (4.5)

where the assumptions on L1 follow directly from the main effects model. To capture linear or

nonlinear interaction effects, we assume only that L2 is a an unknown functional that maps from

(L2 × R) to R. In this model, the primary interest is in testing H0 : L2{Xi(·), zi} = 0, which

implies that there is no interaction between the random curve and the scalar covariate. For

ease of exposition, we present only the covariate that we are interested in testing for interaction

with Xi(·). However, the model can be easily extended to include additional covariates that do

not interact with zi or Xi(·).
Following the dimension reduction ideas presented in section Section 2.2.1, we approximate

Eq. (4.5) with the following truncated model,

λ(t|zi, ξi) = λ0(t)exp[ziβ + h1(ξi) + h2(ξi, zi)]. (4.6)

To balance the tradeoff between constructing a parsimonious model while allowing for flex-

ibility in modeling the interaction effects, we posit a parametric quadratic form for the main

effect of the random curve, and we model the interaction via a kernel-based varying coefficient

approach. Specifically, we set h1(ξi) =
∑J

j=1 γjξij +
∑J

j=1

∑j
l=1 ϑjlξijξil [Yao and Müller, 2010].

Recall that in Chapter 2 we showed that such a parametric quadratic model performed well

with respect to estimating linear functional effects as well as a wide range of complex nonlinear

effects on continuous outcomes. Since our primary focus in on testing the interaction, the use

of the parametric form provides great flexibility while maintaining model simplicity.

The interaction term is modeled via a kernel-based varying-coefficient like approach [Hastie

and Tibshirani, 1993]. Specifically, we model the interaction term as h2(ξi, zi) = zig(ξi), where

g(·) ∈ HK is a smooth function and HK is generated by a positive definite kernel K(·, ·). This

approach lends itself to several useful interpretations. In the case that zi is binary, such as

smoking status, zi = 1 represents the additive effect of the copy number profile on survival
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time due to being in the smoking subgroup. In general, the function g(·) models the additional

effect of zi on survival time that results from some unknown relationship between zi and ξi. In

terms of notation, we can see that ziβ + zig(ξi) = zi[β + g(ξi)]. Thus, if g(ξi) is a constant,

then the copy number adjusted relationship between gene expression and time to event is still

linear although the direction and the magnitude of the effect may differ. However, if g(ξi) is an

unspecified function, then the copy number adjusted relationship between gene expression and

time to event is nonlinear in nature.

As in section 4.2.1, g(ξi) =
∑n

j=1 αjK(ξi, ξj) is the dual representation of this functional

effect. We use this representation to posit a working model,

λ(t|zi, ξi) = λ0(t)exp
[
ziβ +

J∑
j=1

γjξij +
J∑
j=1

j∑
l=1

ϑjlξijξil + zi

n∑
j=1

αjKij

]
. (4.7)

Define ςi = ziβ +
∑J

j=1 γjξij +
∑J

j=1

∑j
l=1 ϑjlξijξil + zi

∑n
j=1 αjKij . Then (α, β,γ,ϑ) can be

estimated via the following penalized likelihood,

`(α, β,γ,ϑ) =
n∑
i=1

∑
{u}

dNi(u)

[
ςi − log

( n∑
l=1

exp(ςl)Rl(u)

)]
− ϕ

2
αTK?α, (4.8)

where Z = [z1, . . . , zn]T and K? = K ∗ZZT. Note that ZZT is the centered linear kernel. Thus,

K? is the element-wise product of two kernels, which is in itself a kernel [Schölkopf and Smola,

2002]. We refer to this kernel as the interaction kernel.

Note that Eq. (4.8) is similar to Eq. (4.4) with the exception of the additional model terms

and the structure of the interaction kernel. Thus, we are also able to extend the kernel machine

score test to test for an interaction between a scalar covariate and a functional covariate on

censored survival time.

4.2.3 Variance Component Score Tests

Recall that the primary interest in our main effects model (4.2) is in determining if the random

process is necessary to model survival time, i.e. H0 : h(·) = 0. From the working model (4.3),

this is equivalent to the hypothesis H0 : αTK = 0. If we are further willing to assume that

α = (α1, . . . , αn)T ∼ N(0, τK−), where K− is the generalized inverse of K, then the null

hypothesis of interest is equivalent to the following hypothesis about the variance component,

H0 : τ = 0.

Under this framework, we adopt the approach of Cai et al. [2011] and Lin et al. [2011] and
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propose the following test statistic for the variance component,

Q = M̂TKM̂− q̂, (4.9)

where M̂ = (M̂1, . . . , M̂n)T, M̂i = ∆i −
∫∞
0 Ri(t)exp(zTi β̂) dΛ̂0(t) is the estimated martingale

residual under the null hypothesis, and β̂ is the maximum partial likelihood estimate of β

under the null model λ(t|zi) = λ0(t)e
zTi β. Furthermore, Λ̂0(t) =

∑n
i=1

Ni(t)∑n
i=1Ri(t)e

zT
i
β̂

is Breslow’s

estimator of the baseline cumulative hazard under the null model and

q̂ =
n∑
i=1

∫
K(ξi, ξi)Ri(t)e

zTi β̂ dΛ̂0(t)−
n∑
i=1

n∑
j=1

∫
Ri(t)Rj(t)e

zTi β̂ez
T
j β̂K(ξi, ξj)∑n

i=1Ri(t)e
zTi β̂

dΛ̂0(t).

We construct a similar statistic to test for the effect of the interaction term. Recall that we

model the interaction term via a kernel-based varying-coefficient like approach. Based on the

working interaction model (4.7), the null hypothesis of interest expressed in Section 4.2.2 can

be represented as H0 : αTK? = 0. Using the same argument as above, an equivalent hypothesis

is H0 : τ = 0. Therefore, Q can be adapted to test for an interaction by replacing K with

K? in the expression above under the null model λ(t|zi, ξi) = λ0(t)exp(ziβ +
∑J

j=1 γjξij +∑J
j=1

∑j
l=1 ϑjlξijξil).

Cai et al. [2011] expands Q as a double integrated martingale process. The limiting distri-

bution of the martingale process under the null is a mixture of chi-squares, and thus can be

approximated via a scaled chi-square distribution kχ2
v, where k and v are estimated via the Sat-

terthwaite approach. Specifically, B realizations of the martingale process are generated, and

the first two moments of the process are estimated numerically. The final p-value is based on

k̂χ2
v̂. We note that the scaled chi-square approximation has been shown to perform well in the

non-functional case [Liu et al., 2007] and also in the functional case as highlighted in Chapter 2

and Chapter 3. We investigate the performance of this score test numerically and apply it to

our Glioblastoma Multiforme dataset for illustration.

4.3 Simulation Study

This section details the design of our simulation study, which investigates the finite sample

performance of the FNCPH model (main effects version and interaction effects extension) via

simulation studies. We compare the empirical size of both approaches to several nominal type

I error rates under various settings. We also examine the behavior of the empirical rejection

probability as effects sizes increase from the null.

Our goal is to mimic our motivating cancer genomics problem where the copy number profile
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appears to be periodic in nature. Thus for the main effects model (4.1), we generated data from

the following model,

log(Ti) = zi1β1 + zi2β2 + h[Xi(·)] + εi, (4.10)

where zi1 ∼ N(0, 1), zi2 ∼ Bin(1, 0.5), β1 = 0.4, and β2 = −0.4. We generate εi from a standard

extreme value distribution. The random curves, Xi(·), are generated from a orthonormal Fourier

basis with five basis functions, where the coefficients for each basis function are independent

draws from an N(0,0.5) distribution. We generate realizations of the underlying process as

Wi(tj) = Xi(tj) + δij , where δij ∼ N(0, 0.16).

We consider two types of functional effects: linear and quadratic. For the linear functional

effects, we model h[Xi(·)] =
∫
Xi(t)γ(t) dt. For the quadratic effects, we simply square the

integral. The coefficient regression function, γ(·), is generated from the same Fourier basis

with the exception that the coefficients are determined by the imposed effect level (detailed

in the corresponding tables and figures). Censoring was generated independent of Ti from a

exponential distribution.

For the interaction model (4.5), we generated data from the following model,

log(Ti) = zi1β1 + zi2β2 + h1[Xi(·)] + zi1g[Xi(·)] + εi,

where g[Xi(·)] is generated in the same manner as h(·) in model (4.10). For simplicity, we

generate h1[Xi(·)] =
∫
Xi(t)γ1(t) dt, where the function γ1(·) is generated as before with the

exception that each coefficient is set to a common nonzero constant.

We consider two sample sizes, n = 200 and 300, and we set the number of realizations of

the underlying process to m = 100. In addition, we evaluate the performance of the score test

in each setting using both the linear and quadratic kernel functions. For each setting, the mean

of the exponential distribution is chosen to obtain censoring proportions of ∼ 25% and ∼ 50%.

We generate 50,000 datasets to estimate the empirical size of the test, and 1000 datasets are

generated to estimate the empirical power. Recall that we approximate the null distribution

of our statistic Q as a scaled chi-square distribution kχ2
v, where the parameters k and v are

estimated numerically. We set B = 1000 to obtain k̂ and v̂.

We compare our proposed approach to the naive extension discussed in Section 4.2.1. The

FLM reduces to standard a Cox model when conditioned on J and {ξi}ni=1. Thus, we construct

the following likelihood ratio test for the approach:

T = 2[`(θ̂)− `(θ̂0)],

where `(θ̂) is the maximized value of log partial likelihood of the alternative model and `(θ̂0)
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is the maximized value of the log partial likelihood of the null model [Klein and Moeschberger,

2003].

Table 4.1 provides the results of our type I error rate investigations for the main effects

model when n = 200. The score test with a quadratic kernel (Qquad) performs well with respect

to maintaining all sizes explored, albeit a bit conservative. Similarly, the size of the score test

when using the linear kernel (Qlin) is close to the nominal levels in all cases. In contrast, the

naive approach discussed in Section 4.2.1 performs poorly as demonstrated by the inflated sizes

of the test. Results for n = 300 are similar. They can be viewed in Table D.1 in Appendix D.

Table 4.1: Empirical size of the tests for main effects at n = 200 at multiple type I error
rates when censoring is moderate (25%) and high (50%). Testing was performed using (1)
FNCPH with a linear kernel (Qlin), (2) FNCPH with a quadratic kernel, (Qquad) (3) naive
linear approach (LRTL), and (4) the naive quadratic approach (LRTQ). The results are based
on 50, 000 generated datasets.

Censoring Type I Error Rate Qlin Qquad LRTL

25%

0.05 0.0569 0.0373 0.0787
0.01 0.0113 0.0049 0.0198
0.005 0.0057 0.0020 0.0108
0.001 0.0011 0.0003 0.0024

50%

0.05 0.0547 0.0466 0.0726
0.01 0.0109 0.0073 0.0182
0.005 0.0054 0.0037 0.0097
0.001 0.0012 0.0004 0.0025

Table 4.3 provides the empirical sizes for the testing procedures developed for the interaction

model when n = 200. In general, the testing procedures associated with the FNCPH model

maintain the size of the test, but they are conservative. The naive approach again performs

very poorly. In fairness, we note that the literature does not contain any methods that extend

the FLM to consider this type of interaction when the outcome is continuous; thus, there is

no point of reference to compare this result in other data situations. For the FNCPH testing

procedures, the tests became more conservative as censoring increased.

Given the inflated empirical sizes of the naive approach for both the main effects model and

the interaction model, we limit our power investigations to only the FNCPH model with both

a linear kernel and a quadratic kernel, Qlin and Qquad, respectively. Figure 4.1 and Figure 4.2

display the results of our power analysis for the main effects model and the interaction model,
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Table 4.2: Empirical size of the tests for interaction effects at n = 200 at multiple type I
error rates when censoring is moderate (25%) and high (50%). Testing was performed using
(1) FNCPH with a linear kernel (Qlin), (2) FNCPH with a quadratic kernel, (Qquad) (3) naive
linear approach (LRTL), and (4) the naive quadratic approach (LRTQ). The results are based
on 50, 000 generated datasets.

Censoring Type I Error Rate Qlin Qquad LRTL

25%

0.05 0.0379 0.0292 0.1289
0.01 0.0088 0.0057 0.0387
0.005 0.0052 0.0027 0.0227
0.001 0.0011 0.0006 0.0072

50%

0.05 0.0288 0.0198 0.1192
0.01 0.0060 0.0034 0.0355
0.005 0.0029 0.0015 0.0207
0.001 0.0006 0.0002 0.0058

respectively, when n = 200. For the main effects model, (4.1), we note that these results are

similar to those observed for the NFRM in Chapter 2 and the GNFRM in Chapter 3 for both

moderate and high levels of censoring. Thus, both score tests maintain power to detect a signal

even in the presence of a significant level of censoring (50%). We also note that Qquad performs

well with respect to detecting simple linear dependencies of reasonable effect sizes, while Qlin

is not capable of detecting nonlinear effects.

Table 4.3 quantifies the reduction in power that results from using a quadratic kernel in the

testing procedure when the true main effect is linear. We can see that when the signal in the

data is small, the misspecification can result in a power loss as large as about 40% across all

experimental settings. However, we note that this loss decreases as we increase our sample size.

Therefore, we expect the Qquad to perform reasonably well for large sample sizes.

For the interaction model, Figure 4.2 suggests the FNCPH model performs well with respect

to detecting interaction effects. Recall that the interaction model was generated under a varying

coefficient assumption, i.e. L2{zi, Xi(·)} = zi1g[Xi(·)]. When modeling g[Xi(·)] with the simple

linear form, panels (a) and (b) are similar to those of Figure 4.1. This suggests that in the

presence of simple linear dependencies in the interaction term, censoring has little effect on the

performance of the score test with either the linear kernel or the quadratic kernel. In contrast,

when the interaction term has a nonlinear form, censoring has a substantial impact on the

performance of the score test. At 25% censoring, the power achieved by Q with a quadratic

kernel is 92%, whereas at 50% censoring, the power achieved by Q with a quadratic kernel is
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Table 4.3: Percent power loss that results from using the FNCPH model with a quadratic
kernel when the true main effect is linear. These results for 25% censoring correspond to panel
(a) of Figure 4.1 and panel (a) of Figure D.1. These results for 50% censoring correspond to
panel (c) of Figure 4.1 and panel (c) of Figure D.1.

Effect Levels
Censoring n 0.09 0.17 0.25 0.34 0.43 0.51 0.60

25%
200 0.406 0.297 0.175 0.050 0.012 0.000 0.000
300 0.303 0.207 0.068 0.013 0.000 0.000 0.000

50%
200 0.303 0.224 0.143 0.045 0.005 0.000 0.000
300 0.208 0.174 0.054 0.007 0.000 0.000 0.000

71%.

Table 4.4 quantifies the reduction in power that results from using a quadratic kernel in the

testing procedure when the true interaction effect is linear. The results yield the same conclusion

as the main effects model. We conclude that for problems such as our cancer genomics problem,

using Qquad and Qlin as companions may be a more comprehensive approach.

Table 4.4: Percent power loss that results from using the FNCPH model with a quadratic
kernel when the true interaction effect is linear. These results for 25% censoring correspond to
panel (a) of Figure 4.2 and panel (a) of Figure D.2. These results for 50% censoring correspond
to panel (c) of Figure 4.2 and panel (c) of Figure D.2.

Effect Levels
Censoring n 0.14 0.29 0.43 0.57 0.71 0.86 1.00

25%
200 0.335 0.213 0.050 0.010 0.000 0.000 0.000
300 0.271 0.097 0.003 0.001 0.000 0.000 0.000

50%
200 0.377 0.228 0.106 0.031 0.002 0.000 0.000
300 0.304 0.121 0.013 0.002 0.000 0.000 0.000
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Figure 4.1: Empirical power for the model λ[t|zi, Xi(·)] = λ0(t)exp[zTi β + L{Xi(·)}] at n =
200. In panels (a) and (c), L{Xi(·)} =

∫
T Xi(t)β(t) dt. In panels (b) and (d), L{Xi(·)} =

[
∫
T Xi(t)β(t) dt]2. All panels display the results for (1) the FNCPH model constructed with a

linear kernel and (2) the FNCPH model constructed with a quadratic kernel and are based on
1, 000 generated data sets.
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Figure 4.2: Empirical power for the model λ[t|zi, Xi(·)] = λ0(t)exp[ziβ + L1{Xi(·)} +
L2{Xi(·), zi}] at n = 200. In panels (a) and (c), L2{Xi(·)} = zi

∫
T Xi(t)β(t) dt. In panels

(b) and (d), L2{Xi(·)} = zi[
∫
T Xi(t)β(t) dt]2. All panels display the results for (1) the FNCPH

model constructed with a linear kernel and (2) the FNCPH model constructed with a quadratic
kernel and are based on 1, 000 generated data sets.
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4.4 Integrated Analysis of Glioblastoma Multiforme

We use both FNCPH models to investigate the association between copy number alterations

over local gene regions and survival time for patients diagnosed with GBM. The data consists

of gene expression levels, methylation levels, DNA copy numbers, and demographic data such

as age and gender. In addition, the data contains information on survival times, time to tumor

progression. The gene expression data was measured for 12,042 genes using Affymetrix Human

Genome U133A arrays. The copy number data was measured using Agilent 244A microarrays

which yields approximately 235,000 copy number intensities along the genome. We focus on the

copy number intensities covering the 52 genes within the GBM pathway. Only 47 genes in the

GBM pathway have both copy number data and gene expression data.

We apply to proposed testing procedures to investigate the effect of copy number and

gene expression interaction on survival time and to investigate the main effect of copy number

alterations on survival time. There is about 30% censoring in the data. In addition, several of

the genes within the GBM pathway have only a few probes spanning their genomic regions.

This makes it difficult to employ our functional approach on the probe values for these loci.

Thus for illustration purposes, we narrow our focus to the eight genes in the GBM pathway

that have observed expression levels and at least 20 copy number probes covering their genomic

regions.

In many studies that consider gene expression, genes are prioritized by considering the

variability of the expression data across patients, such as Chen et al. [2014]. A common measure

of variability used in this context is the median absolute deviation (MAD). Chen et al. [2014]

considers only genes with MAD > 0.5. In Table 4.5, we provide the name of each of the eight

genes investigated as well as the number of copy number probes spanning each locus, the mean

expression level, and the median absolute deviation. Note that several of the genes exhibit low

variation in their expression levels. This is an interesting result when considering the level of

variation in the copy number profiles covering these gene regions as displayed in Figure 4.3.

Although there is a substantial increase in the variation of the copy number intensities between

the tumor samples for each patient and their corresponding normal tissue samples, the MAD of

the gene expression level suggests that this phenomena does not necessarily lead to increased

variability of expression across patients. For example, the EGFR gene has the largest variation

in copy number among the eight genes examined; however, it has nearly the smallest amount

of variation in expression level. In contrast, the BRAF gene has expression levels above the 0.5

MAD threshold used by Chen et al. [2014]; however, the variation in the copy number intensities

over its genomic region is relatively low.

Although this summary suggests that there may not be a relationship between copy number

60



Table 4.5: Summary of the expression levels for eight genes within the GBM pathway. Expres-
sion levels are measured using Affymetrix Human Genome U133A arrays.

CN = copy number; MAD = median absolute deviation

Gene Expression
Gene Number of CN Probes Mean MAD

AKT3 37 4.2 0.51
BRAF 21 4.7 0.59
CDK6 27 4.1 0.19
EGFR 21 7.5 0.13
IGF1R 39 6.4 0.34

NF1 34 5.4 0.36
PIK3C2G 43 4.1 0.11

RB1 24 6.6 0.17

alterations and gene expression measured on Affymetrix Human Genome U133A arrays, we note

that Network [2008] illustrated a connection between copy number variation (measured via the

Affymetrix SNP 6.0 array) over the EGFR locus and relative exon expression levels across

known EGFR exons (measured via the Affymetrix Exon array) for three patients. Thus, we are

motivated to formally investigate the interaction between copy number alterations and gene

expression as measured by the array technologies that produced our genomics data.

We applied the combined testing procedure developed for the interaction model (4.5) to

test for the interaction between gene expression and copy number alteration on survival time.

We limit our investigations to the EGFR gene and the NF1 gene, because these genes were

reported to be related to the biology of GBM by the Cancer Genome Atlas. We adjusted

for age and gender in our model, and we corrected for multiple comparisons using a simple

Bonferroni correction. The score test did not detect a significant interaction for the NF1 gene

or the EGFR gene. However, we note that the unadjusted p-value for the NF1 gene was 0.052.

So while we failed to reach statistical significance, we believe that the borderline result suggests

that there is indeed a biological phenomenon occuring. As mentioned in our numerical power

experiments, it’s possible that the level of censoring in this data, (30%), has weakened the

signal.

Next, we investigated the main effects of copy number alterations on survival in GBM

patients using the testing procedure proposed in Section 4.2.3. Although the main effects model

is not directly nested within the interaction model, the use of the parametric quadratic form

in the interaction model relates to the quadratic kernel used in the main effects model. Thus,
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in terms of testing, the main effects model is equivalent to the interaction model without the

interaction term. In the first model, we included age, gender and gene expression as covariates.

In another model, we included only the copy number profile across the gene region. From the

first model, the unadjusted p-value for the NF1 gene was 0.04. When testing within the simple

model, the unadjusted p-value for the EGFR and NF1 genes were 0.01 and 0.05 respectively.

Clearly, gene expression, age and gender have a confounding effect with the copy number profile

over the EGFR genomic region. However, we again assert that the lack of statistical significance

in these analyses may be attributed to censoring, thus the level of signal that we detected in our

unadjusted p-values may suggest that there are some interesting biological mechanisms relating

these genes to survival time in GBM patients. It may be advantageous to extend the models

in this chapter to consider multiple regions of copy number alteration simultaneously to reduce

the impact of multiple testing corrections on power.
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Figure 4.3: Copy number intensities over two genes in the GBM pathway (BRAF and EGFR).
The left panels display the copy number intensities measured in each patient’s normal tissue
sample. The right panels display the copy number intensities measured in each patient’s diseased
tissue sample.
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Chapter 5

Conclusion

The statistical methods presented in this work model nonlinear relationships between a single

random curve and various types of scalar outcomes. A core component of each model is the

extension of kernel machine ideas into the functional regression literature; whereby, the kernel

machine framework serves as a bridge between our complex functional models and their corre-

sponding mixed model representations. The advantage of using the kernel machine framework is

that it provides a flexible approach to modeling nonlinear relationships. Our use of this frame-

work also allows us to model the similarity in curves for every pair of subjects which is very

useful in our motivating application and similar problems. Another key advantage of reducing

our complex functional models to simple mixed model representations is that our proposed

testing procedures are easy to implement in most available statistical software packages such

as R and Matlab®.

In Chapter 2, we develop the nonlinear functional regression model (NFRM) as an approach

to test and estimate the effect of a nonlinear functional covariate on a continuous response.

Our approach adjusts for the effects of scalar covariates, such as age and gender. We test

for a nonlinear functional effect using a variance component score test, and we estimate the

size and direction of the effect under the mixed model representation. Our approach is able

to capture a wide range of complex nonlinear relationships. Thus, it is attractive for many

functional regression applications when the relationship between the random trajectory and

the continuous response is believed to be complex and nonlinear. When used in conjunction

with the functional linear model, the combined testing procedure provides a comprehensive

approach to determining whether the functional covariate is necessary in the regression model.

We demonstrate the NFRM using a quadratic kernel to model the covariance structure in

the linear mixed model representation. Empirically, we show that the quadratic kernel is some-

what robust to misspecification of the true covariance structure that expresses the functional
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relationship. Many common covariance functions used in the mixed model and kernel machine

literature are functions of unknown tuning parameters. Although these tuning parameters lend

themselves to more flexible models, estimating the parameters adds to the complexity of the

problem and greatly increases the time needed to estimate the copy number effect. The robust-

ness of the quadratic kernel reduces the tradeoff between using a simple covariance structure

and a more complicated covariance structure. It is of further interest to study the performance

of the NFRM using more complicated covariance functions and numerical optimization schemes.

In addition, further research is needed to develop an approach to identify optimal covariance

structures.

In Chapter 3, we develop the generalized nonlinear functional regression model (GNFRM)

as an extension of the NFRM to non-normal responses. However, the focus of this work is

only on testing. Similar to the NFRM, we propose a variance component score test to test

for an effect of the functional covariate. In Chapter 2, a companion testing procedure was

suggested to detect both linear and nonlinear relationships for small to moderate samples sizes.

The multiple comparison induced by this approach may be viewed as a limitation in some

situations. As a solution, we develop an adaptive composite kernel that is nonparametric. This

feature is especially useful because it allows the data to speak for themselves. The resulting

testing procedure is able to detect linear relationships as well as nonlinear relationships with a

minimal impact on power.

We demonstrate the performance of the method using a binary outcome, but the model can

be easily adapted for any outcome whose distribution is in the exponential family. Our simu-

lation results show that the GNFRM constructed with the adaptive composite kernel performs

well for binary outcomes. In particular, we note that the model performs as well as or close to

the optimal kernel across a wide range of complex relationships. The reported benefits of the

adaptive composite kernel are also applicable to the standard kernel machine regression frame-

work, which further extends the utility of the framework in many settings. While the use of this

kernel enhances our testing procedures, estimation of the functional effect is not straightfor-

ward due to the unspecified tuning parameter. One can employ cross validation to accomplish

estimation in the GNFRM; however, cross validation is known to be time consuming which is a

limitation in applications such as ours where the interest is in conducting a genome wide scan.

Thus, it is of further research interest to develop estimation procedures that are efficient with

respect to time.

In Chapter 4, we develop the functional nonlinear Cox proportional hazards model (FNCPH)

to investigate the effect of a functional covariate on censored survival outcomes. To the best

of our knowledge, this model is the first of its kind. We reduce the functional model to a

kernel machine representation which is subsequently reframed as a mixed effects Cox model.
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We first develop a main effects model which is a straightforward extension of the NFRM and

the GNFRM. To add to the novelty of the method, we extended the main effects model to

include a term that models the nonlinear interaction between a single scalar covariate and a

single functional covariate. The flexibility in the interaction term is also a product of the kernel

machine framework.

We construct the model with a linear kernel and a quadratic kernel. Simulation results show

that the performance is similar to the NFRM for both the main effects model and the interaction

model. Thus, we suggest using the FNCPH model with both kernels as a companion test–similar

to the recommendation for the NFRM. Although we did not investigate estimation procedures

in this work, it’s easy to see that we can estimate the effect of the functional covariate on

survival times via currently existing mixed model approaches such as the frailty models in the

R package coxme [Ripatti and Palmgren, 2000, Therneau et al., 2003]. In the interaction model,

the main effects of the functional covariate are modeled using a parametric quadratic form.

Although the numerical studies that were conducted for the NFRM showed that this quadratic

representation is capable of detecting a wide range of nonlinear relationships, it is of further

research interest to develop an approach to model both the main and interaction effects with

kernel machine representations.

Each model developed in this work is motivated by unique problems in cancer genomics.

In each chapter, we discuss the proposed model in context of the motivating science. Our goal

is to build a case for casting copy number association as functional regression models. Recall

that the level of serial correlation in the copy number profile justifies the novel approach to

analyzing copy number data. In Chapter 2, we regressed a continuous prognostic marker for

multiple myeloma onto local regions of copy number alterations. We conducted a genome wide

association analysis and detected several regions that were previously reported to be related

to the prognostic marker. In Chapter 3, we dichotomized stages of multiple myeloma and

investigated the association between local regions of copy number alteration on the binary

response. Again we detected genomic regions that were reported to be associated with survival

in multiple myeloma patients. In Chapter 4, we switched our focus to the aggressive brain cancer

glioblastoma multiforme where our goal was to investigate the effect of local regions of copy

number alteration on survival time. We defined local regions by considering the copy number

probes that covered genes in the glioblastoma multiforme pathway. Our analyses suggested that

copy number alterations were not significantly related to survival times in pediatric and adult

patients for a small selection of genes in the glioblastoma multiforme pathway. In general, all of

the data analyses contained in this work, (Chapters 2-4), highlight the ability of our models to

be used to prioritize genomic regions and genes for further biological investigation. Although

our work is motivated by the area of cancer genomics, we again underscore the fact that our
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models can be broadly applied to other areas where there is an interest in testing for a nonlinear

effect of a functional covariate on a scalar response.
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Appendix A

Functional Principal Component

Analysis

A.1 Basic Concepts

Functional principal component analysis (FPCA) is a common tool used in functional regression

models to circumvent the phenomena known as “the curse of dimensionality.” It captures the

dominate modes of variation within random curves. Through this process, it greatly reduces

the dimension of the data while capturing the important features.

Let X(t) ∈ L2(T ), where t ∈ T and T is a compact interval. Without a loss of general-

ity, assume that X(·) is a mean-zero random process. Define the covariance of the process as

V (s, t) = Cov{X(s), X(t)}. Given that V (·, ·) is a continuous symmetric and positive definite

kernel function, Mercer’s theorem states that the covariance of the process can be represented

as V (s, t) =
∑∞

j=1 λjφj(s)φj(t) dt, where {φj : j ≥ 1} are the eigenfunctions and {ρj : j ≥ 1}
are the corresponding eigenvalues associated with the spectral decomposition of the covariance

operator ρjφj(s) =
∫
T V (s, t)φ(t) dt. The eigenfunctions yield an orthonormal basis for L2(T )

such that the inner product is represented as follows,
∫
T φj(s)φk(s) = ςjk. Here ςjk = 1 if j = k

and ςjk = 0 if j 6= k.

In FPCA, the eigenfunctions are referred to as functional principal components (FPCs).

The principal components are viewed as weight functions such that ξij =
∫
φj(t)Xi(t)dt is

the random functional principal component score for the ith subject that corresponds to the

jth mode of variation in the covariance of the process. The first FPC is chosen so that φ1(t)

maximizes N−1
∑n

i=1 ξ
2
i1 subject to the constraint ||φ1||2 = 1. Thus, the FPC score ξi1 captures

the largest mode of variation in the covariance of the process. A second FPC, φ2(t), is selected

so that it maximizes N−1
∑n

i=1 ξ
2
i2 subject to the constraints ||φ2||2 = 1 and

∫
φ1(t)φ2(t)dt = 0.
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The additional constraint ensures that the second principal component captures the second

largest mode of variation remaining in V (s, t). This process is then repeated to obtain the

desired number of FPCs. Each successive weight function must be orthogonal to all previous

weight functions and will capture successively smaller modes of variation within V (s, t).

Based on the results of Mercer’s theorem, The Karhenun-Loéve expansion is used to rep-

resent the random process as Xi(t) =
∑∞

j=1 ξijφj(t). In practice, the infinite sum is reduced

to a finite set of J FPCs, and the random process is approximated as Xi(t) =
∑J

j=1 ξijφj(t).

In our analyses, we use a common approach selecting J which consists of choosing the num-

ber of FPCs that account for a predetermined level of functional variation explained (FVE)

within V (s, t). The eigenvalue that is associated with each functional principal component is

the variance of its associated score. In other words, Var(ξij) = ρj . Thus, the FVE of the first J

principal components is defined as FVE =
∑J

j=1 ρj/
∑∞

l=1 ρl. To see more clearly how to choose

J , let’s consider a brief example. Assume that we want to conduct an FPCA that accounts

for 95% of the variation in some data. Now let’s assume that
∑3

j=1 ρj/
∑∞

l=1 ρl = 0.94 and∑4
j=1 ρj/

∑∞
l=1 ρl = 0.99. Then the truncation point for this analysis is J = 4. It is common to

set the FVE to 95% or 99%.

In reality, the functional principal components and their associated scores are not known.

There are several methods to estimate {φj}Jj=1 and corresponding {ξij}Jj=1 for i = 1, . . . , n. We

do not detail them all here, but it’s important to note that most of the available methods have

a similar theme:

1. Estimate the covariance of the process V (s, t).

2. Estimate the mean of the process, which we denote as µ(t) = EXi(t).

3. Estimate the FPCs.

4. Estimate the FPC scores.

The various methods may differ in how they estimate these objects; however, the final result

is always Xi(t) =
∑J

j=1 ξ̂ijφ̂j(t). Note that we did not put a “hat (̂)” on Xi(t). This is because

the common practice in the FDA literature is to treat the estimates of the FPCs and the FPC

scores as proxies for truth.

Recall that Chapter 2 and Chapter 3 used the PACE method of Yao et al. [2005] to esti-

mate the FPC scores, and Chapter 4 used the more recent smooth covariance approach of Di

et al. [2009]. We discuss these two approaches in more detail in Section A.2 and Section A.3,

respectively.
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A.2 Principal Analysis by Conditional Expectation

The principal analysis by conditional expectation (PACE) approach to FPCA was developed

to handle sparse and irregular longitudinal data observed with error. The basic assumptions for

this approach are that the data has been observed on a sparse and irregular grid across subjects,

and the data has been polluted with measurement error. This creates two key problems: (1)

numerical integration may not provide a good estimate of the FPC scores when the data is

sparse, and (2) using the observations that are polluted with measurement error may lead to

biased estimates of the scores. In addition, the assumption is that the grid on which observations

are observed as well as the number of observations for each subject are independently and

identically distributed random variables that are independent of all other random elements in

the model. Thus, the observed data are represented by a modified Karhenun-Loéve expansion,

X?
i (tik) = Xi(tik)+εik = µ(tik)+

∑∞
j=1 ξijφj(tik)+εik, tij ∈ T for i = 1, . . . , n and k = 1, . . . , Ni.

As with classical approaches to FPCA, PACE approaches functional principal component

analysis in four steps. The first step consist of estimating µ(t) via local linear-kernel smoothers,

and a “raw” estimate of the resulting covariance matrix is estimated via the method of moments

using µ̂(t). The next goal is to estimate V (s, t). This is not straight forward due to the mea-

surement error. Consider the model for the observed functional data, Wij = µ(t) +Xi(tij) + εij

for i = 1, . . . , n, j = 1, . . . , Ni, and tij ∈ T . Thus, G(s, t) = Cov{Xij(s), Xij(t)}+ σ2I(s = t) =

V (s, t) + σ2I(s = t). Note that the diagonal elements are impacted by the measurement error.

Thus, a two step approach is taken to obtain estimate V (s, t). First, the off-diagonal elements

(t 6= s) corresponding to V (s, t) are estimated by smoothing the off-diagonal elements of Ĝ(s, t)

using local linear-kernel smoothers. Next the diagonal elements are separately estimated via

local linear-kernel smoothers, and the estimate of the measurement error variance is estimated

by σ̂2 = 2
|T |
∫
{Ĝ(s, t) − V̂ (s, t)} dt, where |T | is the length of the domain T . The kernel-

smoothers borrow information across subjects to help negate the effects of the sparseness and

irregularity in the data. Next the eigenfunctions and eigenvalues are estimated by conducting

an eigenanalysis on the discretized smoothed covariance generated by V̂ (s, t).

To further address the issue of measurement error, the FPC scores are computed via con-

ditional expectation under a mixed model framework. Again, consider the model for the func-

tional data, Wij = Xi(tij) + εij = µ(tij) +
∑∞

k=1 ξikφk(tij) + εij , where tij ∈ T , E(εij) = 0 and

V ar(εij) = σ2. Now assume that ξik and εij are jointly Gaussian. Given this Gaussian assump-

tion, the BLUP of the principal component scores is ξ̃ik = E[ξik|W̃i] = ρkφ
T
ikΣ
−1
Wi

(W̃i − µi),
where ΣWi = cov(Wi,Wi). The estimated BLUP is thus ξ̂ik = ρ̂kφ̂

T
ikΣ̂
−1
Wi

(W̃i − µi).
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A.3 Smooth Covariance Approach

The smooth covariance approach used in Chapter 4 was developed as part of a larger solution

to perform FPCA on multilevel functional data [Di et al., 2009]. The term “multilevel” refers

to functional data with subject specific effects as well as cluster effects. The approach is also

applicable to single level problems where there is no clustering in the data, for example modeling

copy number ratios across the genome. The smooth covariance approach considers data that

has been densely or sparsely observed, as well as data with and without measurement error.

It differs from PACE in that the grid upon which the data are observed is assumed to be the

same for all subjects, and sparseness is induced as a result of missing observations. In the PACE

approach, each subject is allowed to have data observed on irregular grids with the number of

observations (Ni) being a random variable that is iid across subjects.

The basic process to conducting FPCA via this method is similar to that laid out in Sec-

tion A.2. First, lets consider the model for the observed curve for the ith subject, Wij =

µ(t) + Xij(t) + εij for i = 1, . . . , n, j = 1, . . . , ni, and t ∈ T . Note the subtle difference in this

model as opposed to that presented in Section A.2. Again, the primary interest is in estimating

V (s, t), which is complicated by the measurement error in the functional data. Similar to PACE,

the mean function (µ(t)) is first estimated with the exception that this approach uses penalized

spline smoothing as opposed to local linear-kernel smoothers. Next, G(s, t) is estimated via the

method of moments and V (s, t) is estimated by smoothing Ĝ(s, t) for t 6= s via penalized thin

plate spline smoothing. Again, the diagonal elements are estimated separately, and the vari-

ance of the measurement error is estimated as σ̂2 =
∫
{Ĝ(s, t)− V̂ (s, t)} dt. Lastly, the resulting

covariance matrix is discretized to obtain estimates of the eigenvalues and eigenfunctions. The

estimation of the FPC scores follow directly from the PACE method discussed in Section A.2.
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Appendix B

NFRM: Additional Results

B.1 Simulation Results

B.1.1 Estimation Results
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Table B.1: Simulation results for the estimation of the functional effect, L{Xi(·)}, in the model Yi = β1z1i + β2z2i + L{Xi(·)} + εi
based on 1000 generated data sets.

Definitions: NFRM, nonlinear functional regression model; FLM, functional linear model; FQRM, functional quadratic regression
model; FVE, functional variation; MSE, mean squared error; ABSE, absolute error.

NFRM FQRM FLM
n FVE MSE ABSE Int Slope Corr MSE ABSE Int Slope Corr MSE ABSE Int Slope Corr

Functional 1

100
0.85 0.669 0.511 -0.010 1.029 0.883 0.690 0.528 -0.005 0.916 0.877 0.626 0.469 -0.004 0.979 0.894
0.99 0.506 0.396 -0.009 1.009 0.945 0.554 0.431 -0.011 0.905 0.937 0.398 0.315 -0.010 0.978 0.970

200
0.85 0.544 0.405 -0.007 1.013 0.922 0.554 0.413 -0.009 0.955 0.920 0.501 0.364 -0.006 0.989 0.933
0.99 0.419 0.328 -0.007 1.005 0.960 0.434 0.339 -0.008 0.951 0.958 0.342 0.273 -0.008 0.989 0.975
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Table B.2: Simulation results of the estimation of β1 in the model Yi = β1z1i + β2z2i + L{Xi(·)}+ εi based on 1000 generated data
sets. True β1 = 1.

Definitions: NFRM, nonlinear functional regression model; FLM, functional linear model; FQRM, functional quadratic regression
model; FVE, functional variation; RMSE, root mean squared error; SE, standard error

NFRM FQRM FLM
n FVE Bias RMSE SE Coverage(%) Bias RMSE SE Coverage(%) Bias RMSE SE Coverage(%)

Functional 1

100
0.85 -0.006 0.122 0.123 0.950 -0.005 0.118 0.118 0.948 -0.006 0.126 0.126 0.948
0.99 -0.004 0.114 0.114 0.945 -0.004 0.108 0.108 0.946 -0.003 0.118 0.118 0.950

200
0.85 -0.005 0.082 0.081 0.936 -0.005 0.079 0.079 0.935 -0.005 0.082 0.082 0.939
0.99 -0.003 0.077 0.077 0.939 -0.002 0.074 0.075 0.936 -0.003 0.078 0.078 0.942

Functional 2

100
0.85 -0.010 0.194 0.179 0.941 -0.001 0.315 0.306 0.939 -0.011 0.195 0.181 0.938
0.99 -0.005 0.144 0.140 0.952 -0.001 0.316 0.307 0.942 -0.005 0.144 0.141 0.951

200
0.85 -0.003 0.116 0.110 0.949 0.007 0.217 0.215 0.940 -0.003 0.116 0.111 0.948
0.99 -0.004 0.095 0.094 0.954 0.007 0.218 0.215 0.940 -0.004 0.095 0.094 0.955

Functional 3

100
0.85 -0.004 0.133 0.133 0.949 -0.002 0.156 0.162 0.953 -0.005 0.135 0.136 0.948
0.99 -0.002 0.124 0.124 0.938 -0.002 0.157 0.162 0.953 -0.002 0.127 0.127 0.943

200
0.85 -0.002 0.087 0.088 0.948 -0.003 0.114 0.113 0.944 -0.002 0.087 0.089 0.950
0.99 -0.003 0.083 0.084 0.949 -0.002 0.114 0.113 0.945 -0.003 0.084 0.084 0.950

Functional 4

100
0.85 -0.004 0.132 0.130 0.949 0.001 0.157 0.159 0.953 -0.006 0.134 0.133 0.949
0.99 -0.004 0.124 0.122 0.946 0.001 0.159 0.159 0.949 -0.005 0.125 0.125 0.954

200
0.85 -0.003 0.086 0.087 0.946 -0.002 0.114 0.111 0.936 -0.003 0.087 0.087 0.946
0.99 -0.004 0.084 0.083 0.943 -0.002 0.114 0.111 0.937 -0.004 0.084 0.083 0.944

Functional 5

100
0.85 -0.011 0.226 0.217 0.942 0.009 0.389 0.392 0.961 -0.013 0.226 0.218 0.945
0.99 -0.005 0.159 0.157 0.946 0.009 0.393 0.392 0.957 -0.006 0.159 0.157 0.944

200
0.85 -0.000 0.129 0.129 0.950 -0.004 0.277 0.274 0.947 -0.000 0.129 0.129 0.953
0.99 -0.003 0.104 0.105 0.950 -0.004 0.278 0.274 0.946 -0.003 0.104 0.106 0.950
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Table B.3: Simulation results of the estimation of β2 in the model Yi = β1z1i + β2z2i + L{Xi(·)}+ εi based on 1000 generated data
sets. True β2 = 1.

Definitions: NFRM, nonlinear functional regression model; FLM, functional linear model; FQRM, functional quadratic regression
model; FVE, functional variation; RMSE, root mean squared error; SE, standard error

NFRM FQRM FLM
n FVE Bias RMSE SE Coverage(%) Bias RMSE SE Coverage(%) Bias RMSE SE Coverage(%)

Functional 1

100
0.85 -0.004 0.273 0.259 0.937 -0.005 0.263 0.249 0.940 -0.003 0.281 0.265 0.938
0.99 -0.006 0.255 0.239 0.933 -0.006 0.239 0.227 0.937 -0.005 0.266 0.247 0.930

200
0.85 -0.006 0.176 0.171 0.949 -0.005 0.170 0.166 0.948 -0.006 0.178 0.172 0.950
0.99 -0.006 0.169 0.163 0.948 -0.005 0.162 0.158 0.948 -0.006 0.170 0.164 0.952

Functional 2

100
0.85 -0.003 0.408 0.377 0.940 0.007 0.668 0.644 0.941 -0.003 0.414 0.381 0.936
0.99 0.002 0.319 0.295 0.929 0.006 0.670 0.646 0.934 0.002 0.322 0.296 0.932

200
0.85 0.002 0.247 0.232 0.953 0.016 0.461 0.453 0.944 0.003 0.247 0.232 0.953
0.99 -0.001 0.199 0.199 0.951 0.015 0.461 0.453 0.941 -0.001 0.199 0.198 0.948

Functional 3

100
0.85 0.010 0.301 0.281 0.935 0.005 0.348 0.341 0.944 0.013 0.307 0.287 0.927
0.99 0.004 0.285 0.262 0.936 0.002 0.348 0.342 0.942 0.004 0.288 0.267 0.932

200
0.85 -0.003 0.188 0.186 0.947 -0.005 0.235 0.237 0.950 -0.003 0.189 0.187 0.945
0.99 -0.006 0.178 0.176 0.945 -0.005 0.235 0.238 0.951 -0.007 0.180 0.177 0.944

Functional 4

100
0.85 0.007 0.291 0.274 0.924 0.003 0.343 0.334 0.940 0.008 0.297 0.279 0.930
0.99 0.001 0.276 0.256 0.926 0.001 0.343 0.335 0.941 -0.001 0.282 0.262 0.933

200
0.85 -0.005 0.188 0.181 0.944 -0.010 0.239 0.232 0.943 -0.004 0.188 0.182 0.943
0.99 -0.007 0.181 0.173 0.937 -0.011 0.239 0.232 0.944 -0.007 0.181 0.174 0.933

Functional 5

100
0.85 0.020 0.466 0.454 0.936 0.018 0.805 0.824 0.958 0.020 0.472 0.456 0.934
0.99 -0.002 0.353 0.329 0.922 0.013 0.805 0.825 0.960 -0.003 0.355 0.330 0.920

200
0.85 -0.006 0.284 0.271 0.941 -0.031 0.602 0.576 0.934 -0.006 0.284 0.271 0.940
0.99 -0.007 0.232 0.221 0.932 -0.032 0.601 0.576 0.934 -0.007 0.232 0.221 0.933
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B.1.2 Testing Results

Table B.4: Simulation results to evaluate Type I Error Rate based on 1,000,000 generated data
sets and n = 200. Values are displayed in percentages.

Type I Error NFRM FLM

n =200

5× (10−2) 5.1 5.2
1× (10−2) 1.1 1.1
5× (10−3) 5.8 5.4
1× (10−3) 1.4 1.1
5× (10−4) 7.7 5.6
1× (10−4) 1.8 1.3

(a) Sample Size = 100 (b) Sample Size = 200

Figure B.1: Simulation results of the rejection probability as a function of b for functional 3.
The left and right panel shows the results for n = 100 and n = 200, respectively.
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(a) Sample Size = 100 (b) Sample Size = 200

Figure B.2: Simulation results of the rejection probability as a function of b for functional 4.
The left and right panel shows the results for n = 100 and n = 200, respectively.

(a) Sample Size = 100 (b) Sample Size = 200

Figure B.3: Simulation results of the rejection probability as a function of b for functional 5.
The left and right panel shows the results for n = 100 and n = 200, respectively.
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(a) Sample Size = 100 (b) Sample Size = 200

Figure B.4: Simulation results of the rejection probability as a function of b for the quadratic
functional. The left and right panel shows the results for n = 100 and n = 200, respectively.
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B.2 Data Analysis Results
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Figure B.5: Serial correlation in the copy number profile of the chromosome 1 p-arm for a
second random sample.
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Figure B.6: Ordered estimated copy number profile effect (along with pointwise 95% confidence
bands) by subject for window 175 of chromosome 1 p-arm.
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Table B.5: Significant genomic locations related to B2M identified using NFRM and FLM.
The reference for the genomic locations is Human genome build hg18.

Chromosome Start End Predicted By

1 97823290 100099870 NFRM
3 89509246 90391757 NFRM
4 78039006 83941746 NFRM
4 88325567 94816389 NFRM
14 60326236 61895272 NFRM
1 19233342 20305757 FLM
1 14237369 157747420 FLM
1 15849160 162845350 FLM
1 16451612 194825560 FLM
1 19694553 199626870 FLM
1 20046867 201327430 FLM
1 20822932 214439910 FLM
1 21815588 219308770 FLM
1 22128829 226997220 FLM
1 22905672 229977540 FLM
1 24445878 245785230 FLM
2 16593000 166859220 FLM
2 20165777 202446160 FLM
2 20296970 203920420 FLM
2 23147497 232830660 FLM
4 76740441 77543461 FLM
4 78039006 83941746 FLM
4 88325567 94816389 FLM
4 10110103 102680240 FLM
4 10438888 106300820 FLM
4 10896645 110102640 FLM
4 19102782 191173880 FLM
14 44424842 45975216 FLM
14 60326236 61250997 FLM
21 26311881 27514879 FLM
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Appendix C

GNFRM: Additional Results

C.1 Simulation Results

Table C.1: Simulation results for type I error based on 1,000 generated datasets and n = 200.
Standard errors for each estimate < 0.001.

Type I Error Rate GNFRM G GNFRM Q GNFRM CK GFLRM

0.01 0.011 0.009 0.013 0.014
0.05 0.030 0.039 0.048 0.052
0.10 0.060 0.090 0.089 0.091

Definitions: GNFRM G, GNFRM with Gaussian kernel; GNFRM Q, GNFRM with quadratic
kernel; GNFRM CK, GNFRM with composite kernel
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(b) Functional 2
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Figure C.1: This figure displays the Type I Error and power for each functional at FVE = 0.99
and n = 200. Here the composite kernel is included in the analysis. The solid line represents GN-
FRM with the Gaussian kernel; the dotted-dashed line represents GNFRM with the quadratic
kernel; the dashed line represents GNFRM with a composite kernel; the dotted line represents
the WALD test for the FLM.
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C.2 Data Analysis Results

Human Karyogram with Significant Locations
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Figure C.2: Test results for the MM application. The figure is a karyogram that depicts the
test results for GNFRM across the genome using a Bonferroni correction for multiple tests. Red
regions to the left of each chromosome were identified by GNFRM.
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Appendix D

FNCPH: Additional Results

D.1 Simulation Results

Table D.1: Empirical size of the tests for main effects at n = 300 at multiple type I error rates
when censoring is moderate (25%) and high (50%). Testing was performed using (1) FNCPH
with a linear kernel (Qlin), (2) FNCPH with a quadratic kernel, (Qquad), and (3) naive linear
approach (LRTL). The results are based on 50, 000 generated datasets.

Censoring Type I Error Rate Qlin Qquad LRTL

25%

0.05 0.0565 0.0449 0.0746
0.01 0.0109 0.0069 0.0178
0.005 0.0054 0.0029 0.0096
0.001 0.0011 0.0004 0.0021

50%

0.05 0.0536 0.0496 0.0687
0.01 0.0102 0.0087 0.0149
0.005 0.0051 0.0041 0.0081
0.001 0.0010 0.00077 0.0018
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Table D.2: Empirical size of the tests for interaction effects at n = 300 at multiple type I
error rates when censoring is moderate (25%) and high (50%). Testing was performed using (1)
FNCPH with a linear kernel (Qlin), (2) FNCPH with a quadratic kernel, (Qquad), and (3) naive
linear approach (LRTL). The results are based on 50, 000 generated datasets.

Censoring Type I Error Rate Qlin Qquad LRTL

25%

0.05 0.0408 0.0360 0.1206
0.01 0.0098 0.0073 0.0362
0.005 0.0054 0.0035 0.0214
0.001 0.0010 0.0007 0.0066

50%

0.05 0.0318 0.0257 0.1111
0.01 0.0069 0.0043 0.0323
0.005 0.0032 0.0018 0.0194
0.001 0.0007 0.0004 0.0053
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Figure D.1: Empirical power for main effects model at n = 300. The dashed line corresponds
to FNCPH model with a quadratic kernel. The solid line corresponds to a FNCPH with a linear
kernel.
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(d)

Figure D.2: Empirical power for interaction effects model at n = 200. The dashed line corre-
sponds to FNCPH model with a quadratic kernel. The solid line corresponds to a FNCPH with
a linear kernel.
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D.2 Data Analysis Results
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(d)

Figure D.3: Copy number intensities over two genes in the GBM pathway. The left panels
display the copy number intensities measured in each patient’s normal tissue sample. The right
panels display the copy number intensities measured in each patient’s diseased tissue sample.
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(d)

Figure D.4: Copy number intensities over two genes in the GBM pathway. The left panels
display the copy number intensities measured in each patient’s normal tissue sample. The right
panels display the copy number intensities measured in each patient’s diseased tissue sample.
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(d)

Figure D.5: Copy number intensities over two genes in the GBM pathway. The left panels
display the copy number intensities measured in each patient’s normal tissue sample. The right
panels display the copy number intensities measured in each patient’s diseased tissue sample.
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