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The analysis of variance of a BIB design using either of the con-
ventional linear models E(Y) = uin + D't + L', Var(Y) = 021 or
E(Y) = “j-n + D't, Var(Y) = 021 + olzL‘L does not take into account cer—
tain structural properties of the design, such as the autamorphism
group. We assume here that the covariance matrix V of Y is invariant '
under the action of the group of permutation matrices which permute the
flags, the treatment-block pairs, under the action of the group of auto-
morphisms G. Thus V = 'Zt civi’ where t is the dimension and Vi’
i=1,2, .., t, is a E.nlear basis of the conmutant algebra corres-
ponding to the permutation representation of G.

For the desarguesian finite projective plane PG(2, 2) and the
desarguesian finite affine plane EG(2, 3), the decompositions into
direct sums of irreducible representations of the permutation repre-
sentations of the full collineation groups PC(2, 2) and EC(2, 3) have
been determmined. The dimensions and the components of the covariance
matrices V of designs derived from such prlanes are thus determined.

Using group theoretic and cambinational results, if the flags are
the incident point-line pairs, the dimensions of the commutant algebras
for the desarqguesian finite projective plane PG(2, s) and the des-
arguesian finite affine plane EG(2, s) are found to be six and seven,
respectively, for every prime p and every integer r, s = pr. If the
flags are taken to be the incident point-hyperplane pairs, the dimen-

sions of the cammutant algebras for the finite projective geametry



PG(k, s), k 2 3 and the finite affine geametry EG(k, s), k =z 3 are seven
and eight, respectively. A linear basis for each case has also been
derived.

Estimation is considered when the covariance matrices belongs to
one of four relationship algebras R6, R7, P7 or P8’ algebras having
ixasis matrices which reflect relationships between the flags. For the
fixed effects model, the best linear unbiased estimator of E(Y) is equal
to the simple least squares estimator of E(Y); variance camponent esti-
mation is also examined. For the random blocks model, the estimable
camponents of variance are determined along with the difference between

the b.l.u.e. and the l.s.e. of E(Y).
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I. INTRODUCTION

An incidence structure (see, for instance, Dembowski (1968)) is
defined to be a triple S = (P, B, I) where P, B and I are sets such that
PnB=@gand I c P x B, Theeléments of P, B and 1 are called points,
blocks and flags respectively. A flag will be denoted by an ordered pair
(p, B) which indicates that the point p is incident with the block B. We
ghall also only cansider finite incidence structures, i.e., the case when
P, B and T are finite sets,

A tactical configuration is an incidence structure with an equal
number of points on each block and an equal number of blocks through
every point. Such a tactical configuration is called a balanced incom-
plete block design (BIB design) if every pair of points is incident with
an equal number of blocks, say A (>0). This results in a design in
which v = |P| treatments are arranged in b = |B| blocks, such that each
block contains k different treatments, each treatment occurs in r blocks
and every pair of different treatments occurs together in A blocks (see,
for example, Hall (1967)). The results of an experiment based on such
a BIB design with parameters v, b, r, k, A may be written as the vector
of observations Y = (Yl, Y2, ceny Yn) ' where n = bk = vr is the number
of experimental units.

When the treatments and blocks are fixed, the linear model E(Y) =
p_j_n +D't + L'B, var (Y) = _OZIn is commonly used by statisticians in the

analysis of variance. Here T designates the vector of treatment



parameters, ﬁ_the vector of block parameters and p a constant.
jn is a vector of nones, D = (Qiiu)) is a vxn matrix such that
diu = 1 if the ot experimental unit (flag) receives (contains) treat-

ment i (point i); otherwise, d.

ia = 0. L= ((lju)) is a bxn matrix such

that 1, = 1 if the o™ experimental unit (flag) is found in block j;
otherwise, lju = 0. In the case of rand&xzn block effects, the linear
model E(Y) = “j-n +D't, var (Y) = 02 + 0y L'L is caomonly used. Such
linear models, however, do not discriminate between two BIB designs with
the same numerical values for the parameters v, b, r, k, X but with dif-
ferent structural properties., Combinatiocnal mathematicians have studied
the differences in structure of these BIB designs by examlnlng the groups
of automorphisms (groups of symmetries) of such designs, however statis-—
ticians have hardly considered these groups in the construction of ap-
propriate models and in the analysis of observations.

An automorphism of an incidence structure is a one-to—one map ¢
of points onto points and blocks onto blocks such that ¢P = P, ¢B = B
and incidences are preserved. Thus, for our block design D with treat-
ments {ti} and blocks {B_.‘}, an automorphism of the design is a one-te-
one map ¢ such that (ti’ Bj) is a flag (¢ I) if and only'if (q>ti, chj)
is a flag (e I). The set of all such automorphisms of an incidence
structure (or a design) form a finite group, a group being a set of ele-
- ments G = {a, b, ¢, ...} having a binary operation called a product

such that

(1) The set G is closed under the binary operation.
(ii) The elements of G are associative.
(iii) The set G has an identity element e.

(iv) Each element a in G has a unique inverse a-l.




Such an automorphism group of a design can be represented by a group
of permutations of the flags in the design. In fact, if G is the group
of autamorphisms of a design, each g ¢ G may be represented as a permu-
tation matrix P(g) reflecting the permutation of the flags under g.

In general, structurally different BIB designs with identical
parameters v, b, r, k, A have different automorphism groups. We will
thus use these autamorphism groups to modify our usual linear model. We
assume the distribution of Y = (Yl, Yor eens Yn)' is such that its co-
variance matrix Var(Y) = I is invariant under the action of the permu-
tation matrices representing the group of autamorphisms, i.e., Og (i)g(j)=
Oij for i, j =1, 2, ..., n. This implies P(g)Z = IP(g) for all g in
G, that is, I belongs to the commutant algebra of the group of matrices

permuting the flags of the design. Thus, if t is the dimension and Vl’

Vor eeer Vi is a linear basis of this algebra,

r = Clvl + c2V2 + .0 + ctVt'

It is of interest to determine the cammtant algebra for a given design
and then to use the knowledge that I belongs to the camutant algebra in
the analysis of the experiment,

The first three chapters in this dissertation are introductory
in nature; they provide motivation, preliminary formulations and a his-
torical framework for these problems. In Chapter IV, for the designs
based aon the desarguesian finite projective plane PG(2,2) and the
desarguesian finite affine plane BG(2,3), the matrix representations
{P(9) } of the automorphism groups of the designs are decamposed into
direct sums of irreducible representations. The simple components of

the corresponding camutant algebras are then derived.



In Chapter V, we consider designs based on desarguesian finite
projective planes PG(2, pr) and desarguesian finite affine planes
EG(2, pr) . Using a theorem of Schur and a counting argument, the dimen-
sions of the corresponding commutant algebras are found to be six and
seven, respectively. For designs based on the projective geametries
PG(k, pY), k = 3, and affine geametries EG(k, p-), k > 3, if the (k-1)-
dimensional spaces in the geametries are taken to be blocks of the de-
signs, the corresponding cammtant algebras will have dimensions seven
and eight, respectively. Appropriate bases for all these commutant al-
gebras are indicated.

In Chapter VI, we consider the effect aon the analysis of a BIB
design if we assume the covariance matrix belongs to one of four pos—
sible algebras. We wish to estimate the variance components and to
determine estimates of the treatment contrasts; both the fixed effects

case and the random blocks situation are considered.



II. REVIEW OF LITERATURE

The occurrence and importance of symmetry in nature has often
been considered. H. Weyl (1952), for example, studied the forms of
symmetry and was led to the concept of invariance of spatial config—
urations under automorphic transformations. Upon encountering a
"structure-endowed entity I," Weyl encourages an examination of the
group of autamorphisms of the entity in order to gain insight into its
structure. It is only natural then to examine the structure of our BIB
design by examining its group of autamorphisms.

We will represent the group of automorphisms of a design in terms
of permutation matrices reflecting the permutation of the flags in the
design, and as mentioned earlier, we will be concerned with the com-
mutant algebra of these permutation matrices. The relationship algebra
of the BIB design, introduced by A. T. James (1957), is inherently use-
ful. This algebra is generated by four nxn matrices based on symmetric
relations between the experimental units: I, the nxn identity matrix;
G, the nxn matrix of ones; B = ((bij)), bij = 1 if the experimental
units i and j are in the same block, bij = 0 otherwise; and T = ((tij)),
tij = 1 if the experimental units i and j share a treatment, tij =0
otherwise. James stated that these four matrices will generate a non-
camutative seven-dimensional associative algebra R7 with basis matrices
I, G, B, T, BT, TB and BTB. Since this algebra is generated by sym-

metric relations, it will be isamorphic to the direct sum of three one-



dimensional and cne 2x2 complete matrix algebra. (Such algebraic no-
tions will be discussed in Section 3.1 of Chapter III.) Mann (1960)
later determined that if the design is symmetric , i.e., b = v, then
BTB = (r-A)B + AG and the (semi-simple) algebra R6 determined by the
relationship matrices will be six-dimensional and non-camutative. In
fact, the relationship algebra will be seven-dimensional if and only if
the design is asymmetric, i.e., b>v. (It is known for a BIB design that

bzv,) Table 1 contains a multiplication table of the basis matrices of

R..
TABLE 1
T G B T BT B BTB
G nG G G KrG KrG k%G
B kG | kB BT KBT BTB KBTB
T e ™ T G + rTB AKG +
(r-\)T (r-\) TB
BT kxrG BTB rBT AkG + rBTB >\sz +
(r-)\) BT (x—=)\) BTB
™ | krG | kTB | A\G + (r-M)T | AkG + \KG + A2 +
(r-)\) kT (r-\)TB (r-)\) kTB
2 2 2 3
BTB kTrG kBTB AkG + AKTG + Ak°G + AkTG +
(r-)) BT {(r-\) kBT (r-)\)BTB k (r-)\) BTB

James pointed out that important properties of the experimental
design are indicated by examining the decamposition of the semi-simple
algebra R7 into the direct sum of complete matrix algebras. Equivalently,
the algebra will decampose into a direct sum of minimum two-sided ideals,

each with a corresponding principal idempotent. The sums of squares in



the usual analysis of variance are quadratic forms of these idempotents.
Mann also considered the decomposition of R6 and R7 into camplete

matrix algebras, using the fact that the relationship algebra is just
the algebra generated by D'D, L'L and I, where D' and L' are the matrices
found in the linear model,

These relationship algebras will also be of value in a different
sense: the four generating matrices are invariant under the action of
the automorphism group of the BIB design, i.e., P(9)IP(g)' = I,
P(g)GP(g)' = G, P(g)BP(g)' = B and P(g)TP(g)' = T for all g in G, the
automorphism group. Each of the generating matrices thus belongs to
the commutant algebra of the group of matrices permuting the flags of
the design. Hence, the relationship algebra for the design will be a
subalgebra of this commutant algebra. In fact, James states, "For
certain designs, the relationship algebra is the cammtator (commutant)
algebra of the representation of a group expressing the symmetry of the
experimental design. Such will be the subject of a further paper."
James, however, published no further work on this particular subject.

Our present work is in the spirit of Hannan (1965) and Mclaren
(1963) . Hannan considered the structures of the commutant algebras of
given group representations, in particular, the four-dimensional al-
gebra of the randamized block design (generated by the matrices I, G,

B and T) which coincides with the commutant algebra of the "repre-
sentation of the group of symmetries." He also indicated that the pairs
of flags can be divided into equivalence classes, where two flag pairs
(s, t) and (s', t') are in the same class if there is a g in the group

of automorphisms G such that gs = s' and gt = t'. If xl(s, t) is 1



when (s, t) belongs to the ith equivalence class and 0 otherwise, then
for any & = ((ost)) in the cammutant algebra of a design,

i ,
Oy = ) a;X (s, t), l.e., o
(s', t') are in the same equivalence class. With the aid of repre-

= Ogrgr if the flag pairs (s, t) and

sentation theory, McLaren also considered the algebra of matrices cam-
muting with a matrix group representation. He studied the decamposition
of the representation into a direct sum of irreducible representations
and used this to determine the structure of a matrix in the cammutant
algebra and conditions under which the matrix may be real and symmetric.
In a series of papers, Dubenko, Sysoev and Shaikin (1976, I, II),
Sysoev and Shaikin (1976, I, II, III) and Sysoev (1977) also examined
the structure of the cammutant algebra for several designs by using
groups of permutations based on "symmetry properties." For a BIB design,
the gymmetry group is defined to be the set of all g such that
bij = bg(i)g(j) and tij = tg(i)g(j) for all experimental unit pairs (flag
pairs). Sysoev and Shaikin (1976, II) showed that in both the asymmetric
and symmetric cases, the relationship algebra may coincide with the
commutant algebra only if A = 1. In fact, they state, without proof,
"For symmetric schemes PG(m, q) the R-equivalence classes coincide with
equivalence classes in the sense (23), i.e., the extended relationship
algebra P7 is a camutator algebra. In the special case of block-
schemes PG(2, q) for which A = 1, the commutator algebra coincides with
the relationship algebra R6. The relationship algebra R7 is the com~
mutator algebra in the case of asymmetric block-schemes with A = 1,
generated by the finite Euclidean geometries EG(2, q)." For the case

X > 1, they also extended RG by the addition of the matrix S = ((sij))




where'sij = 1 if (BT) i3 = (TB) i3 =1, 0 otherwise. S is invariant
under the action of the automorphism group of the BIB design since BT
and TB are invariant. It is also linearly independent of the matrices
in the relationship algebra if and only if A > 1.

Sysoev (1977) showed that in the asymmetric case for A > 1, R7
ocould be extended by the addition of S. The linear space of the
matrices may not necessarily constitute an algebra; if it does, however,
it will be a subalgebra of the cammitant algebra containing the appro-
priate relationship algebra. Sysoev found that certain designs exist
in which the linear space is an algebra; these designs are characterized

by the following block intersection properties:

(i) Each pair of different-; blocks share either § or 0 treat-
ments (true for all symmetric designs).
(i) Each triple of blocks share either §, v or 0 treatments
(0 v <§).
(iii) If any two distinct blocks share § treatments, then p
blocks in the design share those § treatments.
(iv) For any pair of treatments o, B and any pair of blocks Bi ’
Bj suchthatoceBi, a{Bj, Bij, BdBiandBinBj#ﬂ,
there are o blocks which share the treatments o and B and
which share v treatments with B, n Bj‘
For the designs based on the finite projective geametries PG(k, s),
k 2 3, and the finite affine geametries EG(k, s), k 2 3, the addition of S

to the appropriate relationship algebra results in an algebra.



Following the lead of James, Sysoev and Shaikin (1976, I, II)
and Syscev (1977) develop idempotent base matrices for the algebras
R6 and R7 and the extended relationship algebras P7 and P8. For ex-
ample, in the case of R7 , the base matrices are

¢+1

_TB__
By==x "Bk © BE=r "k ©
(2.1) E,=BIB __ ¢+l E;=T_G_
K(r=%) bk r bk
G _ . _B _ ¢+l BT + TB _ BIB
By =5k B =l g~ T3 T ki)
g =2_BB _,9% ¢ ¢+1=]§_r__
6 kX k(@-N bk r=x

A multiplication table for these matrices is found in Table 2. Base
matrices for R6 may also be derived fram (2.1) by setting E6 = 0 and

BTB = (r - A)B + AG.

TABLE 2

EO El E2 E3 E4 E5 E6
E0 E0 (¢+1) E2 E2 EO 0 0 0
Ey (¢+1)E;  E; E, Eq 0 0 0
E2 E0 E2 E2 EI—O- 0 0 0

o+l
E3 E3 El i E3 0 0 0
o+l

E 4 0 0 0 0 E 4 0 0
E5 0 0 0 0 0 E5 0
E6 0 0 0 0 0 0 E6

10



’ In addition, the authors give necessary and sufficient conditions for
matrices in the four algebras to be non-singular, positive definite
symmetric and non-negative definite symmetric. For example, in the
case of R7, necessary and sufficient conditions for the matrix

V= 26 c.E, to be symetric positive definite are:
i=0

2
CyCy = (q[>+l)cl >0

For R6' the above conditions hold except for the condition on © 6 since
E6 is now 0.
It is of interest to note here that in the sums of squares in
. . 1 ‘ 1 o+1 .

. the usual analysis of variance, $(E0+El) +3 E, + =+ E, is the
idempotent for the treatments (eliminating blocks) camponent, E2 is the
idempotent for the treatments part of the blocks (ignoring treatments)
camponent, E 4 is the idempotent for the grand mean, ES is the idempotent
for the intra-block error and Ec is the idempotent for the remainder
part of the blocks (ignoring treatment) component. We see this to be
true by first considering the dbservation vector Y = (Yl, Yor eeer ¥, n) '
and defining

_ .th .

=1 treatment total; l=1, seeey V

5™ plock total; 5 =1, ..., b

o o
]

sum of block totals in which the ith treatment

H
I

occurs; i=1, ..., v
(as in Scheffe (1959)). Note that BY is an n-dimensional vector such

. that Yj is replaced by hj » TY is an n-dimensional vector such that Yi



is replaced by 95 and TBY is a vector such that Yi is replaced by

T.. Thus
1
yoy = ? v, 2
-_—— . 1
=1
2
- 1)
i=1
vy =Yg
1=
yey = 17 n?
=1
Y'BTY = Y'TBY = )’ g.T
- =T = e, iti
i=1
y'BIBY = JV T2
= - . i
i=1
Therefore,
1 1 ¢ +1
' - w—
Y [ ¢(E0+El)+$E2+ 3 E3}_§_{_
_l, (_ Br B BIB KT
=71 [ T r—)\+k(r—)\)+r-7\}z
1 kv 2 2 v 1 v, 2
) ( r - X i£1=gi T-x i=2=1 9% Y KT - 121 T

_k v LT 2 _
=5 L. (9 lei) = 5S¢r.el.bl.

2
1 v.,2 ¢+1 n
' = -
L ) izl T3 n {iZl Yi]

12



13

-
i=]
Y'EY = lgl‘ y2-1 j; hj2 _ ¢¢: 1 rz_\lz 2 WE-—XT lg‘i g,T,
- WE=T izn m? = izn v? - Tt‘jj h® - SSe o1p
= Sserror

2
l b, 2 1 v 2 ¢ n
Y'EY =~ h.” - T.7 + =~ Y.
- 6= k z k(r - X} izl i n [i=1 lJ .

We now concern ourselves with the analysis of balanced incamplete
block designs; Scheffe (1959), Cochran and Cox (1950) and Kempthorne
(1952) are standard references for the traditional analysis. Appendix A
contains a short discussion of the estimation of treatment contrasts and
the analysis of variance for these designs. For this discussion, either
a normal fixed effects model E(Y) = wj +D'T +L'B, Var(y) = gzln or a
nomal random block model E(Y) = uj_ + D't, Var(y) = o°I + o, °L'L is
assumed. In this dissertation, however, we are assuming that the co-
variance matrix has a special linear structure. Consequently, we now
cancern ourselves with estimation of the variance-covariance campconents
and estimation of the treatment parameters under the assumption of our
new model.

Regarding the estimation of our treatment, and perhaps block

parameters, it is of interest to determine when the best linear unbiased
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estimator (b.l.u.e.) of a parametric function is identical to that ac-
quired under the standard analysis. We thus want to find if a b.l.u.e.
of the linearly estimable parametric function .zupiei can be found
through a solution of the normal equations, th;—;olution not depending
on the covariance structure. Many have dealt with such parametric es-
timation, among them Kruskal (1968), Watson (1972), Mitra and Moore
(1973), Mitra and Thoxrne (1976) and Zyskind (1975). The efficiency of
the simple least squares estimator with respect to the best linear
unbiased estimator has also been discussed by Watson (1967) and
Baksalary and Kala (1980). (The simple least squares estimates are
those which are determined under the assumption Var(Y) = 021; if

E(Y) = X0, the simple least squares estimate of 0 is derived fram a
solution of the normal equation (X'X)0 = X'Y., If Var(¥) is a non-
singular matrix V, the b.l.u.e. of 0 is derived fram the nomal equa-
tion (X'V'1xe = x'v'l_Y_.)

Research has also been plentiful in the field of estimation of
covariance matrices which are linear cambinations of given symmetric ma-
trices. Many authors have dealt with unbiased estimation of functions
of the parameters in a covariance matrix, functions .Zt vic, where

i=1
V=CV, +CV, + ... + ctVt is the appropriate covariance matrix .

1’1 2°2
Seely (1969, 1971) in particular wrote much on the unbiased and minimum
variance unbiased estimation of a function .Zt v,¢; using quadratic
(Y'AY) or linear plus quadratic (@'Y + Y' Ay_)Fe:aLstimators. Pukelsheim
(1976) and Pukelsheim and Styan (1978) studied variance camponent co-
efficients by determining a derived linear model where the variance

camponent coefficients camprise the mean vector of the derived model.
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Rao (1973) considéred variance components by examining MINQUE estimators,
minimum norm invariant quadratic unbiased estimators. Gnot, Klonecki
and ZmySlomy (1977), Kleff€ (1977) and Drygas (1977) also dealt with
estimation of the variance camponents; several classes of estimators

were examined by them.

In particular, Sysoev and Shaikin (1976, IIT) found sufficient
statistics for the coefficients of a covariance matrix under the assump—
tion that Y is normally distributed with mean 0 and covariance matrix
belonging to one of the three algebras R., R7 or P7. For example, if
the covariance matrix V is in R7, i.e., V= izg cE; and the set
{Z-Ll ru=1, 2, ..., N} represents the repeated sample vectors, unbiased

estimators of CO' cl, s ey c6 are

P - ¢+ 1 o + 2 _ _ N '
% =% T'—tr“m Eq + By - By E3] _Z_lY_UXU]

¢~ (v-1) U=

_ ¢ +1 [ N
8, = —f——tr |[|~(E, + E.) + (¢ + 1)E +E} Yvy!
2 ¢2 (v=1) [ 0 1 2 3 p=1 THH ]

A _ O+ 1 - N '
(2.2) c3—¢ = tr [[ (E0+El) +E, + (¢+1)E3] Z Xuz-u

o
|

_ N . A 1 N '
1= [E4 u__g_l L4 J r O = BT {Eo U__z_l L5 ]

kr

1 N
6 b_———vtr{E6u£lZUX1J']'(¢+l)—r-)‘.

il

&

(Minor modifications are necessary for covariance matrices in either

R_ or P7.) Syscev (1977) also considered the case where the covariance

6
matrix is in the algebra PS'



III. PRELIMINARY FORMULATIONS

3.1 General Notation, Definitions and Properties

We shall be using terminology and properties fram several mathe-
matical fields, among them linear algebra and group theory. We assume
a basic knowledge of the theory of linear spaces (vector spaces); we
present here only the notation we use and simple definitions (see, for
example, Halmos (1958)). If U and V are subspaces in a vector space
W, then U+ V is the set {u+v s ue U, v e V}; if U and V are dis-
joint, i.e., U n V = {0}, we write the direct sum U & V instead of
U+ V., For a subset U of a vector space, the span of U, written sp U,
is the set of all finite linear cambinations of elements in U, We
shall define an inner product space to be a vector space W with a
numerically valued function of the ordered pair of wvectors, denoted

the inner product <x, y>, such that

(i) <§, z} = <z’ -}_{_>
(ii) <ozt + BEQ' y> = o <X,, y> + B <x,, y>

(iii) <x, x> > 0 if x # 0,

For a subspace U of a vector space W, the set U* denotes the set of all
vectors v € W such that <u, v> = 0 for all u ¢ U, i.e., ut is the

orthogonal complement of the subspace U.
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Now let A be a linear operator an a vector space U into V. The
range of A, the set Al = {A_L_l_ T U« U}, is denoted R(A); the null space
of A, the set {u e U : Au = 0}, is denoted N(A). The rank of A, indi-
cated by p(a), is the dimension of R(A); the nullity of A, denoted
v(A), is the dimension of N(A). For two square matrices A and B of
degrees m and n, respectively, we define the Kronecker product (tensor
or d'ifect product) of A and B to be the mnxmn matrix A ® B = ((aijB) ).

We shall also denote the direet sum of the matrices Al’ A2’ ooy An as
A= diag (A;, By, +ees A) =i§ll @A =A ©A, @ ... ®A. A will de-
note the transpose of a matrix; N will indicate the inverse.

For the statistician who does not have a ready knowledge of mathe-
matical structure theory, we introduce several definitions for terms used
throughout this dissertation (see Gleeson and McGilchrist (1978) or
Van der Waerden (1970)). A ring A is a non-empty set R equipped with two

binary operations (addition and multiplication) such that:

(1) R is an abelian (cammutative) group under addition with
a unit (zero) element.

(ii) R is associative with respect to the operation of multi-
plication,

(1ii) The distributive laws of multiplication hold.

A division ring (skew ffeld) is a ring with a multiplicative identity 1
and a multiplicative inverse for every non-zero element., A field is a
division ring in which multiplication is cammtative. A field which
contains a root for every equation Z aixi = 0 with coefficients in that

i=0
field is said to be algebraically closed; clearly the camplex numbers C
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have this property, while the real numbers R do not. An glgebra M is
" a ring which is also a finite-dimensional vector space over a field F
and which satisfies the condition that a(uv) = u(ov) = (ou)v for all
o€ F, uand v e M. A complete matriz algebra is the full algebra of
matrices of a given dimension.

We have already mentioned ideals and their corresponding idem—
potents., We now define a right (left) ideal to be a non-empty subset

A of a ring R such that

(i) A is an additive subgroup of R.

(ii) For every r e Rand a ¢ A, then ar ¢ A (ra € A).

A two-sided tdeal is a right ideal which is also a left ideal. A right
(left, two-sided) ideal is minimal if there is no right (left, two-
sided) ideal B in R such that {0} < B ¢ A, The ideal is nilpotent if
A" = {0} for some integer n. The descending chain condition of right
ideals holds for R if every strictly decreasing sequence of right ideals
Al > A2 > ... has only a finite number of right ideals. A semi-simple
ring is a ring in which the descending chain condition for right ideals
holds and in which there are no non-zero nilpotent right ideals. We do
know that a semi-simple ring is isamorphic to a direct sum of camplete
matrix rings (Wedderburn-Artin Theorem). Fram Theorem 4.6 in Gleeson
and McGilchrist (1978), the ring generated by a finite set of nxn sym-
metric matrices is semi-simple if one of the generating matrices is

I. Therefore, each of our relationship algebras and extended relation-
ship algebras is isamorphic to a direct sum of camplete matrix rings.

The principal idempotents are the identity elements of the ideals.
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We now move to a few group theoretic notions (see Hall (1959) or .
Carmichael (1937)). We have previously mentioned permutations; we now
formally state that a permutation is a one-to-one mapping of a set X
onto itself. Of course, in this dissertation, we are concerned only
with a finite set X. We shall use cyclic notation to indicate these

permutations, e.g., for the mapping

we write (34). (We will amit cycles of length one.) A permutation

group is a group whose elements are permutations of a finite set X; the

group has degree n if X has n symbols. Such a permutation group G is

transitive if for every pair X, and xj in X, there exists a g ¢ G

such that g%, = xj; if the group is intransitive, it will divide X into '
transitive sets (orbits). The group G is k-ply transitive if any

ordered set of k different symbols of X is taken into an arbitrary .
ordered set of k different symbols of X by some g in G. Two elements

95 and g:.I of G are conjugate if there exists a g ¢ G such that

g; = ggjg—l; this defines an equivalence relation on G for which the

equivalence classes are called conjugacy classes. Finally, we let GX

denote the set of all elements in G which fix the element x, i.e.,

6, = {g € G: gx=2x} Such a set is a subgroup of the group G, called

the stabilizer of the element x ({sotropy group at x). For a transi-

tive group G, the order or size of GX is the order of G divided by its

degree. -
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A theorem from Schur (1933) is particularly useful in our work.
We quote from Wielandt (1964, p. 80):
Theorem 3,1 (Theorem 28.4) If a transitive permutation. group G is
regarded as a matrix group G*, then the matrices which cammute with
all the matrices of G* form a ring V = V(G). We call V the centralizer
ring corresponding to G. V is a vector space over the camplex number
field which has the matrices B(A) corresponding to the orbits A of Gl
as a linear basis. In particular, the dimension of V coincides with
the number k of orbits of Gl'
The matrix B(A) = ((vijAn, i, 3 =1, 2, ..., n associated with the or-
bit A is defined as:

v A=li1‘:'thereexistsgeGl,(SeAsuchthatgl=j,ch=i

ij

0 otherwise.

From a lemma by Burnside (see, for example, Liu (1968)), if h is the
number of orbits of Gl'

_ 1
(3.1.1) h=—— ) ¥(q)

IGl| gEGl

where Y(g) is the number of elements in the set X which are invariant
under the permutation g and iGl| is the order of the stabilizer subgroup
Gl’

3.2 Definitions and Results from Group Representation and Character

Theary
Group representation theory is used throughout this dissertation;

since it is a subject with which many statisticians are not familiar, we
will present same important definitions and results (see, for example,

Serre (1977) or Ledermann (1977)). First consider a finite group G with
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order v = |G|; let Ci of order vy, i=1,2, ..., r, be the conjugacy
classes of G and let Ci' be the inverse class of Ci. We call a repre-
sentation of G a homamorphic mapping of the group G into a group of
isamorphisms GL (V) of a vector space V onto itself. We will be concerned
with representations A : G -~ GLn(K) where GLn(K) is the general linear
group of degree n with coefficients in a ground field K., Thus, we have
a matrix representation of degree n over K such that for every g ¢ G,
there exists a non-singular matrix A(g) of degree n with coefficients

in K, where A(g)A(h) = A(gh) for every g, h ¢ G.

Two matrix representations {A(g)} and {B(g)} of G are equivalent
if there is a fixed non-singular matrix T with coefficients in K such
that A(g) = T—lB(g)T for all g ¢ G; otherwise, they are inequivalent.

If {A(g)} and {B(g)} are equivalent, we write {A(g)} ~ {B(g)}. A matrix
representation {A(g)} is irreducible if there is no non-singular matrix
T over K such that
-1 B(g) O

T "A(Q)T =

D(g) C{qg)

for all g € G. A matrix representation {A(g)} is completely reducible
if (a()} ~ { 7 o4, (9)}, vhere (A (@} (=1, 2, ..., ) are
irreducible m;:rllx representations of G over K, By Maschke's Theorem,
if K is a field of characteristic zero or prime to vy, then every matrix
representation of G over K is campletely reducible. (A field of charac- |
teristic zero is a field which has a subfield isamorphic to the rationals.
Hence, if K is the field of complex numbers C or the field of real num-

pbers R, a matrix representation of G over K is campletely reducible,

’.
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Since we are concerned only with complex and real fields in this disser-
tation, we will consider our representations as campletely reducible.)
For K = €, the number of inequivalent, irreducible matrix representa-
tions of G is equal to the number of conjugacy classes in G, here taken
to be r. Any given matrix representation {A(g)} is then the direct sum
of same (or all) of these irreducible representations {A}‘ (9)},
A=1, 2, ..., r (possibly repeated). It is also of interest to note
that each of these representations is equivalent to a unitary repre-
sentation.

A lemma by Schur is very useful in determining the dimension of

the camutant algebra of a matrix representation.

Schur's Iemma. Let {AA (G)} and {Au (g) } be two irreducible matrix

representations of G over K and let P be a matrix over K such that

PA, (9) = A (9)P

for all g in G, Then (i) P = 0 or (ii)‘_{A)\(g)} and {Au(g)} are equiva-
lent (and P is non-singular), If {AA (g)} and {Au (9) } are equivalent
and the field K is algebraically closed, then P is a scalar multiple
of the identity, i.e., P = CI for a scalar c.
Unless otherwise specified, we now consider K to be the field c.
To extend this lemma, first consider {A(g)} as a campletely
reducible representation of G over the algebraically closed field C.
Then {A(g)} ~ {Agi @Iy ® A (9)} where {A, (@}, X =1, 2, ..., r are the
r inequivalent, —i-rreduciblé representations of G such that {AA (@)} has

degree ny and occurs with multiplicity d,., If we assume the repre-

sentation {A}\ (9)} is of the form {7r ® Iy ®A (9)}, by an extension
A=1 A
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of Schur's Lemma, the commutant algebra of {A(g)}, denoted C(d), is

_ tr
(3.2.1) c(a) = Z oM, ® I
=1 A A
where M 5 is the camplete matrix algebra over €. Thus the dimension of
A

the commutant algebra C(a) is

(3.2.2) dim C@a) = Y4

Of course, the degree of the representation {A(g)} is n = Zr 4,n,.
These multiplicities dx can be found with the use oi‘f\_cl:haracters.

For a matrix representation {A(g)}, the character is defined as

x(g) = Trace A(g). The character is a class function over the conjugacy

classes of G, i.e., x(g) = x(h) if g and h are in the same conjugacy

class; characters are also identical over equivalent representations.

We shall thus write XA(Ci) , 1=1, 2, ..., r for the characters of

{Ax(g)}, A=1, 2, ..., r. The degree of {Ak(g)} is n, = X)\('e), where e

is the identity element of G, If {Ak* (9)} is the camplex conjugate of

{AA_ (g) } with corresponding character X)\*(Ci) , then x)‘* (Cj.) = YA(C:},)

= X, (¢; ") where ¥ (C;) is the camplex conjugate of ¥, (C;). If ¢(g) and

v(g) are two functions on G with values in C, we define an inner product

<, 1b>G=;{]:- N ¢(g)¢(g_l). Then if X(Ci), i=1, 2, ..., rdenote

ge
the characters of {A(g)} and d, denotes the number of times {Al ()} ap~

A

pears in {A(qg)}, we have

< 1 v
(3.2.3) a, = <xbyg = 5 I v (Cx(cy.

Clearly, the characters for the inequivalent, irreducible representations



‘ must be known in order to use this result. Character tables for many
groups have been determined (see, for example, Littlewood (1950)).
Let the group G of permutations on n symbols act transitively on
X and let {A(g)} be a permutation matrix representation of degree n.
Now consider the stabilizer H of the symbol x, If n; elements of H be~
long to the class Ci’ i=1, 2, ..., r, by the Frobenius Reciprocity

Theorem,
_ _ 1 r  —
(3.2.4) d, = <1lfx>y = = _zl n; %, (€;)

where .Zr n; = n is the order of H (see Mclaren (1963)). (Of course, if
{a(qg) }lz;- intransitive, it is the direct sum of transitive representa-
tions, so an extension of (3.2.4) is necessary.)

The irreducible representations {A>\ 9 =1, 2, ..., ) are
) classified as follows:

(i) {A)\ (g)} is of the first kind if it is equivalent to a
set of real matrices (the characters are real).

(ii) {AA (@)} is of the second kind if it is equivalent to
the camplex conjugate representation {AX* (9) } but not
to a set of real matrices (the characters are real).

(iii) {A,(9)} is of the third kind if {n,(g)} and {AX* (9)}
are not equivalent (the characters are not all real).

Fram a test of Wigner,
(3.2.5) €y = 1 ) xx(gz)
Y geG
takes on the values 1, -1 or 0 if and only if {AX (9)} is of the first,

. . second or third kind, respectively. We have mentioned earlier (3.2.2)
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that dim C(a) = Zr dxz; the dimension £ of the space of real symmetric
=1

matrices in C(A) is

1 r .2 r
(3.2.6) L=x|)" a“+ § e,d
2 [A=1 AT T

(McLaren (1963)).

3.3 Finite Desarguesian Geametries and Their Collineations

A k-dimensional finite projective geometry (see, for instance,
Carmmichael (1937)) is a finite set of points such that:

(1) There are one or more lines, each containing at least
three points.

(i1) If A and B are distinct points, there is one and only one
line containing.A and B,

(iii) For any non-collinear points A, B and C, if a line £ not
containing A, B or C intersects line AB and line AC, then
it intersects line BC.

(iv) If m is an integer less than k, all the points in the
geometry are not in the same m-space (m-flat).

(v) The set of points cannot form a (k + 1)-space.

A projective plane is a two—dimensional projective geametry. The points
of a projective geametry denoted as PG(k, s) may be represented as
ordered (k + 1l)-tuples x = (XO, Xir seey xk)' where Xgr Xyr evey X are
elements of the Galois field GF(s), s = pr such that p is a prime and r
is an integer. The elements Xgr Xyr eeey ¥ May not all be zero and
(xO, Xpr ey xk) = (pxo, WX 7 eees uxk) for all non-zero p in GF (s).
Similarly, a hyperplane ((k - 1) - space) is also defined by an ordered

k + )~-tuple y = (yo, Yyr eees yk)' where Ygr Yyr eeer ¥y aYe elements



of the GF(s), not all zero, such that (5, Y1, «eer %)

= (uyo, WYqr eeer uyk) for all non-zero y in GF(s). A point

(xo, Xyr eens xk) is contained in a hyperplane (yo, Yyr seer yk) if
Xo¥g + ¥¥7 + -0 # Xy, = 0. If k=2, a hyperplane is a line.

We used the notation PG(k, s) to indicate the projective geametry
constructed by means of the Galois field. It will also designate any
projective geometry which is isamorphic to a geametry constructed in
this manner. For k = 2, these are precisely the desarguesian projective
planes, i.e., projective planes in which the following Theorem of
Desargues holds: If ABC and abc are two triangles in the same plane of
a projective space such that Aa, Bb and Cc pass through the same point
P, and if a = (Aa, Bb), B = (Aa, Cc) and y = (Bb, Cc), then o, B and Y
lie on the same line. For k 2 3, every projective geametry is desar-
guesian and is isamorphic to a PG(k, s).

A k-dimensicnal finite affine geometry EG(k, s) can be obtained
fram PG(k, s) by omitting a hyperplane and all the points in that space.
A point in this geametry can be written as an ordered k-tuple
X = (xl, Xor eees xk)' vhere X1r Xpr wees X are elements of GF(s). A
hyperplane (for k = 2, a line) is represented as a (k + 1)-tuple
Y= (gr ¥yr ++er ¥y )" where yo, ¥y, .., vy, are elements in GF(s)
such that not all of Yyr Yor seer Yy equal zero and (yo, Yyr ceer yk)
= (uyo, WY r eees uyk) for all non-zero u in GF(s). A point
(Xl, Xor sees Xk) is contained in a hyperplane (v, Yyr eeer ¥p) if
Yo + Xy + XY + .. + XY = 0. A finite affine geametry is desar-
guesian if the corresponding projective geametry is desarguesian, Thus,
EG(2, s) will refer to the desarguesian affine planes while EG(k, s),

k 2 3, will refer to all affine geametries of dimension k 2 3,



27
These finite projective geametries PG(k, s) and finite affine .
geametries BEG(k, s) are of interest since a balanced incomplete block de-
sign can be constructed fram a finite geometry by taking points of the

geanetry as treatments and subspaces of the geavetry as blocks., We shall

primarily be concerned with the case where the blocks are taken to be the
hyperplanes. Thus, for a projective geametry PG(k, s), the parameters

for the design are:

k+1
v=b=——-———r-S -1
s—
k
(3.3.1) r=%=322
s 1 _

T T s -1

For an affine geametry EG(k, s), the parameters for the design are:

v =gt k= g1 )
k+1
(3.3.2) p=S =2 v=slo )
S s -1
_ sk -1
T=STT

An automorphism of a geametry (and hence, our design) is called a
collineation; custamarily, the group of autamorphisms is called the group
of collineations. These collineations are such that the points, lines,
and hence, the subspaces are permuted. Thus, a BIB design based on
PG(k, s) or EG(k, s) will have as its full group of automorphisms the
full collineation group PC(k, s) or EC(k, s) of the geametry. ‘Ihe full

collineation group PC(k, s) of the finite projective geametry is repre-



28

sented by the hamogeneous transformations of the points (and hence, the

subspaces)
k u
(3.3.3) ox.*= }a . xP (1=0,1, ..., ki u=0,1, ..., r - 1),
1 ]=0 1] J

where p(#0) ¢ GF(s) and the aij are the elements of GF(s) such that

800 %1 * %k

alo all P alk
A =

o 1 o vt %k

is non-zero. For a given value of pu in (3.3.3), two transformations are

igentical if the coefficients a j4 are identical despite distinct values of

p. The order of the group PC(k, s) is

k
- Y I (P(k + r _ pir) - X
pf - 1 i=0 i=0

(3.3.4)

Considered as a permutation group on the points, this group is doubly
transitive.
The following theorem also holds:
Theorem 3.2 For a finite projective geametry PG(k, s), s = pr, if the
point vectors X = (xo, Xir eeny xk)' are transformed by the collineation
m m

A(Xom, X) 1 eeey xk)',m=pu for saeeu =0, 1, ..., r - 1, then the

hyperplane vectors are transformed hy the map

-1 r m
(A") (yom,yl,-..,ym)'.
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Proof: First we note here that if m = pu foru=0,1, ..., ¥ -1 and

if a, b € GF(s), then (a + b)m =a" + b"., 1In the expansion of (a + b)m,
the coefficients of the terms other than a™ and b share the factor P
these coefficients are then 0 in GF(s).

A point X is contained in a hyperplane y if and only if y'x = O.
As X 1is transformed to x*, y will be transformed to a y* such that

y*'x* = 0. For a hyperplane y and any point x contained in it:

Vo — =
LE=07 Yg¥g * Yp¥p e Yy =0

m
> (yox0 Yyt +ykxk) =0

m_m m_ m m m_
TYXg YL X ety xo =0

m m
> (yo ylm...ykm) (xomxlm... Xk)' =0
> (yomylIn ykm) A—lA (xomxlm ka)' =0

All points x in the hyperplane y satisfy this last equation. This defines
the hyperplane transformation. [
The set of transformations which fix the point (1, 0, ..., 0) is

the set of all collineations (3.3.3) such that

m m

Aa@™, o ..., 0T =0(1, 0, ..., 0)', 0(#0) ¢ GF(s).

00" Pr @49~ a20= ces = a.k0= 0. Omitting the equivalent

transformations, we can say that the transformations which fix

As a result, a

(4, 0, ..., 0) are of the following form:



30

r v (. m
1 a01 ao2 « o o aOk Xq
m
0 all al2 e e a]k xl
(3.3.5) AX = e
_in ® L]

LO 37 Fog ¢ v o akkj

Of these, the collineations which also fix the hyperplane (0, 0, ... 0, 1)

(xk = 0) are those which satisfy:

@Ayt @, ™ ..., 0% 1™ =00, 0, ...p 0, 1),

a(#0) € GF(s),
which implies
Y(0, 0y «vey 0, D' =A"(1, 0, ..., 0, 1)', Y(#0) € GF(s).
Therefore, for the transformation in (3.3.5), a, = 8., = ... = 4, k-1

= 0, while B = Yo The collineations which fix the point (1, 0, ..., 0)

and the hyperplane (0, 0, ..., 0, 1) are thus of the form:

( | |
1 ag -3, k1 Pok .
m
0 3y o+ 08, k1 B *p
m
L] Xl k
(3.3.6) Ax_ = .
—-r(l

O &1, 1° " &1, k-1 X1, k| | °
0 0 0 A J kaj

\

u . .
aij e F(s);m=p;u=0,1, ..., r - 1; such that A is non-singular

(which implies ay is non-zero).
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The full collineation group EC(k, s} of the desarguesian affine
geametry EG(k, s) is represented by the non~hamodeneous transformations

u
(3.7 x*=a,_+ Wa.® (i=1,2 ..., k;
1 i0 =1 1]

u=20,1, ..., ¥ - 1; aij e GF(s)),
such that
a;7 @, ¢ - - A
Y

%1 %2 v v %k

is non-zero. The order of the group EC(k, s) is

k-1 . k-1 .
(3.3.8) mF 1 T -pfy =& 1 (K- h
i=0 i=0

Considered as a permutation group on the sk points, EC(k, s) is doubly
transitive.
We also have:
Theorem 3.3 For a finite affine geametry EG(k, s), if the point vec-

tors X = (Xy, X,y eeeys x,() ' are transformed by the collineation

a+ax_ = [a,) (a a ) (me ( GF(s);
Xm 10 11 %12 ¢ 0 Bik| [Fr | '8yg € @S
m _ u.
220 81 %2 v Bl (X MEP
. + . . u=0' l, coey
[ . - r-"l)'
m
ko) [%x1 %2 v 0 k) (%
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then the hyperplane vectors (yo, Yir eees yk) are transformed as

follows:

m _ m m -1 _ *.
yO (leY2 r ooy Ykm)A _a_—OYO,

-1 [ m] ()
(") Yy | = ° yl* ; p(#0) e GF(s).
m
Yy yp*
m *
Uk ) k)

Proof: Choose any hyperplane y = (yo, Yyr eees yk) '; for any point

X = (xl, Xor seey xk)' in the hyperplane,

Yot ¥p¥p ¥ eee Y% =0
> (y0 + ylxl + ... +Yk}ﬁ<)m= 0
m m m m m
A A m)A"la)+
0 Yl ’ Y2 r see Yk a,
m m m, -1 _
+ (Yl ’ Y2 ? eeey Yk YA (_a_+ A?_{m) =0

This equation is satisfied for all points x on the hyperplane y. There-
fore, our transformed hyperplane is determined. [

The set of transformations which fix the point (0, 0, ..., 0) is
the set of collineations such that a + A(0" ’ Om, cesr Om)'
= (0, 0, ..., 0)', where a and A are defined as in Theorem 3.3. This

implies a = 0. Of this set, the collineations which fix the hyperplane
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(0, 0, ..., 0, 1) (xk = 0) are those such that

m m m v * * * ]
A(xl r X p eeer X q 0 o' = (xl r X poeeer X 0) .

. m m m .
Since X, + + ...t =0 f 11 t

a 1%y 3 % A, k=1%%-1 0 for all poin vecto;s of
the form (xl, Xor eser %1, 0), then A1 T A T e T 1= 0.
Thus, the collineations which fix the point (0, 0, ..., 0) and the

hyperplane (0, 0, ..., 0, 1) are of the form:

\ n

ajq a12 « e . al' k-1 A X
m

a1 42 “ec 8 k-1 % X

(3.3.9) Ax

-1, 1 %-1,2 ... %1, k-1 %1, k
0 0 « .. 0 A J \xk

m=p>,u=0,1, ..., r - 1)

such that A is non singular with coefficients in GF(s) (which implies
that a, is non-zero).

We also note that if the flags of a design are taken to be the in-
cident point-hyperplane pairs, the groups PC(k, s) and EC(k, s) are
transitive on the flags in their respective spaces. This is seen to be
true from a result in Dembowski (1968, p. 80): "Suppose that (r, \) = 1.
If T is doubly point transitive, then T is flag transitive." (I here is
the autamorphism group of a design; (r, A) indicates the greatest common

factor of r and A.) If the flags are the incident point-hvperplane pairs,
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we see from (3.3.1) and (3.3.2) that

K-1 k1 k=2

r = =-T°" s + s + oee. + 1
11 k2 k-3
T e = G
s -1
for the designs fram both PG(k, s) and EG(k, s). Clearly (r, A) =1
and since PC(k, s) and EC(k, s) are doubly point transitive, they are

flag transitive.



IV. DECOMPOSITION INTO A DIRECT SUM OF IRREDUCIBLE

REPRESENTATIONS FOR PC(2, 2) AND EC(2, 3)

4.1 Introduction

By deriving the decamposition of the permutation representation
of an autamorphism group of a design into a direct sum of irreducible
representations over an algebraically closed field, we may gain insight
into the structure of the permutation representation and the corre-
sponding camutant algebra. In this spirit, we therefore determine such
decanpositions for the permutation (matrix) representations of the full
collineation groups PC(2, 2) and EC(2, 3) for the finite planes PG(2, 2)
and EG(2, 3), respectively. We can then use the extension of Schur's
lemma (3.2.1) to find the structure of the corresponding cammitant alge-
bra. From Wigner's test (3.2.5) we can show that the irreducible repre-
sentations in the decamposition of the permutation representation of the
groups PC(2, 2) and BC(2, 3) are all equivalent to real irreducible
representations and hence to sets of real orthogonal matrices.

4.2 Decamposition of the Permutation Representation of PC(2, 2) into a

Direct Sum of Irreducible Representations

We assign to the seven points of PG(2, 2) the letters A, B, C, D,

E, F and G as follows:
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X, 1 o o 1 1 0 1
Xy 0 1 o 1 o0 1 1
X, 0o o0 1 o0 1 1 1

A B C D E F G

The lines of the plane are indicated by the colums in the following

diagram:
a L2 3 4
(x0 = 0) (xl = 0) (x2 = 0) (x0 +x) = 0)
B A A c
C C B D
F E D G
s i 7
(x0+x2-0) (xl+x2—0) (x0+xl+x2=0)
B A D
E F E
G G F

The full collineation group PC(2, 2) of this plane consists of
168 3x3 non-sinqular matrices with coefficients in GF(2). Any given
matrix A in this group induces a permutation of the points (and hence,
the lines) through the linear transformation of the point vectors Ax.
The group of permutations of the points, a subgroup of the symmetric
group on seven symbols, is doubly transitive and has six conjugacy
classes. Therefore, there will be six inequivalent irreducible repre-
sentations of PC(2, 2). Table 3 contains the character table for this

group (Littlewood (1950)). The cycles indicate the conjugacy classes
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for the group and \f denotes the number of elements in the ith conju-

gacy class; the irreducible representations are indexed by A.

TABLE 3

Character Table of PC(2, 2), |PC(2, 2)| = 168

cyqle
((c:(f:glslg:;:y 17| 1322 | 124 | 132 | 7 7
' order of
i—* class
v, 1 21 42 | 56 24 24
1 1 1 1| 1 1 1
2 6 2 o o -1 -1
3 7 -1 -1] 1 0 0
4 8 0 0| -1 1 1
5 3 | -1 1| 0 | %1+ | %5¢-1-i/7)
6 3 ~1 1 0 ] 5(-1-3iv7) | 5(-1 +i/7)

The group of permutations on the 7 points induces a transitive
group on the 21 flags (treatment-block cambinations) of the design. Thus,
the group of 21x21 matrices reflecting the permutations of the flags is a
representation of the group PC(2, 2). 1In order to derive the decampo-
sition of this representation into a direct sum of irreducible represen-—
tations, we first consider the stabilizer H of the flag (A, L3) , lees,

the subgroup of PC(2, 2) which fixes the point A and line L3. This sub~

group has order IPC‘ZI; 2)| _ ;gs = 8 and is induced by the following

matrices (which transform the point vectors):



Matrices of H

B
i

0

0

1

Point Permutations

identity

(CE) (FG)

(BD) (FG)

(CF) (EG)

(BD) (CE)

(BD) (CFEG)

(CG) (EF)

38

Cycles

1352

3,2

1322

1372

124

l322
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111
0 11 (BD) (CGEF) 124

0 0 1

These matrices can be found fram (3.3.6).

If ny is the number of elements of H in the conjugacy class Ci
of PC(2, 2), then clearly ny = 1, N, = 5, Ny = 2 and n4 = n5 = n6 0.
Fraom (3.2.4), the multiplicities dk of the six inequivalent irreducible
representations are dl =1, d2 =2, d4 =1, d3 = d5 = d6 = 0., If P(qg)

is a matrix of the representation {P(g)} of PC(2, 2), then
P(g) ~ Py(g) ® I, ® P,(3) e P,(9),

where Pl(g) r Py (g) and P, (g) are unitary matrices of degrees one, six
and eight, respectively (n>\ = Xy, (identity)). Note that the multi-
plicities could have also been determined from (3.2.3) by the use of
the characters X(Ci) (1 =1, 2, «e., 6) of the permutation represen-
tation of PC(2, 2). Table 4 contains these characters, found with the
aid of a camputer. It is also of interest to note that the partition
of the number of flags 21 =1 + 6 + 6 + 8 correspands to the partition

of the degrees of freedom in the usual analysis of variance of such a

symmetric design: one for the constant, six for the treatments, six

for the blocks and eight for error.

The irreducible representations {Pl (9) }, {P2 (g)} and {P4 (g) } are
all equivalent to sets of real (orthogonal) matrices, i.e., they are all
of the first kind. We obtained a count of the number of g2 in each con-

jugacy class in order to employ Wigner's test (3.2.5):



40

-1 - -
€)= Tgg (2% 6 +42x2-24-24) =1

- X - -
€4 = Teg (22 % B+ 56 - 24 + 24) = 1.

The values of one for E1r €, and € 4 imply that the irreducible repre-

sentations are real.

TABLE 4
Cycles 17 1322 124 132 7 7
¥ (C L) 21 5 0 1 0 0
Number of g2
in each
Conjucacy Class | 22 42 0 56 24 | 24

If V is a matrix belonging to the cammutant algebra of the group
of matrices permuting the flags of the design under the action of

PC(2, 2), then by (3.2.1),

V~a®B2®I6ecI8

cI

The set of real matrices V which are in the cammutant algebra will have

dimension 26 d>\2 = 6; the set of real symmetric matrices which are in
A=1
the cammtant algebra will have dimension £ = %( 26 d>\2 + 26 Ekdk) =5
=1 A=1
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(by (3.2.6)). Section 5.1 of Chapter V contains a discussion of basis
matrices for the commutant algebra.
This work may be summarized as:
Theorem 4.1 Let {P(g)} be the permutation representation of the col-
lineation group PC(2, 2) of PG(2, 2) (reflecting the permutation of
the flags of the design under the action of the group). Then {P(g)}
is equivalent to the following direct sum of irreducible matrix

representations:
{P(g)} ~ {P(g) @ I, ® P,(q) @ P,(q)},

where Py (9), P, (g) and P 4 (g) are real orthogonal matrices of degrees
one, six and eight, respectively. The commutant algebra of this
representation has dimension six over the reals; the set of real,
summetric matrices in the cammutant algebra has dimension five,

4.3 Decamposition of the Permutation Representation of EC(2, 3) into

a Direct Sum of Irreducible Representations

The desarguesian finite affine plane EG(2, 3) determines a BIB
design with parameters v=9, b= 12, r =4, k= 3, A = 1. We assign
to the nine points of this plane the letters A, B, C, D, E, F, G, H

and I as follows:
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The lines of the plane are indicated by the colums in the following

diagram:

A D G A B C A B C A C B
B E H b E F F D E E D F
c F I G H I H I G I H G

Clearly, the design derived from this plane is resolvable, i.e., it is
possible to separate the twelve blocks into four sets (corresponding to
the linear forms Xyr Xy X + X, and X + 2x2) such that each treatment
occurs exactly once in each set.

The full collineation group EC(2, 3) of the plane EG(2, 3) is

determined by the 432 affine transformations

*

a a

11 X by X

12 1
%1 %2
The matrices A = ((aij)) are the 2x2 non-singular matrices with coeffi-
cients in GF(3), while the vectors b = (bl, b2)' are the 2x1 vectors with
coefficients in GF(3). Considered as a permutation group on the 9 points,
EC(2, 3) is doubly transitive and has eleven conjugacy classes. Table 5
cantains the character table for the eleven irreducible inequivalent
representations of EC(2, 3) (Littlewood (1950)).

The group of permutations of these 9 points induces a transitive

group on the flags. The group of 36x36 matrices reflecting the flag per-




TABLE 5

Character Table of EC(2, 3), |EC(2, 3)| = 432

“

cyc}es

(2§gggg:$y 17113231332 18] 18] 142 126] 124 33| 33| 36

il
A Vi 1| 36 | 24 54! 54 54| 724 9 | 8]48] 72
1 1) 1 1 1 1| 1f 1] 1] 1} 1)1
2 1| -1 1 1| -1y 1| 1} 1| 1} 1|-1
3 21 o | -1 0 ol 2| -1} 21| 2|-1] 0
4 2 0 -1 ivZ |-iv2| o 1(-2 2|-1] 0
5 2 0 -1 |-iv2| 2| © 1{-2 2|-1] 0
6 3] 1 0 -1| -1] -1y o3 ] 310]1
7 31 -1 0 1 1| -1} of{ 3 ] 3} 0|1
8 8| 2 2 0 o] ol oflo |-1]|-1]|-1
9 8| -2 2 0 ol o] ofjo0 |-1|-1] 1
10 16| 0 | -2 0 ol ol o]Jo |-2|1 1|0
11 44 o | 1 0 o] o] -1|-4 ] 4f 1] 0

mutations is a representation of the group of point permutations deter-

mined from EC(2, 3); we wish to detemine the decamposition of this
representation into a direct sum of irreducible representations. ILet H

be the subgroup of EC(2, 3) whose elements fix the flag consisting of

the point (0, 0) and the line x, = 0. This subgroup H has order

|[EC(2, 3) | = 4;2 = 12 and is induced by the following matrices (which

n

transform the point vectors) :



Matrices of H Point Permutations Cycles

1 0 o
identity 1
0 1
1 1)
(BEH) (CIF) 1332
0 1 )
(1 2)
(BHE) (CFT) 1332
0o 1
fl 0\
(BC) (EF) (HI) 1323
0 2
1 1)
(BF) (CH) (ET) 1323
0 2
fl 2\
(BI) (CE) (FH) 13,3
0 24
(2 0)
(DG) (EH) (FI) 1323
0 1
2 1)
(BE) (CI) (DG) 13,3
0 1
2 2] 3.3
(BH) (CF) (DG) 172
0 1
(2 0) 4
(BC) (DG) (ET) (FH) 12
)
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2 1)

(BFECHI) (DG) 126
0 2
2 2)

(BIHCEF) (DG) 126
0 2

These matrices can be determined by the transformations expressed in
(3.3.9).

Table 6 contains the values Uy i=1, 2, «.., 11 where u is the
number of elements of the stabilizer H in the conjugacy class Ci. From
(3.2.4), the multiplicities d)\ of the eleven inequivalent irreducible
representations are dl = d6 = le =1, d8 = 2 and d2 = d3 = d4 = d5 =
d.=4d,=d,, =0. Thusf, for any matrix P(g) in the (permutation)

7 9 11
matrix representation {P(g)} of EC(2, 3),

P(g) ~P;(9) @ P (g) @ I, ® Pglg) @ Py4(9),

where Pl(g) , PG(g) r Pg (g) and P1o (g) are unitary matrices of degrees

one, three, eight and sixteen, respectively. The d)\'s could also have

been determined from d, = gme JIT v, T(C.) x(C.) (3.2.3). Table 6 con-
QAT L Y xG) x(G) B3

tains the values x(Ci) , found with the aid of a camputer. The values

Y; and XA(Ci) are found in the table of characters, Table 5. We note

here also that the partition of the number of flags
36 =1+3+8+ 8+ 16

corresponds to the partition of the degrees of freedam in the usual
analysis of variance for such a resolvable design: one for the constant,
three for the replications, eight for the treatments, eight for the

blocks within replications, and sixteen for error.
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TABLE 6
cycles 1 11%2° [ 1332 [ 18| 18| 142 | 126 | 12| 33| 33| 36
n; 1 6 2 0 0 0 2 1 0 0 0
X(Ci) 36 6 3 0 0 0 2 1 6y O 0
Number of g2
in each
conjugacy class | 46 0 36 0] 0(108j 0 |54 | 80|48} O

The last row of Table 6 contains the number of g2 in each caon-

jugacv class, g € EC(2, 3); these g2 are used in Wigner's test. From

(3.2.5),
el=zi—<46+96+108+54+80+48)
62=21-§-(46><3—108+54><3+80><3)=l
1
eg = 753 (46 X 8 + 96 x 2 - 80 - 48) =
8 = 133
_ 1 _
€16 = 755 (46 X 4+ 96 = 54 x 4 + 80 x 4 + 48) =

Since the values for €7 56’ €g and €10 are all equal to one, the irre-
ducible representations {Pl(g)}, {P6(g)}, {P8(g)} and {Plo(g)} are all
equivalent to sets of real (orthogonal) matrices.

If V is a matrix belonging to the cammutant algebra of the permu-

tation representation of EC(2, 3), then by (3.2.1),

V~a® bI3 @ C2 ® I8 ® dll6
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a
bI3
= °111s C12%g .
S1lg Calg
L dIlG;
The commutant algebra of real matrices will have dimension le d>\2 = 7;

A=1
the set of real symmetric matrices in the cammutant algebra will have

dimension £ = 5( I 4.2+ T e d) =6 (3.2.6). Section 5.3 of
S = R
Chapter V contains a discussion of the basis matrices for the cammutant
algebra.
We summarize:

Theorem 4.2 Let {P(g)} be the representation of the collineation group

EC(2, 3) of EG(2, 3) (reflecting the permutation of the flags of the

design under the action of EC(2, 3)). {P(g)} is equivalent to a direct

sum of irreducible matrix representations such that
{P(g)} ~ {Py(g) @ P(g) @ T, ® Py(g) @ P (g)}

where Pl(g) ’ P6(g) ’ P8 (g) and PlO (g) are real orthogonal matrices of
degrees one, three, eight and sixteen, respectively. The cammtant
algebra of the representation has dimension seven over the reals; the
set of matrices in this algebra which are real symmetric has dimension

six.



V. DETERMINATION COF THE COMMUTANT ALGEBRA FOR
BAIANCED INCOMPLETE, BLOCK DESIGNS BASED ON
FINITE GEOMETRIES

5.1 The Desigri Based on the Desarguesian Finite Projective Plane

PG(2, 8), s =Er

A finite projective plane defines a symmetric BIB design with
parametersv=b=sz+s+l, r=k=s+1, =1 (3.3.1). (The treat-
ments are defined to be points of the plane while the blocks are defined
to be the lines.) For any such design, there will be (s2 +s+1)(s+1)
flags. The full ocollineation group PC(2, s) of the desarguesian finite
plane PG(2, s) (s = p¥) is defined by the rs>(s? + s + 1) (s + 1) (s - 1)2

point transformations

a a..) rx m (% %)
(aOO o1 %02| %o 0
m u
Ag(_m= a0 1 39 X, | =0 xl* (0(#0) € GF(s); m=p ;
m u=0, 1, ss ey r—l)'
%20 %21 %22) %2 2"

where A is non-singular with coefficients in GF(s). The subgroup of
collineations H which fix the point (1 0 0) and the line (0 0 1) (x2 = 0)

are fram (3.3.5) those of the form
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Loag g2 XoIrﬂ xo*]
(5.1.1) Aém = |0 a1 21 xlﬁl = 0, Xl* , 0.(#0) € GF(s).
0.0 ay kXZmJ %,*
Clearly a1y and a,, are non-zero. For any such transformation, the lines

are transformed as follows (Theorem 3.2):

( 3
m
1 0 0 yo* Yo
m
(5.1.2) aypy 217 9 Yi¥ =¥ |yg | YFO) € GF(s).
a a a Vo Y m
02 12 722 2 2

The stabilizer H will have order r(s - 1)2 s3.

We wish to use Theorem 3.1 to determine the dimension of the com-
mutant algebra corresponding to the full collineation group PC(2, s). We
thus need to find the mumber of orbits of H which, fram (3.1.1) is
equal to T*%T ZH ¥(g), where ¥(g) is the number of fixed flags under the
action of g €g;C(2, s). To find this number, we consider the conditions
under which any given flag is fixed and then count the number of trans-
formations in H satisfying these conditions., Types of lines and types

of points will first be considered.
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Foranym=p (§=0, 1, ..., r = 1), we have the following line

types:
Number of Conditions under
lines of which a line of this
Line type this type type is fixed (5.1.2)
(001 1 fixed for all A in H
(0 1 a),- m
a ¢ GF(s) s a5 + ay,a = alla
(Lab:
r 2 _ .m
a, b € GF(s) s a5y + a;ja =a
_.m
a02 + a12a + a22b =D
52 + s+ 1
lines

The third column contains the conditions under which a line of a certain

type is fixed given that the lines are transformed by a matrix in the

stabilizer H, For example, a line of the type (0 1 a), a ¢ GF(s), is

fixed if

1 0 0 0

302 %12 %) (B

We thus have the conditions as stated.

0

a 0 1 =v |1 |, Y{(F#0) € GF(s).

m
a
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Likewise, for a given value of m, we have the following point

types:
Number of Conditions under
points of which a point of
Point Type this type this type is fixed (5.1.1)
(1 00) 1 fixed for all A in H
(c 1 0); m
c ¢ GF(s) ] c + Ay = a;,¢
{c d 1); 2 m &
c, 4 ¢ GF{s) s c+ayd +ay, = a,.c
alldm + al2 = a22d
52 + s+ 1
points

For each point type, we determine the lines on which it appears
(Table 7, Column 3). Then by examining the conditions under which a given
flag (point-line pair) is fixed, we determine the number of transformation
matrices in the stabilizer H satisfying these conditions. (These counts
hold for any fixed m = pu, u=20,1, ..., r=-1.) This will give the
number of transformations fixing the flag (5). The counts are found in
Appendix B. For each flag type, colum (6) contains the total number of
transformations fixing the flag type, i.e., the product of the value in
(4) and the value in (5). Colum (7) contains the total number of trans-
formations fixing a point type (the sum of the values in (6) for a point
type multiplied by the value in (2)). The total number of fixed flags
under the transformations (5.1.1) (for a fixed m) is the sﬁm of the en-

tries in colum (7); the value here is 6(s - 1)253. Since there are r

values of m, J ¥(g) = 6r(s - 1)%s>. The dimension of the commtant

geH



TABLE 7

(for transformations (5.1.1) for a fixed m)

) (2) 3) (4) (5) (6) (7)
Number of
Point Number of Lines which lines of this Number of Number of Total number
type points of contain the type which collineations collineatiaons of collineations
this type point contain the fixing a given | fixing a fixing a point
point flag flag type type
(10 0) 1 a) (001 1 (s - 123 s - 123 2(s - 123
b) (01 a) ’
a ¢ GF(s) s (s - 1) 252 (s - 1) 253
(c10); s a) (001) 1 (s - 1)%s2 (s - 1)%2 2(s - 123
CGCK“(S) b) (1ab),
a=-c,
b ¢ GF(s) s (s - 1)2s (s - 1)252
. 2
(cdl); s a) (01 a), 5 2 23
c, d € GF(s) a==d 1 (s -1°s (s -1%s 2(s = 1)°s
b) (l a b) ’
= -c - ad, 2 2
a € GF(s) s (s - 1) (s - 1)7s
6(s - l)2s3

cs
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algebra is thus

TFT

The six dimensional algebra R6 generated by the relationship
matrices I, G, B, T, BT and TB coincides with the cammtant algebra of
{P(g)}, the (flag) permutation representation of the collineation group
PC(2, s). This is true since we know fram Chapter II that RG is a six-
dimensional subalgebra of the commutant algebra of {P(g)} which is seen
here to be six dimensional. (Note our design is symmetric,) The
matrices I, G, B, T and BT + TB provide a linear basis for the real sym-
metric matrices in the algebra; these matrices, however, do not generate
an algebra (e.g., from Table 1, T(BT + TB) = A\G + (r -— A\)T + ¥TB. Al-
ternatively, we may choose the linear basis for R6 introduced by Sysocev
and Shaikin (1967, II); this basis consists of matrices
EO’ El’ ceny E5 as defined in Chapter II (2.1). The matrices B(Ai) = B,
(i=1, 2, ..., 6) which correspond to the six orbits of H, may also be

used as a linear basis for R6.

In summary,
Theorem 5.1 ILet {P(g)} be the permutation representation of the col-

lineation group PC(2, s) of PG(2, s) (s = pr, p a prime, r an integer)
reflecting the permutation of the incident point-line pairs (flags) un-
der the actian of the group. The cammutant algebra of this representa-
tion has dimension six. Thé matrices I, G, B, T, BT and TB form a
linear basis for this algebra; the matrices I, G, B, T and BT + TB
form a basis for the linear space of symmetric matrices in this

algebra.
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5.2 The Design Based on the Desarguesian Finite Projective Gedmetry

PGk, s), k2 3, s =‘pr

We know fram (3.3.1) that a finite projective geametry PG(k, s),
k+1

k > 3 defines a symmetric design with parameters v = b = 2 - _—ll ,
k k-1
r=k=ss_]1.and>\=-s-§——_:7_}-, if the blocks of the design are hyper-

planes of the geametry. The collineations of such a geametry (and hence,
the automorphisms of our designs based on this geametry) are given by
(3.3.3). The collineations which fix the point (1, 0, ..., 0) and the

hyperplane (0, 0, ..., 0, 1) are given by (3.3.6), i.e., the

k-2 .
rSZk_l(S - 1) I (sk 1 s) transformations of the form
i=0
(1 a,' a. ) ’x m)
(5.2.1) Bl
X u
Azc_m= Q_Al a, 1| m=p;u=20,1, ..., r - 1;
. .. € GF(s))
0. 0 m{ %y © ’
Co= kK *x | ]
= 1 = [
where 2) = (ay) 35y + « + 3, k1) B = By Ay - - A, )Y
a a e o ® a 1
11 12 1, k-1
a1 222 R S |
’ Al B * )
1%-1, 1 %k-2, 2 * ** %-1, k-1

A is non-singular; hence, Al is non-singular and CY # 0. Hyperplanes

are transformed by the map (A')‘:L (Yom ylm Ykm)'~
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As in Section 5.1, we wish to determine the dimension of the cam-

mutant algebra corresponding to the full collineation group PC(k, s),

k 2 3, by counting the number of fixed flags under the action of PC(k, s)

and then determining the number of orbits of H from (3.1.1). We thus

consider point types and hyperplane types. For any m = pu

(u=0,1, ..., ¥ - 1), we have the following hyperplane types:
Number of
Hyperplane hyperplanes Conditions under which a hyperplane of
type of this type this type is fixed
(o)
0
: 1 fixed for all A in H
0
(1)
(0] b, ) b
1 1 -
k-1 m
by sts__—D laP =y P2 |, y60) ¢ o)
1
b2 L] L]
* m
: Pr-1] B1 |
by | oM
Ay tandy *oeee T b = Yh
b, € GF(s),
i
bll bzl eo oy
B1
not all zero




Number of
Hyperplane hyperplanes | Conditions under which a hyperplane of
type of this type this type is fixed
r 3 3
1 r b . 3 r m
201 by by
b k ' = m
1 3 202 R R L T Rl L)
b2 * » L]
. m
1%, k-1 Pe-1)  {Pr-1
&3 =p ™
Bk * 3Py T APy *oees gy = by
b. € GF(s)
oy
S - I
hyperplanes

Likewise, for any given value of m, we have the following point

types:

Number of
points of Conditions under which a point of this
Point type this type type is fixed (5.2.1)
(1)
0
. 1 fixed for all A inH
)
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Number of Conditions under which
points of | a point of this
Point type this type | type is fixed (5.2.1) ,
(o)
c m m m
1 o1 cl + a0102 + a0203 + ... T
<, g(g” T = 1)
-1 + a m_ oc
S 0, k-1% 1
. 4
m r
. e )
Ck o m 03
3
o .
Al * =0 |* |, a(#0) € GF(s)
c, € GF(s), . .
l .
C., C m %k
20 C3r eer
% )
not all zero
)
fo! n m m m
1 . 1 *t a0 t3ppC3 feee T3 Gt
c s
2
. T agg = S
: ( IT\1 ( roN
c, 2 ) c,
x c a c
1 3 2k 3
A ° + ° = .
c.e GF(s) 1. . ek |,
l - - .
m
%) (%1, x| %)
‘sk+l -1
S - i
points

In Table 8, for each point type, we determine the hyperplanes on
which it appears. We examine the conditions under which a given flag
(incident point-hyperplane) is fixed and hence find the number of trans-

formations fixing a flag (5). Note that we used the notation &(s, q) to



s 1
q- .
(for transformations (5.2.1) for a fixed m, (s, @) = N (s1 - %))
i=0
— ) 2) 3) 4) (5) (6) [€))]
Number of Number of Number of Total number
Point type Number of | Hyperplanes hyperplanes of collineations collineations of oollineations
points of | which contain this type which fixing a fixing a fixing a point
this type | the point contain the point | given flag flag type type
1, 0, vuvy 0) 1 Ja o ..,00 1 (s-1s™ o5, k1) | (-1 os, k1) | 205-1 8% o (s, k)
- 2k-1
B) (0, by, by, wuvs B); & s (-2 o (s, k-2) | (s-1)%e(s, x-1)
bi € GF(s); s -1
byr By eeer By
not all zero
€10 o veer g 0 | 85 -s &) (0,0, .ec, 0, 1) 1 (s-1) 2% 0(s, k-2) | (s-1)%sFots, k-2) | 3(s-1)s% s, k-1)
o« Fs); =1 Ib) (0 by, by eees B $los -1 %% Bas, k-3), | (512%™ (s, x-2)
Car Cgr wees G TOE ) =T
2! 73 bie(T(s), k 2 4;
1 zero
al byr by eeer By -1 k=3
not all zero;
c2b1+c3b2+. , ‘+th5c—l=°
) (1, by, by veer B -1 (s-1) 2% 0 (s, k-2) | (s-1)%6 4e(s, k-2)
b € Gls);
cl+c2b1+. . ‘+°kbk-1=o
(€1 Cpr weer G 1D, | & a) (0, by, by, ery B g“;l_-T; (e-1)26% (s, k-2) | (s1F o, k- | 26116 Nas, k1)
c; € GF(s) b, € GE(s); 8- *
byr by, ever By
not all zero,
c2b1+c3b2+. . 'Kkhk-l"'
+5,=0
— K=
B) (L, bys by ooy B & (s-1)¢(s, k-1) (s-1)8 o (s, k-1)
bi e GF(s);
c1+~c2b1+c3b2+. oot
D
1(s-1)6% N (s, k-1)
=7 (3-1)521(-1 k;l.Tz(sk_l-sl)

8s
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g-1 .

denote 11 (sq - sl) . (The counts are found in Appendix C.) Colums
i=0

(6) and (7) are found as for the case PG(2, s). The total nunber of

fixed flags under the transformations (5.2.1) is found to be
k-2

7(s - l)s2k"l il (sk_l - s') for a fixed m. Since there are r values
1=0 xk-1%2 k1 i .
of m, 2 Y(g) = 7r(s - 1)s I (s - s7). The dimension for the
geH i=0
camutant algebra of the matrix representation {P(g)} is therefore
k-2 .
7r(s - 1) SZk“1 it (sk . s
1 i=0 '
o 1 ¥ = o — = 7.
geH r(s - l)SZk—-l i (Sk—l _ Sl)
i=0

The matrices I, G, B, T, BT, TB and S (introduced in Chapter II) serve

as a linear basis for the real matrices in the cammtant algebra, i.e.,

the camutant algebra over R is the extended relationship algebra P7.

S is linearly independent of the other matrices if X > 1, which is true

for k 2 3. Also, since the design is symmetric, the matrix

BTB = (r — A\)B + AG,
Theorem 5.2 Let {P(g)} be the group of matrices which permute the
incident point-hyperplane pairs (flags) of PG(k, 3), k 2 3, under the
action of the group PC(k, s) (s = pr, p a prime, r an integer). The
commutant algebra for this matrix has dimension seven. The matrices
I, G, B, T, BT, TB and S form a basis for the commitant algebra; the
matrices I, G, B, T, BT + TB and S form a basis for the linear space
of real symmetric matrices in this algebra.

5.3 The Design Based an the Desarquesian Finite Affine Plane EG(2, s),

SZP.
A finite affine plane defines an asymmetric BIB design with para-

n‘etersv=sz,b=52+s,r=s+l,k=s,>\=l(3.3.2) and



sz(s + 1) flags. The full collineation group EC(2, s) of the finite

affine plane EG(2, s) is defined by the r(s - 1)2(s + 1)s3 treatment

transformations
= m * .
X +cC ajq a12 %y ¢y X (aij, C; € G.F(S)'
a a X m| T lx*l m=rp:
21 %22) %2/ (%2 2 =P
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u=0, l' ceo oy r—l),

such that A is non-singular. From (3.3.9), the collineations

a a X m X, *

(5.3.1) Ax_m = 11 12 1 1
a m = X, *

0 @nli* 2

define the subgroup H of EC(2, s) which fixes the point (0 0) and the
line (0 0 1) (x:2 = (). Clearly ajy and s in (5.3.1) are non-zero.
The line (yo, Yy y2) is transformed as follows (Theorem 3.3):

A

. _ m|
(5.3.2) |0 @17 0 [|lyp*| =¥ vy | Y(FO) € GF(s).
m
*
0 315 3 \¥2 ¥,

The stabilizer H consists of r(s - 1) 2s elements.
Proceeding as in Sections 5.1 and 5.2, for any m = pu,

u=0,1, ..., r -1, we consider the following line types :

Number of | Conditions under which
lines of a line of this type
Line type this type | is fixed (5.3.2)

(00 1) 1 fixed for all Ain H

m
(01 a); s a,. +a.,,a=a,.,a
a ¢ GF(s) 12 22 11




Number of Mnditions under which
lines of a line of this type
Line type this type | is fixed (5.3.2)
(1 0 a); n
a ¢ GF(s) s -1 a22a = a
(1 a b);
a, b e GF(s) -
a# 0 s(s - 1) a,q@ = a i
a12 + a22b =Db
s2 + s
lines

Likewise, for any given value

of m, we have the following point

types :
Conditions under which
Number of points a point of this
Point type of this type type is fixed (5.3.1)
(0 0) 1 fixed for all Ain H.
(c 0); m
c(#0) € GF(s) s -1 a,,C =2cC
11
(c d); m
d# 0; s(s - 1) a,4¢ +a12dm=c
¢, d € GF(s) m
a,,d =d
22
52 points
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For each flag, the number of transformations which fix that flag

is found in Table 9.

number of fixed flags under the transformations (5.3.1) (for a fixed m)
is 7s(s - 1)2. Since there are r values of m, ) Y(g) = 7rs(s - 1)2.

The dimension of the cammitant algebra of the matrix representation

{P(g)} is therefore
1

] ¥(g) =
T gem

(The counts are found in Zppendix D.)

7rs (s-1)2

rs(s-1)

get

7.

The total



(for transformations (5.3.1) for a fixed m)

TABLIE 9

(1) (2) (3) (4) (5) (6) [€))
Number of Number of
] Number of Lines whicn lines of this colline~ Number of Total number
Point type points of contain the type which ations collineations of collineations
this type | point ontain the fixing a fixing a flag fixing a point
point given flag | type type
(0 0) 1 a) (001) 1 s-1% | (s-1% 2(s - D%
a ¢ GF(s) s (s - 1) (s - 1)%s
(c 0); s -1 a) (001 1 (s - 1)s (s - s 2(s - 1)%s
c(#0) ¢ GF(s) b) (1 ab),
a= —c-l,
b € GF(s) -] s -1 (s - s
(c &;: (s - )s a) (01 a),
c, d e GF(s); a=—cd_1 1 s-1 s-1 3(s-1)2s
a#o b) (10 a),
a= -d‘l 1 s -1 s-1
c) (lab),
a(#0) ¢ GF(s),
=-Q+ac)dl| s-1 1 s-1
7(s - 1)25

29
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Since we have a symmetric design with A = 1, the matrices I, G,
B, T, BT, TB and BIB serve as a linear basis for the real matrices in
the camutant algebra of {P(g)}, i.e., the commutant algebra over R is
Jar;es' relationship algebra R7.
We therefore have,
Theorem 5.3 Let {P(g) } be the permutation matrix representation of the
transitive collineation group EC(2, s) of EG(2, s) (s = pr, p a prime,
r an integer) reflecting the permutations of the incident point-~line
pairs (flags) under the action of the group. The dimension of the com-
mutant algebra of this representation is seven. The matrices I, G, B,
T, BT, TB and BTB form a linear basis over R for the camutant algebra;
I, G, B, T, BT + TB and BTB form a basis for the linear space of sym-
metric matrices in this algebra.

5.4 The Design Based on the Desarguesian Finite Affine Geametry

EG(k, s), k = 3, s=pr

Fraom (3.3.2), a finite affine geametry EG(k, s), k 2 3 defines an
k

asynmetric BIB design with parameters v = sk, b= 28T (Z _-ll) ’
k k-1 Kok
_s =1 _ k-1 _ 8 -1 L. S (8T =1)
rTESTTook=s T add = oy and with =Ty flags.

(Flags are taken here to be incident point-hyperplane pairs.) The col-

lineations of such a geametry are given by the treatment transformations

(3.3.7). The subgroup H of collineations which fix the point

(0, 0, ..., 0) and the line (0, 0, ..., 0, 1) is determined fram (3.3.9),
S

i.e,, the r(s - 1)s m
i=0

- sl) transformations of the form



() ()
m *
- ] *y
BX = ' m| = _u
= 0 ag | 1%, x2* (aij e GF(s); m=1p;
(5.4.1) - . u=0l ll --.,r-l),
m *
\)ﬁ{J ~}ﬁ{ J
in which
\
(all %12 R T |
1 ) * ot az, k-1
Al - * ' |A1| # 0,
Lak‘lr 1 ak‘lr 2 * - @ k-1, k-1
| I—
a'=(ay ay ... a1, oy

CN # 0, aij e GF(s).

The hyperplanes are transformed as follows (Theorem 3.3) :

' () ( m)
(5.4.2) 0 A" 0 Jly* =Y |y | s YHO e GE(s).
0 a' agl .
m
\yk*J \yk

As in the previous sections of this chapter, we consider the fol-

lowing hyperplane types (for anym=pu, u=0,1, 0., r=1):

64
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Number of (onditions under which
hyperplanes of a hyperplane of this
Hyperplane type this type type is fixed {5.4.2)
f0)
0 1 fixed for all A in H
0
1
0 g8 b |
1 1
k-1 ' _ m
bl s (s 1) Al bz =y b2 ,
s -1
b2 L] L
* nm
* bk—lj \bk—lj
Pe-1 Y(#0) € GF(s)
by ) by € GF(s); alkbl+32kb2+...,+
by, by,
17 72" 0y bk—l _ m
not all zero * e, W1 FaP =
1)
0 s -1 Yy =1
_ bm—l
0 ek
0
b

Ay

b(#0) € GF(s)
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Number of Conditions under which
hyperplanes of a hyperplane of this
Hyperplane type this type type is fixed (5.4.2)
(1) Yy =1
¢ \
by s(sk-l - 1) {bl 1 blm
B =
m
b, b, b,
m
Bi-1 Y I L
>k b,  cr(s); aply +anby ...t
_.m
Byr byr eenr By N
not all zero
Csg® -1
S -
hyperplanes

Likewise, for any given value of m, we have the following point

types :
Nurber of Conditions under which
points of a point of this
Point type this type type is fixed (5.4.1)
(0]
0 1 fixed for all A in H
Y
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Number of onditions under which
points of a point of this
Point type this type type is fixed (5,4.1)
rCl ) ( m ( )
c c
c2 s -1 Al c m = o
2 2
m
k-1 %1 (Sl
U
c; € GF (s) ;
C1r Cproseer S
not all zero
(c ™l fepe ) fe )
1 1 1k 1
k- m m =
) 5 (s-1) T RN s W 2
m
“%-1 %-1 k-1, k) k-1
* y _ . 1mm
c; € GF (s} ik T %k
%70
sk points

Table 10 contains the number of transformations, for a fixed
value of m, which fix any given flag. For such a value of m, the total

number of fixed flags under the transformations (5.4.1) is



Table 10
=l 4
(for transformations (5.4.1), ¢(s, @} = 11 (s” ~ 8))
i=0
m )] €)) @) ) ) o
jurber of
Point type Number of |Byperplanes which hyperplanes Number of Number of Total number of
points contain the point of this type |collineations collineations collineations
of this pwhich contain | fixing a fixing a flag fixing a point
type the point given flag type pair type
(0) 1 a) (0, 0, ..., 0, 1) 1 s~ Yo(s, k-1 | (s-1)Ko(s, k-1 | 2(s-1F (s, k-1)
0 B) (0, byy byy eery B BET - 1) [ -1 %F s, x-2) | (s-185T0(s, k-1)
s -—
. bi € GF(3);
b1' b2' esey kﬁ(‘l
{J not all zero
;) [ -1 fa w©o0 .., 01 1 (-1)s* 30(s, k-2) |(s-1)s2 (s, k-2) | 3(s-1)s5 Lo(s, k-1)
c, B) (0, bys by, v, BYiEET2 -1 e 2F (s, k-3) |(s-15% (s, k-2)
. 8- for k = 4,
. b, € GF(s); (s-1)%s for k = 3
bs by weer By,
-1 not all zero;
[o] +C + oeee +
o | 1°17%20%" - :
+G 1Py =
3 € F(s); ¢ (1, by, by, ..oy sl &7 (-1 20(s, k-2 |(s-1s* (s, k-2)
Fl’ C, 7 esey
%-1 b, « &s);
hot all zero
byr Byr e By
not all zero;
Ltcybyrc,bot Lus +
+Cg-1bg-1 = 0

89



Table 10

(continued)
g-1 q i
(for transformations (5.4.1), ¢(s, @) = N (s* - s7))
i=0
(1) (2) (3) (4) (5) (6) %))
[Nurber of
Point type Nurber of |Hyperplanes. which hyperplanes Number of Number of
points contain the point of this type |collineations collineations Total number of
of this which contain | fixing a fixing a flag collineations fixing
type the point given flag type pair a point type
- - = k—
<)) (118" a) (0, by bys weuy B[ oD (5D P05, k2) | s, k1) 3(s-1s To(s, k-1)
s -1
c
2 b, ¢ @(s);
. bys Bye eeer By
. not all zero;
e clbl+c2b2+ e #+
‘ %% =
c; € &F(s); b) (1, 0, 0, ..., 0, b); 1 ®(s, k-1) ®(s, k-1)
% # 0 -1
b= -y
o) (L, by, by ey B[S -2 2%5(s, k-2) b(s, k-1)
bi e GF(s);
By By vees By
not all zero;
1+c1bl+czb2+ ces k
"oy = 0
8(s-1)s* To(s, k-1)

69
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k=2 .
8(s - l)sk 1 I (sk 1 sl); thus,
i=0
k-2 .
] %@ =8rs -1t 1 (-,
geH i=0

For the representation {P(g)}, the dimension of the commutant algebra

is
k-2 .
8r(s - l)sk 1 ! (sk 1_ sl)
1 i=0
Y{g) = = 8
TAT ) . k-2 _ : .
gefl r(s - 1) k-1 I (sk 1_ Sl)
i=0

(The counts fram colum (5) are found in Zppendix E.) Since we have
an asymmetric design with A > 1 and dimension eight, the matrices I, G, B,
T, BI', TB, BIB and S serve as a linear basis for the real matrices in
the comutant algebra.
We summarize in the following theorem :
Theorem 5.4 Let {P(g)} be the permutation matrix representation of the
transitive collineation group EC(k, s) of EG(, s) (k = 3, s = pr,
p a prime, r an integer) reflecting the permutations of the incident
point-hyperplane pairs (flags) under the action of the group. The
camutant algebra of this representation has dimension eight. The
matrices I, G, B, T, BT, TB, BTB and S form a linear basis for the
algebra of real matrices in this algebra; I, G, B, T, BT + TB, BIB
and S form a basis for the linear space of symmetric matrices in this

algebra,



VIi. ESTIMATION AND ANALYSIS

6.1 Estimation Under the Assumption of a Zero Mean Vector

As mentioned in Chapter II, for a BIB design, Sysoev and Shaikin
(1976, III) and Sysoev (1977) determined unbiased estimates for the
covariance matrix coefficients c; under the assumption

Y ~ N(0, _Zt c;V;) where _zt c;V; is a positive definite symmetric
matrix ian;iLther RG, R7 ' E:lor R8. Alternatively, we may use Theorem 1
of Pukelsheim and Styan (1978). Theorem 1 states that if

LA (Ut 1——2; c;V;) and the V; span a k-dimensional special Jordan alge-
bra, then

(i) If G(D).c lRt. is the region of values ¢ such that zt ciVi is
i=1
positive definite, the maximum likelihood estimator for ¢ € G

is almost surely equal to the UMVUE (uniformly minimum variance
unbiased estimator) € = (W'W) _]w' vec I where

W= [vec V.| vec v, | [vecV]andE— ZN'XY'
= 1 5 | eee v -4 E:NU .

N > t; s =1, 2, ..., N are independent.)

Y
—H

(ii) 'zt &,V; is a non-negative definite and positive definite if E
lié positive definite.
(vec V maps a matrix into a vector by ordering the elements
lexicographically.)

We first define a quadratic subspace of a vector space of real
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symmetric matrices A; D is a quadratic subspace if D ¢ D implies .
D2 ¢ D. (This property makes D a a special Jordan Algebra.) Fram
Seely (1971), D is a quadratic subspace if (Di + Dj)2 e D for any basis .
matrices D; s Dj of D, This will be true for the subspace generated by
the matrices I, G, B, T, B + TB, BIB and S. (If A > 1, we assure that
we have a design satisfying the block intersection properties given in
Chapter II. See Sysoev (1977) for relevant details.)
Now we will consider only the case where -Zt c;V; € R.; the
other cases follow with minor modifications. Welt—lie the alternative
basis H, = Ej + E;, Hy = E,, ..., Ho = E, from (2.1); thus,
W= [vec H,| vec H,| ... | vec H,]. Note that
(vec Hi)' (vec Hj) = tr HiHj' Thus, the UMVUE equationsvreduce to
26 &, tr (LH.) = tr (H, E), i=1, 2, «v., 6. These equations were
551 & i3 i
solved in Sysocev (1977); a solution is given in (2.2). ‘

6.2 Estimation Under a Fixed Effects Model

In this section, we assume a fixed effects model, i.e.,

E(Y) = uj_n' + D't + L' under the assumption that our covariance matrix
belongs to either R, R,, P, or Ps. (Once again, for X > 1, we assume
our design possesses the block intersection properties expressed in
Chapter II.) We first deal here with the notion of camplete sufficient
statistics for a family of multivariate normal distributions. Seely
(1971) assumed a model of the fom ¥ ~ N_(XB, .zi c;V;) such that 8
ranges over 521 = pr, c= (cl, Cor weny ct) ! ra1'11<;es over Qé, a subset of
lRt and each Vi is a known real syrmetric matrix such that v, = 1. Ad-
has a non~-void open set in lRt, Zt c, Vi is positive

2 .
i=1
definite for all c ¢ 92 and ¢ and 8 are functionally independent. Any

ditionally, @

..
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of our four models satisfy these conditions; we know when a covariance
matrix in R6, R7 ’ P7 or P8 is positive definite (Sysoev and Shaikin
(1976, I, II) and Sysocev (1977)). Theorem 2 in Seely states that if

sp {Vl, V2, ooy Vt} is a quadratic subspace of the space A of real sym—
netric matrices and ViR(X) cRX fori=1, 2, ..., t, then the vector

statistics (Y'V.Y,Y'VY, ..., X'Vt}_l_, X'Y) are jointly a camplete suf-

1 2—
ficient statistic for our parameters, In fact, if X =’(_j_th' |L'), then

IR(X) = R(X)

GR(X) =3 3," RX) ¢ REX)

TR(X) = D'D R(X) ¢ R(X)
(6.2.1) BR(X) = L'L R(X) c R(X)

(BT + TB)R(X) < R(X)
BTBR (X) c R(X)
SR(X) = SR(XX') = SR(G + T +B) = ROk + - Mj_'j_ +

+ (r - M)D'D + AL'LT + (k - w)L'L + uD'DB) c R(X).

(For the last statement, see Sysocev (1977).) Thus since sp {I, G, B, T,
BT + TB, BTB, S} is a quadratic subspace of A, Theorem 2 holds.

Furthermore, Seely determined that if Theorem 2 holds and P is
the symmetric idempotent matrix such that R(P) = R(X) and N= I - P,
thien the parametric function _Zt vic, is estimable in the space

i=1
{Y'AY : A ¢ A} if and only if there exists an a such that

zt

joy EEOVNVL) oy =g

7t tr (VW) a; = v
271 1 2

i=1l

.

it
<

t
Lo eV o = vy
i=1
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N in this case is the matrix E5(2.1) . We also have

g |-2 6 +1) _
ESI = ES[ $(E0 + El) + 3 (E2 + E3) + E4 + E5 +E6] = E5
EG=E5[bkE4] =0

E.B = ESEk(E2 + By + E6)J =0

E.T = E5[r(E3 + E4)] =0

ES(BT + TB) = Es[(r - A) (EO + El) + 2krE4] =0
- - = 12 -
E-BTB = Es[k(r >\)E2 =k rE4] = 0.
Thus if A = 1 (and hence S=B+T-I), the only estimable function in the

space {Y'AY: A e A} is the function V1S where V1Sy is the coefficient

of the identity. In this case, we have that \)lcl is estimable if and
v
. . _ . _ 1
only if there is an o such that tr(ES)ocl = \)l, i.€.y 0 = oy -

M unbiased estimator for V1Cy is n—k\:-%k+l (X'ESX); since it is a func- .
tion of the caomplete sufficient statistic, it is uniformly minimum
variance unbiased.
oncerning estimation of the treatment (and perhaps, block)
parameters, we do know that a'y is a b.l.u.e. for its expectation if
and only if Vig_ e R(X) fori=1, 2, ..., t. (This is fram a result
in Seely (1969) which is an extension of a result in Zyskind (1967).)
Ia ¢ R(X) implies a ¢ R(X); fram (6.1.1), for any a ¢ R(X), we also

see that V.la € R(X). Thus, the coefficient vectors a are those vectors

and only those vectors which are in R(X). .
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6.3 Estimation Under a Randam Blocks Model

We now assume a random blocks model, i.e., the model
E(X) = ujn + D't, where the covariance matrix of Y is contained in one

of the algebras R6’ R7, P7 or P8' In the traditional model,

_ 2_, 2. _ 2
V(p—olLL+oI—ol

algebras. Also, R(X) = R(_j_n|D') so that V;R(X) is not necessarily a

B + 021; here B and I are in each of the

. . t
subspace of R(X). However, if we assume Y ~ N_(uj, + D'Z, izl c;V,)
and N = {Y'AY: AX = 0}, fram Seely (1971), a necessary and sufficient
condition for Zt v;C; to be N-estimable is the existence of a vector a

i=1
which satisfies thé following equations:

t —
Z tr (N, NV,N) o, = vy
i=1
e tr (\WNV.N)a, = v,
(6.3.1) i=1 .

t -
1T tr WV N o, = v

i=1 t
In this case P=-]—'D'D=1'-T=E + E andN=I—P=I—-]2T=
’ r r 3 4 r
ool (o + 1) 1 L )
3 (EO+ El) +---—6---E2 +¢E3+E5+E6' We will use the base ma

trices as defined in (2.1). If A =1 (and hence, S =B +.T - I), the
equations (6.3.1) thus reduce to

o2
—_— (v=1) o, =V
6 + 1)2 2 2
(6.3.2)

mh-b-v+1) OL5=\)5

(b - v) o =\)6.
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(See Mppendix F.) The only N-estimable function is of the form

VoS + VeCo + VeCe where Vo \)5 and Ve are real numbers. 2n unbiased

estimator for this function is

2
78 6. YNV =wy'-ml (E. + E.) +E, + |——tn | E.| ¥ +
4 == 2o-1 P+1v0 1 2 (o +1) T3]~
Vs V6
*AbAT B t g Y'Egle

Of course, for the fixed model, the b.l.u.e. of an estimable
linear function of the treatment (block) parameters is equivalent to the
simple least squares estimator of the function. For this model, however,
the b.l.u.e. does not necessarily equal the l.s.e. If D,/i is the b.l.u.e.

of E(Y) and M* is the l.s.e. of E(Y), the difference between M and M* is

A

M* - M =7PV(I -P) [(I-P)V (I-P71 (I-PY

where V is the covariance matrix (possibly singular) and H' denctes the

Moore-Penrose inverse of H. (See Baksalary and Kala (1980).) We anly

determine this difference for the case where V = Zt c,V; € R7; minor
i=1

modifications are necessary for covariance matrices in RG’ P7 or P8.

For this case

(I -D)V (I -P) = c2[_['<:5 i 1} (EO + El) + E2 + [EF%—I) E3:I + c:SE5 + C6E6‘

.+
e = E% for c; # 0 (=0 othexwise), then [ (I - P)V(I - p) 1"
1
oo 1) (¢ + 1)2 o + 1 + +
=ct|- E +E) + D" -
2 [ 2 (Bg + B + b2 2 7 P3|t o5 Byt g B




Therefore,

MK - M=PV(I - P)(I-P)V(I-P)I" (1-P) ¥
¢ + 1

i

[(1-P)V(I-P ) (I-PY

il

1 ¢

1P 5T 3
C

2) +f¢+1) (m _T_

=5t +1]°2[¢][r—x T

By + E,) V [— %— (By + Ey) + [T} E,

¢

v

G

1

¢

+ = E

X

LB

C
[c N ‘T%ﬂ (B, - E) [(I-B)VE-P)I1" (1 -PY

where C2+ = %'- if <, ¥ 0 (= 0 otherwise), If C, = 0, then M* = 1\71
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VII. QONCLUSION

The major part of this dissertation is concerned with determining
the commutant algebra for the matrix representation reflecting the per-
mutation of the incident point-hyperplane pairs under the action of the
full collineation group on a desarquesian finite projective geometry or
a desarguesian finite affine geametry. These geametries possess a great
deal of symmetry; other BIB designs most likely do not. Thus, if the
full automorphism group for a design were known, the dimension of the
canmutant algebra is likely to be greater than that of the appropriate
relationship algebra or extended relationship algebra. Many designs have
automorphism groups whose order is less than the number of experimental
units n, in which case the group is intransitive on the flags. The
dimension of the commutant algebra is often significantly increased.

We have been working with Steiner Triple Systems, i.e., block
designs with k = 3, A = 1. If v = 13, there are two non-isamorphic sys-
tems, each having an autamorphism group which is intransitive on the
flags. If v = 15, there are eighty non-isomorphic systems, most having
flag-intransitive autamorphism groups. The dimension of the cammtant
algebra is often so large, the problem is of little interest., We do
intend to further study the commutant algebras associated with different
designs. For example, we wish to examine the effects of resolvability

and of repeated blocks and the case where we have a partially balanced
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incamplete block design. We also wish to see if our work with the
desarguesian geametries will help us for different types of geametries.
Concerning estimation, we have seen that for the fixed model, the
b.l.u.e. of an estimable linear function of the treatment (block) para-
meters equals the l.s.e. of that function, if the covariance matrix is
in R6’ R7 , P7 or P8. As the algebra increases in size, this may very
well not be true; certainly it is not true for the random blocks model.

Much estimation and analysis work remains to be done.
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APPENDIX A

Traditional Malysis of a Balanced Incomplete Block Design

Intra-block analysis of a BIB design refers to the standard least

squares analysis based on the normal theory model
2

E(Y) = pin + D':r_ + L'B, V(¥) =0 In, ].Z_Ti = 0, ;Bj = 0. The general
MOVA table for the design is as follows:
SOURCE SS DF E (MS)
Blocks, ignoring
treatments 1 Z 5
Treatment component - T. - v-1
k(T-)1) I :
-(p+1)C
Remainder % ) hjz— : b~v
J
1 2
)] g_ T
+¢C
1 2
Total T ) h; -C b-1
]
Treatments, eliminating (6+1) 5 2 ré
2
—_ : - + ,
blocks 3T z G, v-1 O+ AT
Error’ by subtraction n=v=btl | 02
2
Total Z' ¥4 =C n-1
i,]
-1 12 -
C=n [ Yij} is the correction for the grand mean, Gi =g, - k lTi
i,j

is the adjusted treatment total, (—ﬁ-l— = %{‘1 is the efficiency factor of
1

the design, o 2 - (w1~ ) .2 and g., h. and T, are defined in
T s i’ 3 1

Chapter II. (The ANOVA table will be amended for a symmetric BIB



85

design and for a resolvable BIB design. See Kempthorne (1952).)

Treatment effects are estimated by ‘r“i = -(%}l-)- 1 treatment contrasts

~

P = E CiTys z.ci = 0, are estimated by ¥ =) cifi where var(¥) =
1 i i

o> %1-)- Z ci2. Under the fixed effects model, these treatment con-
trast estimates are optimal.

Recovery of intrablock information is helpful if we assume the
randam block effect model under normality. Y is normally distributed
with E(Z) = Uin + D'l' var Q{_) = 021n + 012L'L and z T, = 0. (We use a
technique invented by Yates (1940); this assumes b J>- v.) Now, in ad-
dition to the intrablock estimates {‘f‘i} which have the same distri-
bution under the randam block model as the fixed model, we may deter—
mine interblock estimates {’T‘.l' }, unbiased estimates for T which are

statistically independent from {’T‘i}. These estimates are derived by

treating the block totals as observations in a fixed effects model; we

. o — - ‘-l - Y . ~ . .
find 7;' = (r-2) © (T, B]Z hy). Ay con;rast estimator ' = 2 c,®y bas
1
. ~ +1) 72 - _ .
varliance var (b') = “‘(b—r—-) (o +k012) 1 § Ci . TIf we define w = $r _ and
(r=A) r ~ ~ (<b+l);
v — - wy + w'y' o, . .
w K (02 +k012) (6+1) (02 +k012) Ty isan unbiased estimator of

.. . , 1 2 or .
U with minimum variance T rwy z S We use TGO VEE to estimate w
-1 -1 .
and r(n ~v) (¢ +1) ~ [k(b- l)MSbl.el.tr. - (v = kK)MSE] ™ to esj:ln\ate
w'. Inferences about {T.l} are made by assuming % and %' are equal to w

and w', respectively.



APPENDIX B

The subgroup of PC(2, p') which fixes the point (1 0 0) and the
line (0 0 1) consists of the point transformations of the form (for a

given m = pu, u=90,1, ..., r-1):

1 a5 35! % *g*
m *
x o= 0 %1 G| ML =a MY,
m
0 0 a2 5 x2 x2 *

o (#0) e GF(s), aij e GF(s)

where ajq and a,, are non-zero. The flag type pairs found in Table 7
and the conditions under which they are fixed are:
a) Point (1 0 0) Line (0 0 1)
Fixed for all matrices A in the stabilizer
There are (s - l)zs3 collineations fixing this flag.
b) Point (1 0 0) Line (0 1 a), a € GF(s)
812 T 332 T 832
There are (s - 1)252 collineations fixing this flag.
c) Point (c 10); c e GF(s) Line (0 0 1)

m
c + a C

01~ %11
There are (s - 1)252 collineations fixing this flag.
d) Point (c 1 0); c e GF(s) 1Line (1 -cb), b € GF(s)
m ——
c’ + ay; = a|C
_ ,m
392 T 3% T apP =k
There are (s - 1)25 collineations fixing this flag.,



e)

£)

Point (¢ d 1); ¢, d ¢ GF(s) Line (0 1 —d)
m -

c + a01dm * 35y T A€

alldm + a12 = a22d

There are (s - 1)25 collineations fixing this flag.

Point (¢ d 1), ¢, 4, € GF(s) Line (1 a ~c=ad); a ¢ GF(s)
m m _ _
c + aOld + a02 = a220 alldm + a1, azji
a.. +a,.a=a"
01 11~

There are (s - 1)2 collineations fixing this flag.

87



APPENDIX C

The subgroup of PC(k, p-), k = 3 which fixes the point
(1, 0, 0, ..., 0) and the hyperplane (0, 0, ..., 0, 1) consists of the

transformations of the form (for a given m = pu, u=20,1, ..., rl):

]
. m| (o %)
1 2y aOk XO X *
0 m *
SR R T 5 R P S
00 Ayl :
m *
%) 0%
o.(#0) € GF(s), ai:.| e GF(s)
| - - '
where a, @y 3 - - 3, =17 3= @y 2y ... 21, k'
(a a a )
11 12 e 1, k-1
A= |%21 42 s By k-l

%1, 1 %=1, 2 ° 0 %-1, k-1

and A is non-singular. The flag type pairs found in Table 8 and the con-
ditions under which they are fixed are:

a) Point (1, 0, 0, ..., 0) Hyperplane (0, 0, ..., 0, 1)

Fixed for all A in the stabilizer

2k—l@(s', k~1) collineations fixing this flaqg,
k=2 . -

where ®(s, k-1) = 1 (sk—l - s,
i=0

There are (s - 1)s
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b) Point (1, 0, 0, ..., 0) Hyperplane (O, bl’ b2, ooy bk);

bi e GF(s), bl’ b2, csey bk—l
not all zero

( )
( m
by by
m
a2 | =y P2 |, v e el

By-1) By_qm

m
APy +oanby e Fagh = v

The number of matrices Al satisfying the first ocondition is the

same for any choice of bl’ b2, . bk_l {not all zero). This is

true since the condition above is equivalent to the condition

(m ,
by W by )
m
@™ P2 = P2 |, 800 € @ o).
m
b1 b1

In a sense, if we think of (bl, b2, ceey bk—l) as a hyperplane
vector in a (k - 2)-dimensional space, we are just counting the
number of elements in the subgroup which fixes the hyperplane,

whi¢h will be the same for any choice of bl’ b2, cesy bk—l'

To count our matrices, we will therefore make a choice of

bl =1, b, = b3 = e = bk—l = 0., Our conditions thus reduce




to

811 T Vi 353 T 8137 cee T3y 4 T 05 apby taghy =

90

There are (s = Ii.)2 Sk~ 4<I>(s, k - 2) collineations fixing this flag.
This is true since there are s - 1 possibilities for both ajy and
akk’ s possibilities for each of aOl’ a02’ coey aOk' .a?_k, a3k, ceey
L k=3 2 i

ak_l’ k, a21, a3l"o..’ ak"‘l, l a.n.d @(S, k - 2) = izo (S - S )
possibilities for

a2 a3 s 8y k-1

a32 a33 e o o a3, k—l

*%-1, 2 %&%-1, 3 * *° %1, kﬂJ

C) Point (Cl, 02, es oy C](, 0); Hyperplane (0, 0’ sv ey 0' l)

Ci € GF(S),'

Cor c3, ceer O not all zero

()
&) )

A 3{=oa (73], a0) ¢ GF(s)

uck J LckJ
m m m m _
Cy + 8518y +apCq Foaee ao’ k-1 = o

The count will be the same for any choice of Cyr C3r seer G (not

all zero); therefore we choose c, = 1, C3=Cp=...=¢ = 0.
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Our conditions thus reduce to

811 T @5 81 T 833 T eee T, 1T 086 Y g6 = 0%

a(#0) e GF(s).

There are (s - l)zs3k_4®(s, k - 2) collineations which fix the
flag.
d) Point (cl, Cor eser Cpr 0); Hyperplane (0, bl’ b2, ceey bk);
C; € GF(s); bi e GF(s);

Cor C3r wesr O not all zero bl' b2, cesy bk_1 not all zero;

c2b +cb, + ..+ ckb -1 0

17 %372
,c . c.) b, | b ™ W
2 2 1 1
m m
A %= % (P2 =y P2 | v e
m m
\ck) Lck \bk—lJ \bk—lj

m m ul m _
C1 F A% tagCy toeee a1 T 0G

Py * o e =
1) For k = 4, the two matrix equations are essentially equivalent
to equations for the stabilizer of the flag consisting of the
point (c,, 3, ..., q) and the hyperplane (bj, by, ...y b ;)
in a (k - 2)-dimensional space. Thus the number of matrices 2
which satisfy the two matrix equations will be constant for any
choice of (c2, C3r wees ck) and (bl, b2, ey bk—l) (consistent

with our restrictions on the values). We therefore choose

Cy = bk—l =1, C3=C4 = «..=Q = bl = b2 = L. = bk—2 = 0,

.‘
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Our conditions therefore reduce to

117 % 8y, k-1 T Y B1 T B3 T oeee T 1T %, 27

Ay, 37 e Ty k= 0F

¢yt aOlczm = 0acy7 ak—l, kbk—l + akkbk = ybkm; o, YF0) € GF(s).

There are (s - 1) 354k_8<b (s, k=3) collineations which fix the
flag.

2) For k = 3, the conditions are:

cm c b bm
2 | _ P2 R e 1,

Al ml = @ 'Al =y ml § O vy (#0) € GF(s);
o) c b b
3 3 2 2
m m m _ . m
Cp +2)1Cy *+ 3pyCy = aCy7 ay4by + ay3b, + 3540, = yby

There are (s —- 1) 3s4 collineations which fix the flag.

e) POint (Cl, c2’ e 0 ey ck, O); HyEerplane (l’ bl] b2l L 4 b]<);

c; € GF(s): b.l e GF(s);
Cyr c3, ...,cknot all zero cl+c2bl+...+ckbk_l=
(o
r ( ) ( m W m ()
21 by by € )
' - m m =
352 AT by | = by r By |C3 @ |cy
m m
120, k-1 Pr-1)  (Pr-1 %k | &3

CI a]kbl + a2kb2 + ... + akkbk’ o.(#0) € GF(s)

(clm + a01c2m + ..o A, k-l(‘km = acy is a linear cambination of
14

the other conditions. Here we use the fact that



93

_ _ k-2

1 + 02bl + - + ckbk-l = 0.) There are (s - 1)s “¢(s, k - 2)
possibilities for A1 When Al is determined,

ayqr Bgor weer aO, k-] are campletely determined. Therefore,
there are (s - 1)252](—3@(5, k-2) collineations fixing the flag.

f) Point (Clr C2r ooy ckl 1), a) (0, blr bzr Y bk);
c, € GF(s) b, e GF(s);
bl’ b2, e sy b]{—l nOt all ZerO;

bl+c3b2+ sos +Ckb —l+

+b =0

€2

f m 3 3 ( m )
c, (alk [cz fbl bl
m m
A 31 + |9k =a, €3, A by | =y (P2
m m
% -1, k k) Px-1 Pr-1

m m m m _
C1 *t3nC T 3%z toeee t 3 Gt g T agC

Y (#0) € GF(s)

(alkbl + a2kb2 + i + akkbk = kam is a linear cambination of

the other conditions.) There are (s - l)sk-2d>(s, k = 2) possi-
bilities for Al'. When Al' and ay are determined,

a1y s Bopr eees ak-l, y are campletely determined. There are
(s - 1)252k_3<b(s, k - 2) collineations fixing the flag.



g) POi.nt (Cl' c2, aes e %’ 1),

9%

Hyperplane (1, bll by eees bk);

c, € GF (s) bi ¢ GF(s);
c1 + czbl + c3b2 + ce. +
v obh v =0

( ) rb 1 rbm ) ( I\'l1 r 1 r 1
41 1 1 ) 3y )
a Y o b m C m o

02 [+A' P2 | =1P2 |, A %]+ % =a, |3

m m

0, k-1, Be-1)  (Bk-1 | % | %1, ¥ %)

_ . m
Bk * APy tanby toeee tagb = b

There are ¢(s, k -~ 1) possibilities for Al Once Aland . are
determined, all of the remaining values of a,. are campletely

determined. Therefore there are (s - 1)%(s, k = 1) collineatians
fixing the flag.



APPENDIX D

The subgroup of EC(2, pr) which fixes the point (0, 0) and the
line (0 0 1) (x2 = 0) consists of the transformations (for a given

m=pu,u=0, 1, eee, x = 1)

a a %, X, %
—n m
0 a3 |% X"
such that 3197 359 (#0) ¢ GF(s). The flag type pairs found in Table 9

and the conditions under which they are fixed are:
a) Point (0, 0) Line (0 0 1)
Fixed for all matrices A in the stabilizer
There are (s - 1) 2s collineations which fix the flag.

b) Point (0, 0) Line (0 1 a), a ¢ GF'(s)

_ m
alz + a22a = alla

There are (s - 1)2 collineations which fix the flag.
c) Point (c, 0) Line (0 0 1)

c(#0) e GF(s)

a, & =c
11

There are (s - 1)s collineations which fix the flag.
d) Point (c, 0), Line (1 <1 b), b ¢ GF(s)
c(#0) € GF(s)
-1

_.m
a22b =b + alzc

There are s - 1 collineations fixing the flag.
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e)

f)

)]
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Point (c, 4); Line (01 a), a= -cd

c, d e GF(s);
a#0
allcm +a,.d =c
a22dm =d .
There are s — 1 collineations which fix the flag.
Point (c, d); Line (1 0 a), a = -q1
c, d e GF(s);
d#0
allcm + alzdn = C
ayd = d

There are s — 1 collineations which fix the flag.

Point (c, d); Line (1 a b), a(#0) € GF(s),

c, d € GF(s); b=-(1+ ac)d_l
da#o0

d = c .

m
a1 12

a22dm = d

a,.a = a

11
There is 1 collineation which fixes the flag.
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APPENDIX E
The subgroup of EC(k, pr) , k 2 3 which fixes the point

(0, 0, ..., 0) and the hyperplane (0, 0, ..., 0, 1) consists of the

transformations of the form (for a given m = pu, u=20,1, ..., r-1):

aoa )" (Xl;
Aﬁn = al = ’ aij e GF(s),
’ *
9 Ay (% *2
m *
Pk %
where
\
211 812 s A, k-1
an 822 st % k-l

A = . i) # 0,

-1, 1 -1, 2 * *° -1, k-1

a' = (a

a 1k 2

1, K ¥k 7 0

The flag type pairs found in Table 10 and the conditions under which

2k ¢

they are fixed are:

a) Point (0, 0, ..., 0) Hyperplane (0, 0, ..., 0, 1)

Fixed for all A in the stabilizer

_ 1 k=2
There are (s - 1)s< To(s, k = 1) = (s - s+ 1 (51

- sl) col~-
-1

lineations which fix the flag (s - 1 possibilities for Agr S

possibilities for a and ¢(s, k - 1) possibilities for Al).
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b} Point (0, 0, ..., 0) Hyperplane (O, bl' b2, ceny bk);
bi € GF(s);

bl’ b2, bk—l not all zero

3
(bl b,
m
b b
A2 =y [ 2 YH0) e R s)

_ m
APy Ay, Foees Faghy = yby

The number of matrices Al which satisfy the matrix equation is con-
stant for any choice of bl' b2’ ooy bk—l not all zero. This is true
since the prablem of determining the number of matrices Al is equiva-
lent up to a factor of s - 1 to the problem of determining the number
of elements in the stabilizer (in the group PC(k - 2, s)) of a hyper-
plane (or a point) in the finite projective space PG(k - 2, s). 1In
order to determine the number of matrices A which fix the flag, we
may therefore only consider the possibility bl =1, b2 = b3 = s =
bk-l = 0. Our conditions therefore reduce to a7, =Y;

a)p T A3 T ese T al' k=1 = 0; g + akkbk = kam. There are s - 1
possibilities for each of the a1 and agr S possibilities for each

of Ayyr Byr eees ak—l, 17 Bopr Bgpr seey ak—l, K and ¢(s, k - 2)

possibilities for




99

( 3
a2 23 R Y P |

a3 433 R W W §

%1, 2 %1, 3 ¢ ¢t %1, k-1

Therefore, there are (s - l)ZSZkr4®(s, k - 2) collineations which
fix the flag.
c) Point (Clr Czr Y ck_lr 0); Hyperplane (Or Or veer Oy 1)
c. € GF(s):
i

cl’ Cor eeer ck—l not all zero

m
k-1 ) (%=1

The number of A1 which satisfy this equation is constant for any
choice of Cyr Cyr eses Gy DO all zero. We may therefore choose
Cp = 1, Cy=Cy = eeny O 1 = 0. Our conditions therefore reduce

to a = Any = A, 17 0. There are

11° 13 T a5 = e =
(s-l)szk_3®(s, k - 2) collineations which fix the flag.
d) Point (cl, Cor eser Cpyr 0)+ Hyperplane (0, bl’ b2, ceny bk»
c, € GF(s)7 h& e GF(s);

Cir Cor eser Gq not all zero bl’ b2, veer bk—l not all zero?

Ciby t oy +aen t o 4By = 0.
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.
m \ \ m
Cl (cl (b]_ bl
m m
%2 =2 oy 2 =y P2 | v e ares)
m m
G-1 -1 By1 By1

alkbl + a2kb2 + ...t akkbk = ybkm
The number of n satisfying the two matrix equations is constant for
any values of Cyr Cor weer Cp_qv bl’ b2, ooy bk—l subject to the
restrictions of the values. This is true because the problem of
determining the number of matrices = which satisfy the two equations
is equivalent to the problem of determining the number of elements in
the stabilizer (in the group PC(k - 2, s)) of an incident point-
hyperplane pair (flag) in a finite projective space PG(k - 2, s). 1In
order to determine the number of matrices A which fix the flag, we
therefore anly need to consider the choice cy = b1 =1
Cy=Cy= eea =Q 1 =by =b,=...= by _,=0. Our restrictions

2 3

therefore reduce to

311 T L 1 TP Ay T A3 T e Ty 1T, 27

m

= = = H . m:_-
= e T Ay k2T 0 Ay gt aghe = vl
Y (#0) € GF(s).

For k 2 4, there are (s — 1) possibilities for each of B and

ak-l, K17 s possibilities for each of alk’ Ager sees ak—2, K’ al2,

Aygr ewer 8y g By k27 v F; o k-1 and 9(s, k ~ 3)
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possibilities for

)
a2 823 Tt 8, k-2 W
432 433 c s 83 k2
k-2, 2 %-2,3 ... %2, k-2

Thus there are (s - 1)253]{-7@(5, k - 3) collineations which fix the

flag. For k = 3, there are (s - 1) 252 collineations which fix the

flag.
e) Point (cl, Cor eeer Oys 0); Hyperplane (1, bl’ b2, ooy hk);
c; € GF (s); b, « GF (s);

Cl, 02, oo e 7 c]{'—l nOt all ZerO bl’ b2’ es ey b](-l nOt all Zem;

1+ clbl + c2b2 + ... ck—lbk-l=o

m ¢ 1 , 1 (m )

cl cl bl bl

m m

A € =% |, A by, | = (b
m m

%1 (%-1) B |Pr-1

apby +ayb, + ... +aub =b"
The number of Al satisfying the two matrix equations is constant for
any valﬁes of Cyr Cor wenr Gy bl’ b2, ey bk—l satisfying
1+cpy + )by + .o+ 4P, =0. This is true since the problem
of determining the number of matrices A which satisfy the equations

is equivalent to the problem of determining the number of elements in
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the stabilizer (in the group EC(k - 1, s)) of an incident point-
hyperplane pair in a finite affine space EG(k - 1, s). We may there-
fore choose cl =1, bl = -1, c2 = c3 = L., = ck—l = b2 = b3 = fee =

bk—l = 0., For this choice, our restrictions reduce to

A Tl A T Ay T Ay TRy T AT =y =0
I
B T TL T
k-2 . . . .
There are (s = 1)s “d(s, k - 2) collineations which fix the flag.
-f) Point (Cl’ Cor weer ck), Hyperplane (O, bl’ by weny bk);
c; Gr'(s), O # 0 bi e GF(s);

bl’ b2, ceey bk—l not all zero;

Clbl + 02b2 + s.0 + ckbk =0

s 3

m ( s ( 3 m

“1 age | fer ) Dy By

m m

A ) + Ckm 2k = |2 r B By =Y )
m . m
%-1 %-1, k| k-1 By Pr-1

v (#0) e GF(s)
. 1-m
ek T %k

. _ m . . .
(The condition apb; +ayb, + ... +a,b =vyb  is a linear combi
nation of the other conditions.) There are (s - 1)sk-2®(s, k - 2)
possibilities for Al'. When Al' is determined, all of the other
coefficients in A are campletely detemined. Thus, there are

(s - l)sk_zé(s, k - 2) collineations which fix the flag.
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g) POint (cll c2l LU Ck)l I‘Iymrplane (l, 0’ 0’ seey 0’ b),

cieGE‘(s),ck#o b=-ck_l
fcm ) [ 3 4 3
1 Ak ]
cm m |a o] 1-m
Al 2 + o 2k = |2 ,akk=ck
m
-1 -1, k) (%=1

There are o(s, k - 1) possibilities for A. Once Al is determined
all of the other coefficients of A are completely determined. Thus,
there are ¢(s, k = 1) collineations which fix the flag.

h) Point (c, C, R o) i Hyperplane (1, by, bz,' ceer B);

ci e GF(s); bie GF (s); |
c]< # 0 bl’ b2, ssey b](""l nOt all ZeI‘O;
1+clbl+c2b2+ +ckbk=0
( ) ( ]
m ( 3 3 ( \ m
cl alk cl bl bl
m m
c m |a _ lc b _ b _ . 1m
T B B W 2 iR R S T N Bl P g%
m m
k-1 | %1, k] (%1 Pe-1)  (Px-1

There are sk—2<I>(s, k - 2) possibilities for Al'. Once Al' 1s deter—
mined, all of the other coefficients of A are completely determined.

Thus, there are sk_2<1>(s, k - 2) collineations which f£ix the flag.
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APPENDIX F

We assume a randam blocks model (A = 1); thus for P = E3 + E4
14

e Top=_1 o + 1 1 -
N=I-P ¢(E0+El)+[ 3 JE2+¢E3+ES+E6,V1—EO+E

V — = —_— = It —
2 By V3 =By Vy =By Vg =I5 andv, = E,

l’

NV1N=0

- __1
NN T

(E0 + El) + E2 +

NV.N = 0
NV,N = 0
WN = E
NV.N = E

152 B~ S O% )
i

AN o
o
.

The equations (6.3.1) thus reduce to

0 _i 1 1 _
tr[ﬂ“l} Hm (Bg + Ep) + By + (¢+1} E3] Ay =Yy
t:t'E5 oc5=\)5
trE6 CX.6=\)6 »

Slnce'trEo=trE1=trE2=trE3=v—l,‘tr'E5.=n-b—v+l, and

tr B, = b - v (Sysoev and Shaikin (1976, III)), we have

2

¢ 1 i L0 e
d>+1H¢+1} (v-1) +v l]0‘2“V2 m?("l)az Vo

n-b-v+1) O(.5=\)5

il

(b - v) ag =V

6.



