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CHIN-HUA (LILY) WANG. Random-Effect Models for Improving Covariates
Estimation in Time-Dependent Proportional Hazards Models (Under the direction of

Timothy M. Morgan).

ABSTRACT:

It is usually impossible to obtain all covariate values at each event time for an internal
covariate for the time-dependent proportional hazards (PH) models. A popularly used
approach is to impute the last available observation. This approach could be very biased and
inefficient, and may not be applicable if there are missing baseline measurements.

This dissertation proposed fixed and random-effect linear models as alternatives for
covariate estimation, and recommended the random-effect estimates. The mean square errors
for the proposed models were derived.

With measurement error in the PH models, the incorrect score function no longer
provides unbiased estimations for the risk coefficients and standard errors. This dissertation
has derived the adjustment of the naive regression estimates to the true parameter for a non-
i.i.d. time-dependent covariate case through the martingale approach.

The asymptotic distribution of the misspecified score function for non-i.i.d. failure times
was studied which is the scenario for random-effect models. The ARE of testing no covariate
effect using the imputed covariates relative to the true covariates has been derived.

The example of the time and number of covariates used here suggests that using
random-effect estimates can reduce the sample size by 1/3 compared to using the last value

approach.
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The estimation of a missing covariate at time 7 in the Cox time-dependent PH models is
often restricted to using the covariate values prior to time ¢ only. Under this restriction,
covariate estimations become very difficult to implement. Whether one can use the future
information (covariate values subsequent to time ) for estimation was studied. It was shown
that correct model specification is the key to use future information in estimation. The use of
future information depends on the types of the covariates. For external covariates, one would
use all of the observeQ values for all subjects. For internal covariates, the rules of thumb are
to use all covariate values up to their own failure times for failures, and use all information
for the censored. Proper use of future information does not affect the ARE, but should

improve the relative efficiency for small sample sizes.
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Chapter 1

Time-Dependent Covariates in Survival Data Analysis

1.1 Introduction

In medical research, one is often interested in assessing the effect of risk factors on the
time until an event occurs. Analysis of time-to-events is referred to as survival analysis.

Two methods are commonly used to explore the relationship between failure time and
explanatory variables. First, model the failure time directly on covariates, such as the
accelerated life (AL) model. Second, model the effect of covariates on the hazard rate
function, such as the Cox proportional hazards (PH) model.

Assume that given Z = z, the survival distribution at time £ is

S(tiz)=8,[g(z)t] (1.1.1)
where Z is a (p x 1) vector of covariates, and S,(.) is the baseline survival function. Model
(1.1.1) is equivalent to the model T =7,/ g(z) where T and T, denote the actual and
baseline survival time, respectively. This is known as the AL model where the role of Z is to
accelerate or decelerate the time to failure. The scale factor g(z) is usually chosen as
g(z)=exp(0’'z) where 0 is a p-column vector of regression parameters. If one further

assumes the baseline survival distribution for the failure time, parametric estimation through



the likelihood function is straightforward. AL models can also be solved in a semiparametric
way by linear rank statistics (Kalbfleisch 1980, chapter 6), or by scored estimating equations
(Rubins 1992).
Assuming that the hazard function at time # given a set of (p x 1) covariates Z=z, is
A(lz)=ho(t)g(®'z) (1.1.2)
where A4(?) is the arbitrary unspecified baseline hazard. The effect of covariates is to act
multiplicatively on the hazard function A(7), not on the failure time itself. Four specific

forms of g() have been used (Kalbfleisch 1980, p.31; Cox 1984): (1) g(x)=1+x (2)

g(x)=(1+x)" (3) g(x)=exp(x) (4) g(x)=log[1+exp(x)]. The third and fourth
choices do not require restrictions on 6 to make sure g(x) is positive as needed. Model
(1.1.2) is called the PH model (Cox 1972). The exponential form for g(9'z) is commonly
used and adopted in this dissertation. The partial likelihood method (Cox 1975) is a popular
semiparametric method to solve the parameters in (1.1.2).

Models discussed above are for fixed covariates. In practice, the covariates of interest
are often time-dependent (T-D) where the covariates vary over time. For example, research
goals may involve studying the effect of blood pressure or cholesterol level on the risk of
heart attack or death, or tumor width on the risk of death, where covariates such as blood
pressure, cholesterol level and tumor width are changing in time.

In next section, external and internal covariates for the T-D covariates will be
distinguished. Models used to analyze the T-D covariates effects on the failure time are

introduced in Section 1.3. In Section 1.4, the relationship between T-D covariates and the



survival data analysis is discussed. A proposal for this dissertation will be given in Section

1.5. Section 1.6 will summarize this chapter.

1.2 Types of Time-Dependent Covariates
Let Z(u) be a (p x 1) vector of covariates at time u, Z(1)={Z(u):0<u <t} be the
covariates path up to time £, Z = {Z(u):0 <u <1} be the whole path of the covariate, Z()

be some function of Z(?), z(t) be a realization of Z(7), and t be the end time of a study.
Kalbfleisch and Prentice (1980) classified T-D covariates into two categories, external and
internal covariates. Covariates that are not directly involved in the failure mechanism are
called external covariates. Three kinds of covariates belong to this category according to
Kalbfleisch's classification. They are fixed, defined, and ancillary covariates. (1) Fixed
covariates are time independent, such as gender. (2) Defined covariates are determined in
advance for each individual, like age of an individual. (3) Ancillary covariates are
characterized by their covariates path that may influence, but are not influenced by, the

parameters of the failure time model. That is, the marginal probability distribution of the
whole covariates process (Z ) does not involve the parameters of the failure time model, for
example the airborne pollution for asthma attacks. Many environmental and occupational
factors fall in this class. For external covariates, the hazard is defined as

MNZ,0)dt = P{T e[t,t+dt)|Z,6,T>1} (1.2.1)

where 7 is the failure time. This hazard function conditions on the whole covariate



information during the study, no matter a person died or not. The survival function is defined
by S(11Z6)=P(T=214Z9).

The characteristic of an internal covariate is that it may influence and also be influenced
by the event of interest. For example, the blood pressure may affect and be affected by the
cardiovascular diseases. This characteristic makes the interpretation of the covariate effect on
the event of interest difficult. The hazard function for internal covariates is defined by

MAZ(1)8 Jdt = P{T 1,6 +dt)|Z(1)0,T > t}. (1.22)
Note that this hazard conditions only on the past covariates up to time 7, not further.

Kalbfleisch and Prentice (1980) described an internal covariate as a covariate that can be
observed only as the individual survives and is uncensored. This statement is true when the
failure event is death. If the event is a disease, such as heart attack, or body temperature for

comma, one may be still interested in measurements after that event has occurred.

1.3 Models for Time-Dependent Covariates
1.3.1 Parametric Models

If the underlying baseline distribution is available from scientific reasons or other
sources, both the AL models and Cox PH models with T-D covariates can be solved through
ordinary parametric likelihood methods. Some special distributions like the Weibull,
Gamma, Gompertz-Makeham, log normal, log logistic , inverse Gaussian and some other

distributions. have been discussed by Cox and Oakes (1984).

1.3.2 Semiparametric Models



Other than the Cox’s famous semiparametric PH model, Robins (1992) generalized the
accelerated life model with T-D covariates and solved it in a semiparametric way. Let U be
individual's baseline survival time, 7 the actual survival time. Take du/dt = g/Z(t)0], a
function of Z(?) and 6 , to correspond to the relative rate at which baseline time is being used
up compared to actual time as a function of the history of exposure Z(#), up to that time.
Assuming g/Z(1),0 ] is a positive smooth known function with g/Z(?),0 /=1 when Z(#)=0 or
0 =0. Rubins estimated 0 in this model by using estimating equations based on weighted log
rank tests.

The most popular model that has been used in the T-D covariates analysis is the Cox's
T-D PH model (Cox and Oakes 1984). The hazard is defined by

AMAZ(t)) = ho(t)exp[0'Z(t)] (13.1)
where Z(?) consists of functions of the covariates history up to time #, or product terms
between such functions and 7. Let D denote the set of subjects who are failures, R(#;) the risk
set at 77, the time right before #. The partial likelihood given Zy(%)=z;(t,) is

exp[0'z;(t;)] (13.2)
S Tepl0' s ()] B

keR(1;)

The score function, U(0 ), and the information matrix, /(0 ), are

ue)= .EZDIZ,-(t,-)—A;(e)],
1®)=[3¥C;0)], ,r,s=1,...,p where
ieD

2z (1; ) exp[0' 2, (1;)]

keR(1,)

Zefple'zk (t:)]

keR(1,

4;(0)=

2



2z (1 )z (1; ) exp[0' 2, (1; )]

C(0) =1 — 4,(0)4,(8).
/ > expl0 y(1,)
keR(1,)

The partial likelihood will have high asymptotic efficiency relative to the full likelihood
if the ratio of the between person component to the within person component is small (Cox

and Oakes, 1984).

1.4 Covariates History and Time-Dependent Survival Data Analysis

It is well known that the computing time for the Cox T-D PH model is tedious. In
addition to the problem of extensive computing time, covariates history also contributes to
the complexity on survival data analysis when covariates vary over time. The partial
likelihood (1.3.2) says that the covariate values, Z(7), is needed for all subjects at risk at
every failure time # where Z(7) can be any function of the covariates history up to time ¢.
Usually, it is assumed to be the current observed values of the covariates at time 7.

The time-varying explanatory variables may change their values continuously in time,
but in real life, they are measured only at follow-up or interview times. External covariates
values at time f at which the hazard function changes are possible to be available through a
defined function or other sources. However, it is usually impossible to obtain internal
covariates values for subjects at risk at every failure time. For example, a person's blood
pressure measurements would not be available at the time at which that person died. It is
most likely that the blood pressure measurements for others who are at risk at that time

would neither be available since subjects would not die at the scheduled interviewing time.



In practice, people usually carry the last value forward for those needed missing
covariate values. In this approach, the T-D covariate measurements are assumed remaining
constant (step-function) over time intervals (Prentice and Kalbfleisch 1979; Farewell 1979;
Gail 1981; Prentice et. al. 1982; Prentice 1982; Lipid Research Clinics Program 1984;
Gaynor 1987; Aitkin 1988; Raboud et.al. 1993, Tsiatis et.al. 1995).

Other than the last value approach, Raboud (1993) introduced smoothing techniques to
estimate the covariates values. Altman et. al. (1994) suggested that one could either use
linear interpolation between two sides of the current missing covariates or use the nearest
available observation, either to the left or to the right of the current time. They commented
that using linear interpolation to estimate a missing covariate produces an estimator with

higher precision while the last value approach is recommended for failure time prediction.

1.5 Proposed Research

The Cox T-D PH models have been used popularly for failure time data. However,
Cox’s models require all of the values of covariates measured at the time of each event for
subjects who are at risk. In most of the applications, having many missing covariates values
is inevitable. The common approach for this problem is to estimate covariates by assuming
that covariates remain constant between visits, and use the last available observation as the
covariate of interest. When time distance between the last observed time and the event time
is small, the last available covariates may be "fine" estimates of the true covariates.
Otherwise, the degree of measurement error in estimating covariate values at the time of

events can be important.



This dissertation focuses on three aspects. First, it proposes random-effect models (two-
stage models, shrinkage estimations, parametric empirical Bayes models), and fixed-effect
models as alternatives for estimating T-D covariates in survival data analysis. The effect of
reducing the estimation error on the bias of the PH parameter estimate and the efficiency of
the score test will be explored. Second, the misspecified score function is proposed as a test
statistic that provides valid inferences on 6 . The asymptotic properties of this statistic will
be studied. The asymptotic relative efficiency (ARE) of testing 8 = 0 among the proposed

estimation procedures based on the misspecified score statistic will be discussed when

8 = O(n™V? . Third, the issue of using only past covariates history or the whole covariates
information for estimation will be discussed. Intuitively, the use of whole covariates process
will produce better estimates. The conditions where the future information may be used to

estimate a covariate at a death time will be determined.

1.6 Summary

In this chapter models used to analyze the failure time data for both the fixed and T-D
covariates have been reviewed. The classification of the T-D covariates into external and
internal covariates was introduced. The dependence of the survival data analysis on the
covariates at which failures occurred, and the difficulty in obtaining all of the covariates at
the time of each event for subjects at risk were pointed out. The proposal for this dissertation
are mainly on three aspects. First, it proposed random and fixed-effect models for improving
covariates estimation in T-D PH models. Then the effect of reducing the estimation error on

the bias of the PH parameter estimated and the efficiency among proposed procedures are



evaluated through the misspecified score statistic. Third, it proposed to study the issue of
using only past covariates history or the whole covariates information on the estimation for
missing covariates.

Next chapter will review methods that could be used to estimate the missing covariates.
The idea of empirical Bayes estimation will be reviewed. Estimates from the fixed-effect,
random-effect linear model approaches, and the last value approach will be compared based
on the expected mean squared errors (MSE) for a given person at a fixed time.

In Chapter 3, the effect of the covariate measuremént error in the PH models will be
studied. The ARE of testing no covariate effect among the proposed procedures will be
derived based on the misspecified score statistic. Chapter 4 will study whether the estimation
of covariate at time 7 can use the covariate values subsequent to time 7. Chapter 5 will apply
the proposed procedures to a data set from the Baltimore Longitudinal Study on Aging
cohort. The mean square error of the covariates, the risk coefficient in the PH model, the
misspecified score statistic and the ARE among procedures will be computed. Chapter 6 will

summarize this dissertation and give the directions of the future research.



Chapter 2

Covariates Estimation in Growth Curves/Repeated Measures Models

2.1 Introduction

As mentioned in Section 1.4, it is usually hard to obtain internal covariates values at
every time pdint that events occurred. The common solution for this missing covariates
problem is to use the last available observation as the current covariates value (the last value
approach). However, this approach may results in severe measurement error. When the true
covariate is a linear functions of time, the magnitude of mean square error (MSE) for using
the last value approach is derived in this chapter. Methods other than the last value approach

for estimating the missing covariates are also discussed in this chapter.
k
Let X;(1;)= fi(1;)+ey, i=1,... .k (subject), j=1,...,n; (observed time), N = Zn (total

number of observations), be the growth curves model (repeated measures model) where
X;(1;) is the covariate value at time t; for the ith unit; f;( 1;) is a smooth function of time
t; for the ith unit; €;’s are the error term which are independently and identically

distributed (i.i.@) as N(0,62). The observed time, #;, is considered fixed in this chapter

unless stated otherwise.
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Section 2.2 investigates three fixed-effect linear models for estimating X (. 1;) based
upon the above growth curves model assuming f;(#;) a linear function of time #;.The

intercepts and/or slopes are considered fixed. Section 2.4 studies two random-effect linear

models for estimating X;(?; ) where the intercepts and/or slopes are assumed arising from

the Normal distributions. Section 2.4 studies the most common method - the last value

approach for esiimating X;(t;). Section 2.5 reviews smoothing techniques for covariates

estimation proposed by Raboud (1993). The comparison of these six approaches based on the
bias, mean square error, and the expected mean square error is illustrated in Section 2.6
through an example data. A summary of this chapter is given in Section 2.7.

A set of notations is defined now. Let A1-AS denote 5 different assumptions where Al-

A3 are fixed-effect models, A4-AS5 are random-effect models.

o  ALX;=a+Bt;+e;,e;~iid N0c>)a,B fixed;

g

o A2 X;=a;+Pt; +ey, £;~iid N(0c?) a; and B fixed,

g, ~iid N(0,c2), o; and PB; fixed;

° A3: X. ij» €j

i +&

=a,; + Bty

° A4 X,

. 2 . 2 .
i =0 +P1; +e;, ~i.i.d. N(0,c“) a; ~i.id N(o,t; ) P fixed,

ijr

g, ~i.i.d. N(0,62), (a;,B;)~i.i.d N,[(c,B) X, ] where

ij:

2
e LS -
N, means bivariate Normal distribution, and Z_ = ( ¢ ‘;'3] )
Tap T

Let BIAS denote the bias of the covariate estimate (X’ i), BIAS;, VAR;, MSE;, and

E(MSE;) denote the bias, variance, mean square error and expected mean square error of the

11



covariate estimate for the ith chosen person respectively. Let 6 g =E(Xli), uy = E( X',jli )

where the expectation is taken over i, then

BIAS, = E(X; -0 li) = E(Xyli) - E(X;li) = u; -0,

E(BIAS,)=E(X;)-E(X;)=BIAS .

MSE; = E[(X; -0;)%1i] = E[(X; —uy )*li ]+ E[(u; -0 )|i]
= VAR(X;i) +(u; 6 ; )?

= VAR, + BIAS?.

E(MSE; ) = E(VAR, + BIAS}? ) = E(VAR; ) + VAR(BIAS, ) + (BIAS )* .

2.2 Fixed-Effect Models
In this section, three methods (M1-M3) for covariates estimation are discussed. The
corresponding effect of misspecification in terms of their bias, MSE, and the expected MSE

for a given person is explored.

2.2.1 Single Line Estimation

In case of having only few observations, a simple way to estimate the current missing
covariates is to assume a common line for all of the observations, and then use all of the
observed values to estimate its intercept and slope. Let method 1 (M1) estimates the
covariate under this model (A1):

AX':]' = +B t!'i +8,j N i=1,...,k, j=1,...,n,- (2.2.1.1)

12



.. 2 .
where X; = X;(t;),€; ~ii.d. N(0,6°). The slope and intercept (o« and B) can be

kn
estimated by the ordinary least square (OLS) procedures. Let S =ZZI)( ty,—1)* and
I m

1 (ti' ";)2
Yi(t;)= 02[7V-+——’—S—1—J, then

B=53(Xp-X)(tyy-F)/S, &=X-pi ,and
I m
X, = X+B(1;-1)= %zz[s, +N(ty —E )t~ )] X, = D' X (2.2.1.2)
11 m

where

’ 1 - -
D= {Dll’Dlz""’Dknk}(lxN)’ DI,,, = ES'—[SI +N(tij —t)(t,m —t)]l=\.. k;m= 1,...,n,;
1

, = XXXy . XXt k
Xz(Xll""’lek)(IXN)’ X= N J, t= NJ, and N=IZn,-.
If the model is correct, the variance of X j is
A 2 2 l (tg'_;)z
o VAR(X;)=vi(t;)=o0 [F+—S ] (2.2.1.3)
1

(Xy—Xy)*/(N-2)-

M.

k
where 62 can be estimated by a consistent estimator,6 % = ¥
i

.

The strength of this approach is that it allows one to estimate the covariates values even
for subjects without any observations. However, the restriction that covariates for every

subject follow the same regression line is so strong that it is rarely true.
If the underlying truth is Al, A2, A3, A4 or A5, the bias, variance, and MSE of X, i

obtained from M1 for a chosen person are discussed as follows.

13



Let BIAS“® | MSE™P, E[MSE/®], and VAR™® denote the bias, MSE, expected
MSE and the variance of X 7 for the ith person under method 4 when the truth is B. For

example, BIAS,M4Y represents the bias of X, ; conditional on the ith person under method
M1 when the true condition is Al.

Under M1, X, j 1s defined in (2.2.1.2). If the underlying truth is A1, no misspecification
exists. The bias, MSE and E(MSE) for a chosen person are
o BIAS{MAVE ,(X;li)-a ~PBt; =0.
o MSE[™M =y}(1;).

° E[ME(MIIAI)]=ME{MIIA1)

where E, means taking the expectation under condition x.

The rest of this section will address the BIAS; MSE, and EMSE) for X ; estimated

from M1 when the truth is A2, A3, A4, or AS. When the truth is A2, e

X; ~ N(o; +Bt;,62), then

ii’

© BUSMYY =B p(X;li)-a;~B 1y

e B
1

N )ET o (t,—1)

i Sl
=Z,'a,
’ = n
where ot "= (Qy,...,0 4 J1) > @ =—z—&, and
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1 (=Dt =1) 1 1 (-t -1) (t, ~t)(t;—1)
A T Y R e/}

Zi'={m[5+ ) Tk % S,
o VARV =y1(1,),
o MSEMA) —y 12(t,-j) +[Zi’(Ml|A2)a0]2’
° E[Msti(Ml]AZ)]= ME,-(MHAZ).
If the truth is A3, X, ~ N(a; +B;t;,62),

o BIASMA =E (j’yﬁ) —o; =Bty

= ZI‘:”IBItI (tﬁ_t)§2(al+ﬁltlm)(tlm—t)
= -_— P — m
=o-o; + ¥ Bitij + 3
=Zy'og +Z;' By
where B0’=(Bl""!Bk)(lxk) , and
- (ty =Tt —1) - (i =) bm(tm—1) = (45~ tim(tin — 1)
Z,'= {0, m LRI m Pelk | s 4
i2 N Sl Y ij Sl Y S] (1xk }»

o VARM) =y31,),
° MEi(mm)=Yf(‘ij)+[Zi1'ao+Zi2'Bo]2 ,
o E[MSE{™* ] = MSE{M4.
When A4 is true, X;; ~ N(o+Pt;, 6% +13 ), X;|L1#i~ N(o+Bt;,6% +13 ), and

Xyli~ N(a; +Bt;,62), COV(X;,Xy,) =15 ifi=1, j#m; =0ifi#]. Then

ii’

. X;li~ Nfo+Bt; +nDy(a; ~a),D'S 4D -12n?D}}
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— L, — )T, -1
where D is defined in (2.2.1.2) and D, = %D,-,,, =n, [jl/—+ (% ;( : )],
m 1

— k — k _
D% ,,D-1%n’D? =oz§zD,3,, +1:ilzl(n,D,)2 =yf(t,.j)+r§I§(n,D,)2 ,

I#i e -
2 4= blockdiag(L,,,.... 2y, ), T;,, =1gJy +021,, J, isthe (n, xn;) matrix of 1, I,
is the identity matrix of size n;. Therefore,
o BIAS!MMY = Ep( X;li) - Epi(X,)i)
=a +Bt; +nD;(o; —a)—o; — Bt;
=(a; ~a)(nD; -1).

o MSEMMY =Dp'3 ,D-12n?D? +[(a, —a )(n,D, - 1))]?

w2 2 &, w2 _ 2} 2
—Yl(t,-,-)HaI_Zl(nzDz) +[(a; —a)(mD; -1))]*.

Ii
¢ E[MSE(™ J=yi(t,)+3% [(EnD})-2mD, +1]
Let 1, =(L....1)pen ) L= (e i Joixmys T =(1n,:t'i)(n,x2): T=(L s Tt Jaxw) -
If AS is the true condition, then X; ~ N(a +Btﬁ,02 +t§L +215T 8 +t§‘t§), Xyl l#i~
N(a +Bt;, 02 +15 +24145 +1213), X;li ~ N(a, +Bity,6%), and COV(Xy,X,,)=
To +(ty +1p iop + 151,15 if i=landj=m, =0ifi# j.It follows

o Eu(X;li)= E(2Z D Xipli)
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= ZZDbnE(XIm’I)'F ZDIME( m|1)

I#i m

_Zzl)lm(a'-'-BtIm)'*-Z (a +BI lm)

I#i m

= +Bt; + T D, [(o; —a)+(Bi =B )tim
=0 + B +(o; —o)n,D; +(B; — B)Z Dyt

k n n.i. (txj - t-)z tim(tim - i)
where Z ZDIM =1, Z Z Dlmtlm - t!l > and Z im xm =—L+ = .
I=1m=1 I=1m=1 N S}

® VARAS( |1) VARAS(ZZDImXIm +Z imli)

I#im

‘VARAS(ZZDIlemII)+VARAS(Z mXiml 1)

I#im

—ZD,Z D,+c Z

I#i

-Z{ZD,m(c +12 o +21,T B+t1m‘tﬁ)

I=1 m=1
I#i

k n
+Z ZDzm ot [T + (Ui i Mg +’1m’1m"‘|23]}+121( ZlDzmtzm)Zngs
=1 m=

m=1m'=1
m'Em I#i

k n
=6*y YD} +12 zn,D, +21aan,D,zD,mt,,,,+1 z(zD,,,,t,,,,)

I=1m=1 I=1 m=]1
1#1 I#t I#i

Whel'e DI’= (Dll""’Dln,)(lxnI)’ EAS = blOdeiag(z lAs,..-,EkAs), ZIAS = T;zt 71:" Hence’
o BIASMM = E(X;li)-o; - Bty

=(o; ~a)(mD; ~1)+(B; B)(Z mlim = 15) -
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k _— k —_ " k ny
o MSE,MI3) -, f(t,.j )+1l Izl (n,D, )? +21 of lzln,D, ZID,,,,:,,,, +z§, ,21( le,,,,t,,,, )?
= = = =1 m=

1#i Ii I#i

+[(o.; —a. )(n,D; - L) +(B;i = B)(Z Dt “tij)]z-
ko -
d E[MEI'(MMS)] = O'ZZZD;. +‘t§[2(n,D,)2 =-2mD; +1]
Il m I=1
k __n n —
+ 2t [Z(mD, ZIDImtIm) - ZIDimtim —t;mD; +1; |
I=1 m=1 m=1

k n n
+T[23[Z(lemtlm)2 ‘2ti,-(ZDimtim)+tg2']
I=1 m=1 m=1

(tij "t_)z

1 (4, =1)(~1)
3 J,

> ni5i=niDim= il S+ and
/ 2D =1l 3 S,

where S>> DE =[i+
Il m N

n.t. (tij _t-)ztim(zim _t-)
ZDi tim =—+ =

. A summary of these equations is given in Table 2.4.

The estimate from M1 (common line estimation) is biased and variance-increased if the
truth is different intercepts and/or different slopes for each person. The more variation
among persons, the more bias and variance increased. Although this method is very simple,

it is rarely practical.

2.2.2 Parallel Lines Estimation
The parallel lines approach assumes that subjects have a common slope but with

different means. Let method 2 (M2) estimates the covariate from this model (A2):
X;=o,+Bt; +¢; 2221

where €; ~i.i.d. N(0,6%), o, and B fixed.
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k n —_ 1 t..—t—i 2 )
Let S, =% St = 1), ‘Ygi(tii)=02[_+u], then the slope, intercepts
I=1m=1 n; S,

and covariates can be estimated by

X,-X)y-T) . - .
INQS S’)(” '),&iin—Bti,aHd
2

[3 =
Xy = X, +P(t;~7,) = E;' X where E,'=(Ey,,.... Ey, Jxn)» and

(tij - t-i)(tlm —t_l)

ifl=i
Ey, = % (2222)
ilm — T - .
t. - )L, —1

L O i tm=h) ey

n; S,

5 2 2,1 (tii—t.i)z

* VARA2(Xij)=72i(tij)=° [n_"“"“"S_] (2.2.2.3)
; 2

where o ? can be estimated by &2 =TT (X; —X’-y-)z /(N-K-1).

Parallel lines estimation (M2) is less restrictive than the common regression line
approach. It is able to estimate the missing covariates for subjects who have only one
measurement in a study. Moreover, it assumes that different subjects have different means
which is more realistic than the common line method.

If the underlying truth is A2, this procedure gives the minimum variance unbiased

estimator (MVUE). The bias, MSE and E(MSE) are as follows:

° BIAS(M2|A2) =0’

MEi(leAz) =Y %i ( 1) .

E[Mst(M2|A2)] = WE-(MZMZ) )
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The rest of this section will address the effect of misspecification in terms of BIAS;

MSE,;, and E(MSE,). When the truth is A3, X; ~N(o; + B,-tﬁ,o'z) and

° BIASi(M2[A3) — EAs[Yi +(t,j _t'i)ZZXIm(tIm —tl)li]_ai —Bitij

AP
_ t, —1 )?
=(ty_t')[ZZBI;Im I) _B,]
2
=(tij_t—i)Zi3’B0
Stm—-0) T(t, -1 ) Z(w — 5 )
where Z;'= [2 5, e, 2 A - 1,...,"'—?2—](“,‘).

o MSE[M) <y di(t;)+ [(t; -1,)Z5'Bo J* .
° E[.MS’E.(Mz'A’) ]= ME_(Mzm).
If the true condition is A4, X ~ N(a +Pt;,6° +12 ), Xli ~ N(w; +Bt;,62), and
o BIAS{MA4Y) =0,
o MSE(MMY =y %11,
e Ef A/lS’E{MﬂM) ]= I\/IS'E,-(leA”
When A5 is the true condition, X; ~ N(a +Bt;, T 45 ), Xyli ~ N(a; +B,t;,6%), and

ti' _t—, Si k
-(JS#)' ZIEU ’21'.45 Eij +0'2E,-,-'Eﬁ } where
2 Jj=

J#i

Xyli ~ Nfo; + Bty +(B, = B)(T, +
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LA 2 0 2 2 (4 _t—i)2 ko2
ZIEU ZJASEU +G Eii Eii =Y 2I(t{]) +7T i S2 IZ]Szl N then
J= 2 =,

J#i I#i

o BIASMMY = (B, B )1, ~T )L -1),
2

t, — 1, ) .
o MSEMM) =y2.(t,)+13 fﬂ—z—')—zszﬁ +[(t; -5 )(B;—B) x(i—l)ﬁ,
S2 I1#i S2
_ ZSZ?I S..
o E[MSE["™ | =y3t)+nj (-] x [ -2 7]
2 2

Above equations showed that the M2 estimator is unbiased under A2 or A4. Its variance
remains the same under A2 or A4. If the truth is that each person has a different line, then

this estimator is a shrinkage estimator.

2.2.3 Separate Lines Estimation
A more flexible estimation method is to assume that each individual has its own
regression line. Method 3 (M3) estimates the covariate under model A3:

X, =, +B, 1, +¢, (2.23.1)
where €; ~ii.d. N(0,6%),0;, and B, fixed. Note that M1 and M2 are special cases of

W L ; . 2 1 (=1 )
M3 Let S2i - Z(tim—ti) then ZS2,' =S2 . Let 73,(2‘”):0‘ [_+"'_S__] The
m=] i=1 n. 2

1

parameter estimates are

(X=X )t T
Bi = S2i
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Xy = i+éi(tij_ti)=F;"Xi (2.23.2)

where F'=(F,,....Fy Jjixn) and F, = 1 ym=1..n
' n; AYY
> 1, (4=t)
. VARAs(X,-,-)=Y§,-(t,-,-)=02[n—+——’—3,———] (2.2.3.3)
i 2

H

where 6 can be estimated by 6> =Y > (X, - X, )* /(N -2k).
When the underlying truth is A3, A4, or A5, the bias, MSE, and expected MSE for the

ith person are discussed as follows. If the truth is A3, there is no misspecification, and
o BIASMAB) — o,
o MSEM) =y%, (t;),
o E[MSEMMY) ] _ \REMI®)
When the truth is A4 or AS,
o BIAS{M34%) - BI4SM345) — ¢
o MSEf4Y = MSE(MI) =y 2 (p, ),
© E[MSE["™ J= E[MSE(™™ =y (1;)

Above derivations show that the estimator from procedure M3 is unbiased no matter the
truth is Al, A2,.., or A5. However, the variance of M3 depends on the number of
measurements per person. For persons with very few number of observations, this method
will give bad estimates in terms of mean square error. For persons who have less than 2

observations, this approach is not feasible. Although this approach is the least restrictive

one, it loses information for subjects with only one measurement.
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2.3 Parametric Empirical Bayes Models

In this section, parameters (©;,i=1,...,k) are considered as arising from some
distribution. The aim is to find solutions for the realized or sample values of the random
vector O ;.

The parametric empirical Bayes (PEB) models consist of two parts. Assume that
parameters 0,,...,0, are of interest to be estimated from Xj,....X; with E(X;)=0;. In the

first stage, one assumes that conditional on6,, X; are independently distributed with the
probability function f] its mean and variance are E(X;)=0;, and var(X;)=c ,2 ,1.e,
X006, ~ f(8,,6,%),i=1,...k independently (2.3.1)
where f{,) belongs to a known family; ¢ ,* are assumed known unless stated otherwise. In the
second stage, one assumes that conditional on n (a (px1) unknown vector), 6, are

independently distributed with the probability function ® €Il , mean g(m), and variance

2 .
T,°,ie,

8, m~=n/fgmMm)x?],i=1,..kindependently. (2.3.2)

The family IT is known; the member & is not specified and will be estimated based on the

data. Were © known, this is an ordinary Bayes model. If the family IT is not specified, it is

the frequentist’s view. For this dissertation, f{.) andw (.) will be assumed to be Gaussian
which can be generalized to other parametric distributions.

There are several terminology for this PEB model, for example, random-effect model,

two-stage model, conditional independent hierarchical model, and shrinkage method.

Usually, random-effect models are used to deal with the situation where f{.) and =(.) are
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Gaussian distributions. Some researchers (e.g. Morris 1983a) think that random-effect
models emphasize on estimating the distribution of the parameters (such as the variance of
the distribution), not on the realized values of the parameters. However, the setup for a
random effect model and a parametric empirical Bayes model is the same under the

normality assumption.

2.3.1 Introduction

Multivariate models with general covariance structure (Grizzle and Allen 1969) is a
traditional way to analyze longitudinal data. Yet, it is known that this method is inefficient
when data are highly unbalanced. It is not even applicable when a study involves irregular
follow-up intervals. Statisticians are aware of the advantages of using PEB models to explore
the relationship between serial observations on the same unit while there is substantial
variability among units.

It is known that PEB estimates are better than the MLE in the sense that their MSE are
less than MLE’s (Efron and Morris 1973; Morris 1983a). They produce confidence intervals
shorter than the classical intervals, yet with sufficient coverage for variability.

PEB models are much richer than either the classical or the ordinary Bayes models, and
often provide superior estimates of parameters. However, the benefits are mainly due to
assuming the family of the parameters’ distribution. It needs to be cautious that choosing the
class of parameters’ distribution inappropriately may destroy any hoped-for-advantages and

produce distorted estimates (Morris 1983a).
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Empirical Bayes (EB) approaches to multiparameter estimation problems are becoming
popular since EB methods predict new data more accurately than the traditional methods.
This feature has been shown in several applications, such as revenue sharing (Fay and
Harriot 1979), law school admissions (Rubbin 1981), rate of bone loss in post menopausal
women (Hui and Berger 1983), estimating batting averages (Morris 1983a), and price and
promotional effects (Blattberg et.al. 1991). When classical methods yield unstable estimates,

there may be large gains in efficiency by using EB estimates.

2.3.2 Point Estimation
In this seétion, the PEB estimation will be studied under the following settings. In the

first stage, one assumes

X;!8, ~N(@®,,6%),i=1,.., kindependently. 23.2.1)
In the second stage, one assumes

0|t ~ N(u,1%), i =1,...,kindependently . (23.2.2)
The value of 6,> will be assumed known unless stated otherwise, but not of t2. It follows
that the distribution of 6, conditional on the data is

0,1 X;,nt~N[B;,(1-B; )o! ] (2.3.2.3)
where 0; =(1-B; )X, + B;u, B, =c? /(c? +1%). An EB estimator (Stein's estimator) of
@, is an estimate of 0, the posterior mean of 6, conditional on X,, p andt. Let 6 ;
denote the EB estimate, the null hypothesis be Hy:6, = u, Vi, and the alternative be H;:

0; #06 ; for some i#j. The B; in (2.3.2.3) is called the shrinking coefficient, and its range is
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in [0,1]. If B~1 thene,-' = u, which implies that the EB estimate (é,. =) is the estimate
under the null hypothesis. On the other hand, if B~0, the EB estimator § i = X, where X, is
the estimate of 6, when the alternative hypothesis is true. Thus, the EB estimator is a
compromise between the estimate under the null and alternative hypotheses. The bigger B; is,
the more shrinkage towards the estimate under the null hypothesis is. When o ,.2 =c?, one
has B;=B,and 8; = (1- B)X, + Buforalli.

Under the Gaussian-Gaussian settings in (2.3.2.1) and (2.3.2.2), the EB estimator can be

expressed as

>

6, =(1-B,)X, + B,ji (23.2.4)

~.

where f?,. , L are unbiased estimators of Bi and p that can be estimated from the marginal
distribution of X,. The marginal distribution of X ; given p,t is distributed as
N( u,oiz +12). In the equal variances case; an unbiased estimator of B,E, say, can be
found from the marginal distribution, and it has a closed form,

B=(k-3)5%/8 (2.3.2.5)
where S=3(X;-X)* and S~(c%+1%)y%4-1). If the fact that B<1 is forced in
estimating B whenever S is too small, Morris (1983a) improved the estimator of B in
(23.25)to0 El =minf(k-3)/ (k- 1),3] which is always less than 1. Another choice is 32

=min(1, B ), the truncated unbiased estimate (Efron & Morris, 1973, Laird & Louis, 1987).

A

In practice, ¢,° are usually unknown, the naive way to estimate B, is to use a

consistent, independent estimator based on Y,. Lawless (1981), Carlin and Gelfand (1990)
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commented that when #, is at least moderate there is evidence that the resulting coverage wiil

differ little from that with ¢ ,> known.
From the Bayesian point of view, the PEB estimate is of interest because it is a first-

order approximation to the posterior mean having an error of order O(k™') which was

shown by Kass & Steffey (1989).

2.3.3 Interval Estimation

For most of the applications, only providing estimates for 6, is not sufficient. Usually,
inference about 0, is required. Under the model (2.3.2.1), the classical confidence interval
#(X)) is X; £Z,,,0; which has the property Pr(0; e4,)=1-a . When the assumption

(2.3.2.2) is made and n known, one obtains the Bayes probability interval B;(X;) from
%—x 100% and (1- %) x 100% percentiles of f(0;|x;,n). When f{.|.) has the Gaussian pdf;

B(X)is 8, £Z_,,(1- B;)"*c,; where 0; is defined in (2.3.2.3). Here Pr(8, €B,)=1-a
and the probability is with respectto f(8;|x;,m) (Laird & Louis 1989).
The general concept of EB is to use a Bayes procedure, but replace the unknown prior
1 by its estimate. Morris (1983a) defined EB confidence regions, having confidence
coefficient (1-a ), as sets &;(X) that satisfies
Pr(6,e€) 21-a allnell, i=1,.. .k 233.1)
where the probability is over the joint distribution of 0, and X. It is known that as k£ — «,

an EB estimator is nearly a Bayes estimator (asymptotically optimality) (Maritz, 1970).
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Therefore, (2.3.2.3) says the variance of each 6, is approximately (1-B;)c ;> (Morris 1983a),
and the Bayes probability interval becomes an approximate EB confidence interval. For
small k, improvement for EB confidence intervals is needed.

A naive approach to EB confidence intervals is to assume that the estimated posterior

distribution can be used directly for inferences, that is, it makes inferences based on

f(9;lx;,m). Under the Gaussian-Gaussian setting, the naive EB confidence interval D;(X) is

6 i £Z,,,(1-B;)"*c; where the estimation of B; depends on the whole data vector X This
naive approach generally gives confidence intervals too short or has an inappropriate shape
since it neglects the uncertainty due to the estimation of 1 (Morris 1983a; Casella 1985;
Laird and Louis 1987,1989; Kass and Steffey 1989; Carlin and Galfand 1990).

Several authors proposed methods to improve the naive EB approach based on the
marginal posterior (Deerly and Lindly 1981; Morris 1983a; Kass and Steffey 1989). They
imposed hyperprior distributions on T, either informative or non-informative (vague)
hyperprior, and computed the joint posterior of (9,,...,0 #Nlx). They then integrated out n
and 6 ;, j#i, to obtain the marginal posterior distribution ©,|x and made inferences based on
this. This type of methods are called Bayesian-Empirical Bayes methods. Concern for the
Bayesian-EB approach is in the existence and nature of an hyperprior distribution, =, that
will be successful in achieving the nominal coverage probability (Carlin and Gelfand 1990).
Morris's method (1983a,b) belongs to this type. Under settings (23.2.1) and (2.3.2.2),
Mn'=(u,t) was estimated from the marginal distribution of X Assuming noninformative

hyperprior on m, the marginal posterior distribution of (6;|x) was calculated. Then,
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E®;|x)and var(0,|x) were approximated by éi and 17, using this marginal posterior

distribution. Applying the normal approximation, Morris's interval(€;) is 6 i X2y I}im. Let

7% be the restricted maximum likelihood (REML) estimate of 12, fi=

w.=(c,>+%?)". The EB estimate of 6, is ©6,=(1-B)x,+B[i where

H H

R -3 2w, : wo” B2 +12)wW,
B,.=w. Let 7, = Y ,€=—Z—-'—'——,and v,.=ZB’ G+ )w, . Then
k-1 > ow, > w k-3
V.=6/(1-B,)+rBc? +v,(x, - ). (23.3.2)

For equal-variance case, 7, =1/ k, {1 = ¥. Note that the variance term in (2.3.3.2) is inflated

for uncertainty in the estimation of p and 7°.

Generally speaking, Morris's interval is much easier to calculate than bootstrap intervals
that will be discussed later. However, its performance depends on the choice of n} (Laird and
Louis 1989), and the coverage probability depends on the choice of the hyperprior
distribution. Since this EB interval is based on the Normal approximation, it gives symmetric
confidence intervals which will be inappropriate if the marginal posterior is skewed. This
method is also difficult to be generalized for complicated problems such as non-conjugate
priors.

Kass & Steffey (1989) suggested another Bayesian-EB approach to improve the naive
EB variance. Their method involved the first and second order approximations of the
marginal posterior distribution. They argued that under mild regularity conditions, the

posterior distribution of m is asymptotically Normal with mean and variance given by the

29



posterior mode 1 and the inverse of the negative Hessian of the log posterior evaluated at
the mode, T . Applying the delta method to E(®,;|x;,m), results of interest are

E(®;|x;)= E®;|x;,A)[1+O(k™" ), and

Vo,lx;)= [V(e,.|x,.,ﬁ)+jzhaj,,§j§,,[1 +O(k™)] (2.3.3.3)

where G , is the (j,4) component of ¥, and gj = aniE(e,.lx,.,n)Lﬁ. Note that as £k — o
J

the effect of any given prior on the expectation and variance is of the same order. That

means the MLE and the inverse of the observed information could be substituted for 1 and

¥ without changing the order of approximations. Assuming x; = ( Xi1s+» X ), the fact that

V(®ilx;)=Ey [V(®;|x;m)] +V4 [E®;|x;m)], E,[V(8;|x;m)]=O(n;') and ¥V, [E(®;|x;m)]
=O(k™') implies that the naive variance estimation method will be appropriate when »; is
small and £ is large. When k is moderate in size or »; is not small, the second term in
(2.3.3.3) will be important. The approximations can be generalized to the second-order
approximations by Laplace's method or by Tierney and Kadane's (1986) method. However, it
is too complicated to be used in practice.

There are several drawbacks for this method. First, results will be valid only when & is
sufficiently large. Although the asymptotic theory in (2.3.3.3) holds for all priors as & — oo,
example 2 in this paper showed that choices of the prior distribution of n could have
dramatic impact on finite £ scenario. Second, results hold when the posterior is
approximately Normal with mean and variance given by the first-order approximations.

Checking this assumption prior to data analysis is not easy in practice. Third, this method
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works for conjugate models and when E(9, [x, ) may be obtained analytically, otherwise,
numerical integration or EM-like methods are needed which are more complicated to
implement.

Carlin and Galfand (1990) proposed a conditional bias-correction (CBC) method that
corrects the deficiencies in the naive EB confidence intervals. Instead of using a marginal
posterior, the CBC method is based on finding the correct critical point such that the
confidence coefficient is approximately (1-o). Let #,(X) be the confidence set. A
conditional (1-a.) EB confidence set for 0, has the property:

Pr(0; et,(X)|b(X)=X;]~1-a foreachn,,,. (233.4)

Let g¢q,(x;m) be the oth quantile of f(O,x,,m), by definition,
Pr[0; <q,(y;m)l0; ~ f(8;]x;,n)] =c . Define

r(m,x;, o) = Pr(0; < q,(x,m)8; ~ f(8,lx;,m)]

RMm,x;0) = E; [r(nn,x;,a)]
where the expectation is with respect to g(m|x,,m). Since n is unknown, they suggested to
solve the function

RM,x,,a’)=a fora’=a’'(n,x,,a)

If Or /0o exists, this CBC confidence interval is unique. When 7 is a consistent
estimator of m, the coverage probability from the CBC method will converge to o as

k — oo as the naive approach does. If % is fixed, they showed that the value of a falls

within the interval for the lower and upper bounds of the coverage probability.
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The strength of this method is that it achieves the nominal EB coverage probability, and

it does not require knowledge or assumptions on the hyperprior 1. The difficulties are in the

implementation. The implementation would be easier if 7 is independent of X;, otherwise, it

either involves p-dimensional numerical integrals, or utilizes Taylor expansion that requires
the evaluation of 2% +C, numerical derivatives. When the settings are for non-conjugate

priors, or 1 is not available in a close-form, more complex techniques would be required.
Laird and Louis (1987, 1989) used the bootstrap techniques to estimate the distribution

of M, and then computed bootstrap EB intervals $(X) as standard equal-tail-area using a

bootstrap "adjusted" posterior
M -~
M, *(9,-|x,-)=2f(9,-lx,-,n,-*)/M (2.3.3.6)
J

where 1 ;¥ is the estimate of 1 from the jth bootstrap sample, and M is the number of the

bootstrap samples. As M —» o, equation (2.3.3.6) is an approximation to the marginal

posterior distribution,
ff (®;|x,,m)dH(m) (2.33.7)

where H is the hyperprior distribution of 1. The M; (0;|x;) leads to the bootstrap interval

by solving
CL . a0 .
/2= [dM,(®;;) = [dM(8;x;) (23.3.8)
-0 CU

where (Cp, Cyp) is the lower and upper bound of the interval wheih may not be symmetric.
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Laird and Louis defined three types of bootstrap intervals resulted from different
methods of generating the bootstrap data. The first type samples data from the empirical
cumulative distribution function (cdf) of the X}'s. The second type is a nonparametric (NPM)
method that estimates the prior by the NPM MLE and then generates samples from the
compound model. The third type is a parametric method that estimates  from an assumed

Gaussian prior and then generates samples from the compound model. The authors showed

that if ©? is known, the parametric bootstrap produces intervals with coverage probability
exactly (1-o) and length strictly less than the classical intervals for £ > 1, B> 0, and this
parametric bootstrap is equivalent to Bayes based on a flat hyperprior on p. In no other
cases do the bootstrap and hyperprior Bayes agree.

It is showed that bootstrap intervals satisfy the EB property Pr(®, €C;)=1-o, and
its mean length is less than the classical intervals length. The amount of reduction depends
on the shrinking factors B;. The smaller B; is, the less improvement EB provides.

Advantages of the bootstrap intervals are that: 1. it produces skewed intervals. If the
marginal posterior is a skewed distribution, this method offers better intervals than Morris's
interval. 2. bootstrap methods can be used in complicated problems, e.g. unequal variances
cases, correlated 0,'s, or prior means following a regression model. Thus, bootstraps broaden
the range for application of EB methods.

It is well known that the performance of bootstraps depends on the number of bootstrap
samples M. Their numerical study shows that all three types of bootstraps require M > 500
before the moments stabilized. Laird and Louis also pointed out that bootstrap intervals are

sensitive to the choice of .
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2.3.4 Parallel Lines Estimation

Two examples are set to illustrate the use of PEB techniques for covariates estimation in
the growth curves models. For simplicity, the naive approach for variance estimation is
applied.

The first example assumes that covariates are parallel lines for subjects where the

intercepts are arising from a normal distribution. In the first stage, one assumes that

conditional on a,, Xy=o, +Bt; +8;,8; ~ii.d.N(0,6%). In the second stage, one
assumes o; ~ii.d . N(x,T,’) where {o;} and {e;} are pairwise independent. Let
Xi =2 X; Xi,= (Xil""’Xin,)(lxn‘)a X'=(X1"""Xk,)(lxN)= lni|= (la---:l)(lxn,)’

g

~Ms

5= sl daxmys T = (ot ) 2y s P=(1',.... T Vaxnys 1, the (m xn;) identity

matrix, and J,, the (7; x n; ) matrix of 1. Then the marginal distribution of X is distributed

as N(T$,Z 4,) where ¢'=(a,B), T4, = blockdiag(Z, ,,....2, ), %, =T°"2Jn, +02]
A4

iga ">
i=1,....,k. The posterior distribution of a,| X, is distributed as N [d :*,(1- B,)o? /n,] where
o *=(1-B,)(X,-Bt,)+Bo, B~c?/(nx,’> +0%). When 7, and o2 are known, the
EB estimator of a; is
d, =(1-B)X,-Bi)+Bd
where & and ﬁ can be the LS estimators of o, B based on the marginal distribution of X

Then the missing covariate for the ith person at time 1;; can be estimated by X i

X;=a, +Bi,
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=(1-B)(X,-B7)+B5 +B 1,
=(1-B)X,+{B3 + [t,~(1- B)i 1B}
=(1-B,)d,;'X +e¢,'$
=(1-B)d, X +¢/ (T AT T hX
=P'X (2.3.4.2)
where ;' gy =(0,.0,..1/m;,..1/7,.0,...0), e/'=[B,, 1; -(1- B ],
¢'=(&,B), the least square estimator of (., ),
Pi'=(1'.Bi)di'+ei'(T'EA4_lT)-lT'EA4-1 = (Pt Pamy oo Pitts-r P J1xv) > a0
Py = (1= B; Jey,, + Biay, + [ 1 -(1-B; ){; Jb,,, 1 =1,...k;m=1,....n; ;
a,, =[sB, +vi,(1-B,)—vt, ]/ (ws—v?),
b,, = [wt,, —wi,(1-B,)-vB, ]/ (ws—Vv*),

C;m =1/ n; if I =i, zero otherwise, and

k k - kom0 0k -2
w=3¥nB, v=¥nBt, s=x3t;"-¥n(1-B)i;".

i=1 i=1 i=1 j=1 i=1

The variance of this covariate estimate is

VAR 44(Xy) = B'S 4P, =02;z% +r§§(n,ﬁ.-,)2 (2.3.4.3)

_ n
where P = 1 ZIP,-,,,,. If 12 ando? are unknown, The EB estimator of o, is
nI m=1

s _ BPVWVY _R 7 R o B _ a2 A2 | a2 22 a2 :
a, =(1-B)(X;-Bt;)+Ba where B,=6"/(n1, +c°), and 1,, 6~ are consistent

o ?

estimators of 12 and o ? respectively. The corresponding estimate of X is X, §= 13, "X, with
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72 ando? substituted by their estimates 72 and 62 respectively. Under this scenario, the
variance of X ; can be estimated by the naive approach, VAR(X i) = 13,-'53 A413,-. Note that
this estimator underestimates the variance of X’ ; since the uncertainty of 12 and o2 (hence

B;, and X ,), has been ignored.
If the truth is A4, the conditional bias, variance, MSE and E(MSE) of the estimates for

the ith person are presented based on (2.2.1.4), (2.2.1.5) and (2.2.1.6).

o BUSMUY = E ,(X,li)- (o, +Bty)
=E (P’ X]i)~(o; + Bt;)
=(mB; -1)(a; -a).

Note that ZZ =1, ZZ imbim =t for all i,

ilm

o VARMMY —puR , (X;li)
= VAR 4(B X1i) = VAR 1o( £ Z Pin Xipi)

—VARA4(ZZ imX | )"’VAR,«(Z im X im| 1)

I%im

_(G +1 )ZZ Im+zz Z ilm l{]ta +C 2 iim

I#im I#im jem

=0222Px'13n "'Ti Z(nlf_:'l)z-
I'm I=1

I#i

k — —
o MSE(MY =c?L 3 PL +12 S (mPB)* +(nB, -1)* (o, 0 )2
I m I=1

I#i
o E[MSEMI4Y) j- & zz 2 412 [z(n, B )*-2nP, +1].

If the truth is AS,

| ] BIASi(M4IA5) EAS(X |1) (a +B1 y)
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_EAS(P"X—II) (a +B1 y)
= ZZPthg(a + Bths)+z ns[(ai _a)+(Bi - B)ty]

=(ni 1)((1 —a)+(z iim tm ty)(Bt—B):

o VAR™M¥Y) VAR, (X,li) =c?F;' P, + Z P2 1y, P

= LT P (6% +12 +21,1 ap"'tlm'fp)

I#im
+XX X By, 1{][0 +12 F(tyy + 15 S op + Lyt p]
I#i m jem
2 X U 2
=0 12121 T Z”z 1+217ap Z”z IIZ Pt im "‘"p Z(Z Pimtim)”
= I#t Iatl I#x

e MSEMAS) — 5 ZZ 2 412 Zn, 2 421 pZn, ,,Z 1,,,11,,.'*"5[32(21)1".11",)2

I=1m=1
I:r I#t I#t

+[(n; Py —1)(ot; —a)+(z mtim — 15 )(B; = BIJ2,
o E[MSEM4 J=¢ zz ,,,.+ra[>:(n, B )* -2mP; +1]
+2‘caB[Z(nI :IZ Imtlm) Z nm ipii+tij]

+1B[Z(m2_ Imtlm) Zty(z iim lm)+ty]

2.3.5 Separate Lines Estimation
The second example is an analogy to the separate lines example in the fixed-effect

models (Section 2.2.3). In the first stage, one assumes that conditional on (a;,f;), the
model is X; =a; +B; t; +g;, €; ~i.i.d.N(0,6%). In the second stage, (ot ,,B,) is

assumed to be distributed as the bivariate Normal distribution with mean (a,f), and
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2
Ta ta[}
2

. It is assumed that {a,,B,} and {e}are
Tap Tp

covariance X, where X, =(

pairwise independent. The marginal distribution of X is

X~ N(T$,% 45) (23.5.1)
where I s =blockdiag(Z, ,...,2;, ), and%; =TZ T'+c?l,, i=1,.k. It follows that

the posterior distribution of (o ;,f ;| X;) is the bivariate Normal with mean ¢i, and

covariance matrix X i, » Where

b, =T, + (I, -2 T2 AT )b
Z:i =zt —217;’21'-1 ];Z'c
P 45

If £, ando? are known, Xj; can be estimated by

=a1'¢ip
= -1
a'[Z.T'Z; X+(I - us ,)cb]
=gq; [Z‘T;’Z,TSG,-X+(12— T’E,'AIST)(T'E T)‘lT'ZAsX]
=Qi’X
where
Q'i=(Qill:"-:Qikn,,)(lxN) =a;'%. T; zxA,G +a;'(I,-Z, 2;157;)(72—5T)_172 is a

function of cz,‘ci,‘tg,taﬁ, and {t,,,:1=1,...k;m=1...m} ; a’'=(1 ;i )axy) and

0.010..00...0
0..001...00...0
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The variance of X, under A5 is VARAS(X'y)=Q,-’ZA5Q,- If 62,1 ‘c‘a and 7.

y 2 a 2

are unknown, X; =Q,'X where O, is an estimate of Q; with c?,1 ‘v:rj and T,

? o 2

substituted by their estimates. Again, the naive variance estimator is VAR( X i) = Qi'ﬁ AsQ,-

. . . ! . . 2 2
which underestimates the variance of X; since the uncertainty of o 2101 p and T,

butnotof o and P, isignored.
For a given person, the bias, variance, MSE, and E(MSE) for the covariate estimate are

as following.

o BIASMM) = E 4 (Xyli)~ (o, +Byty)

= (niQn 1)((1 —a)+(ZQnm im ty)(Bl —B)

where Q-,-=—1-§Q,-,-m Note that ZZQ,,_,—I and ZZQ,,“ =1, foralli.

i m

VARMS45) — VARAS(Xijli)

=0 Z ZQxIm +T an QII +2TaB anQxI ZQJImtIm +T|3 Z(ZletIm)z

I=1m=1
I#: Iaex I#t

e« MSEMI) =g Z ZQ;Im +13 E"z Oif +2T4 Z”IQ:I ZQ:Im’bn +15 Z(nglmtlm)z

I=1m=1
I;e: Iaex laen

+H(m Ty - 1)(a; —a)+(§lQ,-,-mt,-m —t;)(B; - BJJ*.
o E[MSE™MM) | =625 302 +12[5(mD; ) -2m0y +1]
I m I=1

k — —
2T 45 [ 121( mQy ZIQiImtIm) - ZQnm im — MO +1; ]
= m=
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2 & 0 2 < 2
+‘C|3[E.(2Qi1mt1m) _2tij(leiimtim)+tij]'

1 m=1

Note that M4 is special case of M5. The PEB gives biased estimators for a given person
‘even when there is no model misspecification. However, it is the best unbiased estimator
over all of the persons (Harville 1976). The variation of intercepts and/or slopes contributes

to the E(MSE,) as expected by the model assumptions.

The estimate, X’ i » from random different lines method (M5) is also a linear combination

~ k n
of the data, thatis, X; = ZZI:Q,-,,,,X im - The properties that X3 0y, =1 and T Oyl = 15
I m I m I'm

for i=1,...,k hold for both fixed and random effect models. The Qj;,, is difficult to express out
without matrix notations, however, the computation is not an issue with the help of

computers.

2.4 The Last Value Estimation

Corresponding to the issue of missing covariate values in T-D survival data analysis,
taking the last observed value as the current covariate value has been used widely in data
analysis (Prentice, Kalbfleisch 1979, Farewell 1979, Gail 1981, Prentice 1982, Gaynor 1987,
Aitkin 1988 and Raboud 1993). The estimates from this approach are biased. In this section,
the bias and the corresponding variance (VAR) generated by this method under parametric
settings are quantified.

Let method 6 (M6) be the last value approach. At time u, the covariate estimator from

M6 is: X i(u)= X,(t,) where u is the time an event occurred, ¢, is the last observed time
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for the ith person that depends on u. Suppose the observed times are f,, f,,...,t, and

t; Su<t;,, thent, could be &, #,,... or f; which depends on where the last observation prior

to u for person i was obtained. Assume E(t,,)=E(t, ) Var(t,)=Var(t,), and B; is
independent of (#;,-u; for all persons. If A1, A2, A3, A4, or AS is the truth, the quantity of

bias, MSE, and E(MSE) for a given person are shown as follows.
o BIASMIV=E (X, (u)- E[ X, (u)])i}
= E y(o +PBt,|i)— (o0 + Bu)
= BE(t;, —uli)
= BE(t, —u)
o VARMSMV = VAR , [ X:(1;,)li] =c* +VAR(t, —uli)=c® +Var(t, —u)
o MSEMI) -2 4 B2E(t, —u)?
o BIAS{MY = BE(t,, ~u)
o MSEMMY =52 +B2E(L, —u)?
o BIAS{MO) = B,E(1, —u)
o MSEMIY) =62 L B2E(L, —u)?
o BIASMY4Y) = BE(t. —u)
o WEi(M6|A4) =c2%+p2 E(t, —u Ve
o BIASM) =B .E(t, —u)
o MSEMI) =2 +B2E(1, ~u)?

o E[MSEMI®) j=c?+(tp% +B2)E(t, —u)*.

41



It can be seen from above equations that the magnitude of the bias for a person depends
on the slopes (B orf;) as well as the expected time distance between the last observation
time (,) and the time where an event occurs (u). When the slope is close to zero or the
expected last observation time is near to the time of the current covariate, this estimation
method is nearly unbiased. The intercepts (& ora;) and their corresponding variance (x.>)
have no role on bias, variances, nor on the expected MSEs. For those people who have
missed their covariate values prior to the time an event occurred, this approach is not

applicable.

25 Smoothiné Techniques

Raboud (1993) investigated the association of the immunological markers (the T-D
covariates) with progression to Aids. In his analysis, a T-D covariate was assumed to remain
constant between visits. Lagged visits were used in the analysis to avoid the extreme values
at the time of diagnosis with Aids. Measurement errors from variation among technicians,
changes in equipment, brands of laboratory kits and repetition error were considered.

Assuming an observed covariate value Z'(2) has a Normal distribution with mean Z(t) and

variance ¢ > where Z(?) is the true covariate value. Let 6 be the true parameter, 0" the naive
parameter corresponding to measurement errors, and i(®) the expected Fisher information
in the log-partial likelihood. When © is small or the distribution of Z(¥) is concentrated, the

estimate of the regression coefficient for the Cox T-D PH model with z(1) replaced by z‘(t) in
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”»

(1.3.2) can be adjusted according to 8" =9 ; This shows that the smaller the

1+62/i®)
variance ratio, the less effect the measurement error results in.
When an estimate of o? is unavailable, the author proposed smoothing methods to

reduce the magnitude of 6 ? to reduce the effect of error in measurements. Six smoothers,
centered running mean, median and lines, and historical running mean, median and lines
were proposed in this paper. Centered running mean (median) of span &£ was defined to be
the average (median) of the values from the visit of interest and from k visits on either side
of the visit at which the covariate is to be estimated. Centered running lines of span & was
defined to fit a line to covariate values measured at the & visits before and after the visit at
which the covariate is of interest. The historical running mean, median and lines were
defined in the same way, but focused on the values of previous 2% visits.

A simulation study was conducted to investigate the effects of censoring, magnitude of
errors, relationship of the true covariate to time, and visit time space on the bias in the
estimated coefficient for centered smoothing techniques. They found that the larger the size
of the error, the bigger the bias is. They also noticed that fitting a straight line to each
individual produces the best result that eliminates up to half of the bias in the estimated
regression coefficient, followed by the running mean, lines and median smoothers.

The advantage of smoothing the covariates is to reduce the variance of covariates so that
the bias of the estimates would be reduced. The disadvantages are discussed as follows. First,
the definition for centered smoothers are valid in survival data only when the lagged

covariate is applied since covariate values from visits after the failure time will not be
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available for the failed individuals. However, the interpretation of the results for using
lagged covariates needs to be cautious. Second, the use of historical and centered smoothers
may introduce bias into the covariates. The amount of bias introduced is provided in Table
2.4 in Raboud's paper. Third, smoothing techniques require sufficient data which is

impractical in many clinical trials.

2.6 Example

In this section, an example data set for nine people with covariate X measured monthly
for up to a year (Table 2.1) is used to illustrate the covariate estimates and the corresponding
standard errors for the six estimating procedures discussed in this chapter. The first, second
and third procedures (M1, M2, M3) are the fixed-effect methods. The forth and fifth (M4,
MS5) procedures are the 2-stage methods. The sixth procedure (M6) is the most common
approach, the last available observation estimation. Formulas for the covariate estimates and
their corresponding variances for the six methods are summarized in Table 2.2. For M6, the
true model is assumed to be parallel lines (A2) over persons. The numerical results of the
covariate estimates at time 3, 7.5, 15 and 30 months and their corresponding standard errors
are presented in Table 2.3A to Table 2.3D respectively according to Table 2.2. The standard
errors for the 2-stage methods (M4, M5) are obtained from the naive variance estimation
procedure for simplicity. It is noted that method 1 through method 5 provide unbiased
covariate estimates (over all of the persons) where model 6 gives biased estimates.

Let Al, A2, A3, A4 and AS represent 5 different assumptions as described in Section

2.2.1. If the true condition is Al, A2, A3, A4, or AS, but method M;, i=1,...,6 is used for
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estimation, then the bias, MSE and the expected MSE of the covariate estimates for the ith
person are shown in Table 2.4.

The numerical results of the square root of E(MSE) for the ith person at time 3, 7.5, 15
and 30 for M2, M4 and M6 when the truth is A4 is given in Table 2.5A. Similar comparison
for M3, M5 and M6 when the true condition is AS is shown in Table 2.5B. Both results
suggest that the random-effect methods (M4, MS) are better than the fixed-effect methods
(M2, M3) and the last value method (M6) in terms of the expected MSE. The gain in

E(MSE) becomes larger as the time of interest is away from the baseline time.

2.7 Summary.

It is inevitable that many missing covariate values occurred in T-D survival data
analysis. The common approach is to carry the last value forward for covariates estimation.
Altman et.al. (1994) has mentioned to use the linear interpolation method. How this can be
done has not yet been worked in literature. Raboud (1993) used smoothing techniques for
this problem that are considered impractical for many clinical trials because of small sample
sizes. This dissertation proposes fixed-effect and random-effect linear models for covariates
estimation. The main methods it focused are the random-effect linear models (PEB models,
2-stage models, shrinkage methods) since many studies have shown that PEB methods
predict new data more accurately than the traditional methods.

The criterion used to compare the estimators from the fixed-effect models, random-

effect models and the last value estimation was the averaged expected MSE for a given



person at a fixed point of time. Formula for the expected MSEs for different approaches are
derived in this chapter.

Some computations on an example data have shown that PEB estimates is the best one
while the convenient last value approach is the least preferable method. The gain in E(MSE)

becomes bigger as the failure time occurred away from the baseline time.

In the next chapter, the effect of the covariate measurement error in the PH models will

be reviewed and studied. The ARE among the proposed methods will be compared.
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Table 2.1 An example data of covariates values for nine people

Time (month)
ID | # of obs. 1 2 3 4 S5 6 7 8 9 10 11 12
1 7 10 12 . 13 . 13 . 15 14 . 17
2 0
3 7 4 5 7 6 5§ 7 6
4 3 8 10 13
5 5 7 6 5 6 4
6 2 10 7
7 2 5 9
8 1 2
9 1 8
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Table 2.2. Description of the covariate estimator, the corresponding bias, and variance

for M1-Mé6.
Method  Description X BIAS(X ;) VAR(Xj)
Xy=a+Bt;+s, , )_{.+(t,,-t')zzx,,,(t,,,,—t') c2[l+ (ty=1)?
M1 sy~iidN(0,0'2) ZZ(tm=1)? 0 N S (tim-i)?
Xy=a,+Pt; +sy , 7.4 (0 =W Xt = 11) g2 L, _(y=tr
i = D ———-o
M2 &y ~iid N(0,6%) ZE(tyy— 1) 0 n T (tyy—i,)?
Xy=o,+B;+5y , )?+(x,.,—i,)zx,.,,,(zi,,,-i,) o2 L, (ty-t)?
i = —r e, - .2
M3 si,-~iidN(0,62) z(’im_tl)z 0 " Z(’im"‘t)z
Xy=o,;+B1; +g; ,
l(b) ' (ﬂ)
o; ~N(a,t2), B X P'z@p
M4 &y ~iid N(0,6%) 0
Xy=a,+Bay+ey, ,
M5 gy ~ix:iN(0,cz) R Q’t(c)X 0 Qi’z{{aS)Qt
a; 7 (a)
~ N. .z
(B,J (g )]
X,-,-=a,+BI‘,-+s” R
M6 sy ~iid N(0,62) Xis BE(Ls=ty) o2 4 pWURe1,-1,)

(@).T g =blockdiag(Zy,,...,2x, ), j=45where L, , =v,%J, +o2I,, 5, =T,Z. T+ 1,

2
T T
i=1,.k, and X, =( * “ZJ

Tap Tp
®). P'=(1-B;)d;'+¢;'(T'T 44" D)1 TS 44! where d;'axny=(0,.0,....,1/m;,....1/1;.0,...,0),
ei'=[B;, t; -(1-BF; ] .
©). g =a,—’2,7}’2;156,- +a;' (I, —217",-'2;‘57;)(7'2;‘51’)"7*2;15 where a;'= (1 t;)1x2),

0..010..00..0
0.001..00..0
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Table 2.3A. Numerical results of the covariate estimates and their standard errors (s.e)
for M1-MG6 at time 7£,=3.

M1 M2 M3 M4 M5 M6 (A2)
D )2' ij (s-€) X i (s-€) X i (s.€) 1{’ i (s.€) X i (8.© X’ i (5.€)
1 7.99 (0.80) 12.69(0.70) 11.83(0.42) 12.62(4.76) 11.68(3.14) 12(1.67)
2 7.99 (0.80) - - - - 7.53(1.73) 8.19(1.35) - -
3 7.99 (0.80)  4.69 (0.76) 5.09 (0.46) 4.72 (4.75) 5.20 (3.13) 5(1.67)
4 7.99 (0.80) 1033 (0.96) 10.33(0.49) 10.24(4.73) 1027(3.13) 10(1.67)
5 7.99 (0.80)  5.03 (0.78) 6.28 (0.48) 5.08 (4.75) 6.30 (3.13) 6 (1.67)
6 7.99 (0.80)  8.89(1.18) 4.00 (1.90) 8.82 (4.70) 5.84 (2.86) 7(1.67)
7 7.99(0.80) 7.39(1.18) 13.00(1.90) 7394.70) 11.17(286) 9(1.67)
8 7.99 (0.80) 2.51(1.67) - - 2.97 (4.62) 6.47 (1.63) 2(1.67)
9 7.99 (0.80) 8.51(1.67) - - 8.43 (4.62) 8.56 (1.63) 8(1.67)
S 2 ’REM) '14.4223 2.7368 0.7209 2.2816 0.7923 2.7368

Table 2.3B. Numerical results of the covariate estimates and their standard errors (s.€)

for M1-M6 at time 1;=1.5.

MI Y7 M3 Ma M5 M6 (A2)
D X690 X690 X690 X690 X690 X, 6o
1 §93(090) 1385065 1435(036) 1378377 1432 (10.08) 13 (1.76)
2 893(0.90) - - - - 870(178) 1102(434) - -
3 893(0.90) 584(063) 579(032) 588(477) 583(1004)  7(L76)
4 8.93(0.90) 1149(1.07) 15.96(144) 1141(475) 1593(9.98) 13 (1.76)
5 893(0.90) 619(0.78) 4.89(049) 624 (477) 4.90(10.04)  6(L76)
6 £93(0.90) 10.04(L34) -9.50(723)  9.99(472) -200(869)  7(176)
7 893(0.90) 854(134) 3100(723) 856472 2374(869)  9(L76)
8 893(0.90) 367(180) - - 414 (463) 1540(493)  2(L76)
9 893(0.90) 9.67(180) - - 9.50 (4.63) 10.07(4.93)  8(L76)
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Table 2.3C. Numerical results of the covariate estimates and their standard errors (s.¢)

for M1-M6 at time 1,=15.

Mi M2 M3 M4 M5 Mé6 (A2)

D X, 60 X609 X, 0 X, 690 X, 6o X, o
1 1048 (2.18) 15.78(1.17) 18.55(0.91) 1572(4.89) 18.71 (22.62) 17(2.09
2 10.48 (2.18) - - - - 10.64 (2.07) 15.75 (9.69) - -

3 1048 (2.18) 7.77(1.07)  697(0.75)  7.82(4.88) 6.89 (22.63) 6 (2.04)
4 10.48 (2.18) 13.42(1.61) 25.33(3.64) 13.35(4.86) 2537(2243) 13 (2.04)
5 1048 (2.18) 8.12(1.29) 2.57(1.36) 8.18 (4.88) 2.57 (22.61) 4(2.04)
6 1048 (2.18) 11.97(1.87) -32.0(16.22) 11.93 (4.83) ~15.07(19.59) 7 (2.04)
7 1048 (2.18) 10.47(1.87) 61.00(16.22) 10.50 (4.83) 44.69 (19.59) 9 (2.04)
8 10.48 (2.18) 5.60 (2.24) - - 6.07 (4.76)  30.29 (12.42) 2(2.04)
9 10.48 (2.18) 11.60(2.24) - - 11.53 (4.76) 12.58 (12.42) 8 (2.04)
Table 2.3D. Numerical results of the covariate estimates and their standard errors (s.e)

for M1-M6 at time #;7=30.
M1l M2 M3 M4 M5 M6 (A2)

D X i (s.€) X i (5.€) X i (s:€) X i (5:© X’ i (s.€) X i (s.€)
1 13.59 (5.11) 19.64 (2.68) 26.96 (2.27) 19.60 (5.42) 27.50 (48.02) 17 (2.04)
2 13.59 (5.11) - - - - 14.52 (3.13)  25.21 (20.47) - -

3 13.59 (5.11) 11.63 (2.56) 9.32 (1.96) 11.70 (5.42)  8.99 (48.03) 6 (2.04)
4 13.59(5.11) 17.27(3.07) 44.08(8.12)  17.22(5.40) 44.23 (47.58) 13 (2.04)
5 1359 (5.11) 11.98(2.78) -2.06(3.32)  12.06 (5.42) -2.10 (47.97) 4 (2.04)
6 13.59(5.11) 1583 (3.29) -77.0(34.23) 15.81(5.37) -41.21(41.66) 7 (2.04)
7 13.59(5.11) 14.33(3.29) 121.0 (34.23) 14.38(5.37) 86.58 41.66) 9(2.04)
8 13.59 (5.11)  9.46 (3.54) - - 9.95(5.30) 60.07 (27.66) 2(2.04¢)
9 13.59 (5.11) 15.46(3.54) - - 15.41 (5.30) 17.61 (27.66) 8(2.094)
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1 Z(tm =) Z(ty=1) Tt~ i )?
“ B =By By Zn'=[= s T - S, -1..,2 s, Jan) -
- -,
1 (t; —ti) 2 2.1 (ti; - ti)
Z'Y%i(tij)=°'2[—*—"y__'§'] » Yai(tj) =0 [—+—L——ﬁ .
B TZ(tm-1) o Y(tym—t)

3.8, =S E(tm —11)% S0 = Sty —11)* .
I'm m
4.P,-'=(l—B,—)d,-'+e,-'(T'ZA4°1T)'lT'2A4-1 Where i'(lxN) = (0,..0,...,1/n,-,...,l/n,-,O,...,O),

ei'=1B;, ty - (0~ B)i; ] , T g4 =blockdiag(Zy,,.....Zy, ), i, =T Iy +0 21

144 "

5.0=a;"%; 7;"2;156:‘ +a;' (I, - X, 7}'2;157})(72:41577—17”2}15 where a;'=(1 t;j)x2),

2
T T
=0 otherwise; X 45 =blockdiag(Zy .., T, ) L, =TE, T4 2], and T, =[ * “';J
Tap Tp
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Table 2.5A. Estimates of the square root of the expected MSE for a given person at time 3,
7.5, 15 and 30 for methods M2, M4 and M6 when the truth is A4.

time 3 7.5 15 30

D M2 M4 M6 |M2 M4 M6 M4 M6 |M2 M4 M6

1 0.64 0.63 154 [059 059 190 |1.07 106 3.12 |245 243 664
2 - 5.09 - - 5.11 - - 522 - - 572

3 069 069 154 |057 057 190 [097 097 312 234 232 6.64
4 087 08 154 |098 097 190 |147 145 312 280 278 6.64
5 071 070 154 |071 071 190 |1.18 117 3.12 |254 252 6.64
6 1.08 105 154 |122 119 190 J171 168 3.12 |3.01 297 6.64
7 1.08 105 154 |122 119 19 |171 168 312 |301 297 6.64
8 152 146 154 164 157 190 |205 198 312 {323 3.17 6.64
9 152 146 154 |164 157 190 |205 198 312 |323 317 6.64
E(AB‘E) 1.07 104 154 |1.15 111 190 {157 154 312 |284 281 6.64

Table 2.5B. Estimates of the square root of the expected MSE for a given person at time 3,
7.5, 15 and 30 for methods M3, M5 and M6 when the truth is AS.

time 3 7.5 15 30

ID M3 MS M6 |Ms3 M5 M6 | M3 M5 Mé M3 M5 M6

1 044 043 230 |037 037 815( 096 095 19.15| 238 236 4533
2 - 3.43 - - 10.95 - - 24.63 - - 52.24 -

3 049 048 230 |034 034 815] 078 078 19.15] 2.05 2.03 45.33
4 0.51 050 230 |1.51 148 815} 3.81 373 19.15] 851 831 4533
5 050 049 230 [051 051 815] 142 141 19.15) 3.48 342 4533
6 199 166 230 [758 625 815}1701 1403 19.15]3588 2961 45.33
7 199 166 230 |758 625 8151701 1403 19.15|35.88 29.61 4533
8 - 327 230 - 10.63 8.15 - 2298 19.15 - 47773 4533
9 - 327 230 - 10.63 8.15 - 2298 19.15 - 4773 4533
M(ﬂ) - 1.87 2.30 - 6.19 8.15 - 13.54 19.15 - 28.28 45.33
Ji"(_zvzﬁi):"’) 122 103 230 [443 367 815] 997 828 19.15]21.09 1753 4533

(a). ‘/E( MSE), is the average of the MSE for all of the persons except person 2.
(b). \/E( MSE ), is the average of the E(MSE) for persons 1,3,4,5,6 and 7.
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Chapter 3

Effect of the Covariate Measurement Error in Proportional Hazards Models

3.1 Introductiop

Ignoring measurement errors typically gives rise to regression parameters attenuation
when the model has only one covariate. If there are more than one covariate, the direction of
bias might be arbitrary (Hughes 1993). This chapter studies the effect of covariate
measurement error in the PH models.

Section 3.2 reviews the effect of measurement error in the PH models for both fixed and

time-dependent covariates. Section 3.3 derives the asymptotic relationship between the naive
risk coefficient (0 "), the risk coefficient obtained by using the estimated covariate value
(Z'(t)), and the true risk coefficient (6), the risk coefficient associated with the true

covariate value (Z(%)) for T-D covariates. Section 3.4 discusses the local asymptotic relative

efficiency (ARE) of testing no covariate effect for using the estimated covariate relative to

the true covariate when 6 = O(n™V?) . Section 3.5 compares this local ARE among the six
proposed procedures. Section 3.6 extends the local ARE in Section 3.4 to two special cases

A summary of this chapter is given in Section 3.7. Next, a set of symbols is defined.
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Let 7;, i=1,..,n be independent continuously distributed positive random variables
representing the potential failure time for the ith person, I, be the baseline failure time
which are i.i.d., C; be the random variable representing the potential censoring time, and
min( 7;,C;) be the observed failure time. Let &, = I{7; < C;} be the indicator of subject i
being a failure, R(?)={i:T, 2¢,C; 2t} denote the risk set at time 7. Define the counting
process for the event: N,;(t)=I{T; <t, T, <C,}; the indicator for the ith subject being at
risk at time 7. Y;(t)=1I{T. 2t,C; >t} . Let S(t)= Pr(T > t) be the survival function for the
failure time. Let Z(1)= {Z(u):0<u <t} be the (px1) covariate history up to time # where
Z(u) is the (px1) true covariate at time . Let Z()={Z,(1),...,Z,(1)} be the covariate at time ¢
where Z(1) is some left-continuous function of Z(7). Let X(u) be the observed covariate
value at time #, X(u) be some function of the observed covariates. Let Z‘(t) be a function
of Z(t) plus covariate measurement error. Assume the hazard function given covariate
history Z(t) to be

A {1;Z(1)) = No(t)exp[0'Z(1)] (3.1.1)

where 0 is a (px1) vector of parameters, A,(7) is an unspecified baseline hazard function.

3.2 A Review of Covariate Measurement Error in Survival Data Analysis
3.2.1 Fixed Covariates

If given the true covariates, the hazard function is a PH model, then when covariates are
subject to measurement error, the hazard function is no longer a PH model. Schoenfeld

(1984), and Morgan (1986) discussed properties of PH score tests for comparing randomized
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treatment effect under misspecified regression models for fixed, balanced covariates. They
considered situations for nonproportional treatment hazards, omitted treatment-covariate
interactions, and omitted covariates or mismodelled covariates. They found that the omission
of a balanced covariate in PH model causes a loss of power. Inefficiency also results from
using the wrong functional form for a covariate, but only a minor drop was found in their
example.

Morgan (1987) investigated the effect of covariate measurement error in randomized
clinical trials. The precision of the maximum likelihood estimate (MLE) of treatment effect
due to misclassification of a dichotomous covariate under a Weibull PH model, and
measurement érror in a continuous covariate under Gamma and uniform error models were
quantified. He found that influence on efficiency due to misclassification in a dichotomous
covariate is not negligible. Also, the efficiency is increasing with the percent censoring.
Small to moderate amounts of error have little effect on the precision of the estimated
treatment effect under both models for continuous covariates.

Hughes (1993) investigated the asymptotic relationship between the naive parameter p *
and the true parameter in PH models when there is no censorship or type I censoring, and

when there is only one covariate.
Assuming (1) the measurement error model is Z* = Z+{ where VAR(Z)=c >, is

the measurement error with E(C)=0,VAR(C ) ==0'cz, Q) Z'Ir~ N(r,y ) where r is the

standardized true covariate, r=[Z-E(Z)]/5,, Z'=[Z" ~E(Z)] /o, and y is the

2
. . ey . c . .
variance ratio of within-to-between person variances ( gz ), (3) conditional independence of
c

z
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Tand Z° given Z, then a complicated equation was developed to relate 8" and 6, which
needs to be solved numerically.

He found when there is no censoring, the relationship of 6* and 6 does not depend on
the hazard function no matter what the distribution form of the covariate is. By assuming the

distribution of the covariate r to be r ~ N(0,1), he found there is an approximate linear
relationship between the adjustment factor (AF), 9/9' , and the variance ratio y for
different values of 8. The lower bound of the AF is 1+y which is also the AF in linear

models. Note that the AF increases from 1+y as y or [8] or |8°] increases, for example,

when y =1.0, 6 *=1.0, then the AF is 2.644; for y =2.5, 8 '=2.0, the AF needed is about 8.0
that is much bigger than 3.5, the lower bound adjustment.

When there is fixed type I censoring, the relationship of & and 6° depends on the
underlying hazard function only through the cumulative baseline hazard at the censoring
time ¢, Ao(c), which is related to the proportion of censoring. It also depends on the
distribution of the covariate r, and the variance ratio, y . Assuming r ~ N(0,1) and B=1.0,
an approximate linear relationship between the AF and y for different levels of censoring
was found. As the percent of censoring increased, the AF decreased to the lower bound
1+y .

For random type I censoring with uniform rate of recruitment over the time period (0,
c), the author used a parametric approach (assuming that the failure rate follows a Weibull
distribution) to access the relationship among AF, 6, v, and the percentage censored

through a simulation study. He found there is little difference of the AF between the two
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censoring mechanisms, and little dependence of the AF on the form of the underlying
hazard.

In this paper, Hughes showed how one adjusts the naive parameter through numerical
methods if v is available or is able to be estimated when there is no censoring or type I
censoring. When 6, or v is small, or the percentage censored is high, 1+y is the

appropriate adjustment factor. Otherwise, departures from this AF appear quickly. It is not

clear how one makes inference about 6 in this approach since the variance of 6* was not

presented.

3.2.2 Time-Dépendent Covariates

Prentice (1982) studied the effect of measurement error on T-D covariates. Let Z0)
denote the true (px1) covariates process up to time f, Z'(1) the corresponding estimates. The
following assumptions are made: (1) k[t,Z(t),Z'(t)] = A,[tIZ(t) /, conditional independence
(non-differential error), i.e. the observed covariates Z'(¢) has no predictive value given the
true covariates values. The induced hazard model corresponding to the estimated covariates
is

MHUZ™(1)] = Mo(1) Ez0ymaszvey €200 Z(1)] (3.2.2.1)
where E; ;1o () means taking the expectation with respect to the distribution of Z(#)
conditional on [7>£,Z '(t) /. (2) independent censoring with respect to Z'(t), ie.

AMt| Z'(1), no censorship in /0,7 = Aft| Z' )],

then the induced partial likelihood (PL) accommodates to tied failure times can be written as
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1 Efexp[8'Z;(1;)]}
JeD(h) (3.2.2.2)
i (T Efexp[0'Z,(t;)])™

keR(1;)

where m; is the number of ties at time #. Further assuming the covariates error distribution
conditional on [ TZt,Z'(t)], and ignores the dependence of this distribution on Ay(.), then
estimation for © and hypothesis tests based on the score statistic for (1.5.2) would be
available.

However, the application of this induced partial likelihood is quite limited since the

dependence of Efexp[0'Z;(1)]|T 2t,Z *(t )} on Ay(), the nuisance function, is usually not

negligible unless more restrictions or assumptions are made.
Tsiatis et.al. (1995) has applied the induced PL method (Prentice 1982) to model the

relationship of survival to CD4 counts, a T-D covariate measured with error for AIDS
clinical trials. Let X,(7)= {X;(u):0 <u <t} be the observed covariate process. Assuming
that the logCD4 counts, X;(u), for those who are at risk follow the trajectory :
Xi(u)=2Z;(u)+e;(u), e(u)~ N(0,62), covfe;(u),e;(v)] =0 for u#v where Z;(u) is
the hypothetical truth, and assuming Z;(u)=pB, +p,u for the placebo group where
(Boi»Bu)~iid Ny{(B§’,B{” )2}, and ¢ is the unrestricted covariance matrix for
(Boi,By;) at failure time £ Z;(u)=vy +y u+y,(u—4), for the treatment group where
(VoW iV ) ~idid.  Nafw®P P w)2M3, and T is the unrestricted
covariance matrix for (Y g;,V;,W,;) at failure time £ Also, x, =x if x>0 and zero

otherwise. They approximated the induced PL by two steps. Assuming no ties, the induced

PL for a failure at time 7 is
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E{exp[6Z,(1)]| X,(1),T; > 1}
z Efexp[0Z ;(1)]| X ;(1),T; > 1}

JeR(

induced PL =

exp{E[0Z,(1)| X;(1),T, 21 ]}

= (3.2.2.3)
T exp{E[OZ;(1)|X,;(1),T;21]}
JeR(1)
oo ()| Xy(1), T 21 ]}
> exp[Ou (1) X;(1),T; 2]}
JeR(1)

>
T X ep[Bi ()| X,(1),T; 2 1]}
JeR(1)

exp[0Z; ()]
> )exp[ez; (t)]

JeR(t

where ﬁ,-(th’,-,TZt)=E[Z,-(t)lz?,.(t),TZt]=ﬁg;; +B§:Bt=z,.*(t) is the empirical

Bayes estimator at time # for the placebo group and for those who are at risk.
After these operations, it can be seen that their approach actually uses the empirical
Bayes estimates as the covariates in the ordinary Cox’s PL, though they have started by

working on the induced PL. This approximation depends on two issues. First, it is a first
order approximation in (3.2.2.3). The second term %O 6?1, X,, I; 2 ¢; )(corresponding to

the Gaussian processes assumption) would be negligible if © is small and o 2 (-) is bounded,
or vise versa. When this term is not negligible, this approximation leads to a misspecified
PL. Second, the approximation of w,(#|X,,7 >1,) by (1%, T >1,) in (3.2.2.4) is

another source of misspecification.
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It can not be overemphasized that the likelihood they used is a misspecified PL such that
the negative of the second derivative of it is no longer a consistent estimator for the variance
of the parameter in the PH model, 6 (Lin and Wei, 1989). It needs to be studied how well
this approach compared to had one known the truth.

One important issue they have addressed is to investigate the relationship of hazard rate
to the timing of the visits prior to ¢, for patients who are sicker may have more missing visits
and may have a higher risk of death. They found the effect of delay was significant in the
CD4 count data, but the missing data adjusted hazard rate were not significantly different
from estimatgs that did not account for it.

Raboud et.al. (1993) studied the adjustment to © for univariate time-dependent
covariate when the covariate is measured with error. Assuming the measurement error model
: Z'(t) ~N{Z(1),c?}, i.e., the observed values of the covariate are to fluctuate around the true

covariate values, if Z'(t) is substituted for Z(?) in the PH model in (3.1.1), the estimated

coefficient converges in probability to 6 * where

* 1
0 =0 ——F+—, 3225
1+02/i(8) ( )
and i(8 ) is the expected Fisher information in the log-partial likelihood. When an estimate
of the variance of the errors in measurement is available, regression coefficients can be

adjusted according to (3.2.2.5). Otherwise, Raboud suggested smoothing techniques to

estimate covariates to reduce covariates variance for longitudinal data.
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As pointed out by Hughes, the AF in (3.2.2.5) will be appropriate only when |8] or Y is
small, or percent censored is high. When the knowledge of y is unavailable, the AF method

can not be applied.

Lin and Wei (1989) derived the asymptotic distribution of the maximum partial

likelihood estimator 6" for the vector of regression coefficient under a misspecified Cox PH
model. For example, the true hazard function is Ap(t)=2A(t )eez2 , but the assumed hazard

function is A ()= A,(1)e® 2,

Let L(B) be the partial likelihood function constructed from the assumed model,
;1(6 )=-n"'0%log L(® )/ 92 . If the assumed model is correct, it is known that
n" 2(6 -6)—2, N »(0,X) where Z can be consistently estimated by ,:l'l(é ) (Andersen
and Gill, 1982). If the assumed model is incorrect, the estimator 6 * converges to a well-
defined constant vector 8 . However, the asymptotic limit of 478" ) is not the covariance
matrix of V%6 * in general (Struthers and Kalbfleisch, 1986). Lin and Wei have shown that

n’*@" -0 L2 5 N »(0,Z*) where T * can be consistently estimated by

V(6" )=A4"0")BE6")a@")

. TY(L)e Pz,
where B(8) = n™' SW,(0)®, and W;(®) =5, [Z,(T; )~ 2 T
,. 1T, )e" 4
J
8 H(T;)exp[0'Z,(T;)] SV, T;)
Z(T,)-———12
§{ nS(O)(O,T) }{ 1( _]) S(O)(e,T)}
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If one is interested in testing whether all or subset of the covariate has no effect, then the
limit 0* of 6° (or© ,-* of é: ) is still 0 under H,. The inference can be made based on the

robust score test where V'(é' ) is the robust variance-covariance matrix estimator. Their

Monte Carlo studies indicated that the behavior of the robust score test is fairly satisfactory
even for small samples (n=20). Although the robust score test is valid, it loses efficiency

compared to the score test without measurement error.

3.3 Adjustment of the Naive Parameter Estimator in the Time-Dependent PH models

When the PH model is misspecified, the estimate of the risk coefficient solved from this
misspecified PH model is a biased estimator (naive estimator). It is important to unbias it to
know the true risk coefficient. Hughes (1993) has derived the adjustment factor for the naive
parameter estimator (6°) to the true parameter (8 ) for the time-independent PH models so
that when one knows the value of § *, one would know the corresponding 6 . However, his
derivation is not applicable for this dissertation where T-D covariates are dealt with. This
section generalizes the asymptotic relationship between 6* and 6 for the T-D covariate
scenario by the martingale methods. Some notations for the counting process are introduced
next.

Let (Q, F.P) be a probability space, N = {N,(2):0<t <w,i=1,...,n} be a multivariate
counting process where N; and N, never jump simultaneously for i=#j.
N,(t)=I{T,<1,6,=1} equals 1 if subject i failed before (and including) time ?, zero

otherwise. Let the filtration (an increasing family of sub-c -algebra of F) ¥ includes all of
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the censoring and the covariates information (true covariates and misspecified covariates) up

to and including time ¢, and the failure information up to (not including) time 7. Under
regularity conditions, the  process N has an  intensity process
A= {A;(1)0<t<o,i=1,...,n} defined by A;(t)dt = P{N; jumps in [1,t +dt)|F,.}. Then
Ai(t)dt =Y, (1)\o(t)exp[O’ Z,(t)]dt . Note that given the past up to (but not including) time
t, Y;(t)and A,(t) are fixed or nonrandom (predictable). Assume that Z;(z) and Z!(t) are F-
predictable and locally bounded (which are true when they are left-continuous with right
hand limits). Let © be the length of a study, ( F{F:7[0,7 ]},P) be a stochastic basis.

Assume i (s)ds <.
To solve 6* from the misspecified score function U™ (0°), one sets U *®")=0 and

find the maximum partial likelihood estimate §*. The ' U™ (8" ) is defined as

i >Y,(T)Z}(T, Jexp[0°Z}(T,)]
nUT @) =n"£8,{Z] (T, )- }
2Y,(T, )exp[0°Z;(T;)]

which can be expressed in counting process notations as

2Y;(s)Z;(s)exp[0°Z;(s)]
n T {Z] (s)~ 2 — 4dN,(s)
' ZYi(s)exp[0 Z;(s)]
J

SY,(5)Z;(s)exp[0°Z}(s)]
=S 5Z] (s)- 2 JdM,(s)
' SY,(s)exp[0°Z}(s)]
J
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SY,(5)Z;(s)exp[®"Z;(5)]
+n (7] (5) - —————J,(5)exp[OZ,(s)]ho((5)ds]
' SY,(s)exp[0°Z;(s)]
J

since  N;(s)= M;(s)+ [ Yi(s)exp[OZ;(s)]\o(s)ds. Let T(t)={Y(1) Z;(1) Z; (1)}.
Heuristically, when f’;( t), i=1,..,n are i.i.d. random variables, by the law of large numbers,
as n— o, n'U™ (0" ) converges in probability to

E[[JH;(s)dM;(s)] + [sE{Z] (s)Y;(s)exp[0Z;(s)]}\o(s)ds

E{Z; (s)Y,(s)exp[® " Z; ()} E{Y,(s)exp[6Z,(s)]},

h E{Y,(s)exp[0°Z; (s)]} hofs)ds

SY,(5)Z}(s)exp[0°Z}(5)]
where H,-(s)=Z,-‘(s)— ! ry
SY,(s)exp[0°Z}(s)]
Jj

is predictable and locally bounded.

This equals to

E{Y,(s)Z; (s)exp[OZ,(s)]}\q(s)ds

B (5)Z; (s)expl®"Z; ()ELY,()explOZ, ()]}, o\ 33.1)
° E{Y(s)exp[0°Z; (s)]} ° -

since j(;H,.( s)dM;(s) is a zero mean T, -martingale. Set equation (3.3.1) to zero, the

relationship between 6 * and  can be determined.

If Iz(t ), i=l,..,n are not i.i.d, by the Kolmogorov Strong Law of Large Numbers

(SLLN), n'U™(0") converges in probability to

~ 3 LE(3)2] () xplOZ, ()] hof s)ds

i=1
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¥ 2 B(V()Z) (5)exp[0"Z] ()5 EAY(s)expl0Z,()]}
0

" S E{Y(s)exp[0°Z; (s)]}

i=1

Ao(s)ds. (3.3.2)

Here a, —£—b, means a, —b, —2—0. For convenience, the notation a,, —L255, will be
used throughout this dissertation, but keep in mind it really means a, -4, —2->0. Set

equation (3.3.2) to zero, then for any given value of 8", the value of 8 is determined. The

Kolmogorov Strong Law of Large Numbers is stated below.

Kolmogorov Strong Law of Large Numbers
Let X;, i>1 be independent random variables such that E(X D)=W;, Var(X,)=0c? exists

2

for all i. Define X, =liX,-,u,, =liu,- IF Y -G—f-<oothenf,,—ﬁ,,—“L)0asn—>oo.
ni=| ni=1 K2k
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3.4 Asymptotic Properties of the Misspecified Score Function
Alternative to making inference based on the risk coefficient, the misspecified score
function is a valid statistic for testing no covariate. This section studies the asymptotic

distribution of the misspecified score function. Let PL(6) be the partial likelihood function

based on the proportional hazards model: A {t;Z(t)} =Ao(t)exp[0'Z(t)]. Define
SM@,t)= -1—iY,.(t)exp[B'Z,-(t)]Z,-(t)@’ where for a vector a, a®° refers to the scalar 1,
ni=1

(v
a®' refers to the vector @, and a®? refers to the matrix aa’. Let E(8,7 );ﬁ(ngtj ’
N

NEICRD, o(r)

~E©,)% . Let S
S m,1) ®.4)

Ve®,t)= 0,1)= %éK(t)eXPIO'Z,-(t)]Zi'(t)Q', E'(8,1)

*(1) «(2)
SV e S (B0)

= , —E'(6,:)®. In addition, define S™(0,1)=
S©0,1) S 0,t) ®.1) 1 1ne (0,¢)

S*(0,t)

l n * : b 3 2 Y.t/
nhzlz(t)exp[ezi(t)]zi (t)Z,(t), and V (e’t)— S(O)(e,t)

—E*(®,t)E®,t). Let

{ (M M)(t):t € [0,7 ]} be the predictable variation process of M.

Let ﬁ(t)={}§(t),Z,-(t),Z,-‘(t)} where Z(t) is the true covariate at time ¢ which is
some left-continuous function of the history (hence they are predictable and locally
bounded), Z; () is the incorrect covariate at time # which is some other left-continuous
function of Z-( t). The following is a set of assumptions:

(A3.4.1) {¥(t), t €(0,1]},i=1,...,n areiid random variables

(A.3.4.2) N; and N; never jump simultaneously for i#j
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(A3.4.3) [y (s)ds <.

(A3.4.49) V2 sup, |Z,(t)|Y,(1)—2—>0

(A.3.4.5) There exists a neighborhood B of 0 and s/, s and s defined on B x /0,1 ]
such that for /=0, 1,2, sup,ejo. jpes|[S (B,2) - s (B,1)]—2—0

(A.3.4.6) Define e = sV / sV v =52 /5% _¢® For all BeB,te[0]:

2

S(l)(B,t)=%s(°)(B,t), 5(2)(B»t)='a%{s(o)('3:t), s(O)(.t)’ S(l)(.,t) ands(z)(,t)

are continuous functions of B €B, uniformlyinf €/0,t /, s/, s’V and s® are
bounded on B x f0,1 J; s is bounded away from zero on B x 0,1 /,and the
matrix £ = J';v( 0,¢)s™ (0,1 JAo(t)dt is positive definite.

(A.3.4.7) There exists a neighborhood B of 0 and 5™ and s"® defined on B x [0,t]

such that for j=1, 2, SUDterox 1B

S* P (B,t) -5 (B,1)|—2—>0

(A.3.4.8) Define e = s /500 = ") 7 5(0) _ * sO,t), sM(,t) and s’ (1) are
continuous functions of B €B, uniformlyint €/0,7 ], s,s' and s are
bounded on B x /0,7 J; s* is bounded away from zero on B x /0,7 ], and the
matrix £ = [{v'(0,¢)s (0,1 )\o(t)dt is positive definite.

(A3.4.9) There exists a neighborhood Bof 0 and s* defined on B x [0,t]
such that sup,e/o. pes |57 (B.1)~ 5™ (B,1)]—2—0.

(A3.4.10) Define v¥=5" /5% —¢* xe where s(¥ (.,t),s™(,t) are continuous functions
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of B €B, uniformly in# € f0,t ], s/* and s* are bounded on B x /0,7 J; s/ is

bounded away from zero on B x /0,7 ] and the matrix

% = [v™#(0,1)s(0,1)\y(1)dt s positive definite.

For simplicity, it will be assumed that there is only one covariate (which can be easily

generalized to multiple covariates). Define the score statisticc. @ =

2 ’
{[6logPL(9 dlogPL®), / s logPL(e )i 0 where PL®)= [CPLOA()]

3 Texp[0'Z, ()]
keR(1,)

Define Q‘ similar to O but with Z(?) replaced by Z"(z). Under assumptions (A.3.4.1) to
(A.3.4.3) and assuming that the covariate Z(7) is bounded, Lagakos (1988) has shown the
local asymptotic relative efficiency (ARE) for Q‘ relative to Q.

Now, the asymptotic distribution of the score function will be studied without the

restriction of the boundedness for the covariates. Let U(®) represent the score function

ZYi(T,)Z;(T; )exp[OZ;(T;)]
_ _J
based on the model (3.1.1), then U(B)= %‘,8,-{2,-(7}) ZIG(E)exp[GZj(E)] -}
Jj

=Z§,~[Z,-(7})—E(9,7})] which equals Zﬁ[Z,-(s)—E(G,s)]cﬂV,-(s) in the martingale

representation. Assuming 6 is O 2) and the limit of nY?0 is ©°. Applying Taylor

expansion on U(® ) at 6 =0, one gets
n—l/ZU(O) = n—l/2U(e) —1/29 {[aU(e)]e e}

=n""2U(0)+0°4(8) (3.4.1)
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where § is between 0 and @ which is O(n™?), and

oUu(®)

A®)=-n"! (=5 )os}

| ZV(8)Zi(s)exp[6Z,(s)] ZY;(5)2;(s)exp[0Z,(s)]

-2 T, J — - ~ ’ m'.
n %Io( 2Y;(s)exp[0Z;(s)] f 2Y;(s)exp[6Z;(s)] e
j J

SV@,s)

1. 8%®,s)
= ahf S@®,s)

ni? 8@ s)

[ J?JdNy(s)

=~ SV (85N (s)

which converges to T ¥ under assumptions (A.3.4.1) to (A.3.4.6) where

Zo™ = {Iv(0,1)s™% (8,1 Ao (1 )dt _,

e . _(E{Y,(1)Z,(1)exp[OZ,(1)]})*
= (L ET(1)Z] (1)explOZ, ()] = = et e Pt

=(E[Z} (1)]-{E[Z,()]}* JdK(1),
{Jo=o means evaluating the function in { } at 6 = 0, and dK(t)=Ey_o[Y(t)]\,(t)dt
=S8(1)Pr(C>t)\(1)dt for independent censoring. Note that A ()= A(?) under 8 =0
(Corollary 3.3 in Andersen and Gill 1982). From theorem 3.2 (Andersen and Gill 1982), one
gets n”V2U(0)—L N (0, * ) since 8 = O(n™V2) . It follows that

n2U0)—25 N®O°z # 3 "), (3.42)

SY;(T)Z,(T; Jexp[6Z (T, )]
Let U(8)=35,{Z"(T )~ =Y8,[Z (T,)-E"(0,T,)] b
etU (9) ’Z,{,() SY,(T,)ewplOZ,(T;)] -} Z [Z;(T;)-E (8,T;)] be
J
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the misspecified score function which is equivalent to X[/Z(s)-E (8,s)JdN;(s).

Applying Taylor expansionon U” (9 ) at © = 0, one gets

n—l/2u‘(0) = n—l/ZU*(e) —1/26{[6(] (e)

]9_6}

=nV2U'0)+6°4°(8) (3.4.3)
where 0 is between 0 and © . Under assumptions (A.3.4.1) to (A.3.4.10), it can be shown

that

4®) = 2 (®) s
. §Y,-(s)z; (s)Z;(s)exp[0Z;(s)]
"n,zk( >Y;(s)exp[0Z;(s)]
J
SY;(s)Z;(s)exp[8Z(s)]ZY;(5)Z;(s)exp[OZ;(s)]

-2 j_ .
{Z.Yj(s)exp[GZj(s)]}2 JdN;(s)
J

S‘#(e s)

o5 E @S E@.sa(s)

ZIo

1 ~
=TV (6.5, (5)
converges to X 0‘# where

E[Y,(1)Z; (1)JE[Y,(1)Z,(1)]
E[Y,(1)]

={ls {E[G:(1)Z] (1)Z,(1)]} - T Ao(t)dt }yq

= [o(E[Z,(1)Z; (1)] - E[Z,(1)]E[Z; (t))dK(t)
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(the proof is similar to the work in theorem 3.2, Andersen and Gill 1982). The first term on

the right hand side of (3.4.3), n”Y2U"(9), is also a martingale, and it converges weakly

to N(O,Z, ) where

- . E[Y,(1)Z; (t)]}*
0" = (LEY )2 (1)) - LEL E([’}), m(])]} Tho(t)dt}og

= [R(E[Z] ()]~ {E[Z] (1)]}* )aK(1).
Therefore,
n2U%0) 25 Ne°ZE z,”) (3.4.4)
From (3.4.2) and (3.4.4), the local ARE for Q" to O (Randles and Wolfe 1979) is

*:0)=(Ee j2 Zo
ARE(Q":0) = (5% (3=

*H 2
(Z’; )“ (3.4.5)
o Z,

which is simply

{locovZ(1),Z" (1)]dK (1)}
fovar[Z(t)]dK(t) [svar[Z" (1 )]dK(t)

(3.4.6)

provided that the censoring time C; does not depend on the covariates history Z.( t). When Z

and Z are time-independent, or when covariance of Z and Z‘, variance of Z and Z are
constant in time, the local ARE in (3.4.6) can be simplified to corr(Z,Z').

If one assumes an additive measurement error model, that is

Z'(1)=Z,(1)+C;(1) (B.4.7)
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whereC,-(t)~N(O,y,z)isthemeasurementerror,Z,-(t)~N(u,.T,2), and (C;(t) is

independent of Z;(t), then the local ARE of O’ relative to Q can be simplified to

[T 2E[Y(t)]No(t )t
(x2 +y2)E[Y(t)]No(1)dt

ARE(Q:Q)= (3.4.8)

which is less or equal to 1 with equality holds when there is no measurement error.

The measurement error model studied by Hughes and Tsiatis et.al. was assumed to be
linear and unbiased. The local ARE derived above does not require these assumptions. It
only requires that the true covariate, Z(?), and the estimated covariate, are both predictable
and locally bounded.

The local ARE of the test based on the estimated covariate relative to it based on the true
covariate derived by Lagakos requires that {7,-( t), te(0,t]}i=1,..,n are iid random

variables. In this dissertation, when the true covariate is A2 or A3, each covariate Z,(t),

i=1,...,k has a different mean. When the truth is A4 or AS, each covariate estimate, Z,-' (t),
i=1,....k has a different variance whenever it is obtained by M2, M3, M4 or M5. In addition,
the covariate values estimated from M4 and MS are correlated. Therefore, the local ARE
derived by Lagakos needs to be generalized to allow for non-i.i.d. random variables. The
derivation is based on the Kolmogorov S.L.L.N for martingales and the work by Andersen &
Gill (1982).

For non-i.i.d 17'; (t), the score function at © = 0 is

nV2U(0)=n""2U®)+6°4(0)
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2Y;(s)Z;(s)exp[OZ;(s)]

=n Sz (s) -4 ST (sjeploz, () ()
J
. §Y,-(s)zj(s)2 exp[0Z ;(s)] §Y,-(s)zj(s)exp[€zj(s)J 2 _
T Zh( I ST ez, ) RO o ()
' ' (3.4.9)

where 8 is between 0and 0 . As 7 —» , the second term of the right hand side in (3.4.9)

converges in probability to 0 °T #* where

| {ZE[Y($)Z,(s)]F

B =0 TEMZ (9] R R

The first term in (3.4.9) is a zero-mean martingale which converges in distribution to
N(O, iﬁ# ) since its predictable variation process,

, Ve 1 2Y;(s)Z;(s)exp[OZ;(s)]
-1/2 - .- _ 5 . .
(m2u®), 52U e))=n" S 2i(s) ST ez M) Mi(s)
J

2Y;(s)Z;(s)exp[0Z;(s)] :
-l _d 2y .
=n ’ZIO{Zi(s) 7, (s)exp[0Z,(5)] }°Yi(s)exp[OZ;(s)]\y(s)ds
Jj

converges to < 4. It follows that for non-i.i.d covariates,
n2U(0)—2-> N °E .5 *). (3.4.10)
Similarly, the score function for the misspecified covariate at @ = 0 is
n2UN(0)=n""U"(8)+6°4" (8
The second term of the right hand side converges in probability to £ ¥, and »™2U"(8)

converges weakly to N(0,% o“ ). Therefore,
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n2Ut0)—25N®°E . E,7) (3.4.11)
where

n

R P : S E[Y,(t)Z ()]ZE[X(1)Z,(1)]
2o ={;E{ZE[K(I)Zi (t)Z,(t)] - =L i=1

tho(2)dt )y, and

SE[L(1)]
o L L {ZEZ I
Ty == {ZE[G(1)Z] (1)] - F— o (1)t Jyo-
ro ZE[Y(1)]

i=1

Assume that censoring time C is independent of the failure time 7, and the covariates

history Z( t). Assume that T; , C; are i.i.d random variables (so is Y;(?)), then

o £ = REYOIEEZ} (1=~ EELZ,(1)]}* o it

- %r(z E[Z}(1)]~ %{z E[Z,(1)]}* )dK(t) whete dK(1) = Eqoo [¥(t)]Mo(t)dt
o 5= {% RE[Y())(ZE[Z (1)Z(1)] - % SE[Z] ()] ELZi()] ot Moo

- R(EEIZ} (0)2,(0)] - SEIZ; (OTEE[Z (01K (1)
o 5= RENONEEZ ()] %{z E[Z] (1)1} Mot )it fooq

= LG ELZ (1] S EIZ (] K (1)

The local ARE of O relative to Q is
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[f {Z, E[Z] (t)Z;(1)] - ;11-21 E[Z] (z)]§ E[Z,(1)]}dK(1)]?

(R(EELZ )] = (IO S OHGEEL 2 ()] - L R E1Z] 017 Jak1)p

(3.4.12)

The estimation of this local ARE requires one to know the first two moments of Z,(t),
Z;(t), and their covariance. The distribution forms of Z,(t) and Z; (t) are not needed.

When Z,-'(t) is to fluctuate around Z,(7), i.e. Z,.'(t) =Z,(t)+C (1), C.(t)~
f{0,y%(t)} where f is some continuous function, equation (3.4.12) can be simplified as

RIZZi(1)=nZ(1)? JE[Y(t)]\o(1)dt

ARE(Q*: = —
one) ISy 2()+3 22 (1)~ nZ (1)} JE[Y(6)]h(1)dt

(3.4.13)

where Z(t) = %ZZ,-(t).
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3.5 Local Asymptotic Relative Efficiency for the Estimation Methods

Let Z(u) denote the true covariate value at time u for the ith person which is
unobservable; X;(u) denote the observed covariate which is subject to measurement error,
that is, X;(u)=Z,(u)+¢e;(u),€;(u)~iid N(O, c?), i=l,.,k Let Z (u) denote the
estimated covariate value for the ith person at time # based on the observed covariates.. Let

Qs> i=1,...,5 denote the Q" statistic (defined in Section 3.4) for method i discussed in
Chapter 2, Q;, i=1,..,5 denote the Q statistic for the true condition i. Let Z(u)= %ZZ,- (u),

- TZBy, VE=p(Sal kT, vE = (ZBl-H), vep =1 (ZaB, - k3B),

=

Ta;,pB=

?v-l'—

a(u)=v2 +2uv,g +u*vj, and b(u)=13 +2utyy +u’t} . Next, two lemmas are stated for the

convenience of the calculation on variances and covariances under conditions A4 and AS .
Lemma 1

Let X,,,/=1,...,k; m=1,...,n, be random variables such that X,, =a; + Bt,, +&,, where

€ im ~i.i.d.N(0,6%)a, ~i.i.d.N(oc,‘t§), €, and o; are uncorrelated for all /, m. If D,

- . - . k "I . . -
are non-stochastic , then for a statistic with the form of ¥, 3 D,, X, , its variance is
I=1m=1

VAR(Z Z Dy, Xim)=0 Z Z D, +12 Z(”IDI)

I=1me=] I=1m=1

k n
and the covariance is COV(S, Dy, X;m,0t; )i =123D, =12nD.

I=1m=1 m
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Proof: The proof is very straightforward. Note that VAR(X,,) =12 +c2 for all /, m, and

COV( Xy, Xy) = 12 if I=i and m#j, zero otherwise. Then

k n
. VAR(I—Zl ZID,",X,",)= EI:ZVAR(D,", )+COV(Z ZD,,,,X,,,,,Z Z i Xi)

I=1m=1 i=1j=1
J*m

‘ZZ i (0% +7 )+ZZZD1".D11 «

1 m jzm

=c ZZDzm+‘t Z(ZDIm)

I=1m=1 I=1 m

=0 Z }"_, D,,,, +12 Z(n,D,)

I=1m=1

o COV(Z ZD,,,,X,,,,,a) COV(ZD,moc,,a )=t2 ZD,,,, =12nD,

I=1m=1

Lemma 2

Let X,,,/=1,....,k;m=1,..,n, be random variables such that X =0y + Bty +€ 4, Where

m ~1i.d.N(0,c )( )~11dN2((B)[ ]}, €, and {o.;,B,} are.uncorrelated

k n
for all J, m. If D,,, are non-stochastic , then for a statistic with the form of > Z';D,,,,X m > 1S

I=1m=1

variance is G Z E Dlm +7T Z(n,DI) +2T(1B Z(”IDI)(ZtImDIm)'HBZ(ZtlmDIm)

I=1m=1

AlSO COV(Z EDImXIm:a +B u) t 51 +(unilji + % timDim)taB +ll(% timDim)t|23 .
m=1 m=1

I=1m=1

Proof: Since VAR(X;,)=0% +12 +20,T op +t,f,,1:‘2, for all /, m, and
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COV( X, X5) = T2 4 (t, + ti Joop +imlyT f, if /=i and m=j, zero otherwise, hence

e VAR(Y 3D, X, )= S EVAR(Djp X )+ COV(S. DXy, X 3 Dy X;)

I=1m=1 I=1m=1 1‘1_1:=l
J=m
= ZZD,?,,(GZ +T2 +20,T o +t,3,,t,,)+zl:2 Y DDy [t2 +(tyy +15 )0 op + il 21
m jEm
IZI ZlDzm +1 IZI(ZDIm) +121 Z ZDIme(tlm +1; Noap +IZI Zl ZlDlmetlmtl] B
=1 = =1 m =1m=1 j=1 =1m=1 j=

Z Z Dj, +1 Z(nIDI) +27 48 Z(nIDI)(ZtIlem)'Hp Z(ZtImDIm)

I=1m=1

o COV(3 3Dy Ximot; +Bit) = cowz X0 4B 1)

I=1m=1

= 3D [12 + (tyy + )t o +utyt5 ]
m
2 = — n; ; 2
=1 o1 D; +(un;D; + thmDm)Tap +uf thimDim)tp
m= m=

The local AREs are derived next for the six estimation methods proposed in chapter 2

based on Lemma 1, Lemma 2, equation (3.4.15), and (3.4.16) (with n replaced by k).

3.5.1 Local ARE for Method 1
In method 1, one assumes that covariates follow a common line for every person.

Assume one observes covariates Xj; (subject to measurement error) for the ith person at time

t;;. Then the missing covariate for the ith person at time u can be estimated by Z, (u), where

kn
(u—t_)ZZXIm(tlm_f) k n 1 7 7
Z'l = A =X Il m = ID X D, =— (u—t)(tlm—t)
x(u) oc+[3u + Zz(tlm_i-)z I=Zlmz=l Im“*Im > Im N+ Sl ’
I m
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2 Z( t,, —f)* . Note that Z/(t)=2"(t) for all i. The misspecified score statistic for

I=1m=1

covariates obtained from M1 is

T Zj(t;)

U'(0)= 2(Z](1,)~ iy~ T, S[Z'(t;)-Z(1,)] =0.
>1 ieD

JjeR()

The fact that U (0) = 0 suggests that one would not use M1 for covariates estimation.
If one believes the truth is Al (there is no variability among covariates), one would know
there is no relationship between the covariate and the failure time. There is no need to

estimate the missing covariates under this scenario.

3.5.2 Local ARE for Method 2

Method 2 assumes that covariates are fixed parallel lines for each person. The covariate

estimate by this method is Z; (u)=G, +Pu =X, + (U= )3T Xin (b = )—ZZE,,,,X,,,,
I (ty — 1)’

_I(i=i) (u 5 )t — ) ZZ(tlm_tl) —ZSzl Note that I(.) is the

n; S, I=1m=1

where E,,
indicator function. When the underlying condition is A2: Z;(u)=a,; +pu, one finds that

7 12
2} (u)~ Ny + By f(u)) where v4,(0) =07+ C2E0 ) ang 522001270
i 2 4

=Yal -ka? = kv . It follows that

i

2
ARE(Q14,:04y) = Vo [dK(u) (3.5.2.1)

f(—-sz,(u)H’ )dK(u)
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(u—t;)
S,

If the truth is A3: Z,(u)=a; +B,u, then Z; (u)~ Nfa; +B;F; + Z.S.‘z,ﬂ,,yg,-(u)},
1

k 2 1 k . 2 2 2 172 2 2
° EE[Zi (u)]—;{;lE[Z,(u)]} =ZYZi(u)+Zdi - kd =Z'YZi(u)+ka

k
o ZBISZI I 1 _
2 i=1 i

o ZHw-p[ZZ(w)] = Ta] -kE" +2(TeB, ~ kuJu+(ZB} ~ K7 u
= k(v +2vgu+viu’ ) = ka(u)

o SE[Z(w)E(w)] - (SE(Z (W[EZ(w)] = Totsdy - Kl +u(ZByd; ~ Kid)
= k(voy +uvgy) Where vy = i-(‘za,.d,. —kEd), voy = }1;(2 B.d - kBd).

Therefore

{1 (Voa + ”Vpd)dK(u)}2

7 : (3.52.2)
Ja(u)dK(u) [ [ 27 3:(u)+va JaK(u)

ARE(Qy,:043) =

If the truth is A4: Z;(u)=a,; +Pu,o, ~ N(a,t2 ), then Z;(u)~ N{o +Pu,

12 +y%4(u)} ,and cov[Z; (u),Z;(u)] =12 . It follows that

k 2 1 k * 2 2 2
. EE[Zi (u)]";{E:IE[Zi(“)]} =kt '*'Z'Yzi(u)
o TE[Z}(w)]- L (SE[Z(w]F = ke

o SE[Z(WZ(w)]- L {ZE(Z WD{EZ w)] = kil and
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JradK(u)

ARE(Q;/IZ"QA4)= 1 .
J[5 31 5(0)+2 JdK(w)

(3.5.2.3)

If the truth is AS: Z;(u) =a,; +B,u, (g"}Nz((;),Et}, then

o E [Z (u)]=E;[X +

("S‘ i 55 Xyt~ 1) )] =t + Bu,
2 I m

o VARS[Z (W] =vh(w ek 2l + s, gy and
2

(u_fi)t-iSZi +(u_ti)2

+[T2 +2
S, 82

;Si,ﬁ,%

o COV [Z (u),Z,(u)] =12 +[u+f_+(u__fi)_s2j_]1 +[ut‘_+u(u_ti)S2i]12
45 i i o i ap i S B
2

N 2
-7 )2 0ifl =i
from Lemma 2 and ZZEifm=i+M, YE;, =3, . ¢l_, as well as
I m ;i 2 m 1 lfl=1
—-—-(”';")Sz' if 12
ZEiImtim= 2 e '
m t" +(u__t"_)il_ ifl=i
S,
Therefore,
k 2 1 k * 2
. __ZIE[Z,- (u)]—;{glE[Z,- (u)]}
2 (u—1;)8y; s 2
=Sy %) +he? T 102 S B Y +Z2(u—ti)t,-Szi+Z(u—t,-) ZS%JTf;
i i Sz i i Sy i 829

=Ty a(u)+knl +25e(uk oy +3 fi(up}h
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- k[i-zy () +tL 428 (ufi g + f(upy ]

(u—1;)8,
S.

2

, u)=2 e (w),

where ¢;(u)=1; +

—1 LS, -1, )?
+2(u tl)tlS2l +(u ;1)
Sy S

fi(w)=1? 28}, and F(u)= S Si(w).

. §E[zf(u) —%{?E[Z,-(u)]}z = k(12 +2ut g +u’t})=kb(u)
. ZE[Z,-'(u)Z,-(u)]—%{ZE[Z.-'(u)]}[ZZ,-(u)]

=k1§ +§[u+fi +'(u—_;i)sl]taﬁ +u"£,[t—,+£z_‘%)sz_'_ﬁg

2 2

=kt +[lu+Te(u)fioy +ure;(uf]

=k{1:§ +lu+e(u)]tyg +ué'(u)t,23}, and

[[2 +[u+E(u)f g +ue(u} jdK(u)]”

. - . (3.5.2.4)
j[;z'y 2(u)+l +e(ufi g +f(u)‘t[2,]dK(u)j'b(u)dK(u)

ARE(Q;n-'QAs) =

33



3.5.3 Local ARE for Method 3

Method 3 assumes different lines for each person where the slopes and intercepts are

fixed. The covariate value for the ith person at time u is estimated by Z,-‘ (u)=0&; +B;u

(u=5)% X, (tim — ;) ) _
1/ Cim im0 _ 1 (u—t )ty ~1;) .
st i n mX whete By = [o+ = B x I (1=1).

If the truth is A3: Z(u)=a,+Pu, then Z (u)~N{a,+P,uy3(u)} where

yi(u)=c?f i+ -(1——1—'2—2— ] . Following from (3.4.15), one gets
i 2i
ARE(Qrp3 Q) = — Ja(ujdk(u) (353.1)
[ [;Zvii(u)w(u)]dK(u)
since Z_)Z,-z(u)—%[Z_)Z,.(u)]Z =k(V2 + 2voqu+v2u?) = ka(u).
Ifthe truthis Ad: Z,(u)=a; +Pu,a; ~ N(a,ti), by Lemma 1, one finds
Z;(u)~ Nfo+Bus2 +y3(u)}, and COV(Z] (u),Z,(u)] =72 . Also,
k *2 1 % * 2 2 2
. _=21E[Z,- (u)]—-k-{glE[Z,- (W)} =kty +Zv3(u)
o TE[Z}(w)]-L{ZE[Z(w)]} =k
o SE[Z}(WZ,(w)]- L {ZEZ (T Z(u)] = ke, hence
2
ARE(Qyp3:Q4a) = JrodK(y) (3.5.3.2)

([ Z1 300 +33 K (w).
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a;

If the truth is AS: Z;(u)=a,; +B;u, (ﬁ )~N2{(g),21}, then Z; (u)~ {o. +Pu,

——-. 2

v4(u)+1% +2ut g +ut}} by Lemma 2 and the fact that ZZF},%,,:-I—-p(uSt') ;

0ifl=i 0 ifl=i . .

X Fypy = . ., and Y Fy b, =4 . . Also from Lemma 2, the covariance is
m 1 ifl=i m uifl=i

COV 45 [Z; (u),Z;(u)] =] +2ut 5 +u>t} =b(u). Therefore,
k »2 1 k * 2
» XE[Z; (w)]- ;{__ZIE[Z,- (u)]}

i=1

= Sy (w)+ kel + Db g+l = k(7 Eh(w)+b(w)]
. IZE[Z,?(u) —%{);E[Zi(u)]ﬁ =k(1) +2ut,p +u’th)=kb(u)

o BE[Z (W ()]~ {ZE[Z WIHEZ ()] = Kz} +2ut gy +uPc} ) = Ko().

Hence

[b(u)dK(w) (3.53.3)

ARE(Q;'B:QAS) = .
I 2y 5(w)+b(w)JdK(u)

3.5.4 Local ARE for Method 4
Method 4 assumes parallel lines for all of the persons where the intercepts are random..

The covariate value for the iJth person at time u is estimated by

Z; (u)=a,; +[§u= PPV £, ¢ where Pim = (1- B; Jcipy + Biay, + [u— (1= B; )t; Jby, for
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I=1,...k;m=1,...,np Note  that ¢y, =1/mifl=i, zero otherwise;

k k -
Ay = [$B; + Vi) (1= B;)—vt,, ]/ (ws—v?), w=YnB;, v=YnBi,
i=1

i=1
s=3307-In(1-BJS by =Wy - wi(1-B)-vE]/(ws—).  Also
22 P, =1 and ZZ imlm =4 for all i . If the truth is A4: Z,(u)=a, +Bu,

o; ~N(a,t2), by Lemma 1, one gets Z{(u)~ N{a. +Bu,c* T3 P2, +12%(nP, )*},
Im 1

COV[Z(u),Z,(u)] = m P2 where n,P, —( )[u (1-B, )i, J(wi, —v)
ws—v
n;B;
+————B;(s—vi;)+(1-B,;) . Also,
(ws—v?)

k k n k k
. ZE[Z ()]——{ZE[Z (w)]}* =633 3 Bl +12 33 (n B )*

i=ll=lm=1 i=ll=1

o SE[Z}w)]-{SE[Zw]} =

ZE[Z (u)Z; (u)]——{ZE[Z (u)]}[ZZ (u)] == Zn,Pn-Thefefore

i=]

[f<? éniE,-dK(u)ﬁ
ARE(Q314:Q44) = . (354.1)
[k2dK(u) [[c* 55 3 P2, +12 zzm, B, )* JdK(u)

i=ll=1m=1 i=1l=1

If the truth is AS: Z;(u)=o; +B,u, (;i)~N2{(g),E,}, then by Lemma 2,

Z/(u)~ fo.+Bu, o ZZ o T2 an I+2‘taBZnI ,12 1mtlm+TpZ(Z Pintin)*}

I=1m=1
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n

and COVAS [ Z (u) Z (u)] n; ,,‘C + (unz ii nm lm)t af tu Z mnttmtlzi .

Therefore,
k *2 1 k& * 2
. EE[Z; (u)]—;{EE[Z; (u)]}

k k m

2 P2 4ries PR 2
=6’Y Y 2P, +12 2 20 B +2“a92[2("1 ,1)(2 lmtlm)]‘*“thZ(ZPmtbn)

i=ll=1m=1 i=1l=1 i=1 I=1 i=ll=1 m=1
o SE[Z}w)]-(SE[Z W]} = k(x} +2utey +u’c}) = kb(u)
o SE[ZWZ(w)] - (SE[Z (WIHELW)]

k k
= ZniP'iTg + X (un PI Z iim mn)ta.B +u2 Z iimbim®

i=1 i=1 m=1 i=lm=1

ARE(Qjga:Q4s) =

k =2 k= & kn 2 2
{ar ZniPiﬁ + Z( un;P; + ZPiimtim)‘:aB +uZ ZPiimfim“ pJaK(u)}

[kb(u)dK(u)f{c? ZHZMEBIM +12 zum i +2“ap Z[ Z(nan)( EEzmtzm)] '*'“p ZHZI( ZBzmtzm} JdK(u)
=)= i=l=1 R i=li=1 m=1
(3.5.4.2)

3.5.5 Local ARE for Method 5
Method 5 assumes different lines for every person where the intercepts and slopes are

random.. The covariate value for the ith person at time u is estimated by

* A o LAY .

Zi(u)=o;, +B; u=2 ZI)Q,-,,,,X wm Where Q. is the (Im)th element of O,
I=1me=1

Q0,=a/Z. '] G, +a, (I, -2, 'S LT E3T) ' T2, and a/'= (1 u).

Tas
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If the truth is AS: Z(u)=o; +PBu, (;i)~N2((;J,E,}, then by Lemma 2

Z/(u)~ {o. +Pu,c Z ZQ:Im +12 2"1 O +2T o anQu ZQlImtlm +13 Z(ZQIImtIm)z}

I=1m=1
* —_— —_— n n
and COV 4s(Z; (u),Z;(u)] = n,0;1> +(um,Q; + ZQiimtim}Tap +u ZQiimtim'clzs .
m=1 nm=1
Therefore,

. ZE[Z ()]——{ZE[Z (u)J}

i=1 i=1

k k m

=6y Y Y05, +12 Z):nz O +214 Z[Z("tQ.l)(ZQ;bntbn)]"'T B ZZ(ZQM%)z

i=sll=1m=1 i=1l=1 i=ll=1 m=1

. Zi;E[Ziz(u)]—i-{;E[Zi(u)]}z = k(2 +2ut gy +utid )= kb(u)
J ?E[Zi.(u)zi (u)] - %{ZE[Z;(")]}[ZZ: (u)]

=210 o + Z(unQ + X Oimlim Siop +UX 2 Qiimlim
i=1 i=1 m=1 i=1m=1
Hence,

ARE(Qpzs: Qy4s) =
Dl = L 2 2
{I[Z"iQiﬂ +Z(lmiQii+ ZQii»Jim)fag +"Z ZQiin}mTp]dK(u)}

[kb(wdK(w)] 625 % 3 08 412 5 2 n0F + 20 of E[Z(an.z)( zQ,,,,.t,,..)J +1} T3 ZQ.bn’m)z}dK(")

i=li=1m=1 i=1l=1 i=ll=1 m=1
(3.5.5.1)

Usually, the measurement error model is assumed to be unbiased, linear, and the
measurement error is independent of the true covariates, i.e. Z,.'( t)=2Z,(t)+C,;(t) where

Ci(t)~N(0y?) isthe measurement error, and Z;(7) ~ N(n,,t2). The relationship
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between Z;(t) and Z,.‘ (t) for the PEB estimators (M4,M5) is different from above model. It

can be described as

., COV([Z;(u)Z (u)] _COV[Z;(u),Z; (v)]
L=z G iz ey ELAWT ) (3.5.5.2)
. COV*[Z.(u),Z; (u)]
. ~ 0 , , = . - ! !
where &;(u)~ N{O,Var[E;(u)]}, VAR[E;(u)] =VAR[Z; (u)] ARIZ (0]

and COV [Z,(u),£;(u)] = 0. Note that PEB is also an unbiased estimator in the sense that
E[Z (u)] = E[Z;(u)],butnot EfZ] (u)] = Z;(u) .
It is found that the PEB estimator is not to fluctuate around the true covariate, but to

COV[Z,(u)Z; (u)]
VAR[Z(u)]

shrink towards the mean value of the true covariates by the factor

3.5.6 Local ARE for Method 6

Method 6 is the last value approach, i.e. Z,-' (u)=X,(t,) where u is a failure time for
any person, f; is the last observed time prior to u for the ith person. Assume the observed

times are fy,..,0,....L,r If t; <u<tj,y, then 2, could be t),.., £, or £; that depends on where the

last covariate was observed. Assume E(7,, )= E(t,), Var(t,)=Var(t,) fori=1, k.

If the true condition is Al: Z,(u)=o + Pu, then for any given time u,

o Z(u)=a+Bt;, +e, ~ Nfo +BE(t,),0* +B*Var(t, )}

k 2 1 k * 2 2 2
. _}_:lE[Z,- (u)]—;{zllE[Z.-(u)]} =k[c”+B Var(1,)]

o TZ(w)-[ZZ ()] =0
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o SE[Z](WZ(0)]- L {ZEZ (I Z,(w)] =O.
Based on (3.4.15),

02
=0
Ox [ kfc? +BWar(t,)]dK(u)

ARE(Q6:041) = (3.5.6.1)

since there is no variation on the true covariates.

If the truth is A2: Z,(u) = o; + Bu then

o Z/(u)=a,; +Pty(u)+e,, ~ N{o, +BE(t,).0% +BWar(t, )}
k *2 1 % .

» YE[Z (u)]—;{ZE[Z,. ()]} =k[c? +BWar(t, )] +To? - kx>
i=1 i=1
=k[c?+BWar(t,)+v2 ]

o TZ}w)-[SZ,(W)] = To} - kT = v}

ZE[Z,-'(u)Z,-(u)]—%{Z_E[Z,-'(u)]}[ZZ,-(u)] = kv .
From (3.4.15), the local ARE is

JvidK(u)
[[c?+B*Var(t,)+v2 JdK(u)

ARE(Qyy6:Q04) = (3.5.6.2)

If the truth is A3: Z,(u)=a; + B,u, one gets that

o Zi(u)=o,; +Bti(u)+e, ~ Nfo, +B,E(1,),c> +Bar(t, )},

k *2 1 X * 2
. EE[Z,- ()] = {LE[Z; ()]}

i=1

=kfc? + %z BiVar(t,) +vZ +2vg E(t, )+ Vi [E(1,)]* }
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. ZZ,?(u)—%[Z_:Z,-(u)]z = k(vZ +2vgu+viu®) =ka(u)

o SE[Z(wZ(w)]-(SE[Z (WHEZi(w)]

=k{ve +[u+E(1,)]veg +uE(t, )vg 3.
Therefore,

[§{ve + [u+E(t,)]vep +uE(t, v} JdK(u)]*
[a(u)dK(u)[{c? + %Z B2Var(t, )+v2: + g E(t, ) +vj [E(t,)]* }dK(u) .

ARE(Q16:0 13) =

(3.5.6.3)

Assume f,, is uncorrelated with o; for all # and all i If the truth is A4:
Z(u)=a,+Pu, o;~N(a1l), then Z (u)=a,;+pt,(u)+e, ~ Nfo+BE(t,),

c%+12 +B%War(t,)}, and

k 2 1 % *

o TE[7 ()] {EEIZ; (W]} = k[o* +c% +BVar(,)]
i=1 i=1

o TE[Z}w)]-{SE[ZW)]) = ke

o TE[Z](WZ ()]~ {ZE[Z; WHEZ ()] = kel

It follows that

2
* dK
ARE(Qy16:044) = JrodK(u)

[{c? +1% +BWar(t,)]dK(u)

(3.5.6.4)

Assume f;, is independent of o; and B, for all # and all i If the truth is AS:

Zi(u)=a,; +Bu, (;:) ~ Nz((;),zt}, then
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© Zi(w)=a; +Bity(u)+ey, ~ Nfo+BE(L,), 0% +12 +2E(t, )t +Var(B,t,, )},

. iE/Z!z(u)J—%{% E[Z(w)]}* =k[c® +1] +2E(t, Jv .5 +Var(B;t,,)]
i=1

i=1

. ;E[Z,-z(u)]—%{IZE[Zi(u)]}z = k(1] +2utyy +u't} ) =kb(u)

o SE[Z/(WZ,(w)] - (SELZ (W Zi(w)]

=k{t2 + [u+E(1,)Jt o5 +uE(t, Ji % }

Therefore,

[J{t5 +{u+E(t, )}t o5 +uE(t, i3 JdK(u)]?
[[c® +13 +2E(t, Juop +Var(P;ty, )JdK(u) [b(u)dK(u)

ARE(Qi6:Qus) = (3.5.6.5)

where Var(Bt,,) = [E(t,)]*; + BWVar(t, )+t iVar(1,).

A summary of these local AREs is given in Table 3.1. One notes that (1) if there is no
variation for the true covariates (A1), then the covariate is not associated with the failure
time. If the covariates are estimated by a common point (M1) for all persons at a fixed time,
the misspecified score statistic is zero which can not detect any relationship between the

covariate and the failure time. (2) To calculate these local AREs, one needs to solve
[dK(u), [ udK(u) and | u*dK(u). (3) The ARE for method 6 depends on where the last

observation is obtained for person /. (4) The calculation of ARE for M6 requires to evaluate

the integral over every time period where a failure occurred, for example,

t _ el e . . . o
jto E(t,)dK(u)= Y jj’ E(t;,)dK(u) where t;, is the observed time point for a failure

J=t

occurred in time period j. (5) The real interest for the AREs derived in this section is to
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compare the efficiency of the misspecified score statistics obtained by different estimation
procedures which can be obtained by the ratio of two AREs. Let ARE , ( Q;,‘ : waj ) denote
the local ARE for method i relative to method j when the truth is A4;. For example,

ARE 4,(Oxss:Orsa) Tepresents the efficiency for M6 compared with M4 when the true

ARE(Qvs'Ous).
ARE( Q;M :044)

condition is A4. It is computable by ARE 44 (Qure:Orra) =
3.6 Local ARE for Two Special Cases
3.6.1 Casel .

In Section 3.4 and 3.5, the ARE derived are for the same number of true and estimated
covariates. It is observed from the real data that some people might have less than 3
observations. It is interested to see whether including all of the subjects into analysis would
give higher ARE compared to excluding subjects who have only 1, 2 or 3 observations.
Under this scenario, the number of subjects for the study population (%) is different from the

number of subjects for estimation (k‘). The ARE under this situation needs to be modified.

*

Assume that k and & are sufficiently large, and -Ii— —>p(0<p<l),and 6 = O(k™?).

From (3.4.13) and (3.4.14), the correct score function with sample size k follows

kiU (0) 2> N{EV 0SS 28 3 (3.6.1.1)

where 0 = O(k™2), igjj=%jg(ﬁE[Z,?(t)]—%{"ZE[Z,.(U]}2 JdK(t), and dK(t)=

Ey_o[Y(1)]\o(2)dt . The misspecified score function with sample size k follows
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«1/2

ETUN0) 25 Nk

o2

ei‘(?:- lis:-}

where 511, == [{{S (2] (0)2,(1)] - X S E12; (]S ELZ, ()13 1)

g™ ¢ K *2 1 K *
£, = R(ZELZ] ()] - (S ELZ (1] aK (1),
It follows that
(£, g

ARE(Q":0)= ARE{K™ " U" (0):k™V2U(0)} = THge T

.
0, <0,

3.6.2 Case I1

(3.6.1.2)

(3.6.1.3)

When the covariate estimation is restricted to using only prior covariate information, it

is possible that some people’s covariates would not be estimable for failures occurred in the

early stage of a study. For example, method 3 requires at least 2 observations for every

person in study for covariates estimation. If a failure occurred right after the first follow-up

time, then some of the study subjects might only have one observation due to missing to be

interviewed at baseline time. The same issue occurred for the last value estimation, too.

Under these scenarios, the number of subjects that are usable for analysis is changing along

with time.

Assume there are k, persons whose covariates are estimable between time (0,11, and

k, between (1,,t,], ..., k, between (¢,,,2,] where f,=t, and there are % persons in study.

Assume that k£, , k,, and k are sufficiently large.
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From Andersen and Gill’s work, one knows that the correct score function with sample
k
size kis k~V2U(®,.)= j'(',Z[Z,- (t)-E(0,t)]dN,;(t) which converges weakly to a Gaussian

process such that each component has independent increment (Andersen and Gill 1982,

Theorem 8.2.1 Fleming and Hamington 1991). Therefore, when 6 = O(k™"2 ), the correct
score process to time ¢, for the independently but not identically distributed random variables

with sample size & is
kV2U(0,t,) = k™V2 ;i;& [Z;(u) - E(0,u)JdN;(u)—2—> N {kV?0Z* (1, ),.Z* (1, )}

(3.6.2.1)

where fg#(t1)=%(',‘(“‘EE[Z,?(t)]—-};{zt)E[Z,-(t)]}z)dK(t), based on (3.4.13) and

Taylor’s expansion.

Based on above facts and similar arguments in Section 3.4, one can derive that the
misspecified score function from time #;, to time #; with sample size k; is

ki-l/zU’(ti_l,ti) D N{kil/2e§ ‘::i’:} (36.22)
g Y] 1 t k * 1 k, * k
where £4f =-{1 (X E{Z}(1)2,(1)] ~- 3 ELZ;()]% ELZ,()]}dK(1)
i Jj iJ 7
e 1 P k; 2 1 ky * 2
S5 =1t (SELZ] (1] - {(SE[Z; (1) DK (1),
i J i J

In addition to (3.6.2.2), k; ig*e t,_;:t;) is independent of kJTWU *(t -ty ) fori# j.

A commonly used incorrect score function is
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k' o *»®
-2 =12 Pt
kAU (0) = k zU(Lly)——erzJ; ,zkzq} (3.6.2.3)

where 8 = O(k™2 ), k; and k are sufficiently large.
A better statistic based on above is the minimum chi-square estimator. Since

[k—l/2U (t,—lr ') kl/262 ‘#]2 b

o >x? with degree of freedom 1, it follows that

0;

a [k—l/ZU (t_ , ) kVZez’#]Z
i-1%i D 2 .
0= 5= >x“ with degree of freedlom a. When one

i=1

]

M
o

~ a
minimizes Q) with respect to 8, one obtains 6 =%
i

*
»

kz;#2
LU (t,0t;) —i,-;;— Therefore

0

Ml
o

the minimum chi-square estimator for the incorrect score is

Ml

a a k5
k2§ = k”[zf. U (,:1,) / PR Nk, k—'f,,;z—} (3.6.2.4)
H ol

0, aio’

T =%

i Z

where the limit of V%0 is 6°.

3.7 Illustration
Assume (1) the baseline failure time is an i.i.d. uniform distribution over the observed
times [fy,,,]. (2) fixed type I censoring at time 12, and (3) the failure time is independent of

the intercepts (o;) and the slopes (B;). It follows that dK(u)= E,_o[Y(u)]\o(u)du =
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Jr,(u)du where Jr(u)= , 1, Su <t,, since the expectation on Y(u) is evaluated at

tm_O

B=0. Therefore, [dK(u)=1, [i"udK(u)= %(to 1), [mu?dK(u) = %(tg t1 1),

3j2+3j+1

1 j+1 2j+1
, [T udK(u) = .
IJ ( ) 3(tm_to)

1, —1, St —1,)’

j}*‘dl{(u )= and jj.'*‘ wdK(u) =

Based on these three assumptions, the example data described in Chapter 2 is applied to
compare the AREs among the fixed-effect, random-effect and last value estimators when the
truth is A4 or AS. It is observed that some persons have less than 3 observations, and some
have all missing values for this example data. It would be interesting to see whether
including all of the data from every person would give higher ARE compared to excluding
persons who have only 1, 2 or 3 observations. Let k" be the number of persons used in
analysis, k be the true number of persons in a study. From (3.6.1.3) the local ARE of a test
based on a misspecified form of the covariate process with k" subjects relative to the test

based on the true covariate with & subjects is

. (23 ) K
ARE(Q :Q)= —F—S5 X —
(0 :0) ST
l c k. . 1 k. . k‘ 2
[k—.fo{ZE[Zi (t)Zi(t)]-k—. 2E[Z; ()] E[Z;(1)]}dK(1)] .
_ i=1 i=1 i=1 .2

1k, 1k ) 1 e K a2 1 K .,
{;IO(ZE[ZI' (t)]"'k'{ZlE[Zi(t)]} )dK(f)}{k—.Io(ZE[Zi (’)]'k_.{ZE[Zi (1)]}°)dK(t)}
i= i=1

i=l i=1

Results of the ARE comparisons are given in Table 3.2A and Table 3.2B.
For this example data, it is found when the truth is random parallel lines, a data analysis

including persons with at least one observation has the highest ARE among analyses
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including persons with at least 0, 1, 2, or 3 observations. If the truth is random different
lines, a data analysis including persons with at least 2 observations has the highest ARE.

When the true covariates are random parallel lines, the last value estimator is about 95%
as efficient as the random parallel lines estimator. When the true covariates are random
different lines, the last value estimator is 70% as efficient as the random different lines
estimator where at least 2 observations per person is required for analysis. The fixed-effect
estimator is as efficient as the random-effect estimator for both parallel lines and different
lines models..

For this gxample data the random-effect estimators do not have significant effect on
improving the covariates estimation compared to the fixed-effect estimators. That is because
the covariate estimates are about the same by both approaches for this data set. If there were
extreme values in the data, it is expected that random-effect approach would have higher
ARE than the fixed-effect approach since it will shrink extreme values to the correct amount,
and hence provides better estimation.

The failure mechanism would affect the ARE results. A uniform failure rate is assumed
in the analysis. If failures are more likely to occur in the middle of a study, one would expect
the gain in efficiency to be larger for random-effect or fixed-effect models relative to

carrying the last value forward.
3.8 Summary

This chapter explored the effect of measurement error on the parameter estimator for the

PH model. Hughes (1993) and Raboud et.al. (1993) have worked on the adjustment of the
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naive parameter estimator for the time-independent and time-dependent covariate
respectively. Linear measurement error models and Gaussian distributions for the error and
for the true covariate were assumed.

Lin and Wei (1989) derived the asymptotic distribution of the naive parameter estimates.
They found that the inverse of the second derivative of the misspecified partial likelihood
(where covariate is subject to measurement error) is not a proper covariance estimate. They
proposed a robust score test for testing no covariate effect.

Lagakos (1988) has shown the local ARE for testing no covariate effect based on a
misspecifed fqrm of the covariate process relative to correct form. The distributions of the
failure time, true covariate process and the misspecified covariate process are restricted to be
iid.

Prentice (1982) has showed that measurement error on covariates lead to biased
estimates for the PH model, and has derived the induced partial likelihood (PL) to account

for the measurement error on the covariate. The induced PL depends on the knowledge of

Efexp[0'Z,(t)]|IT 2t,Z *(t )} which is usually dependent on A,(7), the nuisance baseline
hazard function. Taiatis et.al. (1995) have applied Prentice’s induced PL to model the
relationship of survival to CD4 counts in a clinical trial. Under Gaussian and linear
assumptions for the observed and true covariates, they approximated the induced PL to the
first order. The likelihood they used turned out to be Cox’s PL where the covariate are the
EB estimates. The effect of misspecification of the PL was not quantified.

This chapter has derived the equation for adjustment of the naive parameter estimate for

the T-D PH model based on counting process methods. Neither the linear relationship
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between the true covariate and the misspecified covariate nor Gaussian distributions for the
error and the true covariate are required. The i.i.d. assumption for the failure time, true
covariate and the estimated covariate are also not necessary.

The local ARE for the test based on the misspecified covariates relative to the true
covariates is generalized to allow that the failure time, true covariate and the estimated
covariate are independently distributed, but not i.i.d. The ARE for two special cases where
the number of covariates differs for the true covariates and the estimated covariates are
derived. The results are applied to compare the ARE for the proposed estimating
procedures.

The example data has shown the improvement of the ARE of testing no covariate effect
by using the random-effect estimator and the fixed-effect estimator than the last value

estimator.
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Table 3.1 ARE of testing no covariate effect for covariates estimated from M2-M6
relative to the true covariates A2-AS5
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§ (21 di(w) +v2 )R (w)
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Table 3.2A ARE for covariates estimated from M2-M6 relative to the truth, A4 or A5, for
subjects with at least 0, 1, 2 or 3 observations for the example data

Truth A4 AS

Method\#n; | >00bs >10bs >20bs >30bs |[>00bs >10bs >20bs >3 obs
M2 0.84 0.84 0.64 0.43

M3 0.56 0.56 0.56 0.44
M4 0.83 0.84 0.64 0.43

MS 0.55 0.56 0.58 0.44
M6 0.79 0.79 0.60 0.40 0.33 0.33 0.40 0.39

Table 3.2B ARE comparisons among covariates estimated from M2-M6 when the truth
is A4 or AS for the example data

AREMi:Mj)

Truth Methods 21 obs =2 obs

Mé6:M4 0.95
A4 M2:M4 1.00

Mé6:M2 0.95

M6:M5 0.68
A5 M3:MS5 0.97

M6:M3 0.71
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Chapter 4

The Relationship of Covariate Estimation and Covariate History

4.1 Introduction

To estimate a missing covariate at time 7 in the Cox PH model, often one restricts the
estimation based on the covariate information prior to f only. The reason for this restriction
was pointed out by Cox and Oakes (1984, pp116) that “it is not permissible in mathematical
arguments (for the hazard function) to condition on the entire realizations of the (covariate)
processes Z(1), for their value at a specific time #, say, will carry information about the
failures that occur in #<#y”. This is probably the reason that the last value estimation is in
such popular usage in T-D survival data analysis (Prentice and Kalbfleisch 1979; Farewell
1979; Gail 1981; Prentice et. al. 1982; Prentice 1982; Lipid Research Clinics Program 1984;
Gaynor 1987; Aitkin 1988; Raboud 1993; Altman et. al. 1994 ).

However, Pepe et. al. (1989) has noted that “ in some situations the hazard conditional
on all covariate measurements rather than on all measurements taken prior to ¢ could be of
more interest. Some gains in efficiency might be obtained with this approach provided that
the process of making the measurements contains no information about the follow-up history

of the individual”. Raboud et. al. (1993) and Altman et. al. (1994) have proposed centered
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line smoothers and linear interpolation methods respectively, for a more accurate covariate
estimation. Both proposals used the covariate information after time 7 to estimate a missing
covariate value at time . However, no justification of its applicability was given.

If the covariate information after time ¢ could be used for estimating missing covariates,
it is expected that the covariate estimated this way would have smaller MSE than that
estimated using only part of the covariate information, and furthermore, to get a more
accurate estimation for the parameter in the PH models. This chapter will address the issue
when the covariate measurements made after time # could be used to estimate the covariate at
time 7. The assumptions on the covariate made in this dissertation will be discussed in this
chapter. Section 4.2 will quantify the ARE of testing no covariate effect by using the entire
observed covariates relative to using only the prior observed covariates for an example data
set. It will also study other properties of the estimates using only past covariates. The
conditions where the estimation can be based on the whole covariate process will be explored
in Section 4.3. Section 4.4 will study assumptions on the covariates made in Chapter 2 and 3.

Section 4.5 will summarize this chapter.

4.2 Disadvantages of the Covariate Estimates Using Past Covariate Only

Suppose there are no further observations after the event occurred (for the event
persons). Let type A subjects be the failure persons whose event time is #,, type B subjects
be the failure persons whose event time is after time #,, and type C subjects be the censored

persons whose censoring time is at or after time ,. In the T-D PH models, when failures
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occurred at time £,, one needs the covariates values for all of the type A, B and C subjects
(they are at risk at time 7)) to estimate the risk coefficients.

If the covariate estimation is restricted to using only prior information for type B and C

subjects, then the estimated covariates process, {Z,-'( u)0<u<t}, by procedures Ml

through M5 are time-dependent coefficient processes. For example, the estimated covariate
. * A oy ~ by .« . .
from M5 is Z( u)=afz': +Bgu where a;’:, Bf}; are empirical Bayes estimates that

depend on failure time ¢, the spacing of the observed times for all subjects, and the estimated

A2 A
R To Ty
covariance matrix, £, = Pz . Under this restriction, implementation becomes an
Tap Tp

issue. One notices that at least 2 observations per person are required for estimation based on
M3, at least 1 per person and at least one person has 2 observations for M2, as well as at least
one person has 2 observations for M1, M4 and M5. When a failure occurreci shortly after
entering into a study or when there are missing observations, it is likely that subjects would
only have one or very few observations. In such cases, one either can not use M1-M5 for
estimation or the estimates would not be precise. The example data described in Chapter 2
demonstrates such difficulties when failure occurred between 1 to 3 months after entering the
study.

Under this restriction, implementation also becomes more complicated. One has to
compute the intercepts and slopes at every failure time for persons at risk. These estimations

may not be feasible if PROC MIXED is involved and it fails to converge. It follows that the
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T-D PH models become very tedious and difficult to implement by the current available
software.

It is suspected that parameter estimates using past covariate information would have
bigger variances compared to estimates using the entire information because of sample size
differences. When A4 is the truth, assuming failure time is distributed uniformly in (2,12)
months, the AREs of using the entire covariates and using only past covariates for persons
with at least one observation are given in Table 4.1. It shows that using past covariates is
about 90% as efficient as knowing the truth, and using the entire covariates improves this
efficiency to 94% for M2 and M4 estimation.

These iniplementation difficulties and less efficient properties of using only past
covariate history have motivated us to investigate the conditions where the entire covariate

information can be used for estimating missing covariates.

4.3 Covariate Estimation Based on the Whole/Past Covariate Information

Let A(t) represent the complete history of the study up to time 7. It includes all failure,
censoring and covariates information up to time £. Let Z(u) denote the covariate value at
time u, Z(t)={Z(u):0<u<t} be the covariate information up to time # Z(#) be some
scalar valued function of Z(7) . Let Z = {Z(u):0<u <1} be the collection of all covariates,
t be the end time of a study, and Z be some scalar valued function of Z. Let
X(u)=Z(u)+<(u) be the observed covariate-with-error, Z *(u) be a function of X(u) such

as Z"(u)=X(u).Define Z"(1)={Z"(u):0<su<t},and Z* = {Z"(u)0<u<1}.
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As described in Section 1.2, roughly speaking, the time dependent covariates can be
classified into two categories, external and internal covariates, which depend on the
relationship of the event to the covariates. The decision of choosing whole or past covariates

for estimation will depend on the nature of the covariate.

4.3.1 External Covariate

External covariates include fixed, defined and ancillary covariates. A fixed (time-
independent) covariate such as gender has only one observation for each individual. Using
whole or past covariates is not an issue for this type of covariate.

For a defined covariate such as age, the total path is determined in advance. There are no
missing values for this category as long as at least one observation per person is available.

The characteristic of an ancillary covariate is that its process does not involve the

information on failure time, such as the cumulative concentration of asbestos on lung cancer.
For this type of covariate, P{Z(t+ds)|H(t)] = P[Z(t+dt)|Z(t)] . Since Z does not carry
information on failure time mechanism, the hazard is defined as M1 Z,0 )dt

=P{Te[tt+dt)Z0,T>t # (Kalbfleisch & Prentice 1980), and the estimation based on
the whole covariate process is legitimate. Therefore, for a missing ancillary covariate at time

1, the estimation for all types of subjects at risk should be based on the whole measurements
made in a study (Z ) rather than based on the measurements prior to time f only. The

estimates obtained by using Z would have smaller variances than using only Z(t ) provided
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no model misspecification. It is expected that the ARE for testing no covariate effect would
be higher by using Z .
This implies that investigators should collect the measurements of the ancillary

covariates until the end of a study on all of the subjects.

4.3.2 Internal Covariate

An internal covariate is more complicated in the sense that it affects, and is affected by,
the failure mechanism. In other words, the marginal distribution of Z(%) involves parameters
of the failure time model. Its covariate process carries information about the failure time
experience.

By the nature of the failure event, one notices there are two types of internal covariates.
The type I internal covariate’s value is not of interest after the event occurred such as CD4
cell counts to death (Tsiatis et. al. 1995), Bilirubin and Albumin level to death (Altman et. al.
1994). The type II internal covariate’s value has meaning even after the event has occurred,
such as blood pressure to non-fatal heart attack. The following discussion will be focused on
the type I internal covariate unless stated otherwise.

This dissertation has assumed the PH model,

MUZ(t)} = Ay(t)exp[OZ(t)] . (4.3.2.2)
Since Z(?) is not observable, one estimates Z(t) by Z *(t), and hence estimates A{#|Z(?)}
by

MIUOZ(1)} 2 Mo(1)exp[OZ° (t)] (4.3.2.3)
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where 2 is read as “is estimated by”. Note that 6 estimated from (4.3.2.3) is a biased
estimator of the truth, but this is how T-D survival analysis has been dealt with in practice. It

is important to find a good approximation of (4.3.2.3) such that the bias is minimized. This
implies that one should estimate Z”(¢) as close to Z(t ) as possible.

If one models Z(1) correctly, the residual r(t)= Z"(t)— Z(t) behaves like random noise
with zero mean. It is assumed that given the truth, the residual has no effect on the failure
mechanism under correct modeling. That is,

MNZ(1),Z7 (1)} = MU Z(1),Z° (1)~ Z(1)} = MU Z(1),r(1)} = MAZ(1)} . (4.3.2.9)
Note that k{t|Z(t),Z'(t)}=7»{1|Z(t)} indicates that Z'(7) estimated by incorporating
future covariate information (information subsequent to time £) is not an issue, since the use
of future covariates does not provide information other than the truth at time 7. The ARE
derived in Chapter 3 can be used as a criterion to evaluate how good the approximation in
(43.23)is.

However, if one mismodels the covariates, the residuals will reflect the misspecification
and hence using future information could be prognostic to the past failure experience. It
follows that the risk coefficient estimated from (4.3.2.3) could be very biased.

The impact of this is that for type B and C subjects who are at risk at time #, with
covariate values measured after that time, these values could be used to estimate the
covariate value at time #, for persons at risk. For people who are censored, all of the

observations are usable.
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The score statistic and ARE derived in Chapter 3 were based on using past history.

Could the use of future information affect their validity ? By the Law of large numbers, the

T Zi(t)

second term of the score function, k~V2U'(0)=k""? ED[Z,-‘(t,. )—jiR("—)Z—l—— ],

JeRr(1;)
converges to a constant. Hence, the asymptotic variance of kY2U(0) is contributed only
by the covariates of type A failures. For type A failures, one only obtained past covariate
values, and used them for estimation. The use of future information for type B and C
subjects does not affect the asymptotic properties of the misspecified score statistic.
Therefore, the. distribution of the score statistic and the AREs derived in Chapter 3 are still
valid even one uses future information to estimate missing covariates. Surprisingly, for type
B and C subjects, the use of the entire information is asymptotically equivalent to the use of
past history only. For finite sample sizes, gain in AREs by using the entire information is
expected as the second term is a random variable with expected smaller variance with more
data points available for the covariate estimates.

Suppose #, <1,, ?, the event time for type A subjects, and #, the event time for type B
subjects. For a failure occurring at time #, if the event of interest is not death, one might
observe covariates even after time #, for type A subjects (type II internal covariates). If one

knows the correct model for the whole covariate path, one could use the entire observed
covariates to estimate Z (7) for people at risk at every failure time provided with

MU Z(t),Z" (1)} = AM{t)Z(t)} . However, if one does not know the path of the true covariate,

using the covariate information up to time #, for type A subjects, and to time #, for type B
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subjects is preferable. There are several reasons to support this argument. First, when a
failure occurred, an internal covariate is likely to change its trajectory in the sense that the
covariate path is not smooth (not continuous or the second derivative does not exist) at the
failing point. Model misspecification is more likely to happen if one uses covariates after
time 7, (¢,) for a type A (B) subject. Second, one might not observe covariates after time ¢,
(#,) for type A (B) subjects for type I internal covariates. Third, the PH model does not

require the covariate values after time #, (#,) for a type A (B) subject. Fourth, using the

whole covariate process (Z ) relative to using covariate process up to the failure time (Z (1))
may not provide substantial improvement in efficiency even if the trajectory after the event
is modeled correctly.

For robustness (against model misspecification) and precision consideration, this
dissertation has adopted the rules that for an internal covariate estimation is to use all
covariate information up to the event time 7, (¢,) for a type A (B) subject, and use all
information for censored subjects. For an external covariate estimation, one would use all of

the available information for all subjects.

4.4 Assumptions on the Covariate

In Chapter 2, one has assumed (1) additive measurement error model:

X;(t)=Z,(t)+¢;(1), (2) normality and homogeneity: €;(¢)~ N(0,6%), (3) linearity of
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the covariate: Z;(t)=o +Bf for M1, Z;(t)=o; + Pt for M2 and M4, Z,(t)=a; + B, for

2 OL,- o T:, Tap
M3 and M5, (4) a; ~ N(a,t ) for M4, and 8 ~N, 8) )
T

i

}} for M5.

op Tp
In Chapter 3, the derivation for ARE of a test using Z (t) relative to using Z(t)
requires that (5) Z(t), Z*(t) are J-predictable and locally bounded (such as left-continuous
with right-hand limits, Andersen and Gill 1982), (6) Z(t) Z *(t) have finite second
moments for all 7 €(0,7 ] . These assumptions are usually applicable in general applications.
In Chapter 4, one assumes (6) A{7Z(t),Z (t)}=A{11Z(t)}, the conditional
independence assumption, in order to use the future information for a better estimation on
the covariates. This assumption will be true if the residuals have no effect in prediction. The
applicability of this assumption might be able to be examined by the scientific facts. In many

cases this assumption is reasonable under correct modeling.

According to the extension of Gauss-Markov theorem (Theorem 1, Harville 1976), one
knows that under assumptions (1), (2), (3), and (4), Z (t) obtained by M1-M5 is an
essentially-unique best unbiased estimator (b.u.e) of Z;(r). When assumptions of

normality, homogeneity, and linearity are violated, properties of Z; (t) are discussed in this

section.

Theorem 1 (Harville, 1976)
Suppose y = Xo +Zb where y is a nx1 vector of random variables, X and Z are

matrices of known regressors with dimensions #xp and nxq respectively, o is a px1 vector of
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fixed unknown and unobservable parameters, and b is a gx1 vector of unobservable random
effects or errors. Assume E(b)=0,Var(b)=02D where D is known and positive definite.
Define V' =ZDZ', V™ be a generalized inverse of V. Let B be the realized value of the
random vector b, A =(X'V-X)" X'V y, B= DZV~(y—- Xa). Suppose Ao is
estimable. The estimator A,'d + A, ’ﬁ is an essentially-unique best linear unbiased estimator
(blue)of A,'a +A,'B in the sense that, if c+7'y is any other linear unbiased estimator
of A,'a.+A,'B, the MSE of A,’a +),2'[§ is less than or equal to the MSE of c+7'y with
equality holding if and only if c+r'y =4,"d + ?»Z’ﬁ with probability 1. Moreover, when y
is normal, ?»;’oi + Xz’ﬁ is an essentially-unique b.u.e. of A,’ct +A,’B. Note that the

unbiasedness of A,'G +A,’B is defined by

A

E(A/G+Ay'B)=E(M/a+A,'B) =2, L.

4.4.1 Additive Measurement Error Model

It is reasonable to believe that each observed covariate is subject to measurement error
due to variations among technicians, equipment, laboratories and repetitions. For
convenience, an additive measurement error model was used. If one believes that the
observations are the truth, without any measurement error, one could then estimate the
missing covariates in different ways. For example, one could use smoothing methods or

interpolating by the two nearest observations around the missing time.
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4.4.2 Normality

By theorem 1, one recognizes that when the errors, intercepts and/or slopes are not

normally distributed, the estimates, Z,-' (t), by M1-M5 under correct modeling are not the

b.u.e. among all statistics, but they are still the b.l.u.e. Note that for M4 and MS, the

unbiasedness means E[Z; (t)] = E[Z,(t)] , not E[Z,-'(t)] =Z(t).

For a continuous covariate, one may check its normality, and transform it to a Gaussian
distribution whenever is needed.

For discrete covariates, one may fit the generalized linear models (Zeger et. al. 1988).
The empirical Bayes methods are still applicable for discrete random variables. For this

dissertation, one assumes that the covariates are continuous.

4.4.3 Homogeneity

When the error distribution is not the same for all subjects, for example, £; ~ N(0,c 2)

for censored subjects, €; ~ N( 0,62) for failures, the covariate can be estimated by the

weighted least square methods. For example, the slope estimate for M2 would become

2 o 2 _—
07 D(Xtyx; —nmliX; ) +0; T(Xtx; —mi;X;)
ieC j ieD j

B=

2 2, 72 2 2. 2
7 X(Tty —nt’)+o; T(Tt; —ni;
ieC j ieD j

where C is the set for censored, D is the set for failures.
The errors within a person have been assumed independent given the true covariate

values. This assumptions can be easily generalized to correlated error structure. In both cases
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(nonhomogeneity and correlated error), although they are more complicated, the

computations can be carried out by PROC MIXED in SAS.

4.4.4 Linearity of the covariate

The covariate path studied in this dissertation is assumed linear in time, but this is just
for convenience, not a requirement. If one feels that the covariate has a curvature, a fit with
quadratic or cubic term can be implemented by PROC MIXED in SAS without difficulties.
In fact, one can even fit a non-linear mixed model (Vonesh et. al. 1992) if one feels it is
more reasonable. There is also no difficulty in calculating the AREs derived in Chapter 3, as
long as the first and second moments of the truth and estimated covariates are estimable.

While the linearity assumption is not always reasonable, a linear function is often a good
approximation over a fixed period of time. For robustness (against linearity) consideration, it
might be better to fit separate linear models within multiple time periods. There is a trade-off

between robustness and precision in terms of choosing how many periods for models fitting.

4.5 Summary

This chapter addressed the circumstances under which covariate information after time ¢
can be incorporated for estimating missing covariates at time £. If the future information can
be used, the estimates will be easier to be implemented, and will have higher ARE compared
to those based only on past covariate history for type B and C subjects, when the sample size
is small. It is shown that correct model specification is the key to use future information in

estimation, and for external covariates, all of the T-D covariate values are usable for all types
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of subjects. For internal covariates, use of all covariate values up to the corresponding failure
times for type A and B subjects, and use of all information for type C subjects are the
reasonable operational rules. Proper use of future information for covariates estimated for
subjects in the risk set at time #, who did not have an event at time ¢, neither affect the AREs
derived, nor the asymptotic variance of the misspecified score function.

Assumptions on the T-D covariate for this dissertation are also discussed in this chapter.
The observed covariates are assumed to fluctuate around the truth, and to be normally
distributed. Dropping the normality assumption, the empirical Bayes estimates are still
b.l.u.e. The true covariates are assumed to be linear up to the time the event occurred. This
linearity assurhption can be relaxed in theory, but implementation could be difficult

depending on the form of the covariate specified.
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Table 4.1 ARE of testing no covariate effect for M2, M4 and M6 relative to A4
by using entire and past covariates for the example data.

Method | ARE(Past:A4) ARE(Entire:A4)

M2 0.90 0.4
M4 0.90 0.94
M6 0.89 0.89
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Chapter 5

Llustration of Implementation and Efficiency of Methods

5.1 Introduction

This chapter calculates the expected MSE of the covariate estimates from the proposed
estimation methods (M2-M6), and applies these methods to calculate the risk coefficient, and
the commonly used misspecified score function for the PH models. Bootstrap studies are
performed to find the distributions of the risk coefficient and the misspecified score function
calculated above. The local AREs of testing no covariate effect using the estimated
covariates relative to the true covariates are implemented. The data set applied here is from

the Baltimore Longitudinal Study on Aging (BLSA) cohort. Programs are written in SAS.

5.2 Description of Data

BLSA cohort was a longitudinal study. Two thousand volunteers aged from 17 to 96
years old were enrolled into the study between February 1, 1958 and March 31, 1990.
Enrollees were followed up on an annual, 18 months, or biannual basis. The end date of the
study is March 31, 1990. Subjects are censored if they are alive after the end date or if they
withdrew from the study prior to that date ( random type I censoring).

An ancillary was conducted by investigators of Bowman Gray School of Medicine to
perform an age matched case control study where the Dehydroepiandrosterone (DHEA)
levels and physical examines were assessed on a subset of the followed up times. The goal is
to evaluate the association of plasma level of DHEA, a naturally occurring hormone made by

the adrenal glantls, with lower risk of heart diseases or death. An age-matched (for failures)
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subset of this ancillary including 542 persons is analyzed for illustration. Among them, 505
persons have at least one non-missing measurement on both the DHEA level and the
followed up times, and are used as the total sample size (k) in this illustration; 410 (81%)
have at least two non-missing measurements. Only 319 (63%) of them have the baseline
measurement. The distribution of the number of observations per person is given in Table
5.1. Tt is noted that there are 41% of the subjects with 2 or less than 2 observations for
DHEA. The total number of observations for DHEA is 1853. There was one tie of potential
failure time among failures, 15 ties among censored, and 3 ties between failures and
censored.

Variables involved for analysis are the person's identification number (/D), the T-D
covariate: DHEA level (DHEA,), follow-up time (7IME), response status (STATUS), and the
observed failure time (OBTIME). There are 4 types of responses at the end of the study: fatal
CHD, non-CHD death, non-fatal CHD, and unaffected individuals. For illustration, death is
defined as the event for this analysis. There are 324 (64.16%) persons censored. The
summary statistics for DHEA, TIME, and OBTIME are presented in Table 5.2.

5.3 Mean Square Errors of the Proposed Procedures

The averages of the square root of the expected MSE for a given person for M2-M6
when the truth is A2-AS5 are computed at time 1, 3 ,7.5, 15 and 30 years. Since the truth is
unknown, the parameter estimates under M2 is substituted as the parameter values under A2.
So is M3, M4 and MS for A3, A4 and AS respectively. The estimates from M3 are quite
imprecise (41% of subjects have 2 or less than 2 measurements), hence estimates from M5
are also used as the parameters values under A3. When one uses fixed-effect estimates as the
true parameters, the variation of the slopes and/or intercepts tends to be overestimated while
random-effect estimators tend to underestimate it. Therefore, the EQ(MSE) computed this way

are the upper bound or the lower bound for the truth. The results are presented in Table 5.3.
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These results indicate that M3 has the largest MSE among all of the methods under all
of the discussed situations. This may be caused by the small number of observations (#;) in
this data set. The random-effect estimators (M4, M5) have the smallest MSE under all
situations except when using estimators from M3 as the true parameters of A3. When A2 is
the truth, M4 and M5 are the shrinkage estimators and they have smaller MSE than M2,
although M2 is the b.u.e. Similarly, when A3 is the truth, the shrinkage estimators M4, M5
as well as M2 are better than M3. The last value approach (M6) is better than the different
lines approach (M3), but worse than all other methods for this data set. The different lines
approach is usually better than the last value approach. However, with very small number of
observations per person such as this DHEA data, it can be worse than the last value

approach.

5.4 Estimation of Risk Coefficient in the Time-Dependent Proportional Hazards

Models
Assume that the T-D PH model for the DHEA and death time ¢ is
A(t)=Ay(t)exp[6 x DHEA(t)] .
To compute the risk coefficient 0 , one has to impute the covariate values at every death
time, and then use PROC PHREG to solve for 6 . Method 2 - method 6 estimate DHEA by
M?2:DHEA(t) =&, + Pt
M3:DHEA(t) =&, +P,t
M4:DHEA(1) =G, + Pt
M5:DHEA(1) =4, +B, 1
last observed value of DHEA if available

Mé6: DHEA(t) = .
(1) {missing if there is no previous observed DHEA

Estimation of DHEA by M2 and M3 can be done either by PROC GLM or by a simple
program written in PROC IML based on (2.2.2.2) and (2.3.2.2). Note that at least 2

measurements per person is required for M3. Estimation by M4 and M5 can be carried out
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by PROC MIXED to obtain the empirical Bayes estimators:o“c,-EB , and ﬁ,-EB . Estimation by

M6 can be done by a simple program.

Estimates of the risk coefficient, their corresponding standard error, and the risk ratio
from PHREG for M2-M6 are shown in Table 5.4. These illustrations suggest that for the
BLSA population, the estimated hazard of death decreased by a factor of 0.61 ~ 0.77 per unit
increase in DHEA. Higher level of DHEA is protective against death at 0.0001 level.
However, one should keep in mind that this result is not a conclusion, but an illustration. The
association between DHEA and failure time is stronger using M4, M5 and M2 than M3 and

Meé.
Use of PHREG assumes that the covariate specified by the program is correct. The

reported standard error does not account for the measurement error, and hence is incorrect. A
bootstrap study with 1000 replications was performed to find the distribution of the risk
coefficient. The mean and standard error of the risk coefficient are presented in Table 5.5.
The standard derivations for the random effect models from the bootstrap study are the same
as the standard errors calculated by PHREG. The standard derivations are higher than those
calculated by PHREG for other methods. For M3, the increase is 43% (from 0.04 to 0.07).
The bootstrap macro (written in SAS) for the distribution of the risk coefficient is given

in Appendix A.

.5 Distribution of the Misspecified Score Function
A test based on the biased risk coefficient is invalid since the variance of it is not
available. However, a test based on the misspecified score statistic is applicable and is

performed in this dissertation. The misspecified score function accommodating to ties is
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d, T Zj(1)

k'”U‘(O):k-W:;D[s;(z,.)- ’E"(’gl ] (5.5.1)

Jjer(y)

where d; is size of the failure set (D;) at time £, s; = ZZ; (t;), and Z;( t;) is the estimated

b,

covariate at time #; for the jth person.

When 6 = O(k™V?), the asymptotic distribution of k~2U7(0) has been derived in
(3.4.14), but it is not computable since the truth Z(t) is unknown. A bootstrap study with
1000 replications was conducted to examine the distribution of this misspecified score
function. The bootstrap means and variances of the misspecified score for M2-M6 are shown
in Table 5.6: These results indicate that the random-effect methods have the smallest
standard derivations while the last value method the largest. The increase in standard
derivation is 33% for using the last value method.

The bootstrap macro (written in SAS) for the distribution of the misspecified score

function is given in Appendix B.

5.6 Asymptotic Relative Efficiency of Methods

If the truth of the covariate is A4 or A5, the local ARE of the score test using the
misspecified covariate (M2-M6) relative to the truth (A4 or AS) are computed based on
equations (3.5.2.3), (3.5.3.3), (3.5.4.1), (3.5.5.1), (3.5.6.4) and (3.5.6.5). The dK(?) in those
equations is approximated by S’(t )xé’(t)x i(t)dt =I€'( t)dt . Note that I%(t) is a step

function, S’( t)= t<t[ 1- ;; j ] where d(t) is the size of failure set at time ¢#,
#c(t;) . . . .
C( t )— 1'[ [ R, )] where #c(t) is the size of censoring set at time ¢,
i(r,-)=——("')—, RaK(w)2 SRt )t -1,), Fudkw)2 TR ~17)/2,
R(t; )(tiy 1) 4,04 ] 1,607 ]
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and [ju? dK(u)2 S K(1; )13, -3 )/ 3. Parameters of the truth (2,747} ) are based on
4L(0x]

the estimates from M4 or MS5.

The means and standard errors of the misspecified score statistic if the truth is A4
(parameters estimated by M4) or A5 (parameters estimated by M5), and the AREs described
above are shown in Table 5.7.

If the true DHEA follows a random parallel line (which is not true since the variation in
slopes is significant), using random or fixed parallel line approach is 80% as efficient as
knowing the truth, while using the last value method is 57%. The gains in ARE is about
30%. When the truth is random different lines, the random effect model still has the largest
(83%) ARE while the fixed different lines approach the smallest (7%). The gains in ARE for
random effect methods relative to the last value method is 35%. These results suggest that
using random effect methods reduce about 1/3 of sample size compared to using the last
value method.

The ARE for M3 is surprisingly low. This could reflect the very small number of
available observations. A study examining the AREs for at least 1, 2, 3, 4 or 5
observations/person for M2-M6 when the truth is A4 or AS was performed. The results are
presented in Table 5.8, which shows that for M3, with at least 4 observations for a person
gives the highest ARE. For other methods, with at least 1 observation per person gives the
highest ARE for this data. The small number of observations does explain part of this low
ARE effect for M3.

5.7 Summary

This chapter has computed the expected MSE for the proposed methods, the risk
coefficient, misspecified score function based on a Cox T-D PH model, performed a
bootstrap study, and calculated the AREs among procedures for a specific DHEA data set.

These illustrations showed the applicability of the equations derived in this dissertation, and
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suggested that for a data set with few available time dependent points, random effect
methods have much higher AREs for testing no covariate effect among the proposed
methods. For M3, a person with at least 4 observations results in the highest ARE. This
suggests that one might use weights based on the number of observations a person has for the
T-D PH models. One should not overinterpret the result since the sample is a matched

sample, and only one covariate is considered in the model.
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Table 5.1 Distribution of the number of observations per person for the DHEA data.

# of obs./person 1 2 3 4 >5
Count (total=505) |95 111 71 68 160
Percentage 19% 22% 14% 13% 32%

Table 5.2 Summary of the continuous variables for the DHEA data.

Variable

Description #of obs. Mean Max. Min. s.e.
DHEA the T-D covariate 1853 294 185 0.1 1.96
TIME the follow-up time (year) 1853 873 28 0 7.06
OBTIME | observed failure time (year) 505 15.53 3264 0.02 9.15
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Table 5.3 The square root of the expected mean square error at time 1, 3, 7.5, 15 and 30
years for M2-M6 when the truth is A2-AS for the DHEA data

Truth |u M2 M3 M4 M5 M6
1 0.81 2.17 0.75 0.77 1.24
0.81 1.95 0.75 0.76 1.25
A2 7.5 10381 2.48 0.75 0.77 1.27
M2) |15 0.81 4.86 0.77 0.91 1.36
30 0.82 10.45 0.83 1.41 1.87
1 1.85 2.10 1.91 1.80 1.24
3 1.60 1.89 1.65 1.56 1.46
A3 7.5 |1.70 2.40 1.71 1.69 1.64
M3) |15 3.23 4.70 3.20 322 228
| 30 7.20 10.10 7.16 7.14 5.36
1 0.74 2.13 0.76 0.71 1.22
3 0.71 1.92 0.71 0.68 1.23
A3 7.5 |0.69 244 0.62 0.61 1.24
Ms) |15 0.77 4.78 0.57 049 1.29
30 1.20 10.28 0.87 0.29 1.72
1 0.81 2.18 0.70  0.76 1.24
3 0.81 1.96 0.70 0.74 1.25
A4 7.5 10381 2.49 0.70 071 1.26
M4) |15 0.81 4.88 070 077 1.33
30 0.82 10.50 0.71 1.12 1.70
1 0.86 2.13 0.83 0.78 1.21
3 0.84 1.92 0.78 0.75 1.22
AS 7.5 |0.82 2.44 0.68 0.67 1.25
™M5) |15 0.90 4.78 0.62 0.54 1.33
30 1.29 10.28 0.92 0.31 1.79
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Table 5.4 Risk coefficient and the corresponding standard error, risk ratio, and P-
values for M2-M6 by PROC PHREG for the DHEA data.

Method  Risk Coef 6) se RR P-value
M2 -0.45 0.06 0.64 0.0001
M3 -0.26 0.04 0.77 0.0001
M4 -0.49 0.08 0.61 0.0001
M5 -0.47 0.08 0.62 0.0001
M6 -0.35 0.06 0.71 0.0001

Table 5.5 Mean and standard error of the risk coefficient for M2-M6 from a bootstrap
study with 1000 replications for the DHEA data.

Method Mean s.e. sample size ™
M2 -044 0.07 505
M3 -0.29 0.07 410
M4 -0.49 0.08 505
M5 -048 0.08 505
M6 -0.35 0.08 320

(a). sample size at the first failure time

Table 5.6 Mean and standard error of the misspecified score statistic based on a
bootstrap study with 1000 replications for the DHEA data.

Method  Score Mean s.e. sample size
M2 -7.26 -7.16 1.05 505
M3 -6.67 -6.54 1.13 410
M4 -5.47 -5.41 0.87 505
M5 -5.01 -5.02 0.80 505
M6 -7.53 7519 120 320
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Table 5.7 Mean, standard error and ARE for M2-M6 relative to A4 or A5 for
the DHEA data.

Method  Mean s.e. ARE sample size
M2|A4 -11.54 1.14 080 505

. M4jA4  -943 093 082 505
M6jA4® 1047 123 057 320
A4 1154 1.02

M3|A5  -822  3.22 007 410
MS5|AS  -7.60  0.85 083 505
M6JAS®  -9.08 125 0.54 320
AS 9.13 0.93

Table 5.8 ARE for M2-ME6 relative to A4 or AS for subjects with at least 1, 2, 3,4, or 5
- measurements for the DHEA data.

>1 >2 >3 >4 >5
Method ¥ ARE &k ARE k ARE k ARE & ARE
MZ|A4 505 080 410 069 299 053 228 041 160 0.29
M3|A5 0.07 0.07 0.14 0.24 0.21
M4|A4 0.82 0.70 0.53 0.41 0.29
MS5|AS 0.83 0.70 0.52 0.40 0.29
M6|A4 0.58 0.48 0.35 0.27 0.19
M6|AS 0.54 0.44 0.32 0.24 0.17

(a) ~=number of subjects with at least 1, 2, 3, 4 or 5 measurements at the first failure time.
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Chapter 6

Summary and Suggestions for Future Research

It is unusual in practice to obtain all of the covariate values at the time of each event
for an ancillary or internal covariate for the time-dependent Cox proportional hazards
models. A widely used approach is to assume that the time-dependent covariate remains
constant over measurements, and hence to impute the last available observation as the
needed time-dependent covariate. For those who missed their baseline measurements,
this approach is not applicable. In addition, the estimates could be very biased and
inefficient.

This dissertation proposed fixed and random-effect linear models as alternatives for
covariate estimation, and recommended the random-effect estimates. The random-effect
estimates are known as the empirical Bayes estimates. They are shrinkage estimators
which have smaller MSE than the maximum likelihood estimates, and they are
asymptotically optimal against the class of conjugate priors. The mean squared errors for
the proposed linear models, and the step function method were derived. It was shown that
the random-effect estimates have the least MSE compared to the fixed-effect and step
function estimates. This implies that the random-effect estimate is closer to the truth than
others ( its correlation with the truth is the highest) if the model is specified correctly.

With measurement error in the PH models, the incorrect score function no longer
provides unbiased estimations for the risk coefficient and the corresponding standard
error. For the time-independent PH model, Hughes has derived an adjustment factor for

the naive risk coefficient based on the incorrect score function assuming an additive
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measurement error model. When the true risk coefficient, or the variance ratio (y ) of
the measurement error to the true covariate is small, or the percentage of censoring is
high, 1+y is an appropriate adjustment factor. This indicates that the random effect
estimates could be the least biased estimates among the proposed procedures since it has
the smallest v .

This dissertation has derived the adjustment of the naive parameter to the true
parameter for a non-ii.d, T-D covariate case through the martingale approach. An
additive measurement error model is not needed for the derivation. Therefore, the
adjustment equation can be applied to the random-effect methods which are not additive
measurement error models. Adjustment for the variance of the risk coefficient has not
appeared in the literature. It is usually desirable to know the true risk and its confidence
interval. Further studies (especially focus on the variance) need to be done before this
adjustment method is usable for both estimation and inference.

Alternative to finding the unbiased risk coefficient and its standard error, the
commonly used misspecified score function was studied. Its asymptotic distribution has
been studied by Lagakos for the i.i.d. failure time case. This dissertation has generalized
it to the non-i.i.d. failure time scenario which was the case this dissertation encountered.
The AREs of testing no covariate effect using the imputed covariates relative to the true
covariates have been derived for the proposed methods.

The example of the time and number of covariates used in the BLSA ancillary data
is an example where the random-effect methods are the most efficient methods. The gain
in efficiency of using random-effect methods relative to the step function method is
about 1/3; this implies that using random-effect estimates can reduce the sample size by
1/3 compared to using the last available observation approach.

The fixed different lines approach is usually better than the step function approach,
but it is not true for this BLSA ancillary data. The small number of observations per

person (41% of subjects have 2 or less than 2 observations) is part of the reason for this
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unexpected phenomenon. A study examining how many observations a person should
have for achieving a higher ARE was conducted. The result showed that at least 4
observations per person achieving the highest ARE for M3. This small number
observations situation has little effect on the AREs for the random different lines
approach.

When covariate estimation is restricted to using only past covariate history, the
sample size changes across time. Under this scenario, the minimum chi-square estimator
was derived which is a better statistic than the commonly used misspecified score
function.

The ARE derived in this dissertation has assumed that the risk coefficient (0) is
small. How robust is this local ARE against large value of 6, and the small sample
properties of the relative efficiency need to be investigated.

This dissertation has assumed that there are no ties among the failure times. For the
BLSA ancillary data set, there was only 1 tie among the failures. The assumption of no
ties is acceptable for this data set. However, relaxing this assumption is straightforward
by applying the likelihood accommodating for ties (e.g. Breslow likelihood).

The estimation of a missing covariate at time 7 in the Cox PH models is often
restricted to using the covariate values prior to time # only. It was revealed that under this
restriction, covariate estimations (M2-MS5) become very difficult and tedious to
implement, so is the risk coefficient.

Whether one can use the whole covariate process for estimation depends on the
nature of the covariate. For an external covariate, all of the information is usable for all
of the subjects since the covariates are not influenced by the failure mechanism. It was
recommended that investigators keep collecting the values of the covariate until the end
of a study for all subjects. For an internal covariate, the proposed rules of thumb is to use
all of the covariate values up to their event times for failures, and to use all of the

available covariate values for the censored subjects. It was shown that using future
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information does not affect the ARE, but it does improve the relative efficiency for small
sample sizes.

An assumption made to use the future information is the conditional independence of
the failure time and the estimated covariate given the true covariate. Under correct
modeling, assuming the residuals have no prediction ability to the failure time is usually
reasonable. Therefore, the key of using future information is to fit a correct model which
may be diagnosed by the residuals.

The covariates were assumed (1) normal, (2) linear, (3) homogeneous, (4)7;-
predictable and locally bounded, (5) with finite second moments for all # (0,1 /, and
(6) conditional independence. (7) An additive measurement error model between the
observed and the true covariate is also assumed. Without normality, estimates are b.l.u.e.,
but not b.u.e. Assumptions (2), (3) can be relaxed in theory. Assumptions (4) and (5) are
usually applicable in general applications. Under correct modeling, assumption (6) is
reasonable in many scenarios. The additive measurement error model was assumed for
convenience.

The generalization from continuous covariates to categorical covariates (e.g.
smoking status) is of interest. The asymptotic distribution of the misspecified score
statistic derived here works for both continuous and categorical covariates as long as the
covariate is Jy_-predictable and locally bounded, and has finite second moment.

The use of future information simplifies the estimation procedure both in the
covariates estimation and the risk coefficient estimation. However, it is established under
correct modeling. The effect of using future information when the hazard covariate
relationship is mismodeled is an important issue for future research. For robustness,
estimation with restricted ranges might be considered. Gain in robustness versus loss of
efficiency requires further study.

In many studies, there are more than one covariate that are of interest. For

simplicity, this dissertation has discussed the univariate case only. However,
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generalization to multiple regressors is very straightforward. If only one covariate is
subject to measurement error while others are not, the covariate estimation is needed only
for the one with measurement error which is the same as the univariate case studied here.
The risk coefficients can be computed by the PROC PHREG easily. The misspecified
score statistic still converges to a Gaussian distribution with mean and variance similar to
those derived here. The scalar terms will be substituted by vector and matrix terms.

When there are more than one covariate subject to measurement error, the Cox PHM
models the hazard as a univariate function, usually as a linear function, of the multiple
covariates. The asymptotic distribution of the misspecified score statistic under this
scenario that the linear function of covariates is measured with error can be generalized
easily. The effect of measurement error in multivariate survival data analysis represents
another study direction.

While many investigators still impute the missing time-dependent covariate by the
last available observation, it is important to develop a user-friendly macro for using the
random-effect estimates for a less biased and more efficient estimation in time-dependent

proportional hazards models.
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APPENDIX A

Program for the Bootstrap Distribution of the Risk Coefficient

Macro RISKCOEF computes the risk coefficient in the PH model for method 2 - method
6. This macro requires the following information: the selected estimation method (2-6),
bootstrap replications, name of the input data set, minimum number of measurements
required for analysis, number of usable subjects, and maximum number of measurements per
person.

The output information is the estimate of the risk coefficient (the corresponding variable
name is COV) which is stored in the data set called PHMi, i=2,...,6 depending on the method
selected. One probably would like to store the output information in a permanent SAS data
set and then delete the output file since the it may includes lots of redundant information
when PROC MIXED is used.

This macro includes 6 macros: DATA, RANSAMI1, PARM M2, PARM M3,
PARM_M4, and PARM_MS5. Macro DATA and RANSAMI together generate a random
sample with replacement. Macro PARM_M:i computes the intercepts and slopes for method
Mi, i=2,3,4,5.

The file DHEA_RI.SAS shows how one uses the macro RISKCOEF for the DHEA data.

The results are given in Table 5.5.
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* Macro: RISKCOEF
* FOR : distribution of the risk coefficient
* in the PH model
* Input arguments: Q, R,DS, J, K, L
* where Q= estimation method (2-6)
R =# of bootstrap replications
DS=input data set
J = minimum # of measurements required for analysis
J=1, 142, 14243, ...
K =# of subjects
L =maximum # of measurements for a person
Variables in DS:
ID - subject'sid# from 1to K
ORDER - order of the follow-up time: 1,2,3,..n;
CENSOR - indicator of failure, 1 if failed
OBTIME - observed failure time or censoring time
TIME - follow-up time
* COV -T-D covariate
* Output data set: PHMi (i=2,...,6)
* Variables in PHMi: COV=risk coefficient in the PH model
******************************************************;
%MACRO RISKCOEF(Q,R,DS,J.K.L);
%DATA(&DS,&L,&J);
%do rep=1 %to &R;
%RANSAM1(&rep,&K,0UT1),
title ' *** bootstrap distribution for the risk coefficient in the PH model for method &Q ***';
%if &Q=2 %then %PARM_M2(OUTA,OUTB),
%if &Q=3 %then %PARM_M3(OUTA,OUTB);
%if &Q=4 %then %PARM_M4(OUTA,OUTB);
%if &Q=5 %then %PARM_M5(OUTA,OUTB);
%if &Q=6 %then %do;
proc phreg data=OUTMS6 outest=phout] noprint;
model OBTIME*CENSOR(0)=COV;
COV=Z],
array Z[&L];
array T[&L];
doi=2to &L;
if OBTIME >= T[i] and T[i] ~=. then COV=Z][i];
end;
Y%end,
%else %do;
proc phreg data=PARM outest=phout1 noprint;
model OBTIME*CENSOR(0)=COV;
COV=INT+SLOPE*OBTIME;
%end;
proc append base=PHM&Q new=phoutl,
%end;
%MEND RISKCOEF,;

*

L IR R R R R R R R S )

136



sk ok ok 3k ok 3 3 ok 2k ok e ok ok 3k 3k 3k ok dk ok 3k o e ok Sk e ok 2 e 3k a3k ke 3k ok ok ok e ok ok sk ok ok ke ok ok ok ok ok K ok ok ok %

* Macro: DATA
* For : transpose the data from (Nx1) to (kxn;)
*
* Input arguments: DS1,L, J
* where DS 1=input data set (original data with N rows)
L=maximum # of measurements per person: max(#;)
J=minimum # of measurements required for analysis
J=1, 142, 1+2+3,...
Variables in DS1:
ID - subject'sid # from 1 to K
ORDER - order of the follow-up time: 1,2,3,..n;
CENSOR - indicator of failure, 1 if failed
OBTIME - observed failure time or censoring time
TIME - follow-up time
COV - T-D covariate
* OQutput data set: OUT1 (kxni)
Variables in OUT1:
* ID -subject'sid# from 1 to K
CENSOR - indicator of failure, 1 if failed
OBTIME - observed failure time or censoring time
T1-T&L: Ti=the i_th follow-up time
Z1-Z&L: Zi=the i_th covariate
*  MI-M&L: Mi=the order of the i_th covariate
*******************************************************;
%MACRO DATA(DS1,L,J));
data OUT1(keep=ID CENSOR OBTIME T1-T&L Z1-Z&L M1-M&L);
array T[&L];
array Z[&L];
array M[&L};
do i=1 to &L;
set &DS1;
by ID ORDER;
Z[i}=COV;
T[i]=TIME;
M[i]=ORDER;
if last.ID then retum;
end;

* % K ¥ K X R X K *

*

L IR BN IR 3

data OUT1;
set OUTI,;
if sum(of M1-M&L) >= &7,
drop ID;

data OUTI;
set OUTI;
retain ID 0;
ID=ID+1;
%MEND DATA,;
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* MACRO: RANSAM1

* For : Generate a random sample with replacement (kx»;)
*

* Input arguments:R, K, DS2

* where R =# of bootstrap replications

* K =# of subjects

* DS2=input data set (K rows)

%*

* Variables in DS2:

ID - subject'sid # from 1to K

CENSOR - indicator of failure, 1 if failed
OBTIME - observed failure time or censoring time
T1-T&L - Ti=the i_th follow-up time

Z1-Z&L - Zi=the i_th covariate

MI1-M&L - Mi=the order of the i_th covariate
*Qutput data set: OUTA (N rows)

* OUTB (k rows);

* Variables in OUTA:

* 1D, CENSOR, OBTIME, TIME, COV, ORDER
*

* Variables in OUTB:

* CENSOR, OBTIME, M

*  where M = vector of # of measurements per person
A2k 3k 2k ok 3 oK o ok ok b ke 3 ok ok 3k 3 ok ok e 3k 3 3 e 3k 3k ofe ok ke ok ok ok ok ak ok ok 3k ok ke ok 3 ok ke ak ok ok dk ko ke ok ki dk ok kK ok .
H

%MACRO RANSAMI(R,K,DS2);
data OUTA (keep=ID);
doi=1 to &K
seed=7396464+33*&R;
m=ranuni(seed);
do j=1to &K,
if m=0 then ID=1;
else if m > (j-1)/&K and m <= j/&K then do;
ID=j;
goto index1;
end;
end,
index1: output;
end;
proc sort; by ID;
data OUTA;
merge OUTA (in=one) &DS2;
by ID;
if one=1;
drop ID;

*

* X X X »
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data OUTMS;
set OUTA;
retain ID O;
ID=ID+1;

data OUTA (keep=ID CENSOR OBTIME TIME COV ORDER);
array T[&L];
array Z[&L];
array M[&L];
set OUTMS;
doi=1to &L;
COV=Z[i];
TIME=TIi];
ORDER=M[i];
if COV "=, then output;
end;

data OUTB(keep=M OBTIME CENSOR);
set OUTA;
by ID;
if last.ID;
rename ORDER=M;
%MEND RANSAM]I;
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* Macro: PARM_M2
* For : Compute parameters in M2
* Input arguments : A, B
* where A, B are input data sets
* Variables in A (NX1): TIME, COV
* Variables in B (kx1): M, OBTIME, CENSOR
* Output data set: PARM2
Variables in PARM2 (kx1):
OBTIME - observed failure time or censoring time
CENSOR - indicator of failure
INT - Vector of intercepts
*  SLOPE - vector of slopes
*********#********************************************;
%MACRO PARM_M2(A,B);
proc iml;
use &A;
read all var{TIME COV};
close;
use &B;
read all var{M OBTIME CENSOR};
close;
k=nrow(M); temp1=0; s2=0;
INT=J(k,1,.); *define a (kx1) vec. for alpha;
doi=1tok;
if i=1 then 11=0;
else il=i1+M[i-1];
12=11+M[i];
ti=TIME[il+1:i2];
COVi=COV][il+1:i2];
tibar=sum(ti)/m[i];
temp 1=temp 1+COVi' *(ti-tibar),
S$2=82+ssq(ti)-M[i]*tibar**2;
end;
SLOPE=temp1/S2;
doi=1tok;
if i=1 then 11=0; else i1=i11+M[i-1];
12=11+M[i};
ti=TIME[il+1:i2];
COVi=COV[il+1:i2];
tibar=sum(ti)/M[i];
covibar=sum(COVi)/M[i];
INT[i]=covibar-SLOPE*tibar;
end;
SLOPE=SLOPE*J(k,1);
create PARM Var{OBTIME CENSOR INT SLOPE};
append var {OBTIME CENSOR INT SLOPE};
close PARM; quit;
%MEND PARM_M2;

*

* % *
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* Macro: PARM_M3
* For : Compute parameters in M3
*
* Input arguments : A, B
* where A, B are input data sets
E 3
* Varables in A (Nx1): TIME, COV
* Variables in B (kx1): M, OBTIME, CENSOR
*
* Qutput data set: PARM
* Variables in PARM (kx1):
*  OBTIME - observed failure time or censoring time
*  CENSOR - indicator of failure
* INT - Vector of intercepts
*  SLOPE - vector of slopes
* ************************************************;
%MACRO PARM_M3(A,B),
proc iml;
use &A;
read all var{TIME COV};
close;
use &B;
read all var{M OBTIME CENSOR};
close;
k=nrow(M);
*

* calculate alphai, beta from equ(2.2.2.2)
* response var = COV
* .
INT=J(k,1,.); *define a (kx1) vec. for alpha;
SLOPE=J(k,1,.); *define a (kx1) vec. for beta;
doi=1tok;
if i=1 then i11=0;
else il=i1+M[i-1];
i2=i1+M[i];
ti=TIME[il+1:i2],
COVi=COVI[il+1:i2];
tibar=sum(ti)/M[i];
covibar=sum(COVi)/M[i];
S2i=ssq(ti)-M[i]*tibar**2;
SLOPE[i]=(COVi' *(ti-tibar))/S2i,
INT[i}=covibar-SLOPE[i]*tibar;
end;
create PARM Var{OBTIME CENSOR INT SLOPE};
append var {OBTIME CENSOR INT SLOPE};
close PARM;
quit;
%MEND PARM_M3;

141



s 3 3k 3k 3k 3k ok o ok 3k 3k 3k 3K ok e ok 3k 3 3k ke 3k ok 3 ok 3 oK ok a3k ok ok ok ke o ok 3k ok 3k ok ok ok ok ok ok ok ok ok ok %k

* Macro: PARM_M4
* For : Compute parameters in M4
* Input arguments : A, B
* where A , B are input data sets
* Variables in A (Nx1): ID, TIME, COV
* B (kx1): CENSOR, OBTIME
* Output data set : PARM
* Variables in PARM (kx1):
OBTIME - observed failure time or censoring time
CENSOR - indicator of failure
INT - Vector of intercepts
* SLOPE - vector of slopes
*************************************************;
%MACRO PARM_M4(A B);
proc mixed noclprint noitprint data=&A;
class ID;
model COV=TIME/S;
random int/sub=ID S;
make 'solutionR' out=outR;
make 'solutionF' out=outF;
data outR(keep=ID alphai);
set outR (keep=subject est);
length ID 5;
sub=scan(subject,2);
ID=put(sub,5.0);
rename est=alphai;
proc sort; by ID;
data outF;
set outF(keep=parm est);
if parm="INTERCEPT then alpha=est;
if parm="TIME' then beta=est;
proc iml;
use &B;
read all var{OBTIME CENSOR};
use outF;
read all var{alpha} where (alpha"=.);
read all var{beta} where (beta"=.);
use outR;
read all var{alphai} where (alphai*=.);
close &B; close outF; close outR;
k=nrow(alphai);
INT=alpha-+alphai;
SLOPE=beta*J(k,1);
create PARM var{OBTIME CENSOR INT SLOPE};
append var {OBTIME CENSOR INT SLOPE};
close;
quit;
%MEND PARM_M4;

*  ® *
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* Macro: PARM_MS5
* For : Compute parameters in M5
* Input arguments : A
*  where A are input data sets
* Variables in A (Nx1): ID, TIME, COV
* B (kx1): CENSOR, OBTIME
* Output data set: PARM
* Variables in PARM (kx1):
*  OBTIME - observed failure time or censoring time
*  CENSOR - indicator of failure
* INT - Vector of intercepts
*  SLOPE - vector of slopes
* ************************************************;
%MACRO PARM_MS5(A,B);
proc mixed noclprint noitprint data=&A;
class ID;
model COV=TIME/S;
random int TIME/type=un sub=ID §;
make 'solutionR’ out=outR,;
make 'solutionF' out=outF;
data outR(keep=parm ID alphai betai);
set outR(keep=parm subject est);
length ID 5;
sub=scan(subject,2);
ID=put(sub,5.0);
if parm="INTERCEPT then alphai=est,
if parm="TIME' then betai=est;
proc sort data=owrR; by parm ID;
data outF;
set outF(keep=parm est);
if parm="INTERCEPT then alpha=est;
if parm="TIME' then beta=est;
proc iml;
use &B;
read all var{OBTIME CENSOR};
use outF;
read all var{alpha} where (alpha"=.),
read all var{beta} where (beta"=.);
use outR;
read all var{alphai} where (alphai"=.);
read all var{betai} where (betai"=.);
close &B; close outF; close outR;
INT=alpha+alphai;
SLOPE=beta+tbetai;
create PARM var{OBTIME CENSOR INT SLOPE};
append var {OBTIME CENSOR INT SLOPE};
close; quit;
%MEND PARM_MS;
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* File : DHEA_RI.SAS
* For : compute the risk coefficient for the DHEA data
***************************************************;
libname data 'C\LILY\DHEA\SD?2';
options nocenter nodate 1s=80;
data a;

set data.dhea2(keep=id pfiime dhea time censor);

if time >=0 and DHEA"=;

data a(KEEP=ID OBTIME COV TIME CENSOR ORDER);
set a;
by id;
retain order person 0;
if first.id then do;
order=1;
person=person-+1;
end;
else order=order+1;
drop id;
rename person=ID
PFTIME=OBTIME
DHEA=COV;

%RISKCOEF(2,1000,A,1,505,14);
%RISKCOEF(3,1000,A,3,410,14);
%RISKCOEF(4,1000,A,1,505,14);
%RISKCOEF(5,1000,A,1,505,14);
%RISKCOEF(6,1000,A,1,505,14);

proc means data=phm?2;
proc means data=phm3;
proc means data=phm4,
proc means data=phmS5;
proc means data=phmé6;
un;
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APPENDIX B

Progarm for the Bootstrap Distribution of the Misspecified Score Function

Macro SCOREFN computes the observed value of the misspecified score function,
d, T Z;y1;)
kYU 0) = k2 Z[s,-'(t,-)— JER(,;ZI ] , for the PH model for method 2 - method
ieD

JeRr(y)

6. Ties are accommodated by Breslow’s method. The macro requires the following
information: specify the estimation method (2-6), bootstrap replications, input data set name,
minimum number of measurements required for analysis, number of subjects, and maximum
number of measurements for a person.

The output information is the observed value of the score function (the corresponding
variable name is SCORE) which is stored in the data set called SCMi, i=2,...,6 depending on
the selected method.

This macro includes 8 macros: DATA, RANSAM2, PARM M2, PARM_M3,
PARM_M4, PARM_MS5, SCORE, and SCOREM6. Macro DATA and RANSAM?2 together
generate a random sample with replacement. Macro PARM_Mi computes the intercepts and
slopes for method M, i=2, 3, 4, 5. Macro SCORE computes the score function for M2-MS5,
and macro SCOREMS6 computes the score function for M6. Macros DATA, and PARM_M;,
i=2,...,5 are given in Appendix A.

The file DHEA_SC.SAS shows how one uses the macro SCOREFN for the DHEA data.

The results are given in Table 5.6.
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* Macro: SCOREFN
* For : distribution of the score function in the PH model
%*
* Input arguments: Q, R,DS, J, K, L
* where Q=estimation method selected, Q=2,...,6
R =# of bootstrap replications
DS=input data set
J = minimum # of measurements required for analysis; J=1, 142, 14+2+3,...
K =# of subjects
L =maximum # of measurements for a person
Variables in DS:
ID -subject'sid# from1toK
ORDER - order of the follow-up time: 1,2,3,..n;
CENSOR - indicator of failure, 1 if failed
OBTIME - observed failure time or censoring time
TIME - follow-up time
* COV -T-D covariate
* Output data set: SCM&Q, Q=2,3,4,50r 6
* Variables in SCM&Q: SCORE-=the score function
* *****************************************************;
%MACRO SCOREFN(Q,R,DS,J.K,L);
%DATA(&DS,&L,&J);
%do rep=1 %to &R,
%RANSAM2(&rep,&K,0UT1);
%if &Q=2 %then %PARM_M2(OUTA,OUTB);
%if &Q=3 %then %PARM_M3(OUTA,OUTB);
%if &Q=4 %then %PARM_M4(OUTA,OUTB);
%if &Q=5 %then %PARM_MS(OUTA,OUTB);
title " *** score function in the PH model for method &Q ***";
%if &Q=6 %then %SCOREM6(OUTB,0UTC,0UTA);
%else %SCORE(OUTB,0UTC,PARM);
proc append base=SCM&Q new=SCDATA;
%end;
%MEND SCOREFN;

*

* X K K X X X X X X
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* MACRO: RANSAM2
* For : Generate a random sample with replacement (kx7;)
*
* Input arguments:R, K, DS2
where R =# of bootstrap replications
K =# of subjects
DS2=input data set (K rows)
Variables in DS2:
ID -subject'sid # from 1to K
CENSOR - indicator of failure, 1 if failed
OBTIME - observed failure time or censoring time
T1-T&L - Ti=the i_th follow-up time
Z1-Z&L - Zi=the i_th covariate
M1-M&L - Mi=the order of the i_th covariate
*Qutput data set: OUTA (N rows), OUTB (k rows);
* Variables in OUTA:
* ID, CENSOR, OBTIME, TIME, COV, ORDER
* Variables in OUTB:
* CENSOR, OBTIME, M
*  where M = vector of # of measurements per person
**********************************************************;
%MACRO RANSAM2(R K,DS2);
data OUTA(keep=ID);
do i=1 to &K;
seed=7396464+33*&R,;
m=ranuni(seed);
do j=1 to &K;
if m=0 then ID=1;
else if m > (j-1)/&K and m <=j/&K then do;
ID=j;
goto index1;
end;
end;
index1: output;
end;
proc sort; by ID;
data OUTA;
merge OUTA(in=one) &DS2;
by ID;
if one=1;
drop ID;

*

* X H X X K R X

data OUTMS;
set OUTA;
retain ID 0;
ID=ID+1;
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data OUTA (keep=ID CENSOR OBTIME TIME COV ORDER);

array T[&L];

array Z[&L];

array M[&L];

set OUTMS6;

doi=1to &L;
COV=Z[i];
TIME=TI[i];
ORDER=M[i],
if COV #=. then output;

end;

data OUTB(keep=M OBTIME CENSOR);
set OUTA;
by ID;
if last.ID;
rename ORDER=M;

* sort data set by OBTIME and failures occurred first;
* make sure the order of the data in OUTA and OUTB the same;
proc sort data=OUTB out=OUTC; by OBTIME descending CENSOR;

data OUTC(keep=DFTM),
set OUTC;
by OBTIME;
if first. OBTIME and CENSOR=1;
rename OBTIME=DFTM;
%MEND RANSAM2;
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* Macro: SCORE
* For : Compute the score function for M1-M5
*
* Input arguments : A, B, C
* where A, B, C are input data sets
* Varables in A (kx1): OBTIME, CENSOR
* B (dfx1): DFTM
* C (kx1): INT, SLOPE
* Qutput data: SCDATA
* Variables in SCDATA (1x1): SCORE - the observed value of score function
*****************************************************************;
%MACRO SCORE(A,B,C);
proc iml;
use &A,;
read all var{OBTIME,CENSOR};
close;
use &B;
read all var{DFTM};
close;
use &C;
read all var{INT,SLOPE};
close;
df=nrow(dftm); * # of distinct failures, w/ 1 tie;
k=nrow(obtime); * # of subjects;
score=0;
do i=1 to df;
ti=dftmf[i];
cov=int+slope*ti;
cumcov=0; * cumulative covariates for the risk set;
di=0; * # of failures at time ti;
Ri=0; * size of risk set at time ti;
si=0;  * cum. covariates for the tied failures at time ti;
doj=1tok;
if obtime[j] >= ti then do;
cumcov=cumcov+cov[j];
Ri=Ri+1;
end;
if obtime[j] = ti & censor{j]=1 then do;
di=di+1;
si=si+cov[j];
end;
end;
score=score+(si-di*cumcov/Ri)/sqrt(k);
end;
create SCDATA var{score};
append var{score};
close; quit;
%MEND SCORE;
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* Macro: SCOREM6
* For : Compute the score function for M6
*
* Input arguments : A, B, C
* where A, B, C are input data sets
* Varables in A (kx1): M, OBTIME, CENSOR
* B (dfx1): DFTM
* C (Nx1): TIME, COV
* Output data: SCDATA
* Variables in SCDATA (1x1): SCORE - the observed value of score function
* ********************************************************************;
%MACRO SCOREM6(A,B,C);
proc iml;
use &A;
read all var{M OBTIME CENSOR};
close;
use &B;
read all var{DFTM};
close; '
use &C,;
read all var{TIME COV};
k=nrow(M);
df=nrow(dftm);
score=0;
do h=1 to df;
cumcov=0; * cumulative covariates;
di=0; * # of failures at time ti;
Ri=0;  * size of risk set at time ti;
si=0;
ti=dftm[h];
x

* Find the last obseved : covM6.
*
doi=1tok;
if i=1 then i1=0;
else il=il+m[i-1];
i2=i1+ml[i);
timei=time[il+1:i2];
covi=cov[il+1:i2];
if timei[1]=0 then covM6=covi[1]; * initial values of covariate;
else covMé6=;
do j=1 to m[i];
if ti>= timei[j] then covMé=covi[j];
if j=m[i] then goto index];
if ti <timei[j+1] then goto indexlI;
end;
index]1:;
if obtime[i] >=ti & covM6 "=, then do;
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cumcov=cumcov-+covMé;
Ri=Ri+1;
end;
if obtime[i] = ti & censor{i]=1 then do;
di=di+1;
si=si+covM®6;
end;
end;
score=score+(si-di* cumcov/Ri)/sqrt(k);
end;
create SCDATA var{score};
append var{score};
close;
quit;
%MEND SCOREMS;
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* FILE : DHEA_SC.SAS
* FOR : compute the score function in (5.5.1) for DHEA data set.
******************************************************;
libname data 'C\LILY\DHEA\SD2",
options nocenter nodate 1s=80;
data a;

set data.dhea2(keep=id pfiime dhea time censor);

if time >=0 and DHEA"=;

data a(KEEP=ID OBTIME COV TIME CENSOR ORDER);
set a;
by id;
retain order person 0;
if first.id then do;
order=1;
person=person-+1;
end;
else order=order+1;
drop id;
rename person=ID
PFTIME=OBTIME
DHEA=COV;

%SCOREFN(2,1000,A,1,505,14);
%SCOREFN(3,1000,A,3,410,14);
%SCOREFN(4,1000,A,1,505,14);
%SCOREFN(5,1000,A,1,505,14);
%SCOREFN(6,1000,A,1,505,14);

proc means data=SCM2;
proc means data=SCM3;
proc means data=SCM4;
proc means data=SCMS5;
proc means data=SCMG6;
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