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SUMMARY

For thin shells with general loading, sixteen degrees of freedom have been used for
a previous finite element solution procedure using a Collocation method instead of the
usual variational based procedures. Although the number of elements required was rela-
tively small, nevertheless the final matrix for the simultaneous solution of all unknowns
could become large for a complex compound structure.

The purpose of the present paper is to demonstrate a method of reducig the final ma-
trix size, so allowing solution for large structures with comparatively small computer sto-
rage requirements while retaining the accuracy given by high order displacement functions.

The principle used is based on the fact that, of the shell equations to be satisfied at
Collocation points, a number are equilibrium conditions which must be satisfied independ-
ently of the overall compatibility of forces and deflections for a complete structure.

In order to implement this principle the displacement functions can be rewritten with
the independent conditions separated from the remainder. Then by writing the equations
for external axial and lateral loads and the three possible surface loads, the calculations
involving the independent conditions can be performed for each element before final ma-
trix assembly. The final solution for the complete structure then involves a corresponding-
ly smaller number of unknowns. This makes explicit this condition that, of the total num-
ber of equations to be satisfied, the majority (six out of eleven for axi-symmetric loading)
arise from the requirements of equilibrium conditions which are independent of inter-ele-
ment effects. It may be noted that when pressure loads are reduced to equivalent forces
concentrated at the nodes, as is commonly the case in variational based solutions, four
of these degrees of freedom are lost for axial loading and six for unsymmetrical loading.

Using the prior condensation method in a typical example the maximum number of
equations for simultaneous solution can be reduced from 77 to 28, without any reduction
in the effective degrees of freedom of each element. Furthermore, in principle, the number
of degrees of freedom can be increased, if required. This will increase the number of equa-
tions in the prior condensation stage but not in the final element assembly stage and not,
in any practical case, above the number in the final assembly stage.
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1. Introduction

The method of solution proposed in the present paper is a development of that described
previously [:l:][:Q:I. In those papers a finite element in the form of a thin ring was used
and a Collocation method was applied to solve axi-symmetrical thin shell problems with sym-
metrical and unsymmetrical loads.

The displacement relations used were in the form of series in S, the co-ordinate of
distance along a meridian, For symmetrical loads thesc power scries assumed five terms for
v, the displacement along the meridian, and six terms for w, the displacement perpendicular
to the meridian. In addition, for unsymmetrical loading cases the lateral displacement u
was assumed to have five terms.

In order to solve for the corresponding constants in the displacement functions eleven
equations are required for symmetrical loads and sixteen for unsymmetrical loads. The
equations were found from rigid body motion requirements, loading conditions at the nodes
and element boundary conditions for both displacement and equilibrium., The number of degrees
of freedom having been chosen to be exactly equal to the total number of equations to be
satisfied a determinate system for a shell divided into n elements results. The total number
of equations involved is lln or 16n, for symmetrical and unsymmetrical loads respectively.
These were to be satisfied simultaneously and if n was small 'in core' solutions were
practical and no special solution methods were required due to computer storage limitatioms.
The storage requirement for the matrix corresponding to these simultaneous equations
increases as n2, neglecting banding, or as n, if the band width only is stored in a banded
formulation,

The purpose of the present paper is to show that a number of the equations correspond to
conditions which are invariant with respect to the inter-nodal boundary conditions, Hence
prior solution for these equations is possible and the number of equations to be solved

simultaneously may be greatly reduced.

2. The Equations to be Satisfied

Only axi-symmetric deformation will be considered to demonstrate the principles
involved., Clearly with the addition of the appropriate extra variables the same solution
procedure can be extended to symmetrical deformation cases as in [:lt] and [j2:].

Using a common notation and sign convention as e.g. Flﬁgge [:3:], the equations for the

equilibrium of an element, the Force displacement relationships and the Forces at the nodes

are:
Q¢ = £, (SR, P, = f2(SR), py = £,(5R); 1(a)
N¢ = £,(DIS), Ny = £,(DIS), M¢ = £,(DIS), M, = £,(DIS) 1(b)
V= £o(8R), H = £,(SR) 1(c)

(Forces per unit length along and perpendicular to the axis)
where £(SR) and f(DIS) denote functions of the stress resultants and displacements res-
pectively, as given by any consistent formulation of thin shell equations e.g. the equations
given explicitly in [:l] based on Flugge ES].

Now, as egs. (lb) can be expressed in terms of the assumed series functions in the co-
ordinate S, hence egs, (la) and (l¢) can also in turn be so expressed.

The required eleven equations per element in terms of the constants in the displacement

functions are:
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(i) One axial constraint or rigid body motion condition.
(ii) Three loading conditions corresponding to V, P, and Py at each node i.e. six per
element.
(iii) Four edge boundary conditions and/or inter-element force and displacement com-

patibility conditions.

3. Re-formulation of the Displacement Relations

As in [:l:I the assumed displacement expansions are:

. 2 3 n

vo=dg o+ kS + k8¢ + k8% + k¢S (2)
_ . 2 3 i 5

w o= ke + kS kST + koS + kyoS' + k38

and using egs. (1) the conditions determined by (i) and (ii) Section 2 can be written in the

form:
VoE Ay H Ak, e e Ak
V= Ak * B W
Ppo = Aggky e e e e Aggkyy
Py Asukl + s e e e e Auukll (3)
Pyo = Ayghy t 0 e e e e e Aggyy
p¢l = A56kl + e e e e e A66k11
6a0 = A67k1 + C e e e A77k11

where o and % refer to values at the ends of an element, where S = 0 and 8§ = £ respectively,
and Gao is an axial displacement condition, e.g. axial displacement at S = 0 zero. Al to
A77 are the coefficients of the constants in the displacement functions and are calculable
for a given shell geometry by using egs. (2) and 1),

For a defined loading and axial constraint situation the left hand sides of egs. (3)
must be known. Hence eqs. (3) are seven equations in eleven unknowns. These must be sat-
isfied whatever the edge boundary conditions (iii) in Section 2 may be.

If, therefore, four of the basic constants in eqs. (2) are taken as the unknowns to be
determined by the four homogeneous edge boundary conditions the remaining seven can be
expressed in terms of these four. Hence selecting k2, kG’ k7 and k8 as these four: (this

choice appears to be arbitrary)

kl = Nl + N2k2 + Nakﬁ + N4k7 + N5k8
kg = Ng 4 Nokg + 0 v v v v N;okg )
Ky
10
kll = Nal + N32k2 f N35k8
where N, to Ng, are numbers calculable in principle from egs. (3), and putting (4) in (2):
_ 2 3 4 2 3 Yy
vz (N + N8 + N 87 + M) (S )t ky(N, + 8 + NS + Nj 87 + NS )
2 3 4 2 3 L
+ ks(Na + NgS™ + N, .87 + NgS )+ k7(Nu + Ng8™ + N, 8% + N, oS )

2 3 N
+ ks(u5 + N8t N 87 + NpoS )
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- 3 m 5 3 m 5
W (N2lS + NQSS + NSlS )+ k2 (N22S + N27S + NSQS ) (5)
3 y 5 3 4 5
+ k6(l + N235 + N2BS + Naas )+ k7(S + NQHS + N29S + NSHS )
2 3 4 5
+ k8(S + NyS° + Noo8° + NS )

Thus the displacement functions have been re-formulated in terms of two separate sets of

constants; k and N Of these the constants k depend solely on the inter-element

2,6,7,8 1-35°
boundary conditions, The constants N depend solely on the loading and axial constraint

conditions and therefore may be found for each element separately.

4, Prior Condensation of the em of ions for a e Shell Structure
Whatever the constants k2 6.7.g 3res eas, (3) must be independently satisfied at the
k] LN )

nodes. The values of Nl—35 must therefore be calculable from the conditions corresponding

to egs. (3). Therefore if all the constants k2,6,7,8 are zero or successively all but one
are zero egs. (3) must still be satisfied. The corresponding five applications of eqgs. (3)
each give rise to seven equations in seven of the constants N1—35'
Solutions of these five cases of seven equations can then be substituted back into egs.

(5).

The resulting equations for v and w are now in terms of k
2,6,7,8

as the only unknowns,
5, Final Matrix Assembly for a Complete Shell

For each element the calculations of section 4 can be performed indepengently of inter-
element boundary conditions and these calculations involve the simultaneous solution of a
maximum of seven algebraic equations.

For a shell divided into n elements there remain 4n unknowns to be determined. The
conditions for the corresponding H4n equations are the inter-element compatibility of stress
resultants and displacements and the defined edge conditions at the outer edges of the outer
elements,

At inter-element boundaries 6, 8, M, and H must be equated, where § and B are the dis-

placement perpendicular to the axis of simmetry and the rotation of a tangent to the meridian
respectively,

At the outer edges of the complete shell a total of four conditions for 6§, B, M¢ and H
must be known for a determinate problem., Hence a total of 4n equations can be obtained and
solved for the constants k2,6,7,8 for all the n elements. Back substitution in egs. (2) and
(1) then gives the values of all displacements and stress resultants at all nodes.
6., Solution Procedure

For the five cases of egs. (3) to be solved the displacements may be written:

N+ Nq52 + 8% e n st = v
N.8% + N s* + N S5 = u-y )

t u v

where x and y take the values:

Case ko kg k7 k8 X y
1 0 0 0 0 ) 0
2 1 0 0 0 s 0
3 0 1 0 0 0 1
4 ) 0 1 0 0 s
5 0 0 0 1 0 52
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For case 1 the left hand sides of eqs. (3) are given by the loading and axial support
conditions at S = 0 and S = &, For cases 2-5 these values must be independent of k2,6,7,8
and so the left hand sides of egs. (3) must be taken as zero.

The form of eqs. (6) being common to all five solution cases, seven algebraic equations
in seven unknowns with multiple right hand sides result when egs. (6) are used to derive
eqs. (3), Therefore only one inversion of the corresponding matrix is required.

Having obtained the values of all the constants N for all elements and all five
solution cases, equations for 6, B, H and M¢ can be written in terms of k2,6,7,8 with co-
efficients derived from the terms in brackets in egs. (5). 4n edge conditions then give
the required 4n constants to complete the calculation for v and w and so for all variables

of displacement or stress resultants derived from v and w.

7. Application of the Method

The example given in El] Section 2.2 and shown in Fig. 3 in El:[ gave the stress
analysis of a large, very thin, hemispherical tank with varying fluid pressure loading.
Using the same division into only seven elements, varying from 35 cm to 1172 cm length, for
a constant thickness of 2,3 cm, the present method reproduces exactly the same distributions
of stress and deflection., This is because using the same shell equations the calculations
performed should be the same. However the order of performing the calculations is altered,
in particular, the maximum number of equations to be solved simultaneously is reduced from

77 to 28,

8, Further Developments

Having tested the detailed application of the method on a relatively small problem, the
analysis of very large shell structures becomes possible without requiring the simultaneous
solution of large numbers of equations., This is the case even though the order of the dis-
placement functions remains comparatively high i.e. equivalent to egs. (2). Furthermore
the conditions of egs. (3) could be applied at a number of 'internal nodes' without increasing
the maximum number of equations to be solved simultaneously. This would entail the intro-
duction of even higher order displacement functions and so the possibility of even fewer
elements being required.

For each 'internal node three equations for Py Py and V would have to be satisfied

and so three more terms in the displacement functions would be required.

9, Conclusions

A development of a Collocation method for the stress analysis of thin shells using
finite elements has demonstrated the use of high order displacement functions without the
need for very large computer storage requirements.

By retaining the loading as distributed, rather than reducing it to equivalent con-
centrated forces at the nodes, the conditions which may be applied to each element before

final matrix assembly are made explicit.
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