RELATIVE PERTURBATION RESULTS FOR EIGENVALUES AND
EIGENVECTORS OF DIAGONALISABLE MATRICES
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Abstract. Let A and 2 be a perturbed eigenpair of a diagonalisable matrix A. The problem
is to bound the error in A and . We present one absolute perturbation bound and two relative
perturbation bounds.

The absolute perturbation bound implies that the condition number for # is the norm of an or-
thogonal projection of the reduced resolvent at A. This condition number can be a lot less pessimistic
than the traditional one, which is derived from a first-order analysis. A further upper bound leads
to an extension of Davis and Kahan’s sin § Theorem from Hermitian to diagonalisable matrices.

The two relative perturbation bounds assume that A and & are an exact eigenpair of a perturbed
matrix D1 ADs, where Dy and D> are non-singular, but D1 AD> is not necessarily diagonalisable.
We derive a bound on the relative error in A and a sin# theorem based on a relative eigenvalue
separation. The perturbation bounds contain both the deviation of D; and Ds from similarity and
the deviation of D> from identity.
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1. Introduction. The protagonist is a complex, diagonalisable matrix A with
eigendecomposition

A=XAX",

where A is a diagonal matrix whose diagonal elements A; are the eigenvalues of A.
The complex number 5\, the ‘perturbed eigenvalue’, approximates an eigenvalue of A;
and the unit vector z, the ‘perturbed eigenvector’, approximates an eigenvector. The
problem is to bound the error in A and &. Our results extend the work in [19, 18] and
are stronger and simpler than the results in [24, 25].

First we derive an upper bound on sinf, where 6 is the angle between z and
the eigenspace corresponding to those eigenvalues closest to A (Theorem 4.1). Our
‘condition number’ is the norm of an orthogonal projection of the reduced resolvent,
which can be arbitrarily much smaller than the norm of the reduced resolvent that
appears in a first-order analysis [32, Definition 3.3.2]. An upper bound on this con-
dition number leads to an extension of Davis and Kahan’s sin # Theorem [9, §6], [10,
§2] from Hermitian to diagonalisable matrices (Corollary 4.3). Compared to the Her-
mitian case, the new bound contains the additional factor ks, the condition number
of a subset of the left eigenvectors. This is an exact rather than a first-order bound
and holds without any assumptions on the perturbations.

Next, we derive two relative perturbation bounds based on a multiplicative per-
turbation model. We assume that A and # are an exact eigenpair of a perturbed
matrix Dy AD,, where Dy and D,y are non-singular matrices and D; ADs need not
be diagonalisable. We prove a bound on the relative error in \ that contains the
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deviation of D; and Dj from similarity (Theorem 6.1). The bound is tight when the
perturbation is a similarity transformation D; = D3 or when A = 0.

From the absolute sin @ theorem described above we derive a relative bound on
sin # that consists of two summands: the deviation of D, from identity; and the devia-
tion of Dy and D, from similarity, amplified by k2 and a relative eigenvalue separation
(Theorem 7.2). We conclude that the eigenvectors of diagonalisable matrices are well-
conditioned when the perturbation is caused by a similarity transformation; and that
the null vectors of diagonalisable matrices are well-conditioned when the perturbation
is multiplicative (Corollary 7.3).

Our relative perturbation bounds are no stronger than the traditional absolute
perturbation bounds because we use the traditional bounds to derive them.

Notation. | -|| denotes the two-norm. If V' is a matrix of full column rank, then
vi= W) v
is the Moore Penrose-inverse of V' and
k(V) = VIV

is its two-norm condition number.

2. Related Work. In 1959 Ostrowski gave the first relative perturbation bounds
for eigenvalues by considering multiplicative perturbations D* AD of Hermitian ma-
trices A [28],[22, Theorem 4.5.9]. He bounded the ratio of exact and perturbed eigen-

values in terms of the smallest and largest eigenvalues of D*D,
Amin (D*D) Ai(A) < Ai(D*AD) < Apaa (D*D) Ai(A).

About thirty years later bounds on the ratio of exact and perturbed eigenvalues
appeared for different types of structured matrices, but without any reference to
Ostrowski’s bounds. Inspired by Kahan’s work in 1966 [23], Demmel and Kahan
[12] and Deift, Demmel, Li, and Tomei [11] derive relative perturbation bounds for
eigenvalues of real symmetric tridiagonal matrices with zero diagonal. Demmel and
Gragg [14] extend these bounds to real symmetric positive-definite matrices with
acyclic graphs. Deift et al. [11] also derive bounds on the error angles of eigenvectors
in terms of a relative eigenvalue separation.

Subsequent work on perturbation theory has extended these results to larger
classes of matrices. These bounds are derived for two different perturbation models:
component-wise relative perturbations and multiplicative perturbations.

In the context of (a superset of) component-wise relative perturbations, Barlow
and Demmel [1] derive bounds for real symmetric scaled diagonally dominant matri-
ces; and Demmel and Veseli¢ [13] derive bounds for real symmetric positive-definite
matrices. Mathias [26] unifies the results by Demmel and Veseli¢ [13] with the re-
sults by Barlow and Demmel [1] for positive-definite matrices. Veseli¢ and Slapnicar
[33, 37] extend these bounds to indefinite Hermitian matrices. In addition they prove
a relative Gerschgorin theorem for diagonalisable matrices. Pietzsch [29] adapts the
eigenvalue bounds in [1, 13, 33, 37] to real skew-symmetric matrices A = —AT by
observing that iA = —iA”T is Hermitian. Drma¢ [15, 16] gives residual bounds for
Hermitian matrices.

In the context of multiplicative perturbations of Hermitian matrices, Eisenstat
and Ipsen [19, 18] bound the relative error in the eigenvalues and the error angle



between subspaces. Similarly, Li [24, 25] derives bounds for eigenvalues of diagonal-
isable matrices and for eigenvectors of Hermitian matrices. About ten years earlier,
Price [30] had already recommended multiplicative perturbations in the form of ma-
trix exponentials to bound the absolute error in matrix transformations. Applications
include the computation of eigenvalues of symmetric matrices by Jacobi’s method [30,
§3] and the solution of bordered systems of linear equations [21].

Finally, Drma¢ and Hari [15, 16, 17] derive relative perturbation bounds for Her-
mitian matrices when the perturbed eigenvalues are Ritz values.

3. Setting the Stage. To establish a correspondence between perturbed and
exact quantities, we partition the eigenvalues of A so that A, contains all eigenvalues
closest to A and A, contains the remaining eigenvalues; i.e.,

=M )

1Ay = AT =min|x; = A, and [JAr = AT < 1/[|(A2 = AD)7H).

where

Thus ||A; — M || represents the absolute error in .
The ‘absolute gap’

absgap = 1/[[(As = AT) | = min |(As)is — A

is the absolute separation of ) from the eigenvalues of Ay. It approximates the absolute
separation of the desired eigenvalues A; from the remaining eigenvalues A,.
We partition the eigenvectors conformally with A,

X=(X; X5) and X '= <Y1*> ,
Y;
where * denotes the conjugate transpose. Then & can be regarded as approximating
a unit vector in range(X;). Since A; consists of all eigenvalues on a circle of minimal
radius around A, in general range(X) is associated with several distinct, possibly
multiple eigenvalues.

To determine how well the unit vector & approximates a vector in the right
eigenspace range(X;), we measure the angle § between & and range(X;). More pre-
cisely, let 0 < § < 7/2 be the largest principal angle between range(#) and range(X;)
[20, §12.4.3]. Then sinf is obtained from the orthogonal projection

P=1—(X))X:.

of & onto range(X;)~, the orthogonal complement of range(X).
TueoreM 3.1 (]9, §6], [10, p. 10], [36, (2.3)]).

3

sinf = || Pz]].

When A is normal then range(X,) = range(X;)~ and X, has orthonormal
columns. Hence

P=X,X; and  sinf= || X, X} | = | X33
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When A is non-normal, X5 may not be the orthogonal complement of X;, and the
columns of X5 may not be orthonormal. Our perturbation bounds for eigenvectors of
diagonalisable matrices are derived by bounding sinf from above.

The following result expresses P in terms of a basis Y5 for the left eigenspace
range(Ys).

LemMA 3.2. The orthogonal projector P satisfies

P = (V,)Yy.

Proof. X 'X = I implies range(Y2) = range(X;) . Thus
P=1—(x})y Xt =)y, 0

In general the orthogonal projector P in Lemma 3.2 is not identical to the
(oblique) spectral projector

7 = X,Yy.

Although both projectors share the same null space, range(X;), their ranges are
different. One projects on the left eigenspace, while the other projects on the right
one:

range(P) = range(Ys) and range(Z) = range(Xy).

4. A sin @ Theorem for Diagonalisable Matrices. The traditional pertur-
bation bound for the eigenvectors of a Hermitian matrix is Davis and Kahan’s sin 6
Theorem [9, §6], [10, §2],

sinf < ||r||/absgap,

where r = (A — ;\I)ﬁz is the residual. That is, for a Hermitian matrix the condition
number of the perturbed eigenvector is inversely proportional to the separation be-
tween A and the remaining eigenvalues A,. We extend this result to diagonalisable
matrices by first deriving a sinf theorem whose condition number is an orthogonal
projection of the ‘reduced resolvent at N,

S = Xo(Ay — A) Yy

(see [7, §2.2], [32, §IIL.3.2]).
THEOREM 4.1. The angle 0 satisfies

sing < [|PS(A)]| |Ir].

Proof. As our goal is a residual bound for the angle, we write

r:(AM),@zx<A1—” MM)X%:X(Al_M A25\I><

where ¢ = Y;*4 and § = Y52, Multiplying both sides by (Ay — A)~'Y5* gives

Wy O
N——

§=(Ay — AI)" VY,



Then Lemma 3.2 and Y5 X = [ imply
Pi = (V) Ve = (V)5 = (V) Ve Xa (Ao — AI) 7! Yy'r = PS(A)r.
Finally, Theorem 3.1 implies
sing = | P& = |[PS(MN)r| < [PSK)] |Ir]|- 0
When A is normal then P = X5 X} and X, has orthonormal columns. Hence
IPS(N)|| = IS(V)]| = 1/absgap,

and Theorem 4.1 reduces to Davis and Kahan’s sinf# Theorem. Moreover, it is not
difficult to extend Theorem 4.1 to eigenspaces of larger dimension.

Let’s compare |[PS(\)| to a similar condition number: A first-order perturba-
tion analysis for arbitary matrices yields as condition number for # the norm of the
reduced resolvent, ||S())|| [32, Definition 111.3.2]. When A is diagonalisable and A is

simple, an expansion of S(j\) gives information about the sensitivity of the eigenspace
corresponding to z [20, §7.2.4], [32, §111.3.2]. The following example shows that our
condition number [|[PS(A)]| can be much less pessimistic than |[S()]|.

Remark. |PS()\)| can be much smaller than ||S(A)||.

Since P is an orthogonal projector, |[P|| < 1 and ||[PS(A)|| < ||S(A)||. Consider
the case Ay = AoI. Then the reduced resolvent is a multiple of the spectral projector
Z so that
1

S(\) = ~Z and  PS(\) = _ P.
Ao — A Ao — A

Thus

1
Ao — Al

1

IS = FRT

1ZI and  PSO)|| =

Let X = QL be a QL decomposition of X, where () is unitary and L is lower triangular.
Partitioning ) and L conformally with X,

L
Q:(Ql QZ) and L:<Lli L22):

gives
Xy = QLo and Yy = (—=Lyy Lol Ly ) Q.
Thus
Z=X3Yy =Qs (~LnL 1)Q*
and

1Zl = (=L Lyt T) || 2 [ Lo L' -

Choosing Ly, and Ly, appropriately makes ||Z||, and hence ||S(A)|, arbitrarily large
while [|[PS(A)|| remains constant.



To extract the eigenvalue separation from ||PS(})]||, we derive an upper bound.
COROLLARY 4.2. The orthogonal projection of the reduced resolvent satisfies

|PS(A)|| < k2 /absgap

where k2 = Kk(Ya) > 1.
Proof. The result follows from
PSS = () Y5 Xa(As = AD) Y5
1Y) (A = AD) ' vy
IO (Az = A1)~ Y5

IN

since Yy Xy =1. 0O
COROLLARY 4.3. The angle 0 satisfies

sin 0 < k9 ||7]|/absgap.

The worse conditioned the left eigenvectors Y3 and hence X !, the larger ks is
likely to be. If Y5 has orthonormal columns, which occurs when A is normal, then
k2 = 1 and Theorem 4.3 reduces to Davis and Kahan’s sinf Theorem. Although
Davis and Kahan considered only Hermitian matrices, the ideas for this extension
to diagonalisable matrices are already present in [10, Theorem 6.1] (essentially their
factor 1/e corresponds to our ko above).

Related Work. Bhatia, Davis and McIntosh [4] prove sin # theorems in the more
general context of normal operators on Hilbert spaces. Their bounds are of the same
form as Corollary 4.3,

sinf < ¢||AX — X B||/absgap,

where A and B are normal operators and X represents a perturbed subspace of any
dimension. Determining the value of the positive constant ¢ amounts to solving a
minimisation problem for functions in £y [3].

The existing results cited below hold in the general situation when the dimension
of the perturbed subspace is arbitrary. Here we restrict the discussion to our context,
which means exact and the perturbed eigenspace have the same dimension. Hence
X consists of a single unit vector, say .

For diagonalisable matrices Varah [36, Theorem 2.2] shows that if ||r| is suffi-
ciently small then

sinf < k(X) ||r||/absgap.

For general, possibly defective matrices, Stewart [34, Theorem 4.1], [35, Theorem
4.11] derives a tan# bound for the case when X is a Rayleigh quotient and [|7| is
sufficiently small. And Ruhe [31, Corollary 1] bounds the sine of the angle between
% and a singular vector associated with the smallest singular value of A (here absgap

2
n—1

is replaced by the gap /o — 02 between the two smallest singular values of A).

Instead of sinf one can also bound ||z; — &||. Such bounds are slightly stronger
because they imply sin # theorems:

0 6 . 6
|z — 2| = 2sin§ > 2cos§sin§ = sin 6.
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For instance, Bohte’s bound [5, (11)] and its a posteriori version [6, (2.11)] are of the
form

o1 — & < 26(X) |1l /absgap.
For normal matrices Wilkinson [38, (3.54.14)] shows that
. 7] Irll \?
1 —az]| < ——4/1 _—
oy = ad]l < absgap + absgap ) ’

where a is some scalar with || = 1. Since k3 = 1 for normal matrices, Corollary 4.3
is stronger than Wilkinson’s bound.

5. Multiplicative Perturbations. Assume that the perturbed quantities A
and & are an exact eigenvalue and eigenvector of a matrix D; ADy, where D; and
D, are non-singular matrices; i.e.,

(D1AD,) & = Ai.
The matrix Dy AD» is not required to be diagonalisable. When D; = D;l then
D, AD, is a similarity transformation of A, which means that A and D1 AD, have the

same eigenvalues. When Dy = D3 then D; AD, is a congruence transformation of A,
which means for Hermitian A that A and D;ADy have the same inertia.

The derivation of relative perturbation bounds for such multiplicative perturba-

tions is based on the following idea. From (D; ADs)z = Az follows
A(Dyi) = AD; ' Dy ' (D).
Setting z = Dy& /|| D2&||, we have
Az = /A\Dle;lz.
Thus the residual for A and z is
f=Az-Xz=X(D;'Dy' =)z =X\ (D;" = Dy)i/||Dsi].
The upper bounds
1A <A =DtD3 | and  |IfII < ALIDT = Dall/||Da|

consist of two parts: the factor \;\\, which is responsible for the perturbation bound
being relative, and the deviation of D; and Dy from similarity. The factor ||D; " — Ds|
is an absolute deviation from similarity, while the factor ||[I — D; ' D, || constitutes a
relative deviation because

I-Dy'Dy' = (Dy— Dy Y)Dy!

is a difference relative to D».



6. Eigenvalues of Multiplicative Perturbations. We now bound the relative
error in \ in terms of the relative deviation from similarity of the matrices D; and
DQ.

THEOREM 6.1. The perturbed eigenvalue A satisfies

1As = M| < A R(X) |1 — Dy Dy .

Proof. Apply the Bauer-Fike Theorem with residual bound [2, Theorem IIIa],
[27, §3.2.7] to the residual f for A and z to get

1A = AT|| = min [; = A] < £(X) | ]

and bound ||f|| as above. O

In the case of a similarity transformation D; = D;l, the eigenvalues are preserved
and the bound above is zero, which is tight. When A= 0, A itself must be singular
and the bound is zero, which is again tight.

It is not clear how to extend Theorem 6.1 to general, possibly defective matrices
and end up with pleasant bounds. For instance, the generalisation of the Bauer-Fike
Theorem [8, Theorem 3A] gives an upper bound on the relative error that contains a
factor 1/|/A\|(”’1)/’], where p is the index of nilpotency of the strictly upper triangular
matrix in a Schur decomposition of A.

Related Work. Veseli¢ and Slapnicar [37] prove a relative Gerschgorin theorem
for perturbed matrices A + §A with ||§Az|| < 7 ||Az|| for any z. They show that the

eigenvalues A of A + 64 lie in the union of disks [37, Theorem 3.17]
Ai = A< X R(X)

Li [24] establishes a one-to-one pairing between the exact and perturbed eigen-
values and bounds the errors in all eigenvalue pairs simultaneously:

THEOREM 6.2 (L1 [24, THEOREMS 6.1 AND 6.4]). Let D1 AD» be diagonalisable
with eigenvalues i eigenvector matrizc X.

Then there exists a permutation T such that

A . -
ST EOT < w(X) A(X) min 4 /11T = Dalf + (1T - D
A; +/\ (i)

i
VU= D+ = Dal

If in addition all \; and all \; are nonnegative then for any p-norm, 1 < p < oo,

A'_XTZ' A~
maxu < n(X)ka(X)min{s
YA A

I3+ 11— D3I,
T+ 1= Dol

where s = q/(q — 1).
In contrast to Theorem 6.1, these bounds are non-zero for nontrivial similarity
transformations Dy = D, ' # 1.
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In the special case Dy = I or Dy = I, Li [24, Theorem 6.6] proves a variation
of Theorem 6.1 where the upper bound contains the exact eigenvalue instead of the
perturbed one.

The following two bounds can be interpreted as a relative version of Weyl’s the-
orem [22, Theorem 4.3.1]. They follow from the relative bounds by Ostrowski [28],
[22, Theorem 4.5.9] mentioned in the beginning of §2.

THEOREM 6.3 (EISENSTAT AND IPSEN [19, THEOREM 2.1]). Let A be Hermitian
with A\; in increasing order, let D be non-singular, and let \; be the eigenvalues of
D*AD in increasing order. Then

Xi — M| <N |1 -D*D| for all i

COROLLARY 6.4 (L1 [24, THEOREM 7.2]). Under the assumptions of Theo-
rem 6.3,

Xi—N| <N IT=D*D Y| for all i.

Proof. Reverse the roles of A and D*AD in Theorem 6.3.

This bound is stronger than the specialisation of Theorem 6.1 to Hermitian ma-
trices because it also establishes a one-to-one correspondence between perturbed and
exact eigenvalues.

7. Eigenvectors of Multiplicative Perturbations. We use the absolute per-
turbation bound in Corollary 4.3 to derive bounds on sin § in terms of a ‘relative gap’,
i.e., the relative separation of A from the remaining eigenvalues A,. We define the
relative gap via its inverse,

1/relgap = |A|/absgap > 0,

to ensure that the definition is valid even when A = 0.

Since multiplicative perturbations lead to a residual for z = D»%/|| D2 rather
than for z, a straightforward application of Corollary 4.3 results in a bound on the
angle ¢ between z and range(X;) rather than the desired bound on 6. The following
lemma shows how to adjust this bound.

LEMMA 7.1. Let 0 < ¢ < 7/2 be the largest principal angle between z and
range(X;). Then

sinf < ||Dyi| sing + ||D2 — I||,
and

sinf < sin¢ + ||Dy — I||.

Proof. To derive the first bound write
Pi =PDsyi + P(I — D2)i = ||D2%|| Pz + P(I — D»)z%,
and note that

sinf = || Pz|| and sing = || Pz||.
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The second bound follows from the first if || D2| < 1, so assume that ||D2Z| > 1.
Then

sing = |[P#]| < [|Pzl| + [Pz — #)| < sing + ||z — .
Note that

(D2 = D|> = [[(D2& = 2) + (2 — 2)|?
llz — &||* + || D2& — 2||? + 2Re (D2d — 2)* (2 — ).

Since & and z are unit vectors,
2Re(D2z — 2)*(z — &) =2 (|| D2z]| — 1) Re (1 — 2*%) > 0.
Thus
I(D2 — D2 > ||z — )%,

and the result follows from the inequality ||(Dy — I)z|| < ||D2 —I]|. O

In general any bound on sinf derived from Lemma 7.1 must consist of two sum-
mands. The theorem below bounds the first summand by the (absolute or relative)
deviation of D; and D, from a similarity transformation, amplified by x2 and by the
relative eigenvalue separation; and bounds the second summand by the (absolute and
relative) deviation of the similarity transformation from the identity.

THEOREM 7.2. Let

Q) = ||D1*1 — Dy, as = ||I — D;lD;lH7 and ko = Kk(Y3).

Then

min{ag, as}

sinf < ko + ||l — Dy,

relgap

where a1 < ag if ||D;1|| <1and ay <a; if |Ds] < 1.
Proof. Apply Corollary 4.3 to the residual f for A and z to get

sing < ko || f||/absgap.
To derive the bound with a; < as, bound ||f]| by
IFI < MDY = Dall/1D2]| = Al a1 /|| Do

and use the first bound in Lemma 7.1. To derive the bound with as < ay, bound || f]|
by

£ < AL = Dy tDy Ml = A as
and use the second bound in Lemma 7.1. Finally, ||D2|| < 1 implies
ar = |[Dy = Dy | < |II = D7Dy [ Dafl]] < oo,
while || D, || < 1 implies

ay = |[I = Dy'D Y| < ||Dy — DYDY < . 0
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In some cases the first summand can be omitted.
COROLLARY 7.3. If D1 = Dy' or A\ =0, then

sind = | P(I — Dy)i| < [T — Dsl.

Proof. Consider the case D; = D;l. Then D1 ADs>d = A& implies AD>7 = 5\D2.’i‘,
i.e., X and D,i are an exact eigenpair of A. According to the partitioning defined
in §3, we must have A; = A, so Dy# must be in range(X;) = range(Y;) . Thus
PD>z =0 and we have

sinf = [|Pz|| = [|[P(D2d — &)|| < I = Da-

Next consider the case A = 0. Then D, ADsz = 0z implies that D;lADgi" =0z,
since D and D are non-singular. Hence X and # are an exact eigenpair of a similarity
transformation of A, and we are back to the first case. 0

For similarity transformations D; = D, !, the bounds in Corollary 7.3 are essen-
tially tight. The error angle is bounded by the relative deviation of Dy from identity,
without any amplification by k5 or by a relative gap. Therefore we can say that the
eigenvectors of diagonalisable matrices are well-conditioned when the perturbation is
caused by a similarity transformation.

Moreover, when A= 0, the bounds in Corollary 7.3 are again essentially tight.
This means that the null vectors of diagonalisable matrices are also well-conditioned
when the perturbation is multiplicative.

Related Work. Eisenstat and Ipsen [19, 18] bound sin # for Hermitian matrices.
The result below corresponds to a specialisation of Theorem 7.2.

COROLLARY 7.4 (EISENSTAT AND IPSEN [18, THEOREM 2.1]). Let A be Hermi-
tian with \; in increasing order, let D be non-singular, and let i be the eigenvalues
of D*AD in increasing order. Also let 0 < 6; < w/2 be the largest principal angle
between an eigenvector associated with \; and the eigenspace associated with ;. Then

|1 — DD

sin 91 S
relgap;

+ 1 =Dl

where

Y M
A = Al

— = max
Aj— Al AiFN

relgap; miny, 2,

When the perturbed eigenspace X and the exact eigenspace X; have the same
dimension k£ > 1, a similar bound holds for the largest principal angle || sin @ || between
the two spaces.

THEOREM 7.5 (EISENSTAT AND IPSEN [18, VARIANT OF THEOREM 3.1]). Let
A be Hermitian, let D be non-singular, and let the k columns ofX be an orthonormal
basis for the eigenspace associated with the eigenvalues M << M of D*AD. Let
the eigenvalues of A be ordered such that \; is the l;th eigenvalue of A whenever i
is the ljth eigenvalue of D*AD for 1 <i < k. Then

I-D*D!
Isin®] < Vk (—” : Iy III—DII>,
relgap
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where
sin® = PX,
and

1 Al
———— = max max ————.
relgap I<i<k j>k |\ — A

Li [25] derives the following bound on eigenspace perturbations for Hermitian
matrices.
THEOREM 7.6 (L1 [25, THEOREM 3.1]). Under the assumptions of Theorem 7.5,

[(D* — D ") Xi|r

Isin®]|F < ; +I(I = D)X F,
relgap
where
L max max i
1 . . S .
relgap’  1<i<k j>k |\, — A

It is not clear what the relation between Theorems 7.5 or 7.6 is, and whether one
is stronger than the other.

Acknowledgement. We thank Axel Ruhe and Kresimir Veseli¢ for helpful dis-
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