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ABSTRACT

In this paper a nerve cell (or neuron) is modeled as a system that
transforms a semimartingale input into a point process output. This extends a
result of van der Boogaard et al. (1986) in which neurons transform point
process inputs into point process outputs. The semimartingale input model
proposed here encompasses Poisson, Gauss-Poisson, diffusion and Ité-Markov
processes which have been considered in the literature. Using Ité’s
formula, the intensity (or pulse generation function) of the output point
process is expressed explicitly in terms of the input process under mild
differentiability conditions on the intensity. The conditional mean
and quadratic variation of the output process are derived in terms of the
corresponding mean and quadratic variation of the input process. Some related

problems of parameter estimation are also considered.



1. INTRODUCTION

A basic unit of the nervous system which receives, processes and
transmits information is the nerve cell or neuron. For many types of neurons,
this information is transmitted in the form of brief impulse-like electrical
events which are called action potentials (or spikes). The action potentials
of a particular neuron are nearly identical in the shape of wave forms.
Furthermore, because action potentials have short temporal durations (2-3
m.s.) with respect to the time intervals between their occurrences, a train of
action potentials may be modeled as a realization of a stochastic point
process. This point of view is quite prevalent in the literature (see e.g.
Perkel et al., 1967; Moore et al., 1970; Yang and Chen, 1978; DeKwaadsteniet,
1982). It is widely believed that the temporal patterns of spike trains are
the information carriers in many areas in the nervous system. For this
reason, theoretical and experimental neuroscientists have paid a great deal of
attention to the statistical analysis of both single and simultaneously
recorded spike trains, which are recorded extracelluarly from one or more
neurons respectively. (See e.g. Perkel et al., 1968; Bryant et al., 1973;
Toyama et al., 1981; Tanaka, 1983; Borisyuk et al., 1985; Habib and Sen,
1985.)

Consider a neuronal system with an input process, Xt’ and output point
process, Nt’ with intensity process, At’ where At - F(Xt)' At is also known
as the pulse generating function. The following cases are encountered in

studies of stochastic transformation systems:

(a) Both Xt and Nt are observable, but the pulse generator At is not
known. This set up corresponds to an identification problem in which
one is interested in knowing the mechanism involved, i.e. how a

neuron transforms the input process into an observable output

process.

(b) Xt is not observable, Nt is observable, and the pulse generator
is a known function. This corresponds to the problem of estimation
of random intensities (see e.g. Karr, 1986). In general, this set up
can also be interpreted as a Bayesian problem in which the input
process corresponds to the prior, and the unknown parameter in the
prior corresponds to the hyperparameter. Preliminary investigation
of this problem may be found in Konecny (1984).
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(c) Both Xt and Nt are observable and the pulse generator At is known up
to an unknown parameter #. In this case, § may be estimated as in .

Habib and Thavaneswaran (1988).

Before discussing the neuronal systems which will be considered in this
paper, we briefly review some relevant literature. Knox (1974) proposed a
simplified model for a neuron in which the somal-membrane of a post-synaptic
(driven) cell was modeled as a linear time-invariant filter. The neuron was
assumed to have a constant threshold, 4. After crossing the threshold, the
membrane potential was reset to a resting potential (i.e. the refractory
period was not taken into consideration), and only excitatory post-synaptic
potentials were considered. The pre-synaptic spikes were assumed to arrive at
random over a single excitatory channel and are idealized as Dirac delta

functions, i.e. the input was modeled by Xt - Z S(t-rk), where (rk) are the
k

instances of arrivals of presynaptic action potentials. The membrane

potential, Y, was modeled by

t
Yt - I Xu h(t-u) du = Z h(t-r

<
to<rk_t

k) ’

t
as long as Yt remains lessothan the constant threshold 4, where h(t) is the
impulse response function of the filter. The author considered both the case
of the perfect integrator (where the membrane sums the synaptic input
linearly and without decay in the absence of synaptic events), as well as the
case of the leaky integrator (where the membrane potential decays
exponentially between synaptic inputs). In the stationary case, the
cross-correlation function of pre- and post-synaptic spike trains was derived
from a linear system as.a convolution of the input auto-correlation function
with the impulse response .function of the system. The cross-correlation

function was also derived when the input Xt was a Poisson process. See also

Knox and Poppele (1977a; 1977b).

Brillinger, Bryaﬁé,'éﬁd Segundo (1976) applied an identification method
of point processes, dgvéioﬁéd by Brillinger (1974; 1975), to a large data set
of spike trains recorded from a neural network in Aplysia. The neurons were
connected by monosynaptic inhibitory or excitatory post-synaptic potentials

and either discharged spontaneously or were driven by intracellular current

pulses. The cross-intensity function of two jointly weakly-stationary spike
trains recorded simultaneously from two cells A and B is defined by
2



I,,(u) = lim P (B spike in (t, t+h) | A spike at t-u)/h.

h—eo

Brillinger et al. (1976) expressed the cross-intensity function of two cells,
A and B, as a functional serié;, using "kernels," which is a point process
analog of the Volterra-Wiener expansion of ordinary time series (Marmarelis
and Naka, 1973a; 1973b). The kernels were expressed as functions of time
arguments, and were meant to be invariant of the system, i.e., they retained
the same essential characteristics even when the pre-synaptic discharges vary
and the kernels were estimated from the corresponding pre- and post-synaptic

spike trains.

The above studies were based on the assumptions that the point processes
representing the spike trains were weakly-stationary and were also assumed to
be jointly weakly-stationary. 1In reality, it is well documented that many
spike trains are neither weakly-stationary nor jointly so. For example,
Correia and Landolt (1977) studied the spontaneous activity of anterior
semicircular canal afferents and found that spike activity of 57.5% of the
studied units was non-stationary as determined by the Wald-Wolfowitz runs test
for trends. It is reasonable, then, to expect that lack of stationarity will
be even more pronounced in stimulus driven activity. Recently, van den
Boogaard et al. (1986) have proposed a neuronal model neuron in which a
neuron transforms Gauss-Poisson point processes into an output which is a .
doubly-stochastic Poisson process. The intensity of the output process, g,

was assumed to be of the form g(u) = ae"

In the present paper, we extend the neuronal-models described above to a
system that transforms a semimartingale input, Xt’ inte-an output point
process, Nt with random intensity, A. Assuming that the intensity A is a
non-negative twice continuously differentiable function:of ‘the input, i.e.
At=F(Xt), formulae are derived that explicitly expf?§s~§§%wg?nditional mean
and variance of the output counting process inAteFQ%?%gwggg input

semimartingale. N e

BN

In symbolic notation the proposed transformation is formulated by

Nt - S[ Xt ] . (1.1)



The input process Xt can be modeled in several ways depending on the

experimental situation at hand. For instance, in the case of simultaneous .
extracellular recording of spike trains from two or more neurons, the spike
trains of a driven cell may be modeled as a point process, Nt' The input,

Xt’ to the neuronal system may be given by

dXt - Y w(r,) = w(t) dN(t),

T .<t J

IE

where w(t) is the synaptic weight, and (rl, ..) are the firing times of

r
2"
the presynaptic neuron projecting to the synapse of concern. This may be

extended to the case were Xt is modeled as a linear combination of counting

processes N ..,Nk which represent the temporal firing patterns of the

N,,.
1 2
presynaptic neurons projecting to the neuron under consideration. Xt can be

viewed as the solution of a stochastic differential equation of the form

- (k) ‘
X, REI (E)wk (rj ) (1.2)
T =<t
j
K
= ), w, (t) dN(X, (t),t),
ol K k

where wk(t) are synaptic weights (or amplitudes of post-synaptic potentials),
Ak(t) are the presynaptic firing rates or intensities which may be
stochastic processes, k=1,2,...,K, and (r{k), rék),...) are the firing times
of the neuron projecting to the kth synapse. Equation (1.2) may also be
written in an integral form .

K

t
X =X + ¥ J wp(s) aN . (A (s),s). (1.3)
k=1 9

This model is schematically represented in Figure 1.1. Variations of model

(1.3) have been considegéqiﬁy many authors among them Knox (1974), Brillinger

et al. (1976) and van qu Boégaard et al. (1986). In the special case when

the w's and A’'s are constaﬁts and Nl"2""’Nk are independent Poisson

processes, it is well known that the solution of (1.2) or (1.3) is a Markov .

process with discontinuous sample paths. Model (1.3) in this case is called
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Stein’'s model (Stein, 1965). See Snyder, (1975) for a discussion of Poisson

driven Markov processes.

Figure 1.1. A neuronal system that transforms a linear combination of
point-process inputs into point-process output.

Another neuronal system considered in this paper is one which transforms
a diffusion process input into a point process output. The model is suited to
experiments in which both the intracellularly recorded membrane potential of a
neuron and the action potential generated by the same neuron are available.
The choice of a diffusion process as a model for the effective potential input
of the system may be based on the observation that in many types of neurons,
in particular those in the brain, the number of synapses ranges from a few
thousands to tens of thousands. A single motor neuron in the spinal cord
probably receives some 15,000 synaptic junctions while certain types of
neurons in the brain may have more than 100,000 synapses. If the synaptic
weights (or the amplitudes of the postsynaptic potentials) are relatively
small and the firing rates are relatively high, it can be argued that models

(1.2) or (1.3) may be approximated by diffusion models in ‘the form

X, = X, + Jt a(s,X )ds + Jt b(s,X_)dW_ ' (1.4)
0 0

where Wt is a standard Wiener process and the proééséé;°§3aﬁd b satisfy the

appropriate Lipshitz and growth conditions which guarantee the existence of a

strong solution of equation (1.4). (See e.g. Liptser 553 Shiryayev, 1977;

S¢renson, 1983.) The diffusion approximaﬁioh in thejﬁeﬁrdphysiology set up

has been considered by Johannesma (1968), Ricciardi (1976) and recently by



Kallianpur (1983) where a proof of the diffusion approximation was given using I

the functional central limit theorem for semimartingales (Liptser and
Shiryayev, 1980, 1981). Model (1.4) is appropriate for modeling neurons
which receive extensive synaptic input with low amplitudes (Lansky, 1983;

Habib, 1985). This model is represented in Figure 1.2.

X(t) S N(t)

ot T e kg L WUSRTRE TV VIV W

Figure 1.2, A neuronal system that transforws a diffusion process
input into a point process output.

A third example of the neuronal system considered here is one which
transforms a mixed input process, that is, an input process which is a .
combination of point and diffusion processes. This model is suitable for
experiments in which both the extracellular and intracellular records of a
neuron are available. The model is based on the observation that in the
sensory areas such as the auditory, somatosensory, and visual cortices,a
limited number of pre-synaptic neurons will be firing above the background
level in response to an efféctive stimulus while the rest of the presynaptic
neurons may be firing sponﬁéneously (see Tanaka, 1983). 1In this case, in
addition to diffusion input, the neuron receives input in the form of a linear
combination of counting processes. The effective potential input may then be

modeled as a mixed stochastic model of the form

t o . ¢t K
X, = Xy + J a(s,ngd5.f j, b(s,XS)dws + kzl wk(s)de(Ak(s),s). (1.5)
0 ' ' 0

Tr e

This model is schematically represented in Figure 1.3.




Figure 1.3. A neuronal system that transforms a mixed diffusion and
point-process (Ito-Markov) inputs into a point-process output,

A semimartingale model for the input process will include all the models
discussed above as special cases. Therefore, it is more convenient to assume
that a neuron transforms a semimartingale input into a counting process output

with random intensity.

In Section 2, we take a more general approach than that of van den
Boogaard et al. (1986) by considering a class of twice differentiable
functions as pulse generators. In van den Boogaard et al. (1986), the pulse
generating function had an exponential form and the input process was assumed
to be a Gauss-Poisson process. Thus, the entire distribution can be
characterized by its first two moments and the output process to be a doubly
stochastic Poisson process. This does not incorporate feedback, while the
output models considered in our work include self-exciting processes, and
hence incorporate feedback. The approach adapted in this paper generalizes
the work of van den Boogaard et al. (1986) in three directions allowing.

(a) consideration of a general class of inputs, namelyméémiﬁartingales,
(b) consideration of a general class of impulse generaggxs, and (c¢) inference
about the functional relationship between input and outpuf processes from real

data.



2. A SEMIMARTINGALE MODEL

In this section, we model a neuron as a system that transforms a
semimartingale input into a point process output with random intensity (or -
pulse generating function) which is assumed to be an arbitrary continuously
twice differentiable function. This extends the exponential impulse .
generating function considered by van den Boogaard et al. (1986). The
following notation will be used in the sequel. Let (Q,F,P) be a complete
probability space, and (Ft,tZO) be a filteration, i.e. a non-decreasing family
of sub-o-fields of F. Assume that {Ft) is augmented by the sets of F having

zero P-measure, and that (Ft) is right continuous, i.e. Ft-Ft+<- N Fs). A
st

stochastic process X-(Xt,tZO} is said to be adapted to a filtration
F-{Ft,tZO), if Xt is Ft - measurable for each t=0. The notation (Xt,Ft) will
be used to indicate that Xt is Ft - measurable for each t = 0., Let P be the
smallest o-field which contains the class of all left continuous stochastic
processes. P is called the predictable o-field. A stochastic process which

1s measurable with respect to P is called predictable.

two conditions hold: -

A stochastic process (Mt,Ft t=0) is called a martingale if the following

(i) EIMtl <w, 20
(ii) E(MCIFS) - M, s<t.

If the equality in (ii) is replaced by = (<), the process is called
supermartingale (submartingale). A stopping time, r, is a random variable
such that the event [rx<t] is Ft-measurable. A local martingale M=(Mt,Ft) is
an adapted process for which one can find a sequence of stopping times

(rn,nzl} increasing to infinity such that the stopped processes

Mn-(Mt ; 'Ft)’ n>1 are martingales. Each local martingale M admits the
“"n

decomposition M = M¢ + Md, where M is a continuous local martingale and Md is
a purely discontinuous local martingale. If M is a square-integrable

martingale, then M2 is a submartingale, and according to the Doob-Myer

decomposition there exists a predictable increasing process, denoted by < M > .



(or < M,M >), which is called the quadratic characteristic or the variance

process of the martingale M. < M > may be calculated from the formula

n-1
<M> - lim Yy E
n-o k=0

2
[(Mt(k+1)/n S M) | Ftk/n}

The covariance process of two square-integrable martingales M and N may be

defined by

<M,N>t—l[<N+M>-<N-M>].

4
Statistical analysis of the trajectories of random processes (Xt, t>0)
shows that rather often their structure is such that Xt' t=0 consists of the
sum of two components, namely a slowly changing (trend) At’ t20, and a
rapidly changing component (noise) Mt’ t=0. The slowly changing component is
modeled as a process with bounded variation. A stochastic process {At, t20)

is of locally bounded variation if for arbitrary t2>0 and wel the variation
t
I IdAs(w)l <w. The rapidly changing process M is modeled as a local

0
martingale.

Definition: A stochastic process X-{Xt, Ft’ t20) is called a semimartingale,

if it can be written in the form

Xt - At + Mt ) t>0 (2.1)

where A is a process of locally bounded variation and M is a local martingale.

Model (2.1) encompasses models (1.3) - (1.5) as special cases. For model

(1.3),
K ot
A, =X+ ) w, () Ak(s) ds,
k=1
0
and



K .t
Mt ) wk(s)de(Ak(s),s)
k=1 0

where de(Ak(t),t) = de(Ak(t),t) - Ak(t)dt. For model (1.4)

t
At = X0 + J a(s,Xs)ds,
0

and

t
Mt - J b(s,Xs) dWs.
0

For model (1.5)

t K ot
A =Xy + f a(s,X) ds + } A (s)ds,
and

t K t
M_ - J b(s,X) @i+ 3 | w(s) ar (i (s), s,
0 k=17

where de (A(t),t) = de(A(t),t) - A(t)de.
Now, we present the celebrated Ité-formula which is the basic stochastic

calculus rule for computing differentials of functions of general stochastic

processes such as semimartingales.
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Let Xt.be an R?valued input semimartingale (i.e. XeRn), where each
component X" is itself a semimartingale. Suppose that the pulse generating
function F of the output process Nt is a real valued, positive, continuously
twice differentiable function on R". That is, the intensity process At of the
output counting process N(t) is given by At-F(Xt). The application of Itd’'s

formula to F leads to

n t

3 i
FX) = F(Xp) + e F(X )X
im] i
0
n t .2 .
+ 1 ). J 8 Fx ) axic, xI°s
2 ax, dx, s- s
i,j=-1 0 i J
2 3 i i
+ 2[(F(X)-F(x_)-Z—F(X)AX)] (2.3)
O<s<t S s 1=1 9%4 s s
ic

where AXS - XS - XS_, X", is the continuous part of Xl, and <ch,ch>S is

: . ic jc
the variance-covariance process of X and xJ€,

Note: The above formula shows that the intensity process At=F(Xt) is a

semimartingale.
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3. APPLICATIONS

In this section we consider special cases of the input process such as
point, diffusion, and Ité6-Markov processes. The output process is assumed to v
be a point process with random intensity with pulse generating function which

is assumed to be continuously twice differentiable. .

Example 3.1:

Consider an experimental setup where one is able to record simultaneously
two spike trains from two neurons. For definiteness, assume that we have
extracellular records of two neurons with one driving the other. For this set

up, the input process Xt is modeled by a point process of the form

¢ d
Xt - J psds + m_
0

where m is a zero-mean purely discontinuous martingale. The output process

is assumed to have a pulse generator or intensity, At of the form

aX

A - e t(-F(Xt)), aer’.

See Aalen (1978) for a discussion of the problem of non-parametric inference
for waiting processes with multiplicative random intensities. Applying Ité's

formula (2.3) gives

t t d
Ae = Ag * J pg A ds + j [AS-AS_-AS_AmS] ds.
0 0

Hence At is a semimartingale with a conditional mean

E [ACIFC] -2t Jo B ds,

and conditional second variance

12



A A7, 2
Var [ACIFC] - E [(At - E D IF DT Fi]

- E [( ) [AS_AmS])Z | Fé ]

s<t

Example 3.2:

Assume that both the intracellular record of the somal membrane potential
and extracellular record of spike trains of a certain neuron are available.
In this situation the somal membrane potential Xt may be modeled as a

diffusion process of the form

t
X =X, + 9 ds + W
t 0 I s t’
0
where 65 is assumed to be a deterministic function and Wt is a standard
Wiener process. This model is appropriate for neurons which receive extensive

synaptic input with small post-synaptic potential amplitudes.

aX
Then, for a pulse generator At - e t (=F(Xt)), where aeR+ it follows
that for all aeR+
t a2 -t
At-AO+I A, (b, + =) ds+aJAs v .
0 ..-0

§

Hence At is a semimartingale with a conditional mean

13



pY t a2
E[ACIFCJ - A+ I A [ad, + - 1 ds
0

and conditional second moment v

t
2, A 2 [72
EALIF] = a I A, ds
0

In this case the output process is given by

t
Nt - I As ds + mt
0

t
with variance process < N,N >t - I AS ds. Both the conditional and
0
unconditional means are given by E[ Nt ] - f AS ds. If the pulse generator
0
is exponential, i.e. F(+) is of the form F(u) = ve' as in van de Boogaard

et al. (1986), then for the input process in (3.4),

Xt
At - F(Xt) =- ve , .

14



and

\ t
Var[ Atl Fe ] - J A, ds.

0

Example 3.3:

Consider the same experimental set up as in Example 3.2 with the

diffusion input Xt replaced by an Itd-Markov process of the form

t t t d
Xt - Xo + J f(s,xs)da + I g(s,xs)dwS + I h(s,xs)dMS ,
0 0 0

. . d . . .
where Wt is a standard Wiener process and Ms is a purely discontinuous

martingale. Then

It follows that

t
A, =X+ I a As [f(s,Xs) + a2/2] ds
0

t t
d
+ J u As g(s,XS)de + f h(s,Xs)(aAS+l)dMS
0 0

d
+ ) t[ Ag - A - A, h(s,a ) AM ]

O<s<

The cross-covariances of the input process, Xt, and output process, Nt'
may be derived using Ité’s formula for the product of two semimartingales.

(See e.g. Elliot, 1982.) 1In the set up described above, the input, Xt’ is

given by

and the output process, Nt’ is given by

15



t
N =} X d +M =A +M
tJ‘ssttt’
0
where m and M are zero mean purely discontinuous martingales. Ité’s formula v

gives
d(XN)t - Vt dAt + At th + d< M, m >
provided that Mt and m have no common jumps. Hence

t t
E(xN] -E J V o dA_ + E j A, AV + E< M,m> .
0 0
In conclusion, we briefly describe how to use the first two conditional
moments to study the relationship between the input and output processes when

both the input process, X_, and the output process, N are observable and the

t’ t’
pulse generator is known up to an unknown parameter #. In this case the
output process Nt can be written as
t
Nt - J As(Xs,e) ds + Mt .

0

where the predictable process Xs is observable (known) except for the
parameter §. Then an optimal estimate for § may be obtained as in Habib and
Thavaneswaran (1987). 1Indeed, using the method of optimal estimating
functions (Thavaneswaran and Thompson, 1986), the parameter § may be estimated

by solving the optimal estimating equation

t
-1
J [r,x,6)] [ax (x_,0)/36] fan_ - A (X_,6)ds] = 0.
0

16



In particular if AS(XS,H) - 0f(Xs), 6>0, where f is a known function (not

necessarily linear), then the optimal estimate of # turns out to be

t t
j £(X_) dN_ J £(X) dN_
0 _ 0 -
<M> J £(X_) ds
0

That is, in this case it is easy to fit a model with a known functional form
t
from At(Xt,ﬁ). For example, if J 8 f(Xt) dt gives a good fit to the observed
0

data for a given f, we may argue that the rate of firing of the post synaptic

neuron is proportional to f(Xt), where f is known. More interestingly, At =

n
f(&,Xt) = 2 01 X(t-ti) may be considered to study the effect in the rate of
i=1

firing due to the changes in X at tl""’tn'

17
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