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ABSTRACT

This is a study of random vibration of the simplified linear elastic cracked liners. An analytical method for random
vibration of the simplified cracked liners subjected to a stationary ergodic white-noise pressure loading with simply
supported boundary conditions is developed by means of the Galerkin method coupled with integral transform method.
Through 3-D plot, rms deflection ratios (crack/without crack) for a typical cracked liner plate will be exclusively presented.
Results for this analysis are used to draw conclusion regarding the ability of relating rms deflection ratios to aspect-ratios, to
crack-width ratios , to crack-depth ratios.

INTRODUCTION

The vibration of rectangular plates with internal crack has been treated extensively in [3,5,8,9]. Up-to-date there is
little study on the random vibration of simply supported liner plate with internal partial-in-depth crack.

In this paper, the Galerkin method coupled with integral transform method [1,2,4] are applied for determining the
random vibration of partial-in-depth cracked rectangular liner plates simply supported on four edges. Selected typical 3-D
plots tied to the above methods are exclusively expressed as well.

Special approach by using extended Heaviside functions is employed to treat the discontinuous variation of the subject
of bending stiffness.

Through the proposed methodology, it makes the related physical phenomena of partial-in-depth cracked liner plate
random vibration more clearly understandable than ever .

ANALYSIS AND FORMULATION

A thin, elastic, isotropic, homogeneous simply supported rectangular liner plate of uniform thickness h with sides a and b
containing an internal partial-in-depth crack h,; x b,; x Ay (crack depth x crack length x crack width) located at (x;, y;) is
shown in Figure 1; Ay is an infinitesimal crack width.

Based on the Kirchhoff-Love hypothesis, the governing equation of the subject liner plate is derived by utilizing the
following Hamilton’s principle:

51=5f2(T—U—V)dt=o (1)

where T = the kinetic energy; U = the strain energy; V = the potential energy produced by external loads; and 6 = the first
variational operator.

The location of the subject liner plate middle surface varies due to the variation of crack depth. For the simplified
assumption purpose, the middle surface is assumed to locate on a surface that bisects the thickness at each point and to vary
discontinuously at the boundary line between crack depth and left-over-thickness.

The strain energy U is given by

U= —; -r .‘-b (MxKx +MyKy +2MxyKX>’)dxa1y (2)

where K., K, and K, = the curvatures and twist of the middle surface, respectively, as defined by

K.o=-w, 3)
KY: Wy )
ny =- Wy (5)



where w = the deflection.
similarly, M, M, and My, = the bending and twisting moments per unit width, respectively; they are written as

M= -Ded(x,y)( W, + W 5) (6)
M = -Dod(x,y) (W, + W) @)
M,y = -(1-©)Dod(x,y)- W,x» (8)

in which D.= the flexural rigidity of a reference liner plate neglecting partial-in-depth cracks, as given by D,= Eh,*/[12(1- V%]
(in which h, = reference liner plate thickness; E=Young’s modulus; and ¥ = Poisson’s ratio); and d(x,y) is defined as

d(x, y)= 1+ S5 Heex)+ &5 Hy-y+ o, Hxx)-H(Y-Y) €

where constants £ , %, v; and €., are given by

h, Y

¢, = {h—’+lJ -1 (10)
n, Y

¢, = h—j+1 -1 (11)
hx)’i' ]

Co= | F*1 ~1-6a -5, (12)

and H(x-xy), H(y-y;) =the extended Heaviside functions.
Hence, the strain energy U becomes

1 ) ) R
=5 f fDod(x, y)-[(kr) +(ky) +20k K, +2(1—U)(kxy) ]dxdy (13)
The first variation of the potential energy §V produced by external lateral loads p can be expressed as [6]

a
0

sv =- [ [(p-cwdwdsdy+ [(m,dv,,-m, 6w, +q,60dy

+ [m, 6w, —m, 6w +q,60)dx, (14)

in which ¢ = damping coefficient; and q, gy, mx, my, my, and my, = external transverse forces and external moments
prescribed on boundary edges, respectively.
The kinetic energy T can be written as

r=2 [ [mein e as)

in which the dot indicates differentiation with respect to time; and the notations ¢ and m, are defined as

h h, h, —h, —h,
¢ Wxy)=1+ (h_j)H(x_xf)+[;LjH(y‘Y_,-)+ _,__]:l_, '

0 0

H(x-x)H(y-y;) (16)



m,= ph, (17)

in which h,;, h;; =1 and j th cracked heights, respectively; p = the mass density of the liner plate. Substituting Eq. 13. ~ Eq.

15. into Eq. 1., the differential equation of motion can be obtained as

X3

%ﬁi + —lc—;f— - Dio Hdw,)  +dw,)  +vidw, )  +vidw,)  +2(1-v)dw,) =0 (18)
associated with the following boundary conditions
either w=0 or (Ddw,),.+ V(Dudw,yy)’x +2(1- v)(Dodwlxy)‘y -V, =0
along the edgesx =0 and x=a (19)
eitherw,=0 or Dyd(w,+ vw,)-m,=0 along the edges x=0 and x=a 20)
eitherw=0 or 2(1-v)Ddw, =m, ateach corner 21)

in which V, = the Kirchhoff’s supplementary force. The similar boundary conditions can be written along the edges y = 0
andy=b.

If the coefficients ¢, and d go to 1, then the governing equation derived will be reduced to the general equation for a
uniform liner plate without crack.

FREE TRANSVERSE VIBRATIONS OF LINER PLATE WITH PARTIAL-IN-DEPTH CRACK
Let w(x,y,t) =w (x,y)sin(®,,t + 9,) (22)

where 3 (X,y) = a function of x and y; , = natural frequency; and 6, = the initial phase. Applying Eq. 22. to Eq. 18

mt

for free transverse vibrations (i.e., p=0 and ¢=0), the following equation for 3 (x,y) is obtained.

(@) +(@m,,),, +Adw.), v, ), +20-vNaw,, ), - 0.

xe

w=0 (23)

The natural frequencies of a rectangular liner plate with partial-in-depth crack are presented by means of the Galerkin
method. Now w (x,y) is expressed as

w(x, y)= i i W, sin(ﬂ) : sin(—?] (24)

where 3 =the unknown coefficient; and sin (ﬂ) and sin(ﬁbﬂj =functions satisfying the simply supported boundary
mn a

conditions for the subject liner plate.  After lengthy calculation, the Galerkin equation of Eq. 23. can be simplified as

mx )’ al Yme\ f, D
wmn = fl —_75 + Lj +2(1_V) -’2—1—{[— —_ A 4 12 (25)
a b a b fi| m,,ab
2mx. ) Iy
where 1, =eos ) im0y 2 b, ) s
a mm



nb,w_ 2p
. b
- sin( b )';;(bgyj +043C i) (26)
2mx; : 2ny;
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where b, b,; =i and j the cracked widths, respectively.

If the cracked width by; is approaching zero, then partial-in-depth crack in x-direction will be simulated. Furthermore,
if the cracked width b,; and b,; are set to zero, then f,=0 and f;=ab accordingly, in turn the subject frequency Eq. 25. will be
reduced to uncracked frequency equation as[5]

xi»

D, (28)

]

A DL % (D .
wmn=%1f—"=—”‘;' 1f—" CoT (29)
a m, b m,

W =[(C2)? + (222
a b

Eqn. 25. can be rewritten as

in which L, = g{ ;b {[(mx)* +(nﬂ%)2]+2(1—v)(mﬂ)2 .(%)2 .J;_:} (30)
; and L’ =%/1m,, (31)
a

Finally, the mean square value of deflection response ( for 1* natural frequency only ) due to the white-noise pressure
excitation S; can be expressed as

W= %4% (32)

were w, = 1* liner plate natural frequency; k = the spring constant of liner plate.

Providing that

1. S, (w, ) is relatively smooth in the neighborhood of w, .
2.4 issmall (£ <0.20).

NUMERICAL RESULTS

The random vibration for a liner plate subjected to stationary ergodic white-noise pressure loading with partial-in-depth
crack has been presented by means of the Galerkin method.

Figures 2,3& 4 give the rms deflection ratios (rms crack deflection/rms non-crack deflection) for the subject liner plate.
Also included in the above figures are the rms deflection ratios rms(w)for a s-s-s-s liner plate due to with/without crack at
center varying with values of a,;=b,; / a (crack length ratio), h=h,;/ h, (crack depth ratio),a/b (liner span aspect ratio) and
v=0.2. Based on figures 2,3 &4, rms deflection ratios for cracked liner plates are greater than those of uncracked liner
plates in relation to the corresponding aspect-ratios, crack-width ratios and crack-depth ratios. Among the coiresponding
aspect ratios, rms deflection ratios for cracked liner plates increase as crack-depth ratios and crack-width ratios are increased



as shown in figures 2,3 &4. Finally, at critical crack case with a,=0.96 & h;=1.0, there exhibits maximum rms deflection
ratio for a/b=2/3, then for a/b=1 and last with a/b=2/5.

CONCLUSION

The rational approach for random vibration of an elastic, isotiopic, homogeneous rectangular liner plate with partial-in-

depth crack has been proposed with success by means of the Galerkin method.

Conclusion can be drawn in regards to that the rms deflection ratios are always greater than the uncracked ones in

essence, plus the former can also be related to the aspect-ratios, crack-width ratios, and crack-depth ratios. In terms of
critical crack case, maximum rms goes to a/b=2/5, then for a/b=1 and last for a/b=2/3.
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Figure 1 (a)Positive State of Stresses for Cracked Plate
(b)Differential Cracked Plate Element(Middle Surface)
with Stress Resultants.
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Figure 2 Rms Deflection Ratios due to White-Noise Pressure Loading for a/b=1
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Figure 3 Rms Deflection Ratios due to White-Noise Pressure Loading for a/b=2/3
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Figure 4 Rms Deflection Ratios due to White-Noise Pressure Loading for a/b=2/5
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