


.e

CATHERlllE T. BUR:I"CN. Autanorphism Groups of Balanced Incemplete Block

Designs and Their Use in Statistical ~kxjel Construction and Analysis.

(Under the direction of I. H. CHAKRAVARrI.)

The analysis of variance of a BIB design using either of the con­

ventional linear rrodels E(Y) = 1Jj + D'T + L'S, Var(Y) = 0'21 or
- .:q'l - - -

2 2
E(~) = lJ1n + D'~, Var(Y) = a I + 0'1 L'L does not take into account cer-

tain structural properties of the design, such as the autarorphism

group. We assume here that the covariance matrix V of Y is invariant

tmder the action of the group of permutation matrices which permute the

flags, the treatment-block pairs, under the action of the group of auto­

rrorphisms G. Thus V = It c. V., where t is the dimension and V. ,
. 1 l l ll=

i = 1, 2, ••• , t, is a linear basis of the conrnutant algebra corres-

rxmding to the pennutation representation of G.

For the desarguesian finite projective plane PG(2, 2) and the

desarguesian finite affine plane EG(2, 3), the decanpositions into

direct sums of irreducible representations of the permutation repre-

sentations of the full collineation groups PC(2, 2) and EC(2, 3) have

been detennined. The dimensions and the canfDnents of the covariance

rratrices V of designs derived from such planes are thus detennined.

Using group theoretic and canbinational results, if the flags are

the incident point-line pairs, t..'1e dimensions of the ccmnutant algebras

for the desarguesian finite projective plane PG (2, s) and the des-

arguesian finite affine plane EG(2, s) are found to be six and seven,

respectively, for every prime p and every integer r, s = pr. If the

flags are taken to be the incident point-hyperplane pairs, the dimen­

sions of the cemnutant algebras for the finite projective geanetry



PG(k, s), k ?: 3 and the finite affine geanetry EG(k, s), k ?: 3 are seven

and eight , respectively. A linear basis for each case has also been

derived.

Estimation is considered when the covariance matrices belongs to

one of four relationship algebras R6 , R7 , P7 or P8' algebras having

lJasis matrices which reflect relationships between the flags. For the

fixed effects rrodel, the best linear unbiased estimator of E (1) is equal

to t..1re simple least squares estimator of E (y); variance canponent esti-

rration is also examined. For the random blocks model, the estimable

canponents of variance are detennined along \lith the difference between

the b.l. u. e. and the 1. s. e. of E (X) •
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I. mTRODDCrIQN

An incidence s-tl'ucture (see, for instance, Derti:xMski (1968)) is

defined to be a triple S = (P, B, 1) where P, B and I are sets such that

P n B = ~ and I oS P x B. The elements of P, B and I are called points~

blocks and flags respectively. A flag will be denoted by an ordered pair

(p, B) which indicates that the point p is incident with the block B. we

shall also only consider finite incidence structures, Le., the case when

P, B and I are finite sets.

A tactical configuration is an incidence structure with an equal

number of points on each block and an e:;rual number of blocks through

every point. SUch a tactical oonfiguration is called a balanced incom-

plete block design (BIB design) if every pair of points is incident with

an e:;rual number of blocks, say A (>0). This results in a design in

which v = IPI treatmmts are arranged in b = IBI blocks, such that each

block contains k different treatnents, each treatmmt occurs in r blocks

and every pair of different treatnents occurs together in A blocks (see,

for exaIrq?le, Hall (1967)). The results of an experiment based on such

a BIB design with parameters v, b, r, k, A may be written as the vector

of observations Y = (Y
l

, Y2 , ••• , Yn)' where n = bk = vr is the number

of experi..Irental units.

When the treatnents and blocks are fixed, the linear nodel E (Y) =

]Jj + D'T + L'S, var (y) = a
2

I is C01tll'OI1ly used by statisticians in the
""fl - - - n

analysis of variance. Here!.. designates the vector of treatnent
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pararreters, .§. the vector of block pararreters and fl a constant.

~ is a vector of nones, D = «diu)) is a vxn matrix such that

d. = 1 if the uth experimental unit (flag) receives (contains) treat­
lU

rrent i (point i); othe:rwise, d. = o. L = «1. )) is a bxn matrix such
lU JU

that 1. = 1 if the uth experimental unit (flag) is found in block j;
JU

othe:rwise, 1. = o. In the case of randan block effects, the linear
JU 2

2
nodel E(Y) = flln + D'~, var (Y) = 0 + 0 1 L'L is ccmronly used. SUch

linear rrodels, however, do not discriminate between two BIB designs with

the sarre nl.lIrerical values for the pararreters v, b, r, k, A but with dif-

ferent structural properties. Combinational matherraticians have studied

the differences in structure of these BIB designs by examining the groups

of automorphisms (groups of sYJ11retries) of such designs, ho.vever statis­

ticians have hardly considered these groups in the construction of ap-

propriate rrodels and in the analysis of observations.

An automorphism of an incidence structure is a one-to-one map ¢

of points onto points and blocks onto blocks such that ¢P = P, ¢B = B

and incidences are preserved. Thus, for our block design D with treat-

ItEIlts {t.} and blocks {B.}, an autorrorphism of the' design is a one-te-
l 1

one map q, such that (t., B.) is a flag (E 1) if and only if (¢ t. , ¢B.)
1 J 1 J

is a flag (E I). The set of all such aut.cm:>rphisms of an incidence
--

structure (or a desiqn) fonn a finite group, a group being a set of ele-

rrents G = {a. b, c, .•. } having a binary operation called a product

such that

(i) The set G is closed under the binary operation.

(ii) The elements of G are associative.

(iii) The set G has an identity element e.

(iv) Each element a in G has a unique inverse a-l
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Such an autanorphism group of a design can be represented by a group

of permutations of the flags in the design. In fact, if G is the group

of autarorphisrns of a design, each g E G may be represented as a permu-

tation matrix P(g) reflecting the permutation of the flags under g.

In general, structurally different BIB designs with identical

Pararreters v, b, r, k, A have different autarorphism groups. We will

thus use these autarorphism groups to IOOdify our usual linear IOOdel. we

assurre the distribution of ! = (Yl' Y2' ••• , Yn)' is such that its co­

variance matrix Var (!) = L: is invariant under the action of the permu­

tation matrices representing the group of autarorphisms, Le., 0g(i)g(j)=

0 .. for i, j = 1, 2, •.• , n. This implies P(g)L: = L:P(g) for all g in
1)

G, that is, L: belongs to the aorrmutant aZgebra of the group of matrices

permuting the flags of the design. Thus, if t is the di.Irension and VI'

V2 , ••• , V
t

is a linear basis of this algebra,

It is of interest to determine the eatmUtant algebra for a given design

and then to use the knowledge that L: belongs to the carmutant algebra in

the analysis of the experiment.

The first three chapters in this dissertation are introductory

in nature ~ they provide notivation, preliminary formulations and a his-

torical fraIreWOrk for these problems. In Chapter IV, for the designs

based on the desarguesian finite projective plane PG(2,2) and the

desarguesian finite affine plane EX; (2,3), the matrix representations

{p (g)} of the autarorphisrn groups of the designs are decanposed into

direct sums of irreducible representations. The simple carponents of

the corresponding ccmnutant algebras are then derived.
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In Chapter V, we consider designs based on desarguesian finite

projective planes PG (2, pr) and desarguesian finite affine planes

EG(2, pr). Using a theorem of Schur and a COlIDting argurrent, the dirren­

sions of the corresPJnding camnutant algebras are fOlIDd to be six and

seven, respectively. For designs based on the projective geometries

PG(k, pr), k ~ 3, and affine geometries EG(k, pr), k ~ 3, if the (k-l)­

diIrensional spaces in the gearetries are taken to be blocks of the de­

signs, the corresponding canmutant algebras will have d.i.rrensions seven

and eight, respectively. Appropriate bases for all these carmutant al­

gebras are indicated.

In Chapter VI, we consider the effect on the analysis of a BIB

design if we assume the covariance matrix belongs to one of four pos­

sible algebras. we wish to estimate the variance cenponents and to

determine estimates of the treabrent contrasts; roth the fixed effects

case and the randan blocks situation are considered.

e.



II. REVIEW OF LITERATURE

The occurrence and importance of symretry in nature has often

been considered. H. weyl (1952), for example, studied the fonns of

symretry and was led to the concept of invariance of SPatial config-

urations under autarorphic transfonnations. Upon encountering a

"structure-endawed entity L," wey1 encourages an examination of the

group of autarorphisms of the entity in order to gain insight into its

structure. It is only natural then to examine the structure of our BIB

_e
design by examining its group of autarorphisms.

We will represent the group of auton'orphisms of a design in tenns

of pennutation matrices reflecting the pennutation of the flags in the

design, and as mentioned earlier, ~ will be concerned with the can-

IlUltant algebra of these permutation matrices. The reZationship aZgebra

of the BIB design, introduced by A. T. Janes (1957), is inherently use-

fuL This algebra is generated by four nxn matrices based on symretric

relations between the experimental units: I, the nxn identity matrix;

G, the nxn matrix of ones; B = ((b..)), b. . = 1 if the experi.rrental
1.) 1.)

units i and j are in the sane block, b. . = 0 othenv.i.se; and T = ((t. .)) ,
1.) 1.)

if the experimental units i and j share a treat:Jrent, t .. = 0
1.)

Janes stated that these four matrices will generate a non-

t .. = 1
1.)

otherwise.

-e
cannutative seven-dimensional associative algebra R7 with basis matrices

I, G, B, T, BT, TB and BI'B. Since this algebra is generated by sym-

rretric relations, it will be isanorphic to the direct sum of three one-
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cii.mensional and one 2x 2 canplete matrix algebra. (Such algebraic no­

tions will be discussed in Section 3.1 of Chapter III.) f1ann (1960)

later determined that if the design is symmetric , Le., b = v, then

BTB = (r-A) B + AG and the (semi-simple) algebra R6 determined by the

relationship matrices will be six-di.rrensional and non-carmutative. In

fact, the relationship algebra will be seven-di.Irensional if and only if

the design is asymmetric, Le., b>v. (It is known for a BIB design that

b~v.) Table 1 contains a multiplication table of the basis matrices of

TABLE 1

~-

I G B T BT TB BTB

G nG kG rG krG krG k
2

rG

B kG kB BT kBT BTB kBTB

T rG TB rT AG + rTB AkG +
(r-A)T (r-A)TB

BT krG BTB rBT AkG + rBTB Ak
2
G +

(r-A)BT (r-A)BTB

TB krG kTB AG + (r-A)T AkG + AkG + Ak2G +
(r-A)kT (r-A)TB (r-A)kTB

BTB k
2rG kBTB AkG + Ak2G + Ak2G + Ak3G +

(r-A)BT (r-A)kBT (r-A)BTB k(r-A)BTB

Janes pointed out that irrportant properties of the· experi.Irental

design are indicated by examining the decanposition of the semi-simple

algebra R7 into the direct sum of carplete matrix algebras. Equivalently,

the algebra will decanpose into a direct sum of minimum two-sided ideals,

each with a corresponding principal idempotent. '!he sums of squares in

e.

e-
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the usual analysis of variance are quadratic fonns of these iden1J?c?tents.

Marm also oonsidered the deCC'l1'q?Osition of R6 and R7 into carplete

matrix algebras, using the fact that the relationship algebra is just

the algebra generated by DID, L'L and I, where D' and L ' are the matrices

found in the linear rrodel.

These relationship algebras will also be of value in a different

sense: the four generating matrices are invariant under the action of

the autaoorphism group of the BIB design, Le., p(g) IP(g) I = I,

P(g)GP(g)I = G, P(g)BP(g)' = B and P(g)TP(g), = T for all gin G, the

autcm::>rphism group. Each of the generating matrices thus belongs to

the carmutant algebra of the group of matrices permuting the flags of

the design. Hence, the relationship algebra for the design will te a

subalgebra of this carmutant algebra. In fact, James states, "For

certain designs, the relationship algebra is the ccmnutator (aomrrrutant)

algebra of the representation of a group expressing the syrrmetry of the

experi.Irental design. Such will be the subject of a further paper."

James, hcMever, published no further work on this Particular subject.

Our present work is in the spirit- of Hannan (1965) and McLaren

(1963). Hannan considered the structures of the carmutant algebras of

given group representations, in particular, the four-di..Irensional al-

gebra of the randanized block design (generated by the matrices I, G,

B and T) which coincides with the carmutant algebra of the "repre­

sentation of the group of syrmetries." He also indicated that the Pairs

of flags can be divided into equivalence classes, where two flag pairs

(s, t) and (s', t') are in the same class if there is a g in the group

of autarorphisms G such that gs = s' and gt = t'. If Xi(s, t) is 1
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when (s, t) belongs to the i th equivalence class and 0 otherwise, then

for any L: = «O'st» in the ccrrmutant algebra of a design,

O'st = ~ aixi(s, t), i.e., O'st = O's't' if the flag pairs (s, t) and

(s', t') are in the same equ.ivalence class. With the aid of repre-

sentation theory, McLaren also considered the algebra of matrices can-

:rruting with a matrix group representation. He studied the decanposition

of the representation into a direct sum of irreducible representations

and used this to detennine the structure of a matrix in the ccmnutant

algebra and conditions under which the matrix may be real and syrcmetric.

In a series of papers, Dubenko, Sysoev and Shaikin (1976, I, II),

Sysoev and Shaikin (1976, I, II, III) and Syscev (1977) also examined

the structure of the carmutant algebra for several designs by using

groups of permutations based on "syntretry prq:>erties." For a BIB design,

the symmetry group is defined to be the set of all g such that

b .. = b (.) (.) and t .. = t (.) (.) for all exper:i.roental unit pairs (flaglJ g l g J lJ g l g J

pairs). Sysoev and Shaikin (1976, II) shCMed that in both the a.syrmetric

and syrcmetric cases, the relationship algebra may coincide with the

carmutant algebra only if A = 1. In fact, they state, without proof,

"For syrmetric scherres PG(m, q) the R-equivalence classes coincide with

equivalence classes in the sense (23), Le., the extended relationship

algebra P7 is a ccmnutator algebra. In the special case of block­

scherres PG(2, q) for which A = 1, the ccmnutator algebra coincides with

the relationship algebra R6• The relationship algebra R
7

is the can­

mutator algebra in the case of asyrmetric block-scherres with A = 1,

generated by the finite Euclidean gecm=tries EG(2, q)." For the case

A > 1, they also extended R6 by the addition of the matrix S = ( s ..»
lJ

e.

e-
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where s .. = 1 if (BT) .. = (TB) .. = 1, 0 otherwise. S is invariant1J 1J 1J
under the action of the autarorphism group of the BIB design since BT

and TB are invariant. It is also linearly independent of the matrices

in the relationship algebra if and only if A > 1-

Sysoev (1977) showed that in the asyrrrretric case for A > 1, R
7

oould be extended by the addition of S. The linear space of the

matrices may not necessarily constitute an algebra; if it does, h<::Mever,

it will be a subalgebra of the cannutant algebra containing the appro-

priate relationship algebra. Sysoev found that certain designs exist

in which the linear space is an algebra; these designs are characterized

by the follaving block intersection properties:

(i)

(ii)

Each pair of different blocks share either 6 or 0 treat­

rrents (true for all syrrrretric designs).

Each triple of blocks share either 6, v or 0 treat:m:mts

(0 s v < 6).

(iii) If any two distinct blocks share 6 treat:m:mts, then p

(iv)

blocks in the design share those 6 treat:m:mts.

For any pair of treatments a, S and any pair of blocks B.,
1

B. such that a € B., a lB., S € B., S ¢ B
1
· and B. n B. ':f f1,

J 1 J J 1 J
there are a blocks which share the treat:m:mts a and S and

which share v treatnents with B. n B.•
1 J

For the designs based on the finite projective gearetries PG(k, s),

k ~ 3, and the finite affine gearetries EG(k, s), k ~ 3, the addition of S

to the appropriate relationship algebra results in an algebra.



FollCMing the lead of James, Sysoev and Shaikin (1976, I, II)

and Sysoev (1977) develop idempotent base matrices for the algebras

R
6

and R
7

and the extended relationship algebras P7 and P8. For ex­

anple, in the case of R
7

, the base matrices are

10

(2.1) E
2

= BI'B _ ¢+1 G
k(r-A) bk

E - TB ¢+l G
1 - r-X - EK"'"

E = T G
3 ---r bk

E =1 B ¢+IT+BI'+TB HI'B
S - k - ¢r ¢(r-A) - ¢k(r-A)

¢+l = kr
r-A

A multiplication table for these matrices is found in Table 2. Base

matrices for R
6

may also be derived fran (2.1) by setting E
6

= 0 and

BI'B = (r - A)B + AG.

TABLE 2

EO E
l

E
2

E
3

E
4

E
S

E
6

EO EO (¢+1)E
2

E
2 EO 0 0 0

E
l

(¢+1)E
3

El
E

l
E

3
0 0 0

E
2 EO E

2
E

2 EO 0 0 0

¢+l

E
3

E
3

E
l

E
l E

3
0 0 0

¢+l

E
4

0 0 0 0 E
4

0 0

E
S

0 0 0 0 0 E
S

0

E6 0 0 0 0 0 0 E6 e·
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In addition, the authors give necessaxy and sufficient conditions for

matrices in the four algebras to be non-singular, positive definite

symretric and non-negative definite syrnretric. For exanple, in the

case of R7, necessary and sufficient conditions for the matrix

V = /.6 c.E. to be syxmetric positive definite are:
. 0 1 11=

c. > 0 i = 2, 3, ••• , 6
1

C2C3 - (~+1)c12 >0

For R6 , the above conditions hold except for the condition on c 6 since

E6 is ncM O.

It is of interest to note here that in the sums of squares in

the usual analysis of variance, - ~(EO+El) + ~ E2 + ~:l E3 is the

idanpotent for the treatments (eliminating blocks) canponent, E
2

is the

idempotent for the treatments part of the blocks (ignoring treatments)

II

-e

carpanent, E
4

is the idempotent for the grand rrean, E
5

is the idempotent

for the intra-block error and E
6

is the iderrpotent for the remainder

part of the blocks (ignoring treatment) carp:m.ent. We see this to be

true by first considering the observation vector Y = (Yl , Y
2

, ••• , Yn)'

and defining

.th 1 . 1g. = 1 treatment tota ; 1 = , ••• , V
1

h. = j th block total; j = 1, ••• , b
J

T. = sum of block totals in which the i th treatment
1

occurs; i = 1, .•• , v

(as in SCheffe (1959». Note that BY is an n-di.rrensional vector such

that Y. is replaced by h., TY is an n-dirrensional vector such that Y.
J J 1



is replaced by g. and TBY is a vector such that Y. is replaced by
1 1

T.. Thus
1

y'IY = Ln
y.

2

- - i=l 1

Y'~ = (, 't Yi) 2

1=1

y'TY = LV .2- - gl
i=l

Y'BY = Lb h.
2

- - j=l J

y'BTY = y'TBY = LV g.T.
- - - - i=l 1 1

Y'BTBY = LV T.
2

- - i=l 1

Therefore,

_ 1 Y' (BT TB + BTB + kT
- ~ - - r - X- r - X k{r - A) r - X

= .!. ( k ,\v 2 _ 2 ,\V T + 1 ,\v T 2 )
~ r - A ,L gi r - A ,L gi i k(r - A).L i
'I' 1=1= 1.=1 1.=1

k ,\V -1 2
= "\ L (g. - k or.) = SStr 1 bl

I\V '1 1 1 .e. .1=

12

e.

Y'E Y = 1 LV T. 2 _ ep + 1
- 2- k(r - A) i=l 1. n

e-
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y'E Y = .! [ Ln Y ]2
- ~ n i=l i

1 In T. 2 = In y. 2 _.! Ib h. 2 - 55
- ~k(r - A} '·1 1 . 1 1k . 1 J tr.el.bl

~ 1= 1= J=

= 88error

Y'EY=.! Ib h. 2 _ 1 IV T. 2 +1[ In y.]2
- 6- k j=l J k (r - X) i=l 1 n i=l 1 •

we now concern ourselves with the analysis of ba.lanced incarplete

block designs; 8cheffe (1959), Cochran and Cox (1950) and Kerrpthorne

(1952) are standard references for the traditional analysis. Appendix A

contains a short discussicn of the estimaticn of treatment contrasts and

the analysis of variance for these designs. For this discussicn, either

a normal fixed effects model E(Y) = ~j + D'T + L'S, Var(Y) = a2I or a
- """Il - - - n

nonnal randan block merlel E (y) = ~~ + D'!.., Var(~.> = a2In + a
1

2L 1L is

asstlIOOd. In this dissertation, hCMever, ~ are assuming that the co-

variance rratrix has a special linear structure. Consequently, ~ ncM

ccncern ourselves with estirration of the variance-covariance canpanents

and estirration of the treatment pararooters under the asSllltpticn of our

new model.

Regarding the estimaticn of our treatment, and perhaps block

pararooters, it is of interest to detennine when the best linear unbiased
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estimator (b.Z.u.e.J of a parametric function is identical to that ac-

quired under the standard analysis. We thus want to find if a b.l.u.e.

of the linearly estimable paraIretric function IUp. 8. can :be found
. 1 1. 1.1=

through a solution of the normal equations, the solution not depending

on the covariance structure. Many have dealt with such parametric es-

timation, arrong them Kruskal (1968), Natson (1972), Mitra and Moore

(1973), 1'-1itra and Thome (1976) and Zyskind (1975). The efficiency of

the simple least squares estimator with respect to the best linear

unbiased estimator has also been discussed by Watson (1967) and

Baksalary and Kala (1980). (The simple least squares estimates are

those which are determined under the assumption Var (~.> = 0
21; if

E (~.> = X~, the simple least squares estimate of ~ is derived fran a

solution of the normal equation (X·X) 8 = X·Y. If Var(Y) is a non-

singular matrix V, the b.l.u.e. of ~ is derived fran the nonnal equa­

tion (X'V-lXUl = X·V-~.)

Research has also been plentiful in the field of estimation of

covariance matrices which are linear canbinations of given symretric ma-

trices. Hany authors have dealt with unbiased estimation of functions

of the parameters in a covariance matrix, functions It \) .c. where
. 1 1. 1.1.=

V = c IV1 + c 2V2 + .•• + CtVt is the appropriate covariance matrix •

Seely (1969, 1971) in particular wrote Imlch on the unbiased and minimum

variance unbiased estimation of a function It \). c. using quadratic
i=l 1. 1.

(Y' AY) or linear plus quadratic ~'Y + Y' p~J estimators. Pukelsheiro

(1976) and Pukelsheiro and Styan (1978) studied variance CCJiPOnent co-

efficients by detennining a derived linear model where the variance

canponent coefficients canprise the mean vector of the derived IrCdel.
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Rao (1973) ccnsidered varianoo corrpon.ents by examining MINQUE estimators,

m:i.nirrum nonn invariant quadratic unbiased estimators. Gnot, Klcnecki
,. .. ;'

and Zrnyslany (1977), Kleffe (1977) and Drygas (1977) also dealt with

est.i.mation of the varianoo carponents; several classes of estimators

were examined by them.

In particular, Sysoevand Shaikin (1976, III) found sufficient

statistics for the coefficients of a covarianoo matrix under the assurnp-

tion that Y is nonna11y distributed with mean ..Q. and covarianoo matrix

relonging to one of the three algebras R6 , R7 or P7. Far exanple, if

the covarianoo matrix V is in R7, Le., V = 'I6 c.E. and the set
i=O 1 1.

{~, U = 1, 2, ••• , N} represents the repeated sample vectors, unbiased

estimators of cO' c1 ' .•. , c6 are

c - e - <p + 1 tr [[<p + 2 (E + E) E E] 'IN y y ')o - 1 - <p2(v-l) L2(<P+1) 0 1 - 2 - 3 ~=1 ~~

C = <p + 1 tr [[- (EO + E1) + (<P + 1)E2 + E
3
] 'IN y y ']

2 <p
2 (v-I) ~=1 "4l"4l

(2.2) e3 = ~~ (:~) tr [[- (EO + Ell + E2 + (~ + llE3] J: ~.]
C4 = tr [E4 'iN y y '] , 65 = bk-~V+l tr [EO 'IN y y ']

~=1 -;...t-;...t ~=1 -;...t-4l

'" _ 1 [ \'N , ] ( _ Jr~
c6 - b-v tr E6 L Y Y , <p + 1) - r - A •

~=1 -;...t-;...t

(Minor modifications are necessary for covariance matrices in either

R6 or P7.) Sysoev (1977) also ex>nsidered the case where the covarianoo

matrix is in the algebra P8.
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III. PRELIMINARY FORMULATICNS

3.1 General Notation, Definitions and Properties

we shall be using tenninology and properties fran several rnathe-

matical fields, among them linear algebra and group the0l:Y. we assme

a basic knowledge of the theory of linear spaces (vector spaces); we

present here only the notation we use and simple definitions (see, for

exanple, Halroos (1958». If U and V are subspaces in a vector space

W, then U + V is the set {u + v ; u E U, V E V}; if U and V are dis-- - - -
joint, Le., U n V = {.Q), we write the direct sum U ~ V instead of

U + V. For a subset U of a vector space, the span of U, written sp U,

is the set of all finite linear canbinations of elements in U. We

shall define an inner product space to be a vector space W wi.th a

nUl'l'erically valued function of the ordered pair of vectors, denoted

the inner product <~, Y!', such that

(i) <~, '£' = <l., x>

(ii) <ax;). + Sxi2 , '£ = a <~l' y> + B <xi2 , Y!'

(iii) <~, ~ > 0 if ~ i O.

For a subspace U of a vector space (IJ~ the set UJ. denotes the set of all

vectors ~ E W such that <~, v> = 0 for all ~ E U, i.e., UJ. is the

orthogonaZ compZement of the subspace U.
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Na.v let A be a linear operator on a vector space U into V. The

Y'ange of A, the set AU = {A~ : ~ E: U}, is denoted R(A) ~ the nu U space

of A, the set {~ E: U : Au = O}, is denoted N(A). The rank of A, indi­

cated by p (A), is the dimension of R(A); the nu lli ty of A, denoted

v (A), is the dimension of N(A). For two square matrices A and B of

degrees m and n, respectively, we define the Kronecker product (tensor

or direct product) of A and B to be the IlU1><rnn matrix A ~ B = ((a ..B) ) .
lJ

we shall also denote the direct swn of the matrices ~, ~, ••• , An as

A = diag (AI' ~, ••• , ~) =. In

l
Ell Ai = Al Ell ~ Ell ••• Ell An. AI will de-

l.=

note the transpose of a matrix; A-I will indicate the inverse.

For the statistician who does not have a ready knCMledge of mathe-

matical structure theory, we introduce several definitions for terms used

throughout this dissertation (see Gleeson and McGilchrist (1978) or

Van der Waerden (1970)). A ring A is a non-empty set R equipped with two

binary operations (addition and multiplication) such that:

(i) R is an abelian (ccnmutative) group under addition with

a unit (zero) elerrent.

(ii) R is associative with respect to the operation of multi-

plication.

(iii) 'the distributive laws of multiplication hold.

A division Y"':ng (skew fie ld) is a ring with a multiplicative identity 1

and a mUltiplicative inverse for every non-zero elerrent. A field is a

division ring in which multiplication is carmutative. A field which

contains a root for every equation I a .x
i = 0 with coefficients in that

i=O l

field is said to be algebraically closed; clearly the complex numbers C e-
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have this property, while the real numbers [R do not. An a'lgebra M is

a ring which is also a finite-dirrensional vector space over a field F

and which satisfies the condition that cd~ = ~(av) = (a~~ for all

a E: F, ~ and ~ E: M. A complete matPix algebra is the full algebra of

matrices of a given d.:i.nension.

We have already rrentioned ideals and their corresponding idem­

potents. We now define a Pight (left) ideal to be a non-errpty subset

A of a ring R such that

(i) A is an additive subgroup of R.

(ii) For every r E: R and a E: A, then ar E: A (ra E: A).

A t:wo-sided ideal is a right ideal which is also a left ideal. A right

(left, two-sided) ideal is minimal if there is no right (left, two­

sided) ideal B in R such that {oJ c B c A. The ideal is nilpotent if

An = {OJ for satE integer n. The descending chain condition of right

ideals holds for R if every strictly decreasing sequence of right ideals

Al ::J A2 ::J ••• has only a finite number of right ideals. A semi-simple

Ping is a ring in which the descending chain condition for right ideals

holds and in which there are no non-zero nilpotent right ideals. We do

know that a semi-simple ring is isarorphic to a direct sum of carplete

matrix rings (Wedderbum-Artin Theorem). Fran Theorem 4.6 in Gleeson

and McGilchrist (1978), the ring generated by a finite set of nxn sym­

metric matrices is semi-simple if one of the generating matrices is

I. 'Iherefore, each of our relationship algebras and extended relation­

ship algebras is isanorphic to a direct sum of canplete matrix rings.

The principal, idempotents are the identity elements of the ideals.
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we now nove to a few group theoretic notions (see Hall (1959) or

cannichael (1937)). We have previously rrentioned pennutationsi we now

fonnally state that a permutation is a one-to-one mapping of a set X

onto itself. Of course, in this dissertation, we are concerned only

with a finite set X. We shall use cyclic notation to indicate these

permutations, e.g., for the mapping

[~
2

2

3

4

we write (34) • (we will anit cycles of length one.) A permutation

group is a group whose elements are pennutations of a finite set Xi the

group has degree n if X has n symbols. Such a pennutation group G is

transitive if for every pair x. and x. in X, there exists agE G
1 )

such that gxi = xj ; if the group is intransitive, it will divide X into e.
transitive sets (orbits). The group G is k-ply transitive if any

ordered set of k different symbols of X is taken into an arbitrary

ordered set of k different symbols of X by sorre g in G. 'Th;o elements

g. and g. of G are conjugate if there exists agE G such that
1 J

gi = ggjg-l this defines an equivalence relation on G for which the

equivalence classes are called conjugacy classes. Finally, we let G
x

denote the set of all elements in G which fix the element x, i.e.,

G = {g E G : gx = x}. Such a set is a subgroup of the group G, called
x

the stabilizer of the element x (isotropy group at x). For a transi-

tive group G, the order or size of G is the order of G divided by itsx

degree.

e'
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A theorem fran Schur (1933) is particularly useful in our work.

we quote fran Wielandt (1964, p. 80):

Theorem 3.1 (Theorem 28.4) If a transitive pennutation. group G is

regarded as a ma.trix group G*, then the matrices- which can:nute with

all the ma.trices of G*-fonn a ring V = V(G). We call V the centralizer

ring corresponding to G. V is-a vector SPace over-the canplex number

field which has the ma.trices B(6) corresponding to-the orbits I::. of G1

as a linear basis. In-particular, the dirrension of V co:i.ncides with

the number k of orbits of Gl .

The ma.trix B (I::.) = «v.. 1::.) ), i, j = 1, 2, ••• , n associated with the or­
1)

bit I::. is defined as:

v . .1::. = 1 if there exists g E Gl , 0 E I::. such that gl = j, go = i
1)

= 0 otherwise.

Fran a lern:na. by Burnside (see, for example, Liu (1968», if h is the

number of orbits of Gl ,

(3.1.1)

where '1' (g) is the number of elerre.nts in the set X which are invariant

under the pennutation g and IGIl is the order of the stabilizer subgroup

Gl •

3.2 Definitions and Results from Group Representation andCharaeter

Theory

Group representation theory is used throughout this dissertation;

since it is a subject with which many statisticians are not familiar, we

will present sare important definitions and results (see, for example,

serre (1977) or Ledennann (1977». First consider a finite group G with
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order y = IGI; let C. of order y., i = 1, 2, ••• , r, be the conjugacy
1 1

classes of G and let C.' be the inverse class of C.. "We call a repre-
1 1

sentation of G a homanorphic mapping of the group G into a group of

isorrorphisms GL (V) of a vector space V onto itself. "We will be concerned

with representations A : G ~ GL (K) where GL (K) is the general linear
n n

group of degree n with coefficients in a ground field K. Thus, v.e have

a matrix representation of degree n over K such that for every g E G,

there exists a non-singular matrix A(g) of degree n with coefficients

in K, where A(g)A(h) = A (gh) for every g, h E G.

'TWo matrix representations {A(g)} and {B(g)} of G are equivalent

if there is a fixed non-singular matrix T with coefficients in K such

that A(g) = T-lB(g)T for all g E G; otherwise, they are inequivalent.

If {A(g)} and {B(g)} are equivalent, we write {A(g)} '" {B(g)}. A matrix

representation {A(g)} is irreducible if there is no non-singular matrix e
T over K such that

-1
T A(g)T =

B(g)

D(g)

for all g E G. A matrix representation {A(g)} is completely reducible

if {A(g)} '" { Ij e ~ (g)}, where {AA (g)} (A = 1,2, ... , j) are
A=l

irreducible matrix representations of G·over K. By Maschke's Theorem,

if K is a field of characteristic·zero or prirre to y, then every matrix

representation of Gover t<.is canpletely reducible. (A field of charac­

teristic zero is a field which has a subfield isanorphic to the rationals.

Hence, if K is the field of·ccmplex numbers a:: or the field of real num-

bers lR, a matrix representation of G over K is canpletely red.ucible.
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Since we are concerned only with carplex and real fields in this disser-

tation, we will consider our representations as carpletely reducible.)

For K = ~, the number of inequivalent, irreducible matrix representa-

tions of G is equal to the munber of conjugacy classes in G, here taken

to be r. Any given matrix representation {A(g)} is then the direct sum

of sate (or all) of these irreducible representations {~(g)},

A = 1, 2, ••• , r (possibly repeated). It is also of interest to note

that each of these representaticns is equivalent to a unital:y repre-

sentation.

A lernna. by Schur is very useful in detennining the d.i.rrension of

the ccnmutant algebra of a matrix representation.

Schur's Iemna. Let {AI.. (G)} and {A].l (g) } be two irreducible matrix

representations of G over K and let P be a matrix over K such that

P~ (g) = A].l (g)P

for all g in G. Then (i) P = 0 or (ii) -- {AI.. (g)} and {A].l (g)} are equiva­

lent (and P is non-singular). If {AI.. (g)} and {A].l (g)} are equivalent

and the field K is algebraically closed, then P is a scalar multiple

of the identity, Le., P = CI for a scalar c.

Unless othe:rwise SPecified, \~ rJ.(M consider K to be the field !C.

To extend this lernna., first consider {A(g)} as a crnpletely

reducible representation of G over the algebraically closed field !C.

r -
Then {A(g)} ..., {L $ I d ~ ~ (g) } where {~(g)}, A = 1, 2, ••• , r are the

/..=1 A
r inequivalent, irreducible representations of G such that {~ (g)} has

degree n" and occurs with multiplicity d~. If we assUll'e the repre­

sentation {AI.. (g)} is of the fonn {lr e I
d

~ A (g)}, by an extension
1..=1 A A
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of Schur's Lernna, the conmutant algebra of {A(q)}, denoted C(A), is

(3.2.1)

where Md is the canplete matrix algebra over <C. Thus the clilrension of
A

the carrnutant algebra C(A) is

(3.2.2)

Of course, the degree of the representation {A(g)} is n = Ir dAnA.
1..=1

These multiplicities d
A

can be found with the use of characters.

For a matrix representation {A(g)}, the character is defined as

x(g) = Trace A(g). The character is a class function over the conjugacy

classes of G, i.e., X(g) = X(h) if g and h are in the sane conjugacy

class; characters are also identical over equivalent representations.

We shall thus write XI.. (Ci ), i = 1, 2, .•• , r for the characters of

{AI.. (g)}, A = 1, 2, ••• , r. The degree of {AI.. (g)} is n A = XI.. (e), where e

is the identity elerrent of G. If {AA* (g)} is the ccmplex conjugate of

{AA (g)} with corres:£X)nding character XI..* (Ci ), then X\* (C j ) = XA(C j )

= X;x (C i f) where X;x (Ci ) is the corrplex conjugate of X'). (Ci ) . If <p (g) and

l/J (g) are two functions on (j with values in C, we define an inner product

<<P, ~>G =! L <P(g)~(g-l). Then if X(C.), i = 1,2, ••• , rdenote
Y gEG l

the characters of {A(g)} and d
A

denotes the number of times {~ (g)} ap-

pears in {A(g)}, we have

(3.2.3) d, = <xlx'>G = ~ Ir
Y·X, (C·)X(C.).

A A y i=l l All

Clearly, the characters for the inequivalent, irreducible representations
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must be known in order to use this result. Character tables for many

groups have been detennined (see, for exarrple, Littlewood (1950)).

Let the group G of pennutations on n symbols act transitively on

X and let {A(g)} be a pennutation matrix representation of degree n.

NCM consider the stabilizer H of the symbol x. If n. elements of Hbe­
l

long to the class C., i = 1, 2, .•• , r, by the Frobenius Reciprocity
1

Theorem,

(3.2.4) I 1 \r --d, = <1 X'>H = - L n·x, (C.),
I\. I\. n i=l 1 I\. 1

Where Ir n. = n is the order of H (see McLaren (1963)). (Of course, if
. 1 11=

{A(g) } is intransitive, it is the direct sum of transitive representa-

tions, so an extension of (3.2.4) is necessary.)

The irreducible representations {AA (g)} (A = 1, 2, ••• , r) are

classified as follCMS:

•
(i) {AA (g)} is of the fi!'st kind if it is equivalent to a

set of real matrices (the characters are real).

(ii) {AA (g)} is of the second kind if it is equivalent to

the eatplex conjugate representation {~* (g)} but not

to a set of real matrices (the characters are real).

(iii) {AA (g)} is of the thi!'d kind if {AA (g)} and {AA*(g)}

are not equivalent (the characters are not all real) •

Fran a test of Wigner,

(3.2.5)

takes on the values 1, -lor 0 if and only if {AA (g)} is of the first,

second or third kind, respectively. We have mentioned earlier (3.2.2)
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that dim C(A) = Ir d A
2

i the dimension t of the space of real symrretric
A=l

matrices in C(A) is

(3.2.6)

(McLaren (1963)).

3.3 Finite Desarguesian Geometries and Their Collineations

A k-dimensionaZ finite projective geometry (see, for instance,

Cannichael (1937)) is a finite set of points such that:

(i) There are one or more lines, each containing at least

three points.

(ii) If A and B are distinct points, there is one and only one

line containing A and B.

(iii) For any non-collinear points A, B and C, if a line t not

containing A, B or C intersects line AB and line AC, then

it intersects line BC.

(iv) If rn is an integer less than k, all the points in the

georretry are not in the sane rn-space (m-fZat).

(v) The set of points cannot form a (k + l)-space.

A projective pZane is a two-dimensional projective geometry. The points

of a projective geometry denoted as PG(k, s) may be represented as

ordered (k + l)-tuples ~ = (xO' xl' ••• , ~)' where xo ' xl' ••• , ~ are

elerrents of the Galois field GF(s), s = pr such that p is a prime and r

is an integer. The elem2nt~ xo' xl' .•• , ~ may not all be zero and

(xo ' xl' •.. , ~) = (~XO' ~xl' •.. , ~~) for all non-zero ~ in GF(s).

Similarly, a hyperp Zane ((k - 1) - space) is also defined by an ordered

•

(k + l)-tuple Z = (Yo' Yl' ... , yk )' where yO' Yl , ••• , Yk are elements e"



of the GF(s), not all zero, such that (yo' YI , ••• , Yk )

= (llYo ' llYl' ••• , llYk ) for all non-zero II in GF (s). A point

(Xo ' xl' ••• , ~) is contained in a hyperplane (Yo' YI , ••• , Yk) if

xoYO + xIYI + + ¥k -= O. If k = 2, a hyperplane is a line.

We used the notation PG(k, s) to indicate the projective gearetry

constructed by means of the Galois field. It will also designate any

projective ge<:m:!try which is isanorphic to a gearetry constructed in

this manner. For k = 2, these are precisely the desarguesicm projective

planes, Le., projective planes in which the follCMing Theorem of

Desargues holds: If AOC and abc are two triangles in the same plane of

a projective space such that Aa, Bb and Cc pass through the same point

P, and if a = (Aa, Bb), S = (Aa, Cc) and y = (Bb, Cc), then a, S and y

lie on the same line. For k ~ 3, every projective gearetry is desar­

guesian and is isanorphic to a PG(k, s).

A k-dirnensional finite affine geometry EG(k~ s) can be obtained

fran PG (k, s) by omitting a hyperplane and all the points in that space.

A point in this gearetry can be written as an ordered k-tuple

~ = (xl' x2 ' .•. , ~)' 'Ymere Xl' x2 ' 000' ~ are elements of GF(s) 0 A

hyperplane (for k = 2, a line) is represented as a (k + I)-tuple

l = (yo' YI , 000' Yk)' where YO' YI , '.0' Yk are elements in GF(s)

such that not all of YI , Y2 , 000, Yk equal zero and (yo' YI , 000' Yk)

= (llYO' llYl' 000' llYk) for all non-zero II in GF (s) 0 A point

(xl' ~, ... , ~) is contained in a hyPerplane (yo' Yl' ... , Yk) if

Yo + x1Yl + x,-Y? + 0 •• + XJ.?k = O. A fillite affine geanetry is desar­

guesian if the corresponding projective gearetry is desarguesian. Thus,

EG(2, s) will refer to thedesarguesian affine planes while EG(k, s),

k .~ 3, will refer to all affine gearetries of d.i.Irension k ~ 3.
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These finite projective geometries PG(k, s) and finite affine

gearetries ffi (k, s) are of interest since a balanced incomplete block de-

sign can be constructed fran a finite gearetry by taking points of the

geanetry as treatments and subspaces of the georretry as blocks. hIe shall

primarily be concerned with the case where the blocks are taken to be the

hyPerplanes. Thus, for a projective geanetry PG(k, s), the parameters

for the design are:

s - 1

sk+l -1
v=b=--_.._-s - r

sk - 1
r=k=----.:-s - 1

s k-l - 1
.\ =

(3.3.1)

For an affine geanetry EG(k, s), the pararneters for the design are:

kv = s
k-l

k = s

(3.3.2)
k+ls - s

b = ---.,...-s - 1
.\ = sk-l _ 1

s - 1

r = sk - 1
s - 1

An automorphism of a gearetry (and hence, our design) is called a

coUineation; custanarily, the group of autcrnorphisms is called the group

of cottineations. These collineations are such that the points, lines,

and hence, the subspaces are pe:rmuted. Thus, a BIB design based on

PG(k, s) or EG(k, s) will have as its full group of autanorphisrns the

full collineation group PC (k, s) or EC (k, s) of the geanetry. '.L'ne full

collineation group PC (k, s) of the finite projective gecrretry is repre-
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sented by the hanogeneous transfonnations of the po:ints (and hence, the

subspaces)

(3.3.3)
u

px .* = Ik
a. oX.P (i = 0, 1, ••• , k; u = 0, 1, ••• , r - 1),

1 j=O 1J J

where p{tO) E: GF{s) and the a .. are the e1emants of GF{s) such that
1J

. . .

. . .
t:, =

~O '\1 •• • '\k

is non-zero. For a given value of pU :in (3.3.3), two transfonnations are

ietentical if the coefficients aij are identical despite distinct values of

p. The order of the group PC(k, s) is

•
(3.3.4)

k
r IT

·rp - 1 i=O
(

(k + l)r ir)p - p =
k

r IT (sk + I _ i
1 s ).

s - i=O

0_

Considered as a pennutation group on the po:ints, this group is doubly

transitive.

The follav:ing theorem also holds:

Theorem 3.2 For a finite projective gearetry PG(k, s), s = pr, if the

point vectors ~ = (xO' xl' ••• , ~)' are transfonned by the co11ineation

( m m m), u
A Xo ' xl ' ••• , ~ , m = p for serna u = 0, 1, ••• , r - 1, then the

hype:rplane vectors are trans:F.onred J:y t"'le ynap

(A') -1 (m m m. ,
YO ' Y1 ' ••• , Yk) •
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Proof: First we note here that if TIl = pU for u = 0, 1, ••• , r - 1 and

if a, b E: GF(s), then (a + b)ffi = affi + bro. In the expansion of (a + b)ffi,

. ffi m
the coefficients of the terms other than a and b share the factor Pi

these coefficients are then a in GF(s).

A point ~ is contained in a hyperplane y.. if and only if y..'~ = o.

As x is transforrrro to ~*, Y will be transfo:rmed to a ';L* such that

y..*' ~* = O. For a hyperplane y.. and any point ~ contained in it:

•

This defines

m m m ( m m m), - a
~ (y0 Y1 ... Yk ) X o Xl • •• ~ -

m m m -1 m ffi TIl ,
~ (Yo Yl ••• Yk ) A A (XO Xl ••• ~) = a

All points ~ in the hyperplane y satisfy this last equatioo.

the hyperplane transformation. 0

The set of transformations which fix the point (1, 0, ••• , 0) is

the set of all collineations (3.3.3) such that

A(lm, am, ... , am), = p(l, 0, ••• , 0)', p(iO) E: GF(s).

As a result, ~OO = p, a 10 = a 20 = ••• = akO = O. emitting the equivalent

transformations, we can say that the transfonnations which fix

(1, 0, ••• , 0) are of the following form:

•
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1 ma
01

a
02

a
Ok Xo

0 all aU a
lk

~m

(3.3.5) Ax =-m

o ~1 ~ ••• '\k m
~

Of these, the co11ineations which also fix the hyperplane (0, 0, ••• 0, 1)

(~ = 0) are trose which satisfy:

mo , ••• , 1~' = cdO, 0, ••• ,0,1)',

a (ti0) E GF (s) ,

which implies

"'((O, 0, ••• , 0, 1)' = A' (1, 0, ••• , 0, 1)', y(;lO) EGF(S).

Therefore, for the transfonna.tion in (3.3.5), '1<-1 = ~2 = ••• = ~, k-1

= 0, 'While ~ = "'{. The co1lineations which fix the point (1, 0, ••• , 0)

and the hyperplane (0, 0, ••• , 0, 1) are thus of the fom:

1 a01 · · · aO, k-1
a

Ok

0 all a
lk

m· · • a1 , k-1 Xo
m

(3.3.6) Ax =
Xl

-m

0 '1<--1, 1 • · • '1<--1, k-1 ~-1, k

0 0 0 'ide
m· · · ~

aij E GF(s); m = pU; u = 0, 1, ••• , r - 1; such that A is non-singular

(which :irrp1ies 'i<.k is non-zero).



The full collineation group EC (k, s) of the desarguesian affine

31

gearetry FX; (k, s) is represented by the non-hCJ.'Y'Ogeneous transfonnations

(3.3. 7) x. * aiO + Ik
a ..

.pu
(i = 1, 2, ... , k;l

j=l lJ

u= 0, 1, ... , r - 1; a .. E GF(s)) ,
lJ

such that

I':. =

~l ~2

is non-zero. The order of the group EC(k, s) is

(3.3.8)
k k-l k i

rs IT (s - s ).
i=O

e.

Considered as a permutation group on the sk points, EC (k, s) is doubly

transitive.

we also have:

Theorem 3.3 For a finite affine gearetry EG(k, s), if the point vee-

tors ~ = (xl' x~, ••• , ~)' are transfonned by the collineation

a + Ax
m

(a .. E GF(s);= alO all a
12 a

lk xl-ID lJ
m ua20 ~l

a
22 a 2k x 2 m=p;

+ u= 0, 1, ... ,

r - 1) ,

~O ~l ~2 ~ ~m eo
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then the hyperplane vectors (Yo' Yl' ••• , Yk ) are transforrred as

follcws:

p Y *1 p(r!O} E GF(s).

"-

Proof: Choose any hyperplane Y = (YO' Yl ' ••• , Yk)'; for any point

~ = (xl' x2 ' ••• , ~)' in the hyperplane,

m m m m m = 0+ YO + Yl xl + ••• + Yk ~

m m m m -1
+ (yo - (Yl ' Y2 ' ••• Yk ) A ~} +

m m m -1
0+ (Yl ' Y2 ' ... , Yk}A (~+ ~m) =

This equation is satisfied for all points ~ on the hyperplane y. There­

fore, our transfomed hyperplane is determined. 0

The set of transfonnatians which fix the point (0, 0, ••• , O) is

the set of collineations such that ~ + A(cfl, Om, ••• , Om),

= (0, 0, ••• , 0)', \vhere ~ and A are defined as in Theorem 3.3. This

implies ~ = Q.. Of this set, the collineations which fix the hyperplane
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(0, 0, ••. , 0, 1) (~= 0) are those such that

m * *... , ~-l ' 0)' = (xl' x 2 '
* ,

•.• , ~-l ' 0) •

Since ~lXlm + ~~2m + ••• + ~, k_l~_lm = ° for all point vectors of

the form (Xl' x 2 ' .•. , ~-l' 0), then ~l = ~2 = •.• = ~, k-l = 0.

'I'hus, the collineations 'Which fix' the point (0, 0, ... , 0) and the

h~TP8rplane (0, 0, .•• , 0, 1) are of the form:

(3.3.9) ~ =

. . .

~-l, 1 ~-l, 2

o °
~-l, k-l

°
'\-1, k

~

u
(m = p , u = 0, 1, ••• , r - 1)

such that A is non singular with coefficients in GF (s) (which implies

that ~ is non-zero).

We also note that if the flags of a design are taken to be the in-

cident point-hyperplane pairs, the groups PC (k, s) and Fe (k, s) are

transitive on the flags in their respective spaces. This is seen to be

true fran a result in Dembowski (1968, p. 80): "S\lppase that (r, A) = 1.

If r is doubly point transitive, then f is flag transitive. II (f here is

the autamrphism group of a design; (r, A) indicates the greatest carmon

factor of r and A.) If the flags are the incident point-hyperplane pairs,

e-



we see fran (3.3.1) and (3.3.2) that

sk - 1 k-l k-2
r = = s + S + ••• + 1s - 1

sk-1 _ 1 k-2 k-3
A = s _ 1 = s + S + ••• + 1,

for the designs fran both PG(k, s) and ffi(k, s). Clearly (r, A) = 1

and since PC(k, s) and EC(k, s) are doubly point transitive, they are

flag transitive.
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IV. DECCMPOSITICN INTO A DIRECI' SUM OF IRREDUCIBLE

REPRESENTATICNS FOR PC(2, 2) AND OC(2, 3)

4.1 Introduction

By deriving the decanposition of the pennutation representation

of an autanorphism group of a design into a direct sum of irreducible

representations over an algebraically closed field, we may gain insight

into the structure of the pennutation representation and the corre­

sponding carmutant algebra. In this spirit, we therefore dete:r::mine such

decanpositions for the pennutation (matrix) representations of the full

collineation groups PC(2, 2) and EC(2, 3) for the finite planes PG(2, 2)

and ffi(2, 3), respectively. We can then use the extension of Schur's

lerrrna. (3.2.1) to find the structure of the corresponding carmutant alge­

bra. Fran Wigner' s test (3.2.5) we can show that the irreducible repre­

sentations in the decarposition of the pennutation representation of the

groups PC(2, 2) and OC(2, 3) are all equivalent to real irreducible

representations and hence to sets of real orthogonal matrices.

4.2 Decanpc?sition of the Pennutation Representation of PC(2, 2) into a

Direct Sum of Irreducible Representations

We assign to the seven points of PG(2, 2) the letters A, B, C, D,

E, F and G as foll~:



1001101

010 101 1

o 010 1 1 1

ABC D E F G

The lines of the plane are indicated by the columns in the follaving

diagram:

36

L
7

(xO + xl + x2 = 0)

D

E

F

The full collineation group PC(2, 2) of this plane consists of

168 3x3 non-singular matrices with coefficients in GF (2). Any given

matrix A in this group induces a permutation of the points (and hence,

the lines) through the linear transformation of the point vectors Ax.

The group of pennutations of the points, a subgroup of the symrretric

group on seven symbols, is doubly transitive and has six conjugacy

classes. Therefore, there will be six inequivalent irreducible repre­

sentations of PC (2, 2). Table 3 contains the character table for this

group (Littlewood (1950». The cycles indicate the conjugacy classes
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for the group and y. denotes the number of elerrents in the i th conju­
1

gacy class; the irreducible representations are indexed by A.

TABIE 3

Character Table of PC(2, 2), IpC(2, 2) I = 168

cycle
(conjugacy

1
7 132

2
13

2classes) 124 7 7
A

o;r:der of
i th class

y. 1 21 42 56 24 24
1

1 1 1 1 1 1 1

2 6 2 0 0 -1 -1

3 7 -1 -1 1 0 0

4 8 0 0 -1 1 1

5 3 -1 1 0 ~(-l + il7) ~ (-1 - iv'7)

6 3 -1 1 0 ~ (-1 - i/?) ~(-l + i/?)

The group of pennutatiens en the 7- points induCes a transitive

group on the 21 flags (trea1:::Irent-block ccrnbinatians) of the design. Thus,

the group of 2lx21 matrices reflecting the pennutatians of the flags is a

representation· of the group PC (2, 2). In order to derive the decarpo-

sitien of this representatien into a direct sum of irreducible represen-

tatiens, we first consider the stabilizer H of the flag (A, L3), Le.,

the suJ::group of PC(2, 2) which fixes the point A and line L3• This sub­

group has order JPC (2~ 2) L= ~~8 = 8 and is induced by the follaving

matrices (which transfonn the point vectors) :
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Hatrices of H Point Pennutations c;yc1es
,

0 0.J..

0 1 0 identity 17

0 0 1

\1
0 1

1 0 (CE) (FG) 1322

l: 0 1

1 1 0

0 1 0 (BD) (FG) 1322

0 0 1

1 0 0

0 1 1 (CF) (EG) 1322

e0 0 1

1 1 1

0 1 0 (BD) (CE) 1322

0 0 1

1 1 0

0 1 1 (BD) (CFEG) 124

0 0 1

1 0 1

0 1 1 (CG) (EF) 1322

0 0 1 •
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111

011

o 0 1

(BD) (CGEF) 124

These matrices can be f01ID.d fran (3. 3. 6) •

If n. is the number of elerrents of H in the conjugacy class C.
~ ~

of PC(2, 2), then clearly n
l

= 1, n
2

= 5, n
3

= 2 and n
4

= n
S

= n
6

O.

Fran (3.2.4), the multiplicities dA of the six inequivalent irreducible

representations are d
l

= 1, ~ = 2, d
4

= 1, d
3

= d
S

= d
6

= O. If P (g)

is a matrix of the representation {p (g)} of PC (2, 2), then

where P
l

(g), P
2

(g) and P4 (g) are 1ID.itary matrices of degrees one, six

and eight, respectively {n
A

:: XI.. (identity». Note that the multi­

plicities could have also been detennined fran (3.2.3) by the use of

the characters X(C .) (i = 1, 2, ••• , 6) of the peDTlUtation represen-
~

tation of PC{2, 2). Table 4 contains these characters, found with the

aid of a cacputer. It is also of interest to note that the partition

of the number of flags 21 = 1 + 6 + 6 + 8 corresponds to the partition

of the degrees of freedan in the usual analysis of variance of such a

syrrmetric design: one for the constant, six for the treatrrents, six

for the blocks and eight for error.

The irreducible representations {PI (g) }, {P
2

(g)} and {p4 (g)} are

all equivalent to sets of real (orthogonal) matrices, i.e., they are all

of the first kind. We obtained a count of the number of g2 in each con­

jugacy class in order to employ Wigner's test (3.2.S):



40

E: = 1
1

1
(2 = 168 (22 x 6 + 42 x 2 - 24 - 24) = 1

1
E: 4 = I68 (22 x 8 + 56 - 24 + 24) = 1.

The values of one for £'1' E 2 and E 4 imply that the irreducible repre-

sentations are real.

TABIE 4

Cycles 17 1322 124 132 7 7

X(C i ) 21 5 0 1 a 0

Number of g
2

in each
Conjucacy Class 22 42 0 56 24 24

If V is a matrix belonging to the cammtant algebra of the group e
of rnatrioes pennuting the flags of the design under the action of

PC(2, 2), then by (3.2.1),

= a

The set of real rna.trioes V which are in the carmutant algebra will have

dirrension L6 d,\
2 = 6; the set of real s~tricmatrices which are in

'\=1
the CanfTlUtant algebra will have dimension .t = ~ ( L6

d,\
2

+ 16
E,\d,\) = 5

'\=1 '\=1



(by (3.2. 6) }. Section 5.1 of Chapter V contains a discussion of basis

matrices for the a:::mnutant algebra.

This work may be sumnarized as:

Theorem 4.1 let {p (g}} be the pennutation representation of the 001­

lineation group PC(2, 2} of PG(2, 2} (reflecting the pennutation of

the flags of the design under the action of the group). Then {p (g) }

is equivalent to the follCMing direct sum of irreducible matrix

representations:

where PI (g), P2 (g) and P4 (g) are real orthogonal matrices of degrees

one, six and eight, respectively. The camlUtant algebra of this

representation has diroonsion six over the reals; the set of real,

surrrootric matrices in the ccmnutant algebra has di.mension five.

4.3 Deearposition of the Pennutatian Representation of EC(2, 3}into

a Direct Sum of Irreducible Representations

The desarguesian finite affine plane EG(2, 3} detenninesa BIB

design with par~ters v = 9, b = 12, r = 4, k = 3, A = L We assign

to the nine points of this plane the letters A, B, C, D, E, F, G, H

and I as follows:

Xl 0 0 0 1 I 1 2 2 2

~ 0 I 2 0 I 2 0 1 2

A B C D E F G H I

41
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The lines of the plane are indicated by the COIUl1lI1S in the following

diagram:

x =I

o I 2

A D G

B E H

C F I

x =2

012

ABC

D E F

G H I

o 1 2

ABC

F D E

H I G

012

A C B

E D F

I H G

Clearly, the design derived fran this plane is resolvable, Le., it is

possible to separate the twelve blocks into four sets (corresponding to

the linear fonus xl' x2 ' Xl + x2 and Xl + 2x2) such that each trea1:Irent

occurs exactly once in each set.

The full collineation group EC(2, 3) of the plane EG(2, 3) is

detennined by the 432 affine transfomations

The matrices A = «a.. )) are the 2x2 noo-singular matrices with coeffi­
1J

cients in GF (3), while the vectors £ = (bl , b2)' are the 2xl vectors with

coefficients in GF(3). Considered as a pennutatioo group 00 the 9 points,

EC (2, 3) is doubly transitive and has eleven conjugacy classes. Table 5

contains the character table for the eleven irreducible inequivalent

representations of EC(2, 3) (Little~ (1950)).

The group of pennutations of these 9 points induces a transitive

group on the flags. The group of 36x36 matrices reflecting the flag per- e-



TABLE 5

Character Table of EC(2, 3), IEC (2, 3) I = 432

cycles
(coo.jugacy

1
9

1323 1
3
3

2 142 124 33 33classes) 18 . 18 126 36

order of
i th class

A
y. 1 36 24 54 54 54 72 9 8 48 72J.

1 1 1 1 1 1 1 1 1 1 1 1

2 1 -1 1 -1 -1 1 1 1 1 1 -1

3 2 0 -1 0 0 2 -1 2 2 -1 0

4 2 0 -1 i/2 -i/2 0 1 -2 2 -1 0

5 2 0 -1 -i/2 il2 0 1 -2 2 -1 0

6 3 1 0 -1 -1 -1 0 3 3 0 1

7 3 -1 0 1 1 -1 0 3 3 0 -1

8 8 2 2 0 0 0 0 0 -1 -1 -1

9 8 -2 2 0 0 0 0 0 -1 -1 1

10 16 0 -2 0 0 0 0 0 -2 1 0

11 4 0 .1 0 0 0 -1 ...;,4 4 1 0

mutations is a representation of the group of point pennutations deter-

mined fran EC (2 , 3); we wish to detennine the dea::rrpositien of this

representation into a direct sum of irreducible representations. let H

be the subgroup of EC(2, 3) whose elerrents fix the flag consisting of

the point (0, 0) and the line ~ = O. This subgroup H has order

~c(~, 3) L= 4~~ = 12 and is induced by the follCMing matrices (which

transfonn the point vectors) :
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Matrices ·of H Point·· permutations Cycles.

[: :] identity 19

[: :] (BEH) (CIF) 1332

[: :] (BHE) (CFI) 1332

[~ :] (Be) (EF) (HI) 1323

[: :] (BF) (CH) (EI) 1323

e
[: :] (BI) (CE) (PH) 1323

[: :] (IX;) (EH) (FI) 1323

[: :] (BE) (CI) (rx;) 1323

[: :] (BH) (CF) (rx;) 1323

[: :] (Be) (rx;) (El) (PH) 124

e"



(BFECHI) (IX;)

(BIHCEF) (IX;)

126

126
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These rratrices can be determined by the transfonnations ~ressed in

(3.3.9).

Table 6 contains the values n., i = 1, 2, ••• , 11 where n. is the
1 1

number of elerrents of the stabilizer H in the conjugacy class Ci • Fran

(3.2.4), the multiplicities '\ of the eleven inequivalent irreducible

representations are dl = d6 = dlO = 1, dS = 2 and d2 = d
3

= d 4 = d
S

=

d
7

= d
9

= d
ll

= O. Thus, for any matrix peg) in the (permutaticn)

matrix representation {p (g)} of :oc (2, 3),

where PI (g), P6 (g) , PS(g) and PlOeg) are unitary matrices of degrees

one, three, eight and sixteen, respectively. The d;\ 's could also have

been determined fran ~ =~. III y.~(C.} X(C.) (3.2.3). Table 6 con-
i=l 1 1 1

tains the values X(C. ), found with the aid of a e::atputer. The values
1

y. and x"\ (C.) are found in the table of characters, Table 5. ~1e note
11\1

here also that the partition of the number of flags

36 = 1 + 3 + S + S + 16

corresponds to the partition of the degrees of freedan in the usual

analysis of variance for such a resolvable design: one for the constant,

three for the replications, eight for the treatments, eight for the

blocks within replications, and sixteen for error.
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TABLE 6

Cycles ~ 1~2-J 1332 18 18 l4~- 126 124 33 33 36

n· 1 6 2 0 0 0 2 1 0 0 0
l

X(C. ) 36 6 3 0 0 0 2 1 0 0 0
l

Number of g2

in each
conjugacy class 46 0 36 0 0 108 0 54 80 48 0

The last raw of Table 6 contains the number of g2 in each con­
2jugacy class, g E EC(2, 3) i these g are used in \vigner's test. Fran

(3.2.5),

1
El = 432 (46 + 96 + 108 + 54 + 80 + 48) = 1

1
E2 = 432 (46 x 3 - 108 + 54 x 3 + 80 x 3) = 1

1
E8 = 432 (46 x 8 + 96 x 2 - 80 - 48) = 1

1
E16 = 432 (46 x 4 + 96 - 54 x 4 + 80 x 4 + 48) = 1.

Since the values for E l' E6' E 8 and E 10 are all equal to one, the irre­

ducible representations {Pl (g)}, {P6(g)}, {P
8

(g)} and {P10(g)} are all

equivalent to sets of real (orthogonal) matrices.

If V is a matrix belonging to the carmutant algebra of the pennu-

tation representation of EC(2, 3), then by (3.2.1),
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a

= CIlIa c12I a

c2lI a c22I
a

.e

The exmnutant algebra of real matrices will have dimension III d 2 = 7;
1..=1 A

the set of real syrnrootric matrices in the Canrmltant algebra will have

dimension f = ~( III dA
2 + III (AdA) = 6 (3.2.6). Section 5.3 of

A=l >"=1
Chapter V contains a discussion of the basis matrices for the camutant

algebra.

We sumnarize:

Theorem 4.2 Let {p (g)} be the representation of the collineation group

EC(2, 3) of EX;(2, 3) (reflecting the pennutation of the flags of the

design under the action of EC (2, 3». {p (g)} is equivalent to a direct

sum of irreducible matrix representations such that

where PI (g), P6 (g), Pa (g) and PIO (g) are real orthogonal matrices of

degrees one, three, eight and sixteen, respectively. The camutant

algebra of the representation has dimension seven over the reals; the

set of matrices in this algebra which are real syrmretric has dimension

six.
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V. DEl'ERMINATION OF THE CaMJTANT AlGEBRA FOR

BALANCED INCOOPIEl'E 13I.lXK DESIGNB BASED 00

FWITE GECMETRIES

5.1 The' Design Based on the Desarguesiart Firiite Projective Plane

rPG(2, s), s = P

A finite projective plane defines a sy:Ill'OOtric BIB design with

parameters v = b = s2 + s + 1, r = k = s + 1, A = 1 (3.3.1). (The treat­

nents are defined to be points of the plane while the blocks are defined

to be the lines.) For any such design, there will be (s2 + s + 1) (s + 1)

flags. 'l'1E full oollineation group PC(2, s) of the desarguesian finite

plane PG(2, s) (s = pr) is defined py the rs3 (s2 + s + 1) (s + 1) (s - 1)2

point transfo:r:roations

m
x *aaO a

Ol a02
Xo 0

m u
Ax = alO all a 12 xl = a x * (a (~O) E GF(s); m = p ;
-in 1

m
x * u = 0, 1, ... , r-l),

~O
a2l a22 x2 2

where A is non-singular with coefficients in GF (s). The subgroup of

oollineaticns H which fix the point (1 0 0) and the line (0 0 1) (~= 0)

are fran (3.3.5) those of the fonn



49

1 m x *a
Ol

a
02

Xo 0

(5.1.1) AA 0 m
x * , a (fO) E GF(s).= all a12 xl =a

-rn 1

0 0 m x *a22 x
2 2

Clearly an and a22 are nan-zero. For any such transformation, the lines

are transfonned as follCMs (Theorem 3.2) :

1 0 0 YO*
m

YO

0 y * m
, Y (iO) E GF(s).(5.1.2) a Ol all 1

=y Yl

la02 y * ma12
a

22 2 Y2

The stabilizer Hwill have order res - 1)2 s3.

We wish to use Theorem 3. 1 to detennine the dirrension of the can-

ITU.ltant algebra corresponding to the full cOllineation group PC (2, s). We e.
thus need to find the number of orbits of H which, fran (3.1.1) is

equal to mL IjI (g), where IjI (g) is the number of fixed flags under the
gEH

action of g E PC (2, s). To find this number, we consider the conditions

under which any given flag is fixed and then count the mnnber of trans­

fonnatians in H satisfying these conditions. Types of lines and types

of points will first be considered.
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For any m = pj (j = 0, 1, ••• , r - 1), we have the fo11CMing line

types:

Ntmlber of Canditions illlder
lines of which a line of this

Line type this type type is fixed (5.1.2)

(0 0 1) 1 fixed for all A in H

(0 1 a); ma E: GF(s) s a 12 + a22a = alIa

(1 a b); 2 ma, b E: GF (s) s a01 + alIa = a

m
a 02 + a12a + a22b = b

s2 + s + 1
lines

The third column contains the conditions illlder which a line of a certain

type is fixed given that the lines are transforned by a matrix in the

stabilizer H. For exarrple, a line of the type (0 1 a), a E: GF(s), is

fixed if

1 a a a a

aOl an a 1 = y 1 , y (7'0) E: GF(s).

ma02
a12 ~2 a a

We thus have the conditions as stated.
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Likewise, for a given value of m, we have the follo.ving point

types:

Number of Conditions under
points of which a point of

Point Type this type this type is fixed (5.1.1)

(1 0 0) 1 fixed for all A in H

(c 1 0);
c
m +c E GF(s) s a Ol = allc

(c d 1);
2 m

aOlam + a02 = a 22cc, d E GF(s) s c +

all~ + a 12 = a 22d

2
1s + S +

points

For each point type, we detenmne the lines on which it appears

(Table 7, Column 3). Then by examining the conditions lli1der which a given e.
flag (point-line pair) is fixed, we detennine the number of transformation

matrices in the stabilizer H satisfying these conditions. (These counts

hold for any fixed m = pU, u = 0, 1, ... , r - 1.) This will give the

number of transformations fixing the flag (5). The COlli1ts are found in

Appendix B. For each flag type, column (6) contains the total number of

transfonnations fixing the flag type, Le., the product of the value in

(4) and the value in (5). Column (7) contains the total number of trans-

fo.rmations fixing a point type (the sum of the values in (6) for a point

type multiplied by the value in (2». The total number of fixed flags

l..Ulder the transformations (5.1.1) (for a fixed m) is the sum of the en­

tries in column (7); the value here is 6 (s - 1) 2s 3. Since there are r

values of m, 2It' (g) = 6r (s - 1) 2s 3. The diIrensicn of the ccmnutant
gEH e-
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TABlE 7

(for transfonnations (5.1.1) for a fixed m)

,

e

(1) (2) (3) (4) (5) (b) (7)

Number of
Point Number of Lines wtUch lines of this Number of Nurrber of Total number
type points of ccntain the type wtUd1 co1lineaticns collineaticns of cn1lineaticns

thi5 type point ccntain the fixing a given fixing a fixing a point
POint flaq flag type type

(1 0 0) 1 a) (0 0 1) 1 (5 - 1)253 (5 - 1)253 2(5 - 1)253
b) (0 1 a),

(5 - 1)2s 2 (5 - 1)2s 3a E GF(5) s

(c 1 0); a) (0 0 1) 1 2 2 2 2 2(5 - 1)2535 (5 - 1) 5 (5 - 1) 5
C E GF(5) b) (1 a b),

a '" -c,
(5 - 1) 25

2 2b E GF(5) 5 (5 - 1) 5

(c d 1); 52 a) (0 1 a),
(5 - 1) 25

2 2 3
c, d E GF(5) a'" -d 1 (5 - 1) 5 2(5 - 1) 5

b) (1 a b),
b'" -c - ad,

(5 - 1) 2 2a E GF(5) 5 (5 - 1) 5

6(5 - 1)253

U1
tv
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algebra is thus

k I Il'(g)
gEH

The SlX di.rren.sional algebra R
6

generated by the relationship

matrices I, G, B, T, BT and TB coincides with the ccmnutant algebra of

{p (g)}, the (flag) permutation representation of the collineation group

PC (2, s). This is true since we know fran Chapter II that R
6

is a six­

dirrensional subalgebra of the carrnutant algebra of {p (g)} \lIhich is seen

here to be six dirrensional. (Note our design is sy:mrretric.) The

matrices I, G, B, T and Bl' + TB provide a linear basis for the real syrn-

rretric matrices in the algebra; these matrices, hCMever, do not generate

an algebra (e.g., frau Table 1, T(Bl' + TB) = \G + (r - \)T + rTB. Al-

tematively, we may choose the linear basis for R6 introduced by Sysoev e.
and Shaikin (1967, II); this basis consists of matrices

EO' El , •.• , E5 as defined in Chapter II (2.1). The matrices B(t:,.) = B.
1 1

(i = 1, 2, ••• , 6) which correspond to the six orbits of H, may also be

used as a linear basis for R6•

In sunmary,

Theorem 5.1 let {p (g)} be the permutation representation of the col­

lineation group PC(2, s) of PG(2, s) (s = pr, p a prime, r an integer)

reflecting the f.Jermutation of the incident point-line pairs (flags) \ID-

der the action of the group. The camnutant algebra of this representa-

tion has cliJrension six. The matrices I, G, B, T, BT and TB form a

linear basis for this algebra; the matrices I, G, B, T and Bl' + TB

form a basis for the linear space of syrrITEtric matrices in this

algebra.

•

e-
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5.2 The Design Based on the Des~sian Finite ProjectiveGearetry

r
PG(k, 5), k ~ 3, s =p

~ knCM fran (3.3.1) that a finite projective gearetry PG(k, 5),
k+l

k ~ 3 defines a syrnretric design with paraxreters v = b = s - 11 ,
5 -

sk _ 1 sk"':"l - 1
r = k = 5 _ 1 and A = 5 _ 1 ' if the blocks of the design are hyper-

planes of the gearetry. The collineations of such a geanatry (and hence,

the autarorphisrns of our designs based on this gearetry) are given by

(3.3.3) • The collineatians 'Which fix the point (1, 0, ... , 0) and the

hyperplane (0, 0,

2k-l k-2
rs (5 - 1) II

i=O

... ,0, 1) are given by (3.3.6), i.e., the

k-l i
(5 - 5 ) transfonnations of the fo:rm

1 , m
~l aOk Xo(5.2.1) m

fur. = 0 Al ~2
Xl (m = pU; u = 0, 1, ... , r - 1;e -m
•. • a .. E GF (5) ) ,

0 0'
~

'rn 1J
~

~-l, 1 ~-2, 2 . . . ~-l, k-l

-e
A is nan-singular; hence, ~ is non-singular and 'i<k t- O. Hyperplanes

are transfoJ::mad by the map (A,)-l (Yom Ylm ••• Ykm),.
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As in section 5.1, we wish to detennine the d.im=nsion of the can-

mutant algebra corresponding to the full collineation group PC (k, s),

k ~ 3, by counting the number of fixed flags under the action of PC (k, s)

and then detennining the number of orbits of H fran (3.1.1). ~Ve thus

consider p:>int types and hyperplane types.
u

For any m = p

(u = 0, 1, ..• , r - 1), we have the follCMing hyperplane types:

Hyperplane

o

o

b. € GF(s);
l

b
l

, b
2

, ••• ,

~-l
not all zero

Nmnter of
hyperplanes
of this t

I

Conditions under which a hyperplane of
this t is fixed

fixed for all A in H

e-



Hyperplane
t

Number of
hyperplanes
of this

Cbnditions tmder which a hyperplane of
's t is fixed

56

1

+A'
1

•

b m
1

= b m
2

b. E GF(s)
l.

Sk+l - 1
s - 1

hyperplanes

ao, k-1 ~-1
m

~-1
m

••• + ~~ = bk

.e
types:

Like'W'ise, for any given value of m, we have the fo1loong point

-e

Point t

1

o

Number of
points of
thist

1

Conditions tmder which a point of this
t is fixed (5.2.1)

fixed for all A in H



Point type

Number of
points of
this typ0

s (Sk';"l..;. 1)

s - 1

Conditions under which
a point of this
type is fixed (5.2.1)

• •• +
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o

C. E: GF(s);
1

c2 ' c 3 ' ••• , ~

not all zero

1

c.E:GF(s)
1

m
c

2 c 2

m c
3c

3

·
~ · = a · , a (~O) E: GF (s)

· ··
m ~
~

1'1 m m m

k
c l + a Olc2

+ a
02

c
3

+ ••• + ao, k-l~ +
s

+ a Ok = ~c e.
mc 2 a

lk
c

2

mc 3 a2k c 3

Al · + · =~ ·· · ·· · ·
m
~ ~-l, k ~

Sk+l..;. 1

s - 1
points

In Table 8, for each point type, ~ determine the hyperplanes on

which it appears. we examine the conditions under which a given flag

(incident point-hyperplane) is fixed and hence find the number of trans-

formations fixing a flag (5). Note that we used the notation <p(s, q) to

•



e •--
'DIBIE 8

q-l .
(for transfonnatioos (5.2.1) for a fixed m, ~(s. q) = n (sq - s1.»

i=O

e

(l) III lJ) (4) (5)
~6~f

II)
Nunber of Nunber of Total nunber

Point type Nunber of Hyperplanes hyperplanes of oollineat.ioos oollineatioos of oollineatioos
p:>ints of which oontain this type which fixing a fixing a fixing a p:>int
this type the POint oontain the point qiven flaq flaqtype type

(1, 0, ... , 0) 1 a) (0, 0, ••• , 0, 1) 1 (s_l)s2k-l~(S, k-l) (s_l)s2k-l~(s. k-l) 2 (s-l) s2k-l~(s, k-l)

b) (0, ~, b2 , ••• , '\); sk - s
(s_1)2s3k-4~(s. k-2) (s_l)s2k-l~(S, k-l)

bi € GF(s); S""=T

~, b2 , ... , '\-1

not all zero

(c1 ' c2 ' ••• , ~, 0);
k a) (0, 0, •••• 0, 1) (s_1)2s3k-4~(s, k-2) 2 3k-4 2k-l

s - s 1 (s-1) s ~(s, k-2) 3(s-1)s ~(s, k-l)

c i € GF(s); s - 1 b) (0, ~, b2 , ... , '\);
k-l (S_1)3s4k-8~(s, k-3), (s_1)2s3k-4~(S, k-2)s - s

c 2 ' c 3 ' ••• , ~ not b
i

€ GF(s); s - 1 k ~ 4;
all zero

~, b2 • ••• , '\-1 (s_1)3S4, k = 3

not all zero;
c2bl+C3b2+"'~'\_1=0

c) (1, ~, b2 , ... , ~); k - 1 (s_1)2s2k-3~(s, k-2) (s_1)2s 3k-4t (s, k-2)s

b
i

€ GF(s);

cl+C2~+" '~~_l=O

(c1 ' c 2 ' ••• , 'it' 1),
k k-l (S_1)2s2k-3~(s, k-2) k-l 2(s-1)s2k-l~(s, k-l)s a) (0, ~, b2 , ... , '\); s - 1 (s-lls ~(s, k-l)

c i € GF(s) b
i

€ <7(s); s - 1 .
bi' b2 , ••• , '\-1

not all zero;
c2bl+C3b2+"'~~_1+

+~=O

k-l
(s-l)~(s, k-l)

k-l
b) (1, ~, b2 , •• ., ~); 5 (5-1)5 ~(s, k-l)

b
i

€ GF(s);

cl+c2bl+c3b2+"'+

~'\_1+~=0

7(S-1)s2k-~(s, k-l)

.7(s_1)s2k-l "ii2(I-l-,h
U1
OD
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q-l
denote n (sq - si). (The counts are found in Appendix C.) Columns

i==O
(6) and (7) are found as for the case PG(2, s). The total number of

fixed m. Since there are r values

(sk-l _ si). The dirrension for the

is found to be

is therefore

i
- s ) for a

k-2
l)s2k-l II

i==O
the matrix representation {p (g) }

fixed flags under the transfonnations (5.2.1)
k-2

7(s - l)s2k-l IT (sk-l
i=O

of TTl, L Iji (g) == 7r (s -
gEH

carmutant algebra of

k-2
7r(s - l)s2k-l IT

i==O
------':'"k--~2------ == 7.
r(s - 1)s2k-l IT (sk-l _ si)

i=O

The matrices I, G, B, T, Ill', TB and S (introduced in Chapter II) serve

as a linear basis for the real matrices in the camtUtant algebra, Le.,

the carmutant algebra over R is the extended relationship algebra P7.

S is linearly indePendent of the other matrices if A > 1, which is true

for k ~ 3. Also, since the design is syrrrretric, the matrix
e.

BI'B == (r - A)B + AG.

Theorem 5.2 let {p (g)} be the group of matrices which perIYUlte the

incident point-hyperplane pairs (flags) of PG(k, 3), k ~ 3, under the

action of the group PC(k, s) (s == pr, p a prirre, r an integer). The

ccmnutant algebra for this matrix has dirrension seven. The matrices

I, G, B, T, Ill', TB and S fonn a basis for the earmutant algebra; the

matrices I, G, B, T, BI' + TB and S fonn a basis for the linear space

of real synID::!tric matrices in this algebra.

5.3 The Design Based on the Desarguesian Finite Affine Plane ffi(2, s),

r
s=p

A finite affine plane defines an asyrrrretric BIB design with para-

2 2meters v = s , b = s + s, r = s + 1, k == s, A = 1 (3.3.2) and e-
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s2(s + 1) flags. The full collineation group EC(2, s) of the finite

affine plane EG(2, s) is defined by the r(s - 1)2(s + 1)s3 treabrent

transfonnations

kx. +c=
-m

(a .. , C. E GF(s) i
lJ 1

U
m=Pi

u = 0, 1, ••• , r-l),

such that A is non-singular. Fran (3.3.9), the collineations

(5.3.1)

.e
define the subgrou.p H of EC(2, s) which fixes the point (0 0) and the

line (001) (x2 = 0). Clearly all and a22 in (5.3.1) are non-zero•

The line (YO' Yl , Y2) is transfonred as fo llCMS (Theorem 3. 3) :

1 0 0 YO*
m'

YO

0 '0 Yl*
m , y (~O) E GF (s) •(5.3.2) all = y Yl

0 Y2*
m

a12 ~2 Y2

The stabilizer Hconsists of r(s - 1)2s elements.

u
Proceeding as in sections 5.1 and 5.2, for any m = p ,

u = 0, 1, ••• , r - 1, v.'e consider the folla.ving line types :

Line type

(0 0 1)

(0 1 a);
a E GF(s)

Number of
lines of
this type

1

s

Conditions under which
a line of this type
is fixed (5.3.2)

fixed for all A in H



Number of
lines of

Line type this type

(lOa);
a E GF(s) s - 1

(1 a b);
a, b E GF(s)
a ::f 0 s (s - 1)

:2s + s
lines

Cbnditions under which
a line of this type
is fixed (5.3.2)
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Likewise, for any given value of m, we have the following point

types:
Cbnditions under which

Number of points a point of this
Point type of this type type is fixed (5.3.1)

(0 0) 1 fixed for all A.in H

(c 0);
mc (::f0) E GF(s) s - 1 allc = c

(c d);
a l1cm + a12an = cd r! 0; s (s - 1)

c, d E GF (s)
ma22d = d

2 pointss

For each flag, the number of transfonnations which fix that flag

is found in Table 9. (The counts are found in lppendiX: D. ) The total

number of fixed flags under the transfonnations (5.3.1) (for a fixed m)

is 7s (s - 1) 2. Since there are r values of m, L \jI (g) = 7rs (s - 1) 2.
gEH

The dimension of the Catmltant algebra of the matrix representation

{P(g)} is therefore

e.

= 7rs (s-l) 2 =
rs(s-1)2 7.
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e
.e

TJ\BIE 9

(for transfonnatims (5.3.1) for a fixed rn)

(1) (2) (3) (4) (5) (6) (7)
N1.lIltler of Nunber of

Nunber of Lines which lines of this colline- NU!ltJer of Total n1.llltler
Point type points of ccntain the type which atims collineatiQ1S of collineatians

this type point ccntain the fiiung Cl fixing a flag fixing a PJint
I POint given flaq type type

(0 0) a) (0 0 1) 1
2 2 2(5 - 1)251 (5 - 1) 5 (5 - 1) 5

b) (0 1 a) ,
(5 - 1)2 (5 - 1)25a € GF(s) 5

(c 0); 5 - 1 a) (0 0 1) 1 (5 - 1)5 (5 - 1)5 2(5 - 1)25

c(#O) € GF(s) b) (1 a b) ,
-1

a = -e ,
b € GF(s) 5 s - 1 (s - 1)5

(c d); (5 - 1)5 a) (0 1 a) ,

c, d € GF(s); -1
1 s - 1 s - 1 3(s - 1)25a = -cd

d#O b) (1 0 a),
-1

1 s - 1 5 - 1a = -d

c) (1 a b) ,

a (#0) € GF(s),
-1

s - 1 1 5 - 1b = -(1 + ac)d

7(s - 1)25

e

0'1
l\,)
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Since v..e have a syrro:tEtric design with A = 1, the matrices I, G,

B, T, BT, TB and BTB serve as a linear basis for the real matrices in

the carmutant algebra of {p (g) }, i.e., the carrnutant algebra over lR is

James' relationship algebra R7•

We therefore have,

Theorem 5.3 Let {P(g)} be the pennutation matrix representation of the

transitive collineation group EC(2, s) of EG(2, s) (s = pr, p a prime,

r an integer) reflecting the pennutations of the incident point-line

pairs (flags) under the action of the group. The dirrension of the can-

mutant algebra of this representation is seven. The matrices I, G, B,

T, BT, TB and BTB fonn a linear basis over rR for the cem:nutant algebra;

I, G, B, T, BT + TB and BTB fonu a basis for the linear space of sym-

metric matrices in this algebra.

5.4 The Design Based on the Desarguesian Finite Affine Gecm3try

rEG(k, s), k ~ 3, s = p

Fran <3.3.2), a finite affine geanetry EG (k, s), k ~ 3 defines an
k

asymretric BIB design with parcumters v = sk, b = s (s -11) ,
s -

sk _ 1 k-l sk-l ...;, 1 .$k($k ... 1)
r = 1 ' k = s and A = 1 and Wlth 1 flags.s - s - s -

(Flags are taken here to be incident point-hyperplane pairs.) The col-

lineations of such a geanetry are given by the treat:.rrent transformations

(3.3.7). The subgroup H of co1lineations which fix the point

(0, 0, •.. , 0) and the line (0, 0, ••• , 0, 1) is determined fran (3.3.9),
k-2

Le., the r(s - l)sk- l IT (sk-l - si) transfonnations of the fonu
i=O



(5.4.1)

x*
1

x *2
(a .. E GF(s); m = pU;
~J

U = 0, 1, ••• , r - 1),
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in which

~1

· . .
· . .

, 1A.t1 ,,0,

~-1, 1 ~-1, 2 · . . a k-1, k-1

~' = (alk a2k • •• ~-1, k)'

a, ,,0, a .. E GF(s).
KK ~J

The hyperplanes are transfonred as fo11avs (Theorem 3.3) :

(5.4.2)

1 0' 0 Y * m
- ° YO

° lJ.' ° Y1*
m , y (,,0) E GF (s) •= y Y1

° a'
~

•

As in the previous sections of this chapter, we consider the fol­

lowing hyperplane types (for any m = pU, U = 0, 1, ••• , r - 1) :



Byp:::.Ll-'lane type

°
°

o

1

Number of
hyperplanes of
this type

I

Cbnditions under which
a hyperplane of this
type is fixed {5.4.2)

fixed for all A in H
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°

~-l

~ b i E GF(s);

bl , b2, ••• , ~-l

not all zero

I

0

0

···
0

b

b(tO) E GF (s)

s (sk-l - 1)
s - I

s - I

b
l

b
m

1

~' b
2 = Y b

m ,
2

· ·· ·· ·
~-l

m
~-l e

y (to) E GF (s)

alkbl + a2kb2 + ••• , +

+ ~-l, k~-l + ~~ = y~m

y = I

'\k = b~l



H',n-w:~rnlane t

1

~-l

~ b. E GF(s);
l

b l , b2, ••• , ~-l

not all zero

Number of
hyperplanes of
this

k-l
s (s - 1)

'S(Sk..;. 1)
s - 1

hyperplanes

Conditions under which
a hyperplane of this

is fixed (5.4.2)

y = 1

b l
.., bIn

A.t'
1=

b
2

bIn
2

h h m
K-l -k-l

aJkbl + a 2kb 2 + ••• +

+~~ = ~In
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Likewise, for any given value of In, we have the follCMing point

types:

Point t

o

o

o

Nurnber of
points of
this

1

Conditions under which
a point of this

is fixed (5.4.1)

fixed for all A in H



Number of Cbnditions tmder which
points of a point of this

Point type this type type is fixed (5.4.1)

cl m

k-l
c

l
c l

c
2 s - 1 ]1.1. m =c

2
c

2

· · ·· · ·· · ·
~-l m

~-l ~-l
0

c. E GF(s);
l

c l ' c 2 ' ... ,
~-l

not all zero

m
rClc l

cl a lk

c;k-l (s-l) ~
m

+'i.e
m

c
2

c
2

a
2k - c

2

· · · ·· · · ·· · · ·
~-l

m
\.~-l,'i.e-l k ~-l

~ I-m
c. E GF(s)~ ~=~

l

~ to

k
p)intss

Table 10 contains the number of transfonnations, for a fixed

value of m, which fix any given flag. For such a value of m, the total

number of fixed flags tmder the transfonnations (5.4.1) is

67
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Table 10
q-l q i

(for transformations (5.4.1), ~(s, q) ~ IT (s - s »
i=O

e

(1) l:l) (j)
~)of

l~) (6)
(7)

~inttype Nmtler of Hyperplanes which
~~

Nutiler of NuIlDer of Total nunber of
points oc:ntain the point oollineations oollineations collineaticns
of this ~ch oc:ntain fixing a fixing a flag fixing a :fXlint
type !the point I given flag I type pair type

0 1 a) (0, 0, ... , 0, 1) 1 k-l (s-l)sk-l~(s, k-l) k-l(s-l) s ~ (5, k-l) 2(s-1)s ~(s, k-l)

0 b) (0, bI' b2 , ... , ~); ,,(sk-l _ 1) 2 2k-4 k-l(s-l) s ~ (s, k-2) (5-1)s ~(s, k-l)
s - 1

·· b. € GF(s);
J.· b1 , b2 , ••• , ~-1

0 not all zero

SK-l. _ 1 a) (0, 0, ••• , 0, 1) 1 ,ZK-3 (s-1)s2k-3~(s, k-2) 3(s-1)sK-l~(s, k-1)c1 (s-l)s ~(s, k-2)

b) (0, bI' b2 , ... ,~); ,,(sk-2 _ 1) 2 3k-7 (S-1)s2k-3~(s, k-2)c
2 (s-l) s ~ (s, k-3)

5 - 1 for k ~ 4,· 2 2· b i € GF(s): (5-1) 5 for k = 3

· b1 , b2, ••• , ~-1

~-1 not all zero;

0
cl~+C:zb2+ ... +

~-1~-1 = 0
Pi € <F(s);

c) (1, bI' b
2

, ... , ~);
k-1 k-2 2k-35 (5-1)5 ~(5, k-2) (5-1)5 ~(s, k-2)

~1' c2 , ... ,

'ie-I b
i

€ GF(5);
rlOt all zero

b1 , b2 , ••• , ~-l

not all zero;

1+C1b1+C2b
2
+ ••• +

~-lbJt-l = 0
0'1
00



Table 10
(rontinued)

q-l .
(for transfomaticns (5.4.1), <:>(s, q) = II (sq - s1.»

i=O

(1) (2) (3) (4) (5) (6) (7)
Nurlber of

Point type NlItber of Hyperplanes. which hyperplanes NurriJer of Nunber of
points centain the point of this type oollineaticns oollineaticns Total nunber of
of this which centain fixing a fixing a flag collineaticns fixing
type the POint .aiven flaa type pair a point type

(s_l)sk-l a) (0, b1 , b
2

, ••• , ~); (sk-l _ 1) k-2 k-l

r
e

!

(s-l)s <:>(s, k-2) <:>(s, k-l) 3(s-1)s <:>(s, k-l)
s - 1

c2 b
i

E GF(s);,

· b1 , b2 , ••• , ~-1·· not all zero;

~
c1b

1
+C2b 2+ ••• +

~~ = 0

c
i

E GF(s); b) (1,0,0, ... ,0, b); 1 <:>(s, k-1) ~(s, k-1)

~ t 0 -1
b=~

c) (1, b
l

, b2 , ... , ~); k-1 k-2 <:>(s, k-1)s - 1 s <:>(s, k-2)

bi E GF(s);

b l , b2 , ••• , ~-1,

not all zero;

1+c1b1+c2b2+ ••• ""

~~=O

I
k-l8(s-1)s <:>(s, k-l)

0"1
\0

e
• e

t
e
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k-2
8(s - l)sk-l II (sk-l - si) ~ thus,

i=O

L '¥ (g)
gEH

k-2
= 8r(s - l)sk-l II

i=O
(sk-l _ is ).

For the representation {p (g) }, the di.Irension of the comnutant algebra

is

k-2
8r(s - l)sk-l II

1 \ i=O11fT L. '¥ (g) = ------=k~-~2"'------ = 8.
gEH r(s _ l)sk-l II (sk-l _ si)

i=O

(The counts from column (5) are found in lpPendix E.) Since we have

an asyrrmetric design with A > 1 and d:i.m:msion eight, the matrices I, G, B,

T, Bl', TB, Bl'B and S serve as a linear basis for the real matrices in

the eatnUltant algebra.

we surrmarize in the following theoran:

Theorem 5.4 Let {p(g)} be the pennutation matrix representation of the

transitive collineation group EC (k, s) of EG (k, s) (k ~ 3, s = pr,

p a prine, r an integer) reflecting the pennutations of the incident

point-hyperplane pairs (flags) under the action of the group. The

ccmnutant algebra of this representation has dimension eight. The

matrices I, G, B, T, BT, TB, BTB and S form a linear basis for the

algebra of real matrices in this algebra~ I, G, B, T, BT + TB, BTB

and S form a basis for the linear space Of symretric matrices in this

algebra.
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VI. ESTllOOICN AND ANALYSIS

6.1 Estimation Under the Assumption of a Zero Mean Vector

As rrentioned in Chapter II, for a BIB design, Sysoev and Shaikin

(1976, III) and Sysoev (1977) detennined unbiased estimates for the

covariance matrix coefficients ci under the assumption

Y ~ N(0, It c.V.) where It c,v, is a positive definite synmetric
- '11.1. '11.1.1.== 1.==
matrix in either R6, R

7
, R

7
or R

S
' Alternatively, we may use Theorem 1

of Puke1sheim and Styan (197S). Theorem 1 states that if

Y ~ (0, It c, V.) and the V. span a k-di.mensional special Jordan alge-
~ i==l 1. 1. 1.
bra, then

(i) If G(t!O). S IR
t

is the region of values S such that It civ, is
'1 1.1.==

positive definite, the maximum likelihood estimator for S E G

is alIrost surely equal to the UMVUE (unifonnly rninirnurn variance

unbiased estimator) c = (W'W) -\-v' vec i where

A NYY'
W == [vee vII vec V2 I ••• I vec Vt ] and E == L -J.t~ .

~==1 N

(N 2 t; Y , ~ == 1, 2, ••• , N are independent.)
-~

A

(ii) It c..v. is a non-negative definite and positive definite if L
. 1 1. 1.1.==
is positive definite.

(vec V :maps a matrix into a vector by ordering the elerrents

lexicographically.)

we first define a quadratic subspace of a vector space of real



72

syrrrretric matrices A; V is a quadratic subspace if D E V .i.n;>lies

2
D E V. (This property makes V a a special Jordan Algebra.) From

2seely (1971), V is a quadratic subspace if (D. + D.) E V for any basis
1 J

matrices D., D. of V. This will l::e true for the subspace generated by
1 J

the matrices I, G, B, T, BI' + TB, BTB and S. (If A > 1, we assurre that

v.e have a design satisfying the block intersection properties given in

Chapter II. see Sysoev (1977) for relevant details.)

NON we will consider only the case where It c. V. E R
7

; the
. 1 1 11=

other cases follow with minor modifications. We use the alternative

basis H
l

= EO + E
l

, H2 = E2, ••• , H6 = E6 from (2.1); thus,

W = [vec Hli vee H21 ••• I vec H6J. Note that

•

Thus, the UHVUE equations reduce to(vec H.)' (vec H.) = tr H. H.•
1 J 1 J

6 A AI c. tr (H.H.) = tr (H. E), i = 1, 2, ••• , 6.
j=l 1 1 J 1

solved in Sysoev (1977); a solution is given in

These equations were

(2.2) •

6.2 Estimation Under a Fixed Effects Hcdel

In this section, we asSllITe a fixed effects model, Le.,

E (Y) = lJin' + D'L + L' f under the assumption that our covariance matrix

belongs to either R
6

, R
7

, P
7

or Ps. (Once again, for A > 1, we asstm1e

our design possesses the block intersection properties expressed in

Chapter II.) we first deal here with the notion of canplete sufficient

statistics for a family of multivariate nomal distributions. Seely

( 1971) assurred a roodel of the fo:rm Y - N (X(3, It c· v.) such that (3
- n - i=l 1 1. -

ranges over ~l = !If', .£ = (cl ' c2 ' ••• , ct)' ranges over ~2' a subset of

lR
t and each Vi is a kno.vn real symretric matrix such that V1 = I. M-

eli · 11 'h .d . [Rt 'It . ..tlona y, \'2 as a non-VOl open set m , L c .V. 15 POSltlve
. Ill.1=

definite for all c E ~2 and ~ and f are functionally independent. my
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of our four m:xiels satisfy these conditions; we knCM when a covariance

matrix in R6, R7, P7 or Ps is positive definite (Sysoev and Shaikin

(1976, I, II) and Sysoev (1977». Theorem 2 in Seely states that if

sp {Vl' V2' ••• , Vt} is a quadratic subspace of the space A of real sym­

rretric matrices and ViR(X) E R(X) for i = 1, 2, ••• , t, then the vector

statistics ('!..'V1'!., y-'Vi!-' ..• , '!..'Vt '!.., X'~) are jointly a canplete suf-

ficient statistic for our parameters. In fact, if X = (j ID' IL'), then
91

(6.2.1)

IR(X) = R(X)
GR(X) = jnjn' R(X) E R(X)

TR(X) = D'D R(X) E R(X)
BR(X) = L'L R(X) c R(X)
(BT + TB)R (X) c R(X)
BTBR (X) E R(X)
sR(X) = SR(XX') = sR(G + T + B) = R(Ak + r - A)ln'~ +
+ (r - A)D'D + \L'LT + (k - ~)L'L + ~D'DB) SR(X).

(For the last statement, see Sysoev (1977).) Thus since sp {I, G, B, T,

BT + TE, BTB, S} is a quadratic subspace of A, Theorem 2 holds.

Furtherrrore , Seely determined that if Theorem 2 holds and P is

the symmetric idempotent matrix such that R(P) = ~(X) and N = I - P,

then the parametric function It \). c. is estimable in the space
i=l l l

{Y' AY : A EO \} if and only if there exists an 9:. such that

It tr (V
2

NV. )
. 1 ll=

a. = \)
l 2
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N in this case is the matrix E
S

(2.1). We also have

..

Thus if A = 1 (and hence S=B+T-I), the only estimable function in the

space {~' ~: A E: A} is the function vlc
l

where vlcl is the coefficient

of the identity. In this case, we have that vlcl is ~stimable if and _
. vI •

only if there is an (Xl such that tr(ES)(Xl = vI' 1.e., (Xl = n-b-k+l •

kl unbiased estimator for VIc l is VI (~'E~); since it is a func-
n-b-k+l

tion of the canplete sufficient statistic, it is unifonnly minimum

variance unbiased.

Cbncerning estimation of the treatIrent (and perhaps, block)

pararreters, we do know that a'y is a b.Lu.e. for its expectation if

and only if V.a E: R(X) for i = 1, 2, ••• , t. (This is fran a result
1-

in Seely (1969) which is an extension of a result in Zyskind (1967).)

I~ E: R(X) implies ~ E: R(X) ; fran (6.Ll), for any a E: R(X), we also

see that V. a E: R(X). Thus, the coefficient vectors a are those vectors
1

and only those vectors which are in R(X) •



6.3 Esti.rration Under a· Randan Blocks ~el

We nav asSl.lITe a randan blocks model, Le., the model

E (Y) = 111n + O'!., where the covariance matrix of ~ is contained in one

of the algebras R6 , R7, P7 or P8' In the traditional node1,

2 222
V (Y) = alL' L + a I = alB + a I; here B and I are in each of the

algebras. Also, R (X) = R(j 10') so that V. R (X) is not necessarily a
""i1 l

subspace of R(X). Ha.vever, if we assl.1!Te Y ~ N (11~ + 0' T, It c. v.)
- n - i=l l l

and Til = {~'~ : "PX = O}, fran Seely (1971), a necessary and sufficient

condition for It v. c. to be 1i1-estimable is the existence of a vector a
· 1 l ll=

which satisfies the following equations:

It tr(NV1NV.N) a. = VI
· 1 l ll=

75

(6.3.1)
It tr(NV-NV.N)a. = V

2· 1 Z--l l
l=

It tr(NVtNV.N)a. = Vt· 1 l ll=

..

1 1 1
In this case, P = - 0' 0 = - T = E + E and N = I - P = I - - T =r r 3 4 r
_ 1 (ep + 1) 1- - ¢ (EO+ E1) + ep E2 + (j) E3 + ES + E6 • We will use the base ma-

trices as defined in (2.1). If A = 1 (and hence, S = B + T - I), the

equations (6.3.1) thus reduce to

(6.3.2)
(n - b - v + 1) as = Vs

(b - v) a6 = V6.
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a.Y'NV.NY =

i=l 1.- 1.-
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(See pppendix F.) The only N-estimable function is of the form

\)2C2 + \)5C 5 + \)6C 6 where \)2' \)5 and \)6 are real numbers. .An unbiased

estimator for this function is

(¢ + 1) 2\)2

ep2(\) _ 1)

\) \)

+ 5 Y'E Y + _6_ Y' Yn-b'=v+l 5 b-v _ E&=-.

Of course, for the fixed model, the b.l.u.e. of an estimable

linear function of the treatrrent (block) pararreters is equivalent to the

simple least squares estimator of the function. For this model, hCMever,

the b.l.u.e. does not necessarily equal the l.s.e. If M is the b.l.u.e.

of E<,~) and H* is the l.s.e. of E (~), the difference betw-een ~1 and M* is

A

M* - M = PV(I - P) [(I - P)V (I - P)J+ (I - Ply

v.here V is the covariance matrix (possibly singular) and H+ denotes the

r·bare-Penrose inverse of H. (See Baksalary and Kala (1980).) l"le only

determine this difference for the case where V = It c.v. E R
7

; minor
i=l 1. 1.

m::xlifications are necessary for covariance matrices in R6 , P7 or P8.

For this case

Tf' -+ - 1 f ~ +
~- ci - ~. or c i T a (=0 othe~wise), then r (I - P)V(I - P)J

1.

= c +[-(1' + 1) (E + E) + (ep + 1)2 E + ep + 1 E] + + +
2 ¢2 0 1 ¢2 2 ~23 c5 E5 + c6 E6•

..



Therefore,

A +
M* - M= PV(I - P)[(I - P)V(I - P)] (I - p) y

= (E3 + E4) V [- } (EO + E1) + (eP ¢1) E2 + i E3 + ES + E6] x

+[(I - P)V{I - p)] (I - P)!

= (C1 + ¢ :21) (E1 - E3) [(I - P)V(I - P)J+ (1 - P)!

- ( C
2) + (1' + 1J [TB -!. - ....!. GJ Y

- C 1 + ¢ + 1 c2 ¢ r - X r rv -

77

where c 2+ = ;2 if c2 i 0 (= 0 otherwise).
A

If c2 = 0, then H* = M.
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VII. CONcr.USICN

The major part of this dissertation is concerned with determining

the ccrnuutant algebra for the matrix representation reflecting the per­

mutation of the incident point-hyperplane pairs under the action of the

full co11ineation group on a desarguesian finite projective georretry or

a desarguesian finite affine geanetry. These geanetries possess a great

deal of syrmetry; other BIB designs most likely do not. Thus, if the

full autarorphism group for a design were known, the dirrension of the

carmutant algebra is likely to be greater than that of the appropriate

relationship algebra or extended relationship algebra. Many designs have

autanorphisrn groups whose order is less than the nmnber of experirrental

units n, in which case the group is intransitive on the flags. The

dirrension of the comnutant algebra is often significantly increased.

we have been -working with Steiner TripZe Systems, Le., block

designs with k = 3, A = 1. If v = 13, there are two non-isanorphic sys­

tems, each having an autanorphism group which is intransitive on the

flags. If v = 15, there are eighty non-isorrorphic systems, most having

f1ag-intransitive autanorphisrn groups. The di.Irension of the carmutant

algebra is often so large, the problem is of little interest. We do

intend to further study the canmutant algebras associated with different

designs. For example, we wish to examine the effects of resolvabi1ity

and of repeated blocks and the case where we have a partially balanced
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incarplete block design. We also wish to see if our work with the

desarguesian gecrnetries will help us for different types of gearetries.

Concerning estimation, ~ have seen that for the fixed model, the

b.l. u.e. of an estimable linear ftmction of the treat:ment (block) para­

rreters equals the los.e. of that ftmction, if the covariance matrix is

in R6 , R7 , P7 or P8. As the algebra increases in size, this may very

~ll not be true; certainly it is not true for the randan blocks rrodel.

Much estimation and analysis work remains to be done.

e_

..
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APPENDIX A

Traditional lnalysis of a Balanced IncanpleteBlock Design

Intra-bZock anaZysis of a BIB design refers to the standard least

squares analysis based on the normal theory nodel

E~) = lJ1n + D'2. + L'~, V(~) = 02In , ~Ti = 0, L:S. = O. The general
1 j J

/NOVA table for the design is as follows :

Blocks, ignoring
treatments

Treatment canponent

Remainder

Total

Treatments, elim:inating
blocks

Error'

88

1 . 2
k(r->,) ?Ti -

1

-(¢+l)C

(¢+l) L G. 2
¢r . 1

1

by subtraction

DF

v-I

b-v

b-l

v-I

n-v..;,b+l

E(MS)

Total L
i,j

2
Y .. -c

1J
n-l

C = n-l (L Y.. )2 is the correction for the grand mean, G. = g. - k-~.
. . 1J 1 1 1
1,J ¢

is the adjusted treat:rrent total, ¢+l =~ is the efficiency factor of

the design, 0T2 = (v-l)-l L T.
2 and g., h. and T. are defined in

ill J 1

Olapter II. (The NKNA table will be arrended for a synroetric BIB



Under the fixed effects rrodel, these treatIrent con-
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design and for a resolvable BIB design. See Kernpthorne (1952).)

TreatIrent effects are estimated by 'i'. = (<1>;1) G.; treatIrent contrasts
1 r 1

A A

If! = L c. T., L c. = 0, are estimated by l/J = L c. T. where var(l/J) =
.11 .. 1 .11
111

2 (<1>+1) \' 2° It. L c .•'Yr . 1
1

trast estimates are optimal.

Recovery of intrab"lock information is helpfUl if we assume the

randan block effect model under normality. ~ is nonnally distributed

with E(Y) = ~j + D'T, var (Y) = 021 + 012L 'L and L T. = O. (We use a
- ~ - - n .1

1

technique invented by Yates (1940); this assurres b > v.) NCM, in ad-

dition to the intrablock estimates {If.} which have the same distri­
1

bution under the randau block model as the fixed model, v.B may deter-

nine interblock estimates {If.'}, unbiased estimates for T which are
1 -

statistically indePendent fran {If. }. These estimates are derived by
1

treating the block totals as observations in a fixed effects model; we

find If.' = (r-;\) -1 (T. - br Lh.). roy contrast estimator ~, = \' c. T.' has
1 1. J f 1 1

• A (¢ + 1) J 2 2 -1 L. c. 2 1
varlafiCe var (UI') =--r- (0 +ko1 ) i 1.. If \\e define w - 1Jr :2 and

A A (<1>+1)0-
(r-;\) r wlj; + w'~'

w' = k(02+ko12) = (<1>+1) (02+ko12), \'1 ~ w' is an unbiased estimator of

1JJ with minimum ~Tariance (w·~ Wi) L c i
2

• We use (<I>+!fMSE to estimate w

-1 -1
and r(n -v) (<I> + 1) [k(b- 1) MSbl.el.tr. - (v - k)MSE] to estimate

w'. Inferences about {T.} are made by assuming ~ and Wi are equal to w
1

and w', respectively.
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APPEIDIX B

The subgroup of PC(2, pr) which fixes the point (1 0 0) and the

line (0 0 1) consists of the point transfonnations of the form (for a

. u 0 1 )glven m = p , u = , , ••• , r-l:

I
maOI a02 X o x*a

0
m x *]\X = all a 12 Xl = ex 1

-in

0 0 m x *a22 x2 2

a (iO) E: GF (s), a .. E GF (s)
1)

where all and a22 are non-zero. The flag type pairs fotmd in Table 7

and the conditions under which they are fixed are :
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a) Point (l 0 0) Line (0 0 1)

Fixed for all matrices A in the stabilizer

There are (s - 1) 2s 3 collineations fixing this flag.

b) Point (1 0 0) Line (0 1 a), a E GF(s)

m
a 12 + a 22a = alIa

There are (s - 1)2s 2 collineations fixing this flag.

c) Point (c 1 0); C E GF(s) Line (0 0 1)

m
c + a OI = allc

There are (s - 1)2s 2 collineations fixing this flag.

d) Point (c 1 0); C E GF(s) Line (l -c b), b E GF(s)

m
c + aOl = allc

m
a02 - a12

c + a22b = b

There are (s - 1)2s collineations fixing this flag.



e) Point (e d 1); e, d E GF(s) Line (0 1 -el)
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em + aolcfl + a02 = a22e

allcfl + a12 = a22d

There are (s - 1) 2s collineations fixing this flag.
•

collineations fixing this flag.

f) Point (e d 1); e, d, E GF(s)

m m
e + aOld + a02 =

m
aOl + alIa = a

There are (s - 1)2

Line (l a -e-ad); a E GF (s)

all~ + a12 = a22d

•
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APPENDIX C

The subgroup of PC(k, pr), k ;,>: 3 which fixes the point

(1, 0, 0, ••• , 0) and the hyperplane (0, 0, ••• , 0, 1) ccnsists of the

transfonnations of the form (for a given m = pU, U = 0, 1, ... , r-1) :

1 a' m
x *-1

a
Ok

Xo 0

0 A:L
m

x *Ax = a;2 xl = a 1-rn
0 0' ~

0.(;'0) E GF(s), a .. E GF(s)
1.J

where all = (a01 a02 ••• aO, k-1)' a 2 = (alk a2k ••• ~-l, k)',

•

. . .

. . .
a l , k-l

~, k-l

~-l, 1 ~-l, 2 ~-l, k-l

and A is nan-singular. The flag type pairs found in Table 8 and the ccn-

ditions under which they are fixed are:

a) Point (1, 0, 0, ••• , 0) Hyperplane (0, 0, ••• , 0, 1)

Fixed for all A in the stabilizer

'!here are (s - l)s2k-lq,(s, k-1) co11ineaticns fixinq this flag,
k-2 k-1 i

where q,(s, k-l) = IT (s - s L
i=O



b) Point (1, 0, 0, ••• , 0) Hyperplane (0, b l , b 2 , ••• , ~);

b i E GF(s); b l , b 2 , ••• , ~-l

not all zero
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l~-l

b
IU

1

b
IU

= y 2 , Y (iO) E GF (s)

•

The number of matrices Ai satisfying the first condition is the

sarre for any choice of b l , b 2 , ••• , ~-l (not all zero). This is

true since the conchtion above is equivalent to the conchtion

b
IU

1

b
IU

2 = s , S(iO) E GF(s).
•

IU

~-l ~-l

In a sense, if we think of (bl , b 2 , •.. , ~-l) as a hyperplane

vector in a (k - 2) -d.i.rrensional space, we are just counting the

number of elerrents in the subgroup which fixes the hyperplane,

which will be the same for any choice of b l , b2 , ••• , ~-l.

To count our matrices, we will therefore make a choice of

bl = 1, b 2 = b3 = ••• = ~-l = O. OUr conchtions thus reduce



,.

•
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to

m
all = V; a12 = a l3 = ••• = aI, k-l = 0; alkbl + '1G<~ = ybk •

There are (s ... 1) 2s3k-4~(s, k - 2) collineations fixing this flag •

This is true since there are s - 1 poosibilities for both all and

~-l, k' a2l , a 31,···, ~-l, 1

possibilities for

'1G<' s possibilities for each of aOl ' a02 ' ••• , aOk ' a 2k , a
3k

, ••• ,
k":3

and ~(s, k - 2) = IT (sk-2 - si)
i=O

• ,•• a 2, k-l

a3 , k-l

~-l, 2 ~-l, 3 . . . '\-1, k-l

... c) Point (cl ' c2 ' ••• , ~, 0);

ci E GF(s);

c2 ' c 3' ••• , ~ not all zero

Hyperplane (0, 0, ••• , 0, 1)

mc
2

c
2

m
1\ c3 = a c 3 , a (1'0) E GF(s)

The count will be the same for any choice of c2 ' c3 , ••• , ~ (not

all zero); therefore we choose c2 = 1, c3 = c 4 = = ~ = O.
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OUr conditions thus reduce to

a (to) E GF (s) •

There are (s - 1) 2s 3k-4<IJ (s, k - 2) col1ineations which fix the

flag.

d) Point (cl ' c2 ' ••• , ~, 0); Hyperplane (0, b l , b2 , ••• , ~);

c. EGF(S); b. EGF(S);
l l

c 2 ' c 3 ' ••• , ~ not all zero bl , b2 , ~ •• , ~-l not all zero;

c 2b l + c 3b 2 + ... + ~bk-l= °

m
'1<

= a. A:t'

~-l

= y

b
m

I

b
m

2

m
~-l

a, y(tO) E GF(s)

"
m m m m

cl + aOlc 2 + a 02c3 + ••• + aO, k-l~ = aCl

m
alkbl + a2kb2 + ••• + ~~ = y~

1) For k ~ 4, the two matrix equations are essentially equivalent

to equations for the stabilizer of the flag consisting of the

point (c2 ' c 3 ' ••• , ~) and the hyperplane (bl , b2 , ••• , ~-l)

in a (k - 2) -dirrensional space. Thus the number of matrices Al

Which satisfy the two matrix equations will be constant for any

choice of (c2 ' c 3 ' ••• , '1<) and (bl , b2 , ••• , ~-l) (consistent

with our restrictions on the values). We therefore choose



OUr conditions therefore reduce to
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., = '\.-1, 1 = '\.-1, 2 =

•

= '\.-1, 3 = ... = '\.-1, k-2 = 0;

There are (s _1)3s4k-8<p(s, k-3) collineations which fix the

flag.

2) For k = 3, the conditions are:

~ [::=] = a [::] ; ~' [:~] = y [:~:] ; a, y(iO) , GF(s);

m m m m
cl + aOlc 2 + a 02c 3 = acl ; a13bl + ~3b2 + a33b3 = yb3

There are (s - 1) 3s 4 collineations which fix the flag.

e) Point (cl ' c2 ' ••• , ~, 0);

C. E GF(s);
1.

Hyperplane (1, bl , b 2 , ••• , ~);

bi E GF(s);

+ ~~-l = 0

bID m
1 c2 c

2

b m
,~

m
= c

3
= a c

32

•

m
~-l )

m
~

m m m
(cl + aOlc2 + ••• + ao, k-l'i = aCl is a linear canbination of

the other conditions. Here we use the fact that



C
l

+ c
2
b

l
+ ••• + '1<.~-1 = 0.) There are (s - 1)sk-2<p(s, k - 2)

possibilities for A:t. When A:t is determined,

a Ol ' a 02 ' ••• , a O, k-l are completely determined. Therefore,

there are (s - 1)2s 2k-3<p(s, k-2) collineations fixing the flag.

93

•
f) Point (cl ' c 2 ' ••• , '\' 1), a) (0, b

l
, b

2
, ... , ~):

C. E GF(s) b. E GF (s);
l l

b
l

, b
2

, ... , ~-l not all zero;

c 2b l + c3b 2 + ••• + ~bk_l +

+~= 0

m
b

l
billc 2 a lk c 2 1

ill
b 2

bill

lJ.
c 3 + a 2k =~

c
3 , lJ.' = y 2

e
m

~-l
ill

~~ '1<-1, k ~ ~-l

y (to) E GF (s)

(alkbl + a 2kb 2 + ••• + 'l<k~ = y~ill is a linear canbinatian of

the other oonditions.) There are (s - 1) sk-2<p (s, k - 2) possi-

bilities for ~'. When A:t' and ~ are detennined,

alk , a2k , ••• , '1<-1 k are COl"'pletely detennined. '!here are,
(s - 1)2s 2k-3<p(s, k - 2) collineations fixing the flag.



q) Point (c1' c2' ••• ~, 1),

c. E: GF(S)
1

Hypel:p1ane (1, b1 , b2 , ••• , ~);

b. E: GF (5);
1

c1 + C2b1 + c3b
2

+ ... +

,+ ~~-1 + ~ = 0
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~1 b1 b m m
1 c2

alk c
2

a02 b2 b m m c
3+ ~. = 2 ,~

c3 + ~ ="kk
• •

•

~-1
m

~-1 l~-l, k

'n1ere are ~ (5, k - 1) possibilities for ~. Once A:t and 'id< are

determined, all of the n:maining values of aij are c::arplete1y

deteIInined. Therefore there are (5 - 1) ~ (5, k - 1) co1lineatims

fixing the flag.
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APPENDIX D

The subgroup of EC(2, pr) which fixes the point (0, 0) and the

line (0 0 1) (x
2

= 0) consists of the transformations (for a given

u
m = p , u = 0, 1, ••• , r - 1) :

such that all' a22 (r!0) E GF(s). The flag type pairs found in Table 9

and the conditions under which they are fixed are:
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a) Point (0, 0) Line (0 °1)

Fixed for all matrices A in the stabilizer

There are (s - 1) 2s collineatians which fix the flag.

b) Point (0, 0) Line (0 1 a), a E GF (s)

m
a 12 + a22a = alla

There are (s - 1) 2 collineations which fix the flag.

c) Point (c, 0),

c(r!O) E GF(s)

Line (0 ° 1)

m
allc = c

There are (s - 1) s collineations which fix the flag •

..;.1
d) Point (c, 0), Line (1 -c b), b E GF(s)

c(#O) E GF(s)

m
allc = c

m -1
a22b = b + a12c

'Ihere are s - 1 collineations fixing the flag.



e) Point (c, d);

c, d E GF(s);

-1Line (0 1 a), a = -cd
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d =I 0

a11c
m

+ a12~ = c

a22~ = d

There are s - 1 collineations \\/hich fix the flag.

..

'Ihere are s - 1 collineations \\/hich fix the flag.

d =I °
a11c

m
+ a12~ = c

a22<fl = d

m
alIa = a

There is 1 collineatian which fixes the fJag.

f) Point (c, d);

c, d E GF(s);

d =I °
'1..1cm. + a12~ = c

~2~ = d

g) Point (c, d);

c, d E GF(s);

-1
Line (lOa), a = -d

Line (1 a b), a (=10) E GF(s),

b = -(1 + ac)d-l •
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APPENDIX E

The subgroup of EC(k, pr), k ~ 3 which fixes the point

(0, 0, ••• , 0) and the hyperplane (0, 0, ••• , 0, 1) consists of the

transfonnations of the fonn (for a given m = pU, U = 0, 1, ••. , r - 1):
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=
x *1

x *2

a .. E GF(s),
1.J

•
where

. . .
, IA:LI =I 0,

'1<-1, 1 '1<-1, 2 . . . '1<-1, k-l

The flag type pairs found in Table 10 and the conditions under which

they are fixed are:

a) Point (0, 0, ••• , 0) Hyperplane (0, 0, ... , 0, 1)

..

Fixed for all A in the stabilizer

k 1 k-l k-2
There are (s - 1) s - <1' (s, k - 1) = (s - 1) s . II (sk-l - si) 001­

1.=0
k-l

lineations which fix the flag (s - 1 possibilities for 'loc' s

possibilities for ~ and <1'(s, k - 1) possibilities for ~).



b) Point (0 , 0, ..• , 0) Hyperplane (0, b
l

, b
2

, ••• , ~)i

b. E GF(S)i
1

b l , b2 , ••• ~-l not all zero
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..

1)'

~-l

=y

b
m

1

b
m

2

m
~-l

, y (to) E GF (S)

•

m
+~=y~

The number of matrices P,1. which satisfy the matrix equation is con­

stant for any choice of b l , b2 , .•• , ~-l not all zero. This is true

since the problem of detennining the number of matrices lJ.. is equiva­

lent up to a factor of s - 1 to the problem of detennining the number

of elerrents in the stabilizer (in the group PC(k - 2, s)) of a hyPer­

plane (or a point) in the finite projective space PG(k - 2, s). In

order to determine the number of matrices A which fix the flag, we

may therefore only consider the possibility bl = 1, b2 = b 3 = ••• =

~-l = O. our conditions therefore reduce to all = y i

m
a12 = a13 = ••• = a l , k-l = 0; alk + ~bk = ybk • There are s - 1

possibilities for each of the all and ~, s possibilities for each

of ~1,a31' ••• , ~-l, l' a 2k, a 3k, ••• , ~-l, k and ¢(s, k ~ 2)

possibilities for

•
•
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~-l, 2 ~-l, 3 ~-l, k-l

'Iherefore, there are (s - 1)2s 2k-4cp(s, k - 2) collineations which

fix the flag.

c) Point (cl ' c 2 ' ••• , ~-l' 0);

c. E GF(s);
1

Cl ' c 2 ' ••• , ~-l not all zero

Hyperplane (0, 0, ••• , 0, 1)

,e
•

In

~-l ~-l

The number of 1). which satisfy this equation is constant for any

choice of c l ' c2 ' ••. , ~-l not all zero. WP. may therefore choose

c l = 1, c 2 = c 3 = ... , ~-l = O. OUr conditions therefore reduce

to all = 1, a2l = a3l = ••• = ~-l, 1 = O. There are

(s-l) s2k-3ep (s, k - 2) collineations which fix the flag.

d) Point (cl ' c2 ' ••• , ~-l' 0) ~ Hyperplane (0, b l , b2 , ••• , ~);

c
i

E GF (s) ; b i E GF (s);

c l ' c 2 ' ••. , ~-l not all zero bl , b2 , ••• , ~-l not all zero;

~e clbl + c2b2 + ••• + ~-l~-l = o.



, 1'1.' = y

b
m

1
bID

2 , y (;10) E GF(s)
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•

m
~-l ~-l ~-l

h m
-k-l

The mnnber of A:t satisfying the two rratrix equations is constant for

any values of c l ' c2 ' ••• , ~-l' b l , b 2 , ••. , ~-l subject to the

restrictions of the values. This is true because the problem of

detenni.ning the number of matrices 1). Which satisfy the two equations

is equivalent to the problem of detennining the number of elerrents in

the stabilizer (in the group PC(k - 2, s)) of an incident point-

hyperplane pair (flag) in a finite projective space PG(k - 2, s).

order to detennine the number of matrices A which fix the flag, we

therefore only need to consider the choice c l = ~-l = 1,

In

•

c = c =2 3 • •• = ~-l = b l = b 2 = ••• = ~-2 = O. our restrictions

therefore reduce to

all = 1; '1<-1, k-l = Y; a 21 = a31 = •.• = '1<-1, 1 = '1<-1, 2 =

= = '1<-1, k-2 = 0; '1<-1, k + ~bkID = y~m

y (r!0) E GF (s) •

For k ~ 4, there are (s - 1) possibilities for each of ~ and

~-l, k-l' s possibilities for each of a lk , a2k , ••• , ~-2, k' a12 ,

a13 , ••• , a l , k-l' a2 , k-2' ••• , ~-2, k-l and ¢(s, k - 3)

..
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possibilities for

•

'\:-2, 2 '\:-2, 3 '\:-2, k-2

Thus there are (s - l) 2s 3k-7 <p (s, k - 3) collineations which fix the

flag. For k = 3, there are (s - I) 2s 2 collineations which fix the

flag.

•
e) Point (cl ' c 2 ' ••• , ~-l' O);

c. E GF (s);
~

cl ' c2 ' ••• , ~-l not all zero

Hyperplane (1, b
1

, b
2

, ••• , ~);

b. E GF(S)i
~

b l , b 2, ••• , ~-l not all zero;

1 + clbl + c2b2 + ... ~-1~-1=0

In

~-1 ~-l

bIn
1

bIn
= 2

In

~-l

-e

The number of 1\ satisfying the two matrix equations is constant for

any values of cl ' c2 ' ••• , ~-l' bl , b2 , ••• , ~-l satisfying

1 + c l b1 + c2b2 + + ~-1~-1 = o. This is true since the problem

of dete:r:mining the number of matrices 1). which satisfy the equations

is equivalent to the problem of determining the number of elerrents in
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the stabilizer (in the group EC(k - 1, s)) of an :incident point-

hyperplane pair in a finite affine space EG (k - 1, s). \'Je may there-

fore choose cl = 1, b l :: -1, c2 = c
3

= ... = ~-l = b
2

= b
3

=

~-l = O. For this choice, our restrictions reduce to

=
•

all = Ii a 2l = a 3l = ... ~-l, 1 = a12 = a13 = ... = aI, k-l = Oi

-alk + ~~ = bkm.

There are (s - 1)sk-2¢(s, k - 2) collineations which fix the flag.

f) Point (cl ' c 2 ' ••• , ~),

c i E GF(s) , ~ I 0

Hyperplane (0, bl , b2 , ••. , ~);

b. E GF(S)i
1

bl , b
2

, ••• , b
k

- l not all zero;

c l b l + c 2b 2 + ••• + ~~ = 0

•b m
1

bID
= Y 2, l'J..'

a
lk

•

m
~-l ~-l, k ~-l ~-l

"h. m
-k-l

Y (10) E GF (s)

l-m
~=~

(The condition alkbl + a 2kb2 + ••• + ~~ = Y~m is a linear canbi­

nation of the other conditions.) There are (s - 1) sk-2¢ (s, k - 2)

possibilities for A:L'. When A:L' is determined, all of the other

coefficients in A are canpletely dete:rmined. Thus, there are

(s - 1)sk-2¢(s, k - 2) coll:ineations which fix the flag.
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g) Point (cl ' c2 ' ••• , ~),

ci E GE'(s), ~::f 0

Hyperplane (1, 0, 0, ••• ,0, b),

-1b = -'1<

•

m
'1<-1 ) ~-l, k ~-l

'Ihere are <P (s, k - 1) possibilities for A.1.. Once A:L is determined

all of the other coefficients of A are carrpletely determined. Thus,

there are cP (s, k - 1) collineatians which fix the flag.

Hyperplane (1, b
l

, b
2

, ••• , ~);

b. E GF (s);
1

b l , b2 , ••• , ~-l not all zero;

1 + clbl + c 2b 2 + ... + ~~ = 0

h) Point (cl ' c2 ' ••• , ~);

C. E GF(s);
1•

b
m

1

b
m

= 2
l-m

~=~

m
~-l ~-l, k ~-l ~-l)

There are sk-2cp (s, k - 2) possibilities for A:L I • Once 1\ I is deter­

mined, all of the other coefficients of A are ccmpletely determined.

Thus, there are sk-2cp(s, k - 2) collineations which fix the flag.
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APPENDIX F

We assume a random blocks model (A = 1); thus for P = E
3

+ E
4

,

- - 1 r¢ + IJ 1 -N - I - P - - Cii (EO + E1) + ep E2 + ¢ E3 + ES + E6 , V 1 - EO + El'

NV1N = 0

NV2N = - ep ~ 1 (EO + E1) + E2 + (ep ~ 1) E3

NV3N = 0

NV4N = 0

HVSN = ES
NV6N = E6 "

The equations (6" 3.1) thus reduce to

tr rep : 1) [-[ep ~ 1) (EO + E1) + E2 + rep ~ 1) E3J a 2 = V2

Since tr EO = tr E1 = tr E2 = tr E3 := v - 1,tr ES = n - b - v + 1, and

tr E
6

= b - v (Sysoev and Shaikin (1976, III», we have

2
ep r [ 1 J (v - 1) + v-I1a

2
= V

2
-+ ¢ 2 (v-l)a

2
= v2ep + 1 L- ep + 1 (ep + 1) ,~

(n - b - v + 1) as = Vs
(b - v) a6 = v 6"


